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Abstract

In 2013, Bollobas, Mitsche, and Pratat gave upper and lower bounds for the
likely metric dimension of random Erdds-Rényi graphs G(n,p) for a large range
of expected degrees. However, their results only apply when d = pn = w(log®n),
leaving open sparser random graphs with d = O(log®n) or d = o(log®n). Here
we provide upper and lower bounds on the likely metric dimension of G(n,p) in a
range of d starting just above the connectivity transition, i.e., where d = clogn for
some constant ¢ > 1, up to d = O(log’n). Our lower bound technique is based
on an entropic argument which is weaker but more general than the use of Suen’s
inequality by Bollobés, Mitsche, and Pratat, whereas our upper bound is similar to
theirs.

Mathematics Subject Classifications: 05C80, 05C12

1 Introduction

Let G = (V, F) be a graph with |V| = n vertices. Let d(u,v) denote the shortest path
distance in G. If u,v € V are distinct and w € V, we say that w separates u,v if
d(u,w) # d(v,w). We say that a set W C V separates u,v if some w € W does so, and
we call W a separator if it separates all distinct pairs. (We will sometimes call W the
set of landmark vertices.) The metric dimension of G, denoted MD(G), is the size of the
smallest separator W.

This problem was defined independently by Slater [25] and Harary-Melter [14] more
than 50 years ago. From the complexity point of view, determining MD((G) is NP-complete
for general graphs [13, 17|, planar graphs (even with bounded degree) [9], split and bi-
partite graphs [10], and interval and permutation graphs (even with diameter 2) [12].
For general graphs, MD(G) can be approximated in polynomial time within a factor of
O(logn) [17, 15], but not within an o(logn) factor unless P = NP [1]. Even a (1 —¢€)logn
approximation in polynomial time would imply that NP C DTIME(n'°8les™) [15].

On the positive side, there are polynomial time algorithms for MD(G) for trees [17],
chain graphs [11], co-graphs [10], and outer-planar graphs [9]. There also have been a
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number of works dealing with the parameterized complexity of MD(G), producing some
FPT algorithms under certain parametrizations; see 2] and the bibliography there. In
the already cited [17] the authors characterized graphs with metric dimensions 1 and 2,
and provided a general bound that appears as Equation (12) below. For further results
on the combinatorial nature of the problem, see [6].

Given the difficult nature of the metric dimension problem on many types of graphs,
a natural question is to find the typical value of MD(G) for various random graphs. For
the Erdds-Rényi-Gilbert random graph model G(n,p), Bollobas, Mitsche and Pratat [3]
largely determined the likely value of MD(G) quite precisely for a wide range of p; we
review their results as Theorem 2 in the next Section. However, their results do not apply
unless the average degree is w(log® n), leaving sparser random graphs as an open problem.

In this paper we extend the results of [3] to sparser random graphs, and almost all the
way down to the connectivity transition at d = np = logn. Specifically, we give upper
and lower bounds on MD(G) whenever d > clogn for any ¢ = ¢(n) > 1. In exchange for
this wider range of d, our lower bound is somewhat looser than those of [3].

We obtain our results with two techniques. Our lower bound is information-theoretic,
using the entropy of the matrix of pairwise distances to show that a certain number of
landmarks are needed to distinguish all pairs of vertices. This is significantly simpler than
the lower bound method in [3] which uses Suen’s inequality.

We note that Odor and Thiran [20, 21] recently considered an adaptive version of
the metric dimension, where there is a hidden vertex v* and a player can ask a series of
adaptive queries vy, ..., v, each of which yields the distance d(v;,v*). They define the
sequential metric dimension SMD(G) of a graph G as the smallest ¢ such that the player
can always succeed in identifying v*. Clearly SMD(G) < MD(G), since the usual metric
dimension yields a non-adaptive strategy. They prove lower bounds on SMD(G(n,d/n))
and find that for sufficiently large d the ratio between the MD and SMD is at most a
constant. However, like [3], their results only apply when d = w(log® n) due to their use of
Suen’s inequality rather than entropy. In fact our entropic lower bound on MD(G(n,p))
is also a lower bound on SMD(G(n, p)).

Our upper bound technique is identical to that of [3]. Given u and v, consider the
“shells” V;(u) and V,(v) of vertices whose shortest path distance to u or v respectively
is exactly ¢. If the symmetric difference V;(u)AV;(v) is large for some ¢, then there are
many vertices w that separate v and v. If this is true for all pairs u, v, we can construct
a separator W simply by choosing landmarks uniformly at random.

Thus both our upper and lower bound work by inductively bounding the size of the
shells V; for ¢ = 1,2,3,... It turns out that almost all of the fluctuations in |V;| occur
at the first step of this process, namely in the degree |V;| of u or v. Proving our bounds
for d = clogn for all constant ¢ > 1, as opposed to some larger constant, requires a
concentration inequality for the binomial distribution which is sharper than the standard
Chernoff bound. Moreover, in the regime d = O(logn), the vertex degrees really do
fluctuate multiplicatively, between ad and fd for some constants o, 3: 0 < a < 1 < .
This introduces an additional multiplicative gap in our results. This may be unavoidable,
since some pairs of vertices really do have fewer separators than other pairs.
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Throughout the paper, we assume that the reader is familiar with the basic properties
of G(n,p) (see for example [16, 19]). In particular, since we have d > logn, we condition
throughout on the event that G(n,p) is connected. We also assume basic knowledge of
entropy manipulation (see for example [24, 22, 8]).

We say a series of events E = (E,,) holds with high probability (w.h.p.) if Pr[E,] — 1
as n — oo. We use asymptotic notation in these statements as follows: “w.h.p. f(n) =
O(g(n))” means that there is a constant C' such that w.h.p. f(n) < Cg(n), and “w.h.p.
f(n) =o0(g(n))” means that w.h.p. f(n) < Cg(n) for any constant C' > 0. We use 2 and
w analogously, if f(n) > Cg(n) w.h.p. for some, or all, constants C' > 0.

