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Abstract

A graph H is said to be common if the number of monochromatic labelled
copies of H in a 2-colouring of the edges of a large complete graph is asymptotically
minimized by a random colouring. It is well known that the disjoint union of two
common graphs may be uncommon; e.g., K» and K3 are common, but their disjoint
union is not. We investigate the commonality of disjoint unions of multiple copies
of K3 and K5. As a consequence of our results, we obtain an example of a pair of
uncommon graphs whose disjoint union is common. Our approach is to reduce the
problem of showing that certain disconnected graphs are common to a constrained
optimization problem in which the constraints are derived from supersaturation
bounds related to Razborov’s Triangle Density Theorem. We also improve bounds
on the Ramsey multiplicity constant of a triangle with a pendant edge and the
disjoint union of K3 and Kos.

Mathematics Subject Classifications: 05C35, 05C55

1 Introduction

In one of the first applications of the probabilistic method, Erdds [17] showed that a
random colouring of the edges of a clique on (1 —o(1))27"/2e~'k2*/2 vertices with red and
blue contains no monochromatic complete graph on k& vertices with positive probability;
this implies a lower bound on the Ramsey number of the complete graph Kp, i.e. the
smallest IV for which every 2-colouring of the edges of K contains a monochromatic K.
To this day, Erdds’ bound has been improved only slightly by Spencer [40]. One of the
core themes in Ramsey theory is that random colourings tend to perform well in avoiding
certain monochromatic substructures.

This intuition extends to the closely related area of “Ramsey multiplicity” in which
the goal is to minimize the number of monochromatic labelled copies of a given graph
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H in a red/blue colouring of the edges of Ky asymptotically as N tends to infinity. A
graph H is said to be common if this asymptotic minimum is achieved by a sequence of
random colourings. A famous result of Goodman [21] implies that K3 is common (see
Theorem 20). Inspired by this, Erdés [16] conjectured that K is common for all £ and,
nearly two decades later, Burr and Rosta [8] conjectured that every graph H is common.
Sidorenko [38] observed that the paw graph consisting of a triangle with a pendant edge is
uncommon. Around the same time, Thomason [42] showed that K} is uncommon for all
k > 4; thus, the aforementioned conjectures are both false. Later, Jagger, Stovicek and
Thomason [26] proved that every graph H containing K, is uncommon. In particular,
almost every graph is uncommon. In recent years, there has been a steady flow of results
proving that the members of certain families of graphs are common or uncommon [2, 3,
14,15, 22,23, 25,28-31,35]. In spite of this, the task of classifying common graphs seems
hopelessly difficult.

The main goal of this paper is to provide an approach for bounding the number of
monochromatic copies of certain disconnected graphs in a colouring of Ky and to use it
to obtain several new families of common graphs. Given graphs H; and Hs, let H; LI Hy
denote their disjoint union; also, for a graph F' and ¢ > 1, let £ - F' be the disjoint union
of ¢ copies of F. The argument of Sidorenko [38] that the paw graph is uncommon also
shows that K3l K5 is uncommon (with the same proof). Most of our results focus on the
commonality of unions of several copies of K3 and K,. Our first result is as follows.

Theorem 1. For 0 < ¢ < 2, the graph (2- K3) U (¢ - K3) is common.

We also show that this is best possible in the sense that (2- K3)U(3- K3) is uncommon;
see Proposition 39. Since K3 and K, are both common, Sidorenko’s result [38] that K3LIK,
is uncommon tells us that the disjoint union of two common graphs can be uncommon.
Using Theorem 1, we find that the opposite phenomenon is also possible; the disjoint
union of two uncommon graphs can be common. In fact, the disjoint union of two copies
of a single uncommon graph can be common.

Corollary 2. There exists an uncommon graph H such that H U H is common.

Proof. Consider H = K3lK,. The fact that H is uncommon was shown by Sidorenko [38],
and the fact that H U H is common follows from Theorem 1 with ¢ = 2. O

We remark that our results also allow us to obtain new examples of graphs H; and
H, such that H; is common, Hs is uncommon and H; U Hy is common. However, the
existence of such a pair of graphs was already known; see [31, Subsection 1.1]. We also
prove a general result on disjoint unions of triangles and edges, provided that the number
of triangles is at least three.