2 Two cases

The behavior of the metric dimension of G(n,d/n) turns out to be somewhat strange.
Imagine a series of shells V; surrounding a vertex, consisting of the vertices at distance
t = 1,2,3.... Roughly speaking, we expect the number of vertices in V; to grow as d
where d = np. The question is what happens when ¢ gets close to the diameter of G, so
that the tth shell V; contains a significant fraction of all n vertices. This depends on the
nearest power of d to n.

Following [3] with small changes, we adopt the following notation, which we will use
throughout.

Definition 1. Given n and d = d(n) = w(1) and letting p = d/n, let t* = t*(n) be the
largest integer ¢ such that d' = o(n). Let

v=7(n)=pd" =d"*/n. (1)
We then distinguish two cases:
e Case 1: v=0(1).
e Case 2: v=w(1).

Note that this definition implies that v = o(d).

As we will see, the key difference between Case 1 and Case 2 is whether the (¢* + 1)st
and (t*+2)nd shells each contain ©(n) vertices, with all others containing o(n), or whether
the (t* + 1)st shell contains all but o(n) vertices. This in turn determines whether the
entropy of the distribution of distances from a given vertex is ©(1) or o(1), and whether
a typical pair of vertices has ©(n) or o(n) separators. As a result, the metric dimension
will be ©(logn) in Case 1 and w(logn) in Case 2.

As pointed out in [3], if d = clogn or d = log® n, say, this causes MD(G) to undergo a
curious zig-zag behavior. As n increases we briefly visit Case 1 whenever n is close to an
integer power of d. In between these integer powers, we have Case 2. Their main result,
slightly rewritten to focus on the sparse case d = o(n), is the following:
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Theorem 2 ([3]). Let G = G(n,p) wherep = d/n and d = d(n) = w(log®n) and d = o(n).
Let t* and v be as in Definition 1. In Case 1 where v = (1), w.h.p.
2logn

MD(G) = (1 +0(1)) “Togg = O(logn),

where
g=(e7)+(L—e)
In Case 2 where v = w(1), w.h.p.

logn

) = w(logn).

3 Our results

We now state our bounds. They are somewhat verbose, especially when d = O(logn).
Nevertheless, they determine the likely value of MD(G) to within a constant or slowly-
growing function of n .

Let

H(y) = —ylogy — (1 —y)log(1l — y)

be the binary entropy function and let
o, ) =1—-2(1—e ) e 7.

Theorem 3. Let G = G(n, p) where p = d/n and clogn < d < log®n for some constant
¢ > 1. Then there are constants 0 < a < 1 < [ depending on ¢ such that the following
holds.

In Case 1 where v = (1), w.h.p.

logn 2logn
(1—o(1)) maxocs H{e ™) < MD(G) < (1+0(1)) Tlogq(a B)° (2)
If d = w(logn) then
logn 2logn
(1 - (1)) 7% < MD(G) < (14 of1) 222, )
where ¢ = q(1,1) = (e77)?* 4+ (1 — e~ 7)? as in Theorem 2.
In Case 2 where v = w(1), w.h.p.
. logn o logn
o) =Gy sy + e < MOV S U oo
and if d = w(logn) we have
(1-0(1) e SMD(G) < (1+o() 5. (5)
—(v/d)log(v/d) +ye™ ~ h v/d+e
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We will prove Theorem 3 by breaking it into two parts, namely Theorem 17 and Theo-
rem 21 for the lower and upper bounds respectively.

We can summarize these bounds as follows. First, our upper bounds on MD(G)
match those in [3], with the complication that when d = O(logn) we have to introduce
the constants o and g to handle fluctuations in vertex degrees. Our lower bounds are
somewhat looser than those of [3], but have the advantage that they apply when d > clogn
for any constant ¢ > 1 as opposed to d = w(log® n).

Case 1. When v = O(1), our upper and lower bounds differ by a multiplicative
constant depending on ~, and w.h.p.

MD(G) = ©(logn) .

When d = clogn for constant ¢ this gap also depends on ¢, since it depends on « and £.
But since H(y) < log2 for all y, we always have w.h.p.

MD(G) = (1 —o(1))logyn .

Case 2. Since 7 = o(d) and v = w(1), the denominators in (4) and (5) are all o(1),
so w.h.p. MD(G) = w(logn). However, in this case our upper and lower bounds are more
than a constant apart. Moreover, the scaling of MD(G) with n depends on which term in
the denominators of our bounds is larger, and this in turn depends on how v grows with
n. The crossover occurs roughly when v = logd.

First suppose d = w(logn), and recall that d < log” n so logd = O(loglogn). Then (5)
gives the following.

o If d =w(logn) and v > logd, then w.h.p.

logn <
—(y/d)log(v/d) ~

Q( dlogn > < MD(G) gO(dlogn) |
<

(1—o(1))

and so

~vloglogn v
o If d=w(logn) and v < dlogd for some ¢ < 1, then w.h.p.

logn logn

(1—o(1)) < MD(G) < (1+0(1))

ye e 7

In particular, if v = dlogd then

d’1
a 228" ) < MD(G) < O(dlogn) .
log logn

e Combining these, if d = w(logn) the multiplicative gap between our upper and
lower bounds is O(min(loglogn,~)).
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Finally, consider Case 2 when d = clogn for some constant ¢ > 1. Here the situation
is complicated by the fact that a < 1 < 8, and that these appear in the exponents e™7
and e #7. This creates a pair of crossovers with a range of v in between. From (4) we
have the following.

o If d=clogn and v > (1/a)logd, then w.h.p.

logn
—(Bv/d)log(Bv/d)

log? log?
of =2 " ) <mp@G) <o 221
vloglogn v

(1—o(1)) < MD(G) < (1+0(1))

and so

e If d=clogn and v = dlogd for 1/ < 6 < 1/a, then w.h.p.

logn logn
<MD(D) < (1 1)) —,
o SMD(D) < (140(1) 2

logtt®dp logn
Ql ———— )| <MD(G) LO| — | . 6
(loglogn (@) loglogn (6)

(1—o(1))

and so

e If d=clogn and v = dlogd for 6 < 1/f, then w.h.p.

logn

(1~ 0(1)) -5 <MD(D) < (1 +0(1)) 5.

log" % 1, log! 58
Q ———— )| < MD(G) KO ——— ) . 7
(log logn (@) loglogn (M)

and so

The multiplicative gap between our bounds is most severe in (6) and (7), where we
remain uncertain about the power of logn. The source of this gap is that if d = clogn
for constant ¢, then there typically exist vertices with degrees ranging from ad to Bd for
some o < 1 < f depending on ¢. As a result, different pairs of vertices really do have
different numbers of separators that distinguish them, and different vertices have different
distributions of distances to the rest of the graph. This doesn’t necessarily mean that
MD(G) fluctuates from one realization of G(n,d/n) to another, but it does make it harder
to prove that it is concentrated around some typical value.

4 An entropic lower bound on metric dimension

We begin by proving a general lower bound on the width of a matrix whose rows are
distinct and whose columns have bounded entropy. Note that this lemma applies to
arbitrary deterministic matrices, although we will apply it below to a random matrix.
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Definition 4. Let A be a matrix with n rows and m columns with entries in a finite set
S. For each 1 < j < m and each s € S, let p;(s) = |{i : A;; = s}|/n denote the frequency
of s in the jth column, and define the entropy

== pj(s)logp;(s),

ses
where 0log 0 := 0. When the base matters, our logarithms are natural.

Remark 5. Even though we will consider the case where each A;; is a random variable,
namely the shortest path distance in a random graph, the entropy H; is not the entropy
of that random process. Rather, H; is the entropy of the frequency distribution of the
jth column of a fixed matrix. In statistical language, it is the entropy of the empirical
distribution of that column.

Lemma 6. Let A be an n x m matriz and let H; = H;(A). Suppse that H; < H for all
1< j<m for some H. Then if the n rows of A are distinct, we have

> log n .
H
Proof. This is a classic information-theoretic proof. While we will phrase it in terms of
random variables, the entries A;; of the matrix A are fixed; the only randomness will come
from picking a random row .

For each fixed column j € {1,...,m}, consider the random variable A;; where i is
uniformly random in {1,...,n}. Then p;(s) is the probability distribution of this variable,
i.e., the empirical distribution of s in column j, and Hj is its entropy.

Now consider the random variable r consisting of a randomly chosen row of A, namely
r = (A;1,Ai2,...,Aim) where ¢ is uniformly random in {1,...,n}. Let H, be the entropy
of the distribution of r. For each 1 < j < m the marginal distribution of the jth
component r; = A;; is distributed according to p;. Thus by the sub-additivity property

of entropy we have
<Y H;<mH. (8)
j=1

since max; H; < H by assumption. If the n rows are distinct, then each row appears with
probability 1 / n and H, = logn. Combining this with (8) completes the proof. O

Remark 7. This entropic argument has the advantage that it does not require any inde-
pendence in the entries of A. A stronger lower bound on the number of columns is proved
in [20] in the case where the entries of A are independent Bernoulli variables.

We use this entropic argument to lower bound the metric dimension as follows. Con-
sider a graph G = (V, E), and let W C V be a set of vertices. Let n = |V| and m = |W/|.
Then let A be the matrix of shortest path distances A, ,, = d(v, w), where each row corre-
sponds to some v € V and each column corresponds to some w € W. If W is a separator,
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then the n rows of A are distinct. Applying Lemma 6 then yields a lower bound on m,
and thus on MD(G).
We use the following notation for the “shells” of vertices at a given distance from w:

Definition 8. Let G = (V, E) with |V| = n and diameter Diam. For each w € V and
each 0 <t < Diam, let
Vi(w) ={v eV :dvw) =t}

be the set of vertices at distance exactly ¢ from w. We will also write

t Diam
Ve = UVt' and V>t:V\V<t: U Vi
t'=0 t'=t+1

Applying Lemma 6 to the matrix of distances, in Definition 4 we have p,(t) =
|Vi(w)|/n. This yields the following lower bound on MD(G) for any graph:

Corollary 9. For any graph G = (V, E) with |V| = n and diameter Diam, and for a
gwen w €'V, let

Diam
Vi), [Vi(w)]
H,=-— :
w==), — —log— 9)
t=0
Then iof H, < H for all w € V', we have
1
MD(G) > —2 |
H

Remark 10. This is also a lower bound on the sequential metric dimension SMD(G)
considered in [20], since the player can gain at most H bits of information with each
query, and they need logn bits to identify the hidden vertex.

As a simple application, for any graph G with diameter Diam we have H < log(Diam+
1) since there are Diam + 1 distinct possible distance values. Thus, if G has n vertices we
have

MD(G) > — 08"

Z : : 1
log(Diam + 1) (10)

We can improve this slightly by focusing on the (n —m) x m matrix of distances between
VAW and W. Then S = {1,...,Diam} and

log(n — MD(G))
MD > : 11
(@) log Diam (11)
This is equivalent to a bound from [17],
n < Diam™P@ 1 MD(G) . (12)

However, the lower bounds (10) and (11) are quite pessimistic. We can only have
H = log(Diam +1) if, for some w, the distribution of distances d(v, w) is uniform between
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0 and Diam. This holds for a path graph on n vertices, where Diam = n — 1 and these
bounds give MD(G) > 1. Indeed, for path graphs we have MD(G) = 1 since a single
vertex at either end is a separator.