Theorem 3. For k >3 and 0 < ¢ < 5k/3, the graph (k- K3) U (¢ - Ky) is common.

In fact, this is derived from a more general result (Corollary 37) which applies to the
disjoint union of a Sidorenko graph (see (3) below for a definition) and a graph built up
from gluing together triangles in a tree-like fashion. While we do not believe that the
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bound on £ in Theorem 3 is tight for all £ > 3, the next theorem shows that it is tight for
k = 3 and within a factor 1.1799 + o(1) of being tight for general k.

Theorem 4. For k > 1 and { = [1.9665k], the graph (k- K3) U (¢ - K3) is uncommon.

Several of the results in this paper are best understood in the context of graph limits. A
kernel is a bounded measurable function U : [0, 1]*> — R such that U(z,y) = U(y, ) for all
x,y € [0,1]. A graphon is a kernel such that 0 < W(z,y) < 1 for all z,y € [0,1]. The set
of all graphons is denoted W,. Given a graph G, let v(G) := |V (G)| and e(G) := |E(G)].
A graph G is said to be empty if e(G) = 0. Each graph G can be associated to a graphon
We by dividing [0, 1] into v(G) intervals Iy, ..., I, of equal measure corresponding to
the vertices of G and setting W equal to 1 on I; x [; if the 7th and jth vertices are
adjacent and 0 otherwise. The homomorphism density of a graph H in a kernel U is
defined by

t(H,U) ::/ H Wy, 2y)dxy i)
[0,1]V(H)

uweE(H)
where v () = (2, : v € V(H)). We refer the reader to [33] for more background on graph
limits. The Ramsey multiplicity constant of a graph H is defined to be

c¢(H) := ngfv (t(H,W)+t(H,1—-W)).

In this language, a graph H is common if and only if
c(H) = 2(1/2)*4). (1)

As stated above, K3 LU Ky and the paw graph P are uncommon. We obtain, to our
knowledge, the tightest known upper bounds on the Ramsey multiplicity constants of
these two graphs; for the former graph, we also obtain a reasonably tight lower bound
which is proven without the assistance of the flag algebra method; see Remark 24.

Theorem 5. 0.121423 < ¢(K3 U K5) < 0.121450.
Theorem 6. The paw graph P satisfies ¢(P) < 0.121415.

Note that, for every graph H such that ¢(H) is currently known, either H is common
or ¢(H) is achieved by a “Turdn graphon” Wy, for some k > 3 [19]. To our knowledge,
Theorem 5 is the closest that any result has come to determining c¢(H) for a graph H
which does not fit into either of these two categories. As discussed later in Remark 24,
the lower bound in Theorem 5 can be improved by at least 0.022% using the flag algebra
method; however, such a proof would most likely be verifiable only with heavy computer
assistance, and is thus unlikely to provide much in terms of valuable insights.

Several of the known results on common graphs actually establish stronger inequalities
than (1). Following [2], a non-empty graph H is said to be strongly common if

HH,W) 4+ t(H, 1= W) > t(EKy, W)™ + ¢(Kp, 1 — W)= 2)
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for every graphon W. A simple application of Jensen’s Inequality tells us that every
strongly common graph is common. A classical example of a strongly common graph is
K3; see Theorem 20. A non-empty graph H is said to be Sidorenko if

t(H, W) > t(Ky, W) (3)

for every graphon W. Clearly, every Sidorenko graph is strongly common which, in
turn, implies that every such graph is common. By taking W = WJ,, one can see that
every Sidorenko graph must be bipartite. Sidorenko’s Conjecture [39] famously states
that every bipartite graph is Sidorenko. For recent progress on Sidorenko’s Conjecture,
see [10-13,24,27,41]. Currently, every bipartite graph H which is known to be common is
also known to be Sidorenko. Also, the only known examples of strongly common graphs
which are not Sidorenko are the odd cycles [2,21,28].