But in an expander, in particular w.h.p. in G(n,p), this is far from true: only a
small fraction of vertices have distances much less than the diameter. In fact w.h.p.
for any w the distribution of distances d(v,w) is concentrated on one or two values.
This was already known [3] for d = w(logn); we give a proof here that includes the
case d = O(logn). In that case we have H = O(1), improving the lower bound from
MD(G) = (logn)/(log Diam) = 2(log n/loglogn) to MD(G) = Q(logn).

The following two lemmas overlap with classic results about expansion in G(n,p)
(e.g. [4, 7]) but we tune them to our needs and give simple self-contained proofs. First
we show that w.h.p. all vertices have degree within a multiplicative factor of d.

Lemma 11. Let G = G(n,p) where p = d/n and d > clogn for some constant ¢ > 1.
Then there are constants «, 5 depending only on ¢ with 0 < a <1 < [ < e such that the
following holds w.h.p.: for allw €V,

(1—o(1))ad < degw < (14 0(1)) Bd, (13)

and this holds with probability 1 — o(1/n) for any fired w. As c increases a and 3 tend to
1 from below and above respectively. If d = w(logn), (13) holds with o« = = 1.

We prove Lemma 11 in Section 6. While it ensures that every vertex has degree ©(d),
it also means that the size |Vi(w)| = degw of the first shell can fluctuate significantly
when d = clogn. On the other hand, the following lemma shows that subsequent shells
grow by almost exactly a factor of d at each step until ¢t = ¢*.

Lemma 12. Let G = G(n,p) where p = d/n and d > clogn for some constant ¢ > 1.
With t* as in Definition 1 and Vi(w) as in Definition 8, w.h.p. for all w € V and all
t< 1

Vi(w)| = (1 £ 0(1))d" " degw. (14)
In particular,

(1= o(1)) ad" < [Vi(w)| < (1 +0o(1)) Bd" (15)
with o and B as in Lemma 11.

We prove Lemma 12 in Section 7.

Now that we know how the shells V; grow exponentially with ¢, the question is how
this process ends in the last few shells. First we use a standard argument to show that
the diameter of GG is concentrated on a few values.

Lemma 13. Let G = G(n,p) where p = d/n and d > clogn for some constant ¢ > 1.
Let t* and v be defined as in Definition 1. Then w.h.p.

Diam(G) < t*+3 in Case 1 where v = 0(1),
Diam(G) < t* 42 in Case 2 where v = w(1).
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Proof. Focusing on Case 2 first, we have d* *! = yn = w(n). Lemma 12 then implies that
w.h.p. for any pair of vertices u,v and any 1 < s,t < t* with s+t =1t + 1,

Vi@)[Vi(v)] = (1 = o(1)) a?d™*" = ©(d" ™) = w(n).

If Vi(u) and V;(v) intersect, then d(u,v) < s+t =t*+ 1. If they are disjoint but there is
an edge between them, then d(u,v) < s+t + 1 = t* 4+ 2. The probability there is no such
edge is

(1 _p)IVs(u)IIVz(v)I = (1— d/n)“’(”) < e v

Since d > clogn, this is smaller than n~¢ for any constant C'. Taking the union bound
over all n? pairs u, v thus shows that w.h.p. Diam(G) < s+t +1 < t* + 2, completing the
proof for Case 2.

For Case 1, we use the same argument but with s +¢ = ¢* 4+ 2, in which case from
d*tt = d"? = w(n). O

Remark 14. Since w.h.p.Diam(G) > t*, Lemma 13 shows that the diameter is concen-
trated on at most four values, which was shown by [7]. In fact the diameter is two-point
concentrated whenever d = w(1) [23], but these bounds are sufficient for our purposes.

Next, the following lemma shows that in Case 1, two shells occupy almost the entire
graph, namely V<1 and Vi«yo. That is, for all w, the distance d(w,v) takes just two
different values for almost all v. In Case 2, just one shell V;«,; dominates the graph, so
d(w,v) takes just one value for almost all v. As a result, the entropy of distances is O(1)
and o(1) in Case 1 and Case 2 respectively.

Lemma 15. Let G = G(n,p) where p = d/n and let clogn < d < log’n for some
constant ¢ > 1. Let Vi(w), t*, o, B, and v be as above. In Case 1 where v = ©(1), w.h.p.
the following holds for all w € V':

ey B o
n

e —o(1) Wer42(w)] <e 7 +o(1), (17)
n

Vel | sl s
n n

In Case 2 where v = w(1), w.h.p. for allw € V:

n

[Vir 1 (w)] >1—(1+o0(1)) (%y + e_‘”) ) (19)

We prove Lemma 15 in Section 7.

Remark 16. We restrict our statement to d < 10g5n for convenience and because when
d = w(log®n) the results of [3] apply. We claim that in fact Lemma 15 holds for any
d=0O(n/logn).
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Finally, we combine Lemma 15 with the entropic bound of Lemma 6 to prove our
lower bounds:

Theorem 17. In Case 1 where v = ©(1), w.h.p.

logn

if d = O(logn), MD(G) > (1— o(1)) e = (20)
if d =w(logn), MD(G) > (1 —0(1))%, (21)

where H(y) = —ylogy — (1 —y) log(1—y) is the binary entropy function. In Case 2 where
v =w(l), w.h.p.

f d = ogn —0 log n
#d=0llogn), MD(G) > {1-o1) —(By/d)log(By/d) + ye=ov (22)
if d = w(logn), MD(G) > (1 - o(1)) logn (23)

—(v/d)log(v/d) + e

Proof. Given Lemma 6, we simply have to show that w.h.p. the entropy H,, of distances
for each w is less than some H for all w. The denominators in (20)—(23) are then essentially

H in each case.
Recall that

Diam
Vi(w)|,  [Vi(w)]
H,=—- 1 .
2 ey

We first bound the contribution to H, from the shells V; for ¢ < t*, each of which
occupies o(n) vertices. In both cases this contribution is o(1), but in Case 2 it contributes
importantly to the denominator. Since —z log z is monotonically increasing for = < 1/e,
Lemma 12 gives

=—(1+0(1)) = log — (24)

where we used the fact that, analogous to (49), the sum over ¢ is dominated by its largest
term, namely the contribution from V.. This contribution is o(1) since v/d = o(1).

In Case 1, Egs. (16), (17), and (18) in Lemma 15 imply that the contribution from
the two large shells is

Wen@) | Vel Vet Veiaw)
n n n n
< H(M) +o(1)=H(e™)4o0(1) forsome x € [, (]
n
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By Lemma 13 we have at most one more shell V;« 3, and since its size is o(n) it contributes
o(1) to H,. Thus we have shown that w.h.p. in Case 1, H,, < H for all w where

H = max H(e ") +o(1).
€[af]
This proves (20), and recalling from Lemma 12 that « = § = 1 when d = w(logn)
proves (21).

In Case 2, the contribution (24) of V;+ to H, matters, as does the contribution from
Vieso. As in the proof of Lemma 15, either the expectation of |Viia|/n is Q(1/d) =
Q(1/1log’n), in which case Chernoff bounds ensure that |Vi,s|/n < (14 o(1)) e™*7 with
probability 1 — o(1/n), or |Viya|/n = o(1/d) with the same probability. In either case,
w.h.p. for all w the contribution of V;« and V.5 to H, can be bounded as

Vi (o Ve Ve By, By
_ og - — =

" - log W:Q < (14 0(1)) (—7 log -+ owe_m) : (25)

where we pessimistically maximized the two terms separately.

Finally, since —(1 — p)log(l — p) < p, the contribution of Vi« 1 to H, is at most
(|V<r=| + |Vies2|) /m, which due to the logarithmic terms is small compared to (25). This
completes the proof of (22), and again recalling that & = 8 = 1 when d = w(logn)
gives (23). O

5 The upper bound

Our upper bound on MD(G(n, p)) is essentially identical to that in [3]. The only difference
is that, as in our lower bound, fluctuations in vertex degrees have to be taken into account
when d = O(logn).

We follow a standard strategy. We will show that, with high probability, all pairs
of vertices u,v have a large number of vertices w that separate them. Therefore, if we
construct W by choosing enough landmarks w uniformly at random, there is a good
chance that W separates every pair. The following lemma is standard, but we include a
proof for the reader.

Lemma 18. Let G = (V, E) be a graph with |V| = n. For each distinct pair of vertices
u,v eV, let

S(u,v) ={w eV :d(u,w) # d(v,w)}
denote the set of vertices w that separate u,v. Suppose that for all u,v we have S(u,v) >
on for some 0 = a(n). Then

MD(GK[ 2logn w

—log(1l — o)

Proof. Let Z = [(2logn)/(—log(1 —o))] and let W C V be a set of Z vertices chosen
uniformly with replacement. For a given pair u,v, each w € W independently distin-
guishes them with probability at least o. Therefore, the probability that v and v are not
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separated by any w € W is at most (1 — 0)? < e72198" = 1 /2. Taking the union bound

over the (Z) distinct pairs, W is a separator with probability at least 1 — (Z) /n? > 1/2.

Thus some separator W of size at most Z exists, and MD(G) < Z. O

We will apply Lemma 18 as follows. For a given ¢ if we write
Ay(u,v) = Vi(u) AVy(v)

where A denotes the symmetric difference, then

S(u,v) = U Ay(u,v). (26)

To lower bound |S(u,v)|, we first show that after t* steps of expansion, the shells for any
two distinct vertices are nearly disjoint, so that their symmetric difference is almost as
large as their union:

Lemma 19. Let G = G(n,p) where p = d/n and clogn < d < log®n for some constant
c > 1, let t* be defined as in Definition 1, and let o be defined as in Lemma 11. Then
w.h.p. the following holds for all distinct pairs of vertices u,v € V':

|Ap(u,v)] = (1 £ 0(1))d" ~*(degu + degv)

> (1 of1)) 2227

d

. (27)

We prove Lemma 19 in Section 8 by combining the proof of Lemma 12 with the fact that
w.h.p. no two vertices have more than two common neighbors.

Lemma 19 establishes that v and v have a fairly large number of separators in their
t*th shells. They might have even more in their (¢* + 1)st shell: in fact, in Case 1 we will
show that |Ay41| = ©(n). Thus, analogous to Lemma 15, the next lemma lower bounds
|S(u,v)| either by including both these shells or just the (t*+1)st, depending on the case.

Lemma 20. Let G = G(n,p) where p = d/n, and let d,t*,v,«, 5 be as above, with
clogn < d < log®n for some constant ¢ > 1. In Case 1 where v = O(1), w.h.p. for all
distinct u,v € V:

S v)] § |Aria(u,v)
> (2-0(1))(1—e*)e . (28)

In Case 2 where v = w(1), w.h.p. for all distinct u,v € V:

[S(u, 0)| A (w, 0)] + [Ap 1 (u, )|
n n

> (2= o(1)) (L +e ). (29)
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We prove Lemma 20 in Section 8.
Finally, combining Lemmas 20 and 18 gives the following upper bounds on MD(G).
In the following the function ¢ mirrors that in Theorem 2 from [3].

Theorem 21. Let G = G(n,p) where p = d/n and clogn < d < log® n for some constant
c>1, and let o, B, and v be as above.
In Case 1 where v = (1), w.h.p.

2logn

if d=Ollogn), MD(G) < (1+0(1)) 2~ v = (30)

if d = w(logn), MD(G) < (1+o1)) flﬁ)ggz (31)
where

g, ) =1-2(1 —e e
¢g=q1,1)=1-21—e e =(e)2 4+ (1—e)?