Our strategy for obtaining new examples of common graphs relies on strong correlation
inequalities, such as (2) and (3). Given this, it is natural to wonder whether all common
graphs are strongly common; this question was raised in [2]. As it turns out, this is far
from true. For example, K3 LI K3 is common but not strongly common, and there are
many other examples as well.

Theorem 7. There exists a common graph H which is not strongly common.

In Section 2, we prove a general lower bound on ¢(H) for graphs H satisfying certain
correlation inequalities involving homomorphism densities. This lower bound is written
in terms of the minimum of a certain constrained optimization problem over two variables
x and y. In Section 3, we illustrate this result by presenting a proof of the lower bound
in Theorem 5. Our goal in Section 4 is to do a bit of calculus to remove the dependence
on y in the optimization problem. In Section 5, we showcase some applications of this
approach involving graphs built up from triangles and edges via certain gluing operations.
In particular, we prove Theorems 1 and 3. In Section 6, we turn our attention to providing
constructions of non-random colourings to obtain upper bounds on the Ramsey multiplic-
ity of uncommon graphs; in particular, we prove Theorems 4 and 7 and the upper bounds
in Theorems 5 and 6. The last section consists of open problems and further discussion.
In the appendix, we derive some simpler sufficient conditions for bounding the minimum
of the optimization problem which are applied in Section 5.

2 A Bound on the Ramsey Multiplicity Constant

We start with the following standard observation which is very useful when dealing with

homomorphism densities of disconnected graphs.

Observation 8. For any graphs F and H and graphon W,
HFUHW)=tF,W)t(H,W).

The following definition describes a type of correlation inequality that appears fre-
quently in the study of extremal problems on homomorphism densities; see, e.g., [2,5,22,
32].
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Definition 9. Let H and J be non-empty graphs and let k£ and ¢ be real numbers such
that k£ # 0. We say that H is (J, k, {)-correlated if

1. e(H) = ke(J) + ¢ and
2. t(H,W) = t(J,W)Ft(Ky, W)* for every graphon W.!

Our approach to obtaining new examples of common graphs relies on certain “super-
saturation bounds” from extremal graph theory. That is, we require a lower bound on
t(J,W) for a graph J in terms of t(K,, W).

Definition 10. Given a non-empty graph J, let p; : [0,2] — [0,00) be the function
defined by
ps(2) = 22D inf{t(J, W) : W € W and t(Ky, W) = 2/2}

forall 0 < z < 2.
We pause for a few basic observations.

Observation 11. We have p;(1 + z) < (1 +x)e(J) for any mon-empty graph J and
-1 <z <1

Proof. Consider the constant graphon W which is equal to (1 + x)/2 everywhere. Then
p(1+z) < 22D J, W) = (1 + 2)°. O

Observation 12. p;(1+z) = (1+2)°” for all =1 < z < 1 if and only if J is Sidorenko.

Proof. 1f J is Sidorenko and z € [—1, 1], then ¢(J,W) > (HT’”)e(J) for every graphon with
t(K2, W) = (1 + z)/2. Combining this with the upper bound in Observation 11 yields
ps(l+x)=(1+ x)e(J). If J is not Sidorenko, then there exists a graphon W such that

t(J, W) < t(Ky, W)e). Thus, for z = 2t(K», W) —1, we have py(1+2) < (1+2)*. O

All of the new examples of common graphs in this paper will be built up from known
examples of strongly common graphs. However, it seems to us that the same approach
may also work with graphs that are not strongly common, but satisfy weaker inequalities.
This motivates the next definition.

Definition 13. Given a function g : [0,2] — [0, 00), we say that a graph H is g-bounded
if, for —1 < z < 1, it holds that

24 (H(H, W) +t(H,1—=W)) > g(1 + )+ g(1 —z)
for every graphon W such that ¢(Ky, W) = (1 + z)/2.

Let us tie this in with the notion of strongly common graphs defined earlier.

'In the case that £ = 0 and t(K,, W) = 0, we regard 0° as being equal to 1.
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Observation 14. Let H be a non-empty graph and let g : [0,2] — [0,00) be defined by
g(z) = 2°H) . Then H is strongly common if and only if it is g-bounded.

Proof. 1f H is strongly common, then, for any 0 < 2 < 1 and graphon W with ¢(K,, W