In Case 2, w.h.p.

ifd=O(logn), MD(G) < (1 + o(1)) % , (32)

if d=w(logn), MD(G) < (1+o(1)) % . (33)

Proof. In Case 1, we apply Lemma 18 with the lower bound given by Lemma 20,
oc=12-0(1)1—e)e P

and write ¢(a, 8) = 1 — o (absorbing the error term).
In Case 2, we likewise apply Lemma 18 but with the lower bound

o =(2—o(1)) (0‘77 n e*vﬁ) ,

where we used e~ 7 = o(1). Moreover, in this case we have o = o(1) since v/d = o(1) and
v =w(1). Then we use —log(l — o) = (1 + o(1)) o for the denominator in Lemma 18.
In both cases, as per Lemma 11, when v = w(1) and d = w(logn) we can take
a = =1, yielding (31) and (33). In particular, ¢ = ¢(1, 1) coincides with the quantity
q used in Theorem 2 from [3]. O

Along with Theorem 17, this completes the proof of our main Theorem 3.
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6 Concentration: Proof of Lemma 11

We state two versions of the Chernoff bound. For the induction argument in Lemma 12,
we will use the following:

Lemma 22. Let X be a binomial random variable with mean . Then for any 0 < e < 1,

X
Pr{ — - 1‘ > e} < 2e7H/3 (34)

1

In particular, if p = Q(log’ n) for t > 2, then there is a constant A such that
A

1Og(t—1)/2 n

(1—ep< X< (1+eu where €= (35)

with probability 1 — o(1/n3).

Proof. We define € in (35) so that €2 = Q(logn). If 4 > Clog’ n, then setting A = 10/C
suffices to make the error probability in (34) o(1/n?). O

We also state the following bound, which is more precise when p = O(logn). We
need this bound to prove Lemma 11 for ¢ arbitrarily close to 1; the standard Chernoff
bound (35) doesn’t suffice until ¢ > 3.

Lemma 23. Let X be a binomial random variable with mean p. Let 0 < § < 1 be a
constant. Then there exist constants 0 < o < 1 < 3 such that

Pr[X < au] < e " (36)
Pr[X > fBu] < e, (37)

Proof. The moment generating function of X ~ Bin(n,p = u/n) is upper bounded by
that of a Poisson variable with mean p,

E[e] = (14p(e* —1))" < e 0.
Let 0 < a < 1. For any A < 0, Markov’s inequality gives
Pr[X < ap] = Pr[e™ > ] < E[eM]/eror = e r1-¢ o)

and respectively for Pr[X > Su] with A replaced by —A. The right-hand side is minimized
when A = log a (resp. —log a), giving

Pr[X < ap] < e (@) and Pr[X > Gu] < e/ (B) (38)

where
fla)=1—a+aloga.

The function f is continuous for @ > 0. Moreover f(1) = 0 and f(0) = f(e) = 1,
so for any 0 < 0 < 1 there are constants o, with 0 < a < 1 < f < e such that

fla) = f(B) = 9. O
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Applying this to the degree of a vertex in G(n,p) yields the following.

Proof of Lemma 11. Fix a vertex w. If X = degw, then X ~ Bin(n — 1, p) and has mean
u=mn—-1)p=(1-1/n)d > (1 —1/n)clogn. Since ¢ > 1, in Lemma 23 we can set
d = ¢ " for some 0 < k < 1. Then the error probabilities in (36) and (37) are

C=o(l/n),

e ¢ = (1—0(1))e ¢ "8" = (1 — o(1))n~°
letting us take the union bound over all w.
To show that a and 3 tend to 1 as ¢ increases, we can use the bound

(1-a)?

3 for0<a<e,

fla) =

which the reader may recognize as a step in the derivation of the usual Chernoff bound (35).
This implies that f(a), f(8) = 9 if

a=1-+36 and B=1+36.

If ¢ tends to infinity then § = ¢ tends to zero, and o and S tend to 1.
Finally, if d = w(logn) then the standard Chernoff bound suffices to prove (13) with
a=p=1. O

7 Expansion: Proof of Lemmas 12 and 15

In this section we use expansion arguments to prove our claims about the shells V;(w)
behind our lower bound.
We prove Lemma 12 by induction on ¢, using Lemma 11 as the base case t = 1. We rely

on the fact that, for a fixed vertex w, if we have revealed the shells Vi (w), ..., V,_1(w) and
the edges between them, then the edges between V;_;(w) and V5(w) remain independent.
Let us write V; instead of Vi(w) for simplicity. Then conditioned on |Vi],...,|Vi_1| we
have

|Vi| ~ Bin(n',p'),

where
n=|Val=n—1|Vyl and p'=1-(1 —p)'Vt‘l‘ , (39)

since p’ is the probability that at least one edge exists connecting V;_; to a a given vertex
in V2.

We will then use Chernoff bounds to show inductively that |V;| is close to its ex-
pectation, which is turn is close to d|V;_;|. Specifically, we define F;(w) as the event
that

I, d" ' degw < |Vy(w)| < I} d"  degw, (40)

where ITF = 1 + o(1) are multiplicative errors determined below. For each w, the total
probability that any step in the induction fails will be o(1/n), so we can take the union
bound over all w € V.
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Very similar reasoning appears in Lemma 2.1 of [3], which they prove for d = w(logn).
In the case d = O(logn) which we include, the vertex degrees have significant fluctuations
as in Lemma 11, but this only affects the base case of the induction where |V} (w)| = degw.
This base case will change slightly in Lemma 19, where we consider V;(u) U V;(v) for a
pair of vertices u, v.

Proof of Lemma 12. We start by fixing a vertex w and revealing Vi(w). Importantly,
Lemma 11 shows that [V;(w)| = degw = Q(logn) with probability 1 — o(1/n), and we
will condition on this event.

For each 1 <t < t*, let E; denote the event (40) where, for some {d,} and {¢;} to be
determined below,

t t

I = [Ja -6t —e) and I =J](1+e).

t'=2 t'=2

Of course, IT; = II{ = 1. For simplicity, we write E; and V; instead of E;(w) and V;(w).
We write E¢; = ﬂi/:1 Ey and E_; similarly.

Our induction step will show that, for 2 <t < t*, E; holds w.h.p. conditioned on F_;.
Since |Vi(w)| = degw, the base case E; holds trivially. Thus
t* ¢
E:| =[] PrlE | E<. (41)
=2

t=2

PI‘ [Egt* ] = PI‘

We will show that
Pr[E, | Eo]=1-— 0(1/713)7

so we can take the union bound over all t* < logn steps of the induction, as well as over
all n vertices w.

As stated above, if we condition on |Vi/| for all ¢ < ¢ then |V;| is a binomial random
variable. We denote its expectation p;. There are two sources of multiplicative error that
we need to track over the t* steps of expansion. First, p; differs slightly from d|V;_;|, and
second, |V;| differs slightly from ;. The first source of error increases as t approaches t*,
and the second decreases as t and p; increase and the Chernoff bound becomes tighter.
Happily, the product of all these error terms will turn out to be 1 4 o(1).

Specifically, for each 2 < t < t* we will show that, conditioned on F_;, the expectation
e of [V;] is deterministically almost d|V;_1|,

(L=0)dVia| < pe < dVial. (42)
We will also show that, with probability 1 — o(1/n3),
(T—e)pe < Vil < (T+€) . (43)
Together these imply the induction step
(1=0)(1 =€) d|Viea] < Vil < (1 + &) d|Via (44)
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and thus (taking products to get IIF) establish E;. Finally, the values of §; and ¢, that we
will give below in Eqs. (47) and (48) decrease geometrically as we count backwards from
t* or forwards from ¢ = 2 respectively, so that the products IIF are 1 & o(1).

To prove (42) and (43), let ¢t < t* and suppose inductively that E_; holds. We have

|Vi| ~ Bin(n',p’) with expectation u, =n'p’,

where

n'=n—|Vq| and p =1-(1-p)Vl

Clearly p; < d|V;_1]| since each vertex in V;_; has d neighbors in expectation. To see
that g is not much smaller than this, note that since E_; holds |V| is a geometric sum
dominated by its largest term, i.e.,

V| = O(|Vit ) = O(dY) = O(dF"d~ " —D)) = o(d~ ")
where we used d*” = o(n). Thus
n'=(1-o(d" ) n. (45)

For p/, the error term comes from having more than one neighbor in V;_;. Taking the
Taylor series gives

= (1= 0@IVia]) plVi]
= (1-0(d'/n)) plVeil
= (1-0((v/d)d" 7)) plVia], (46)
where we used d” /n = v/d. Combining (45) and (46) gives
pe=n'p' = (1= 0((v/dyd" ")) d|Vi].

This proves (42) with
0= B(y/d)d" """ (47)

for some constant B > 0.

To prove that (43) holds with probability 1—o0(1/n?), we invoke the Chernoff bound in
Lemma 22. Conditioning on E; implies y; = ©(d") = Q(log’ n), so (35) implies that (43)
holds with probability 1 — o(1/n?), where

e, = A(logn)~ -1/ (48)

for some constant A > 0.
Finally, we have

t t
—loglly = — Zlog(l —0p) — Zlog(l — €y)
=2 =2
t t
:O<Zdtl+zﬁtl> .
=2 =2
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Both these sums are geometric and are dominated by their largest term. Thus for any
2 <t < t*, recalling v/d = o(1) gives

—logTl; = O(6; + €) = O((v/d) d™"" " + (logn) ™) = o(1).

This implies II, = 1—0(1), and similarly for II;". This completes the proof of (14), which
along with Lemma 11 yields (15). O

Proof of Lemma 15. We write V; for Vi(w) for simplicity. Recall that V- is the union of
all the shells whose sizes are upper and lower bounded by Lemma 12. Since |V;| grows

by a factor of ©(d) at each step, |V is a geometric sum dominated by its largest term
|Vi|. Thus

Ve = 0(d") = o(n). (49)

=Y Vil = (1+0(1/d)) |Vi-

Now let n’ be the number of vertices outside these shells,

n = |Vop| =n—|Vee| = (1 —0o(1))n. (50)
As in the proof of Lemma 12, conditioned on |Vi[,...,|V;| we have
|Vi-41] ~ Bin(n/, p) (51)

where p’ is the probability a given vertex in V5, is a neighbor of at least one vertex in

Vi«. That is,
p=1-(1-p"l=1-e?l10pV.)), (52)
where we used the Taylor series. We can rewrite (15) for ¢ = t* as
(1= o) ey <p[Vie| < (1 +0(1)) By. (53)
Case 1. If 7y = ©(1), then Eqgs. (50), (52), (53), and p = o(1) tell us that

l—e @ —o(1)<p <1—e"40(1).

Since |Vi«41| is binomial with expectation ©2(n), the Chernoff bound (Lemma 22) implies
that it is within O(n%3) of its expectation n'p’ = (1—o(1))np with probability 1—e2""),
Thus w.h.p.
Vi
1—e ™ —o(1) < [V <1—e+0(1), (54)
n
so that Vi« contains a positive fraction of the vertices. The probability that a vertex in
the rest of the graph does not have a neighbor in V;«,; is then

(1— p)|Vt*+1\ < e PVl — o=d) — o(1),

so w.h.p. [Vapia| = o(n). Thus we have

Vil | Werwol _ Vel - [Voraol _ —o(1),

n n n n

THE ELECTRONIC JOURNAL OF COMBINATORICS 33(1) (2026), #P1.59 19



which with (54) gives

e P —0(1) < [Viesa <e 4 0o(1).
n

The error probability is o(1/n), so applying the union bound completes the proof for Case
1.
Case 2. If v = w(1), then (52) and (53) give

pP=2l—e=1-0(1),

so V41 contains almost all the remaining n’ vertices outside Vgi«. The number of ver-
tices in the remainder V.1, which by Lemma 13 is w.h.p. just Vi« o, is distributed as
Bin(n’,1 — p’) and has expectation at most

n'(1—p)<n(l—p)<ne ™.

However, to apply the union bound over all w we need a bound on |V, 5| that holds
with probability 1 — o(1/n). Since v = w(1), we have v/d = w(1/d) = w(1/log’n). If
e = Q(1/log” n), then standard Chernoff bounds imply that |V s|/n < (140(1)) e™®7
with probability 1 — o(1/n). Alternatively, if e™® = o(1/log’n), Chernoff bounds
(Lemma 22) let us absorb |Vi«is|/n into the error term o(1) (6v/d) in (19) with the
same probability. Either way we have

|V<t*| + |‘/7;*+2| < (1 +0<1)) <% +e—a7> 7

n

having used Eq. 49. This completes the proof of (19). O

8 Separators: Proof of Lemmas 19 and 20

Proof of Lemma 19. Following [3], we first show that with high probability, for all distinct
u,v €V,
Vi(u) nVi(v)| €2,

i.e., no two vertices have more than two common neighbors. This follows from the classic
fact that sparse random graphs w.h.p. have no small subgraphs with more than one loop,
i.e., with more edges than vertices. A pair u,v with three common neighbors forms a
subgraph with 5 vertices and 6 edges, namely a copy of a complete bipartite graph K 3.
The expected number of such pairs is

n\ (n—2
(5) ("5 )8 = 0w) =0t /m) = o),
so w.h.p. no such pair exists. This implies w.h.p. for all distinct u, v

degu +degv —2 < |[Vi(u) UVi(v)] < degu+ degu,
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and in particular (with Lemma 11)
[Vi(w) UVi(v)] = (1 = o(1))(degu + degv) .

For each t, we can view Vi(u) U Vi(v) as the tth shell around the set {u,v}. As in the
proof of Lemma 12, if we condition on the sizes of the previous shells |Vy (u) U Vi (v)| for
t'=1,...,t—1, then |V;(u)UV;(v)| is binomially distributed. Mutatis mutandis, the main
fluctuations in the size of these shells are due to the first step, and w.h.p. each subsequent
step expands by a factor close to d. Thus we have w.h.p. for all u, v,

Vi (w) U Vi (0)] = (1 £ 0(1))d" Vi (u) U T2 (v)]
= (1£0(1))d" ' (degu + degv).

Along with Lemma 12 this implies that Vi« (u) and Vi« (v) have a small intersection, i.e.,

Ve (w) NV Vi ()| = Ve ()| + [Vie ()| = [Vie (w) U Vi (0)]
=o(1)d" '(degu + degv),

so the symmetric difference is almost as large as the union,

| A (1, 0)| = Vi (1) U Ve (0) | = Vi () 0 Vi (0)]
= (1+o0(1))d" ' (degu + degv) .

Finally, Lemma 11 gives deg u+degv > (2—o(1))ad, whereupon d*” = yn/d gives (27). O

Proof of Lemma 20. A vertex w is in Ay« yq(u,v) if it is outside Vg (u) U Vg (v) and has
an edge to either Vi« (u) or Vi« (v) but not both. Similar to our previous proofs, if we reveal
the edges between vertices in Vg (u) U Vs (v), the edges connecting Vi« (u) U Vi (v) to
the rest of the graph are independent. Therefore, the events that w € Ay, for different
w are independent as well. Thus if we condition on |V;(u)], |V;(v)|, and |V;(u) N Vi(v)] for
1 <t <t*, we have

A1, v)] ~ Bin(',p) (5)

where
n =n— Ve (u) UV (0)] = (1 —o(1)) n

and

p = (1 —(1— p)\‘/%*(U)\V%*(U)\) (1 — p)lVe= @)
+ (1 —(1- p)‘%*(v)\v;f*(u)‘) (1— p)|Vt*(U)\ )

Lemma 19 implies that w.h.p.,
[Vie (u) N Ve (0)] = 0|V (w)])

and so
(1- p)|Vt*(u)\Vt*(U)| = (1 - p)\Vt*(u)\(Ho(l)) = (1— p)\Vt*(u)\ +o(1)

Y
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and similarly for the term with v and v swapped. As in the proof of Lemma 15, the
Taylor series and (53) gives

p= (1= o(1) [(1— (1 —p)" ) (1 p)l)
+ (1 - (1- p)IVt*(v)I) (1— p)IVt*(u)I]
= (1—o0(1)) [(1 _ e—pIVt*(u)\) e PV (W) (1 — e—pIVt*(v)\) e—pIVt*(u)q
> (2= o(1) (1 —e™)e ™,

(56)

where we pessimistically minimized the two terms in the penultimate line separately. Thus
the conditional expectation of |As 1| is bounded below by

vi=n'p > (2—-0(1)(1—e)en.

Case 1. If y = O(1), then v = ©(n) and Chernoff bounds imply (28).

Case 2. Since v = w(1) we have e™®" = o(1), so we simply write v = (2—0(1)) e n.

Now the first term of (29) corresponds to Ay and comes from Lemma 19. For the
second term involving A1, we have a situation similar to Case 2 of the lower bound. If
v > n/log'"n, then Chernoff bounds imply that |As. 1| > (1 — o(1)) v with probability
1 — o(1/n?). Alternatively, if v < n/log'’ n, Chernoff bounds give

|Ap 41| < vlog’n < n/log’n < n/d = o(ny/d),

with probability 1 — o(1/n?). In that case, we absorb |As1|/n into the error term of
[As[/n = (2 = o1)) av/d.

In either situation we can take the union bound over all u,v € V', completing the proof
of (29). O
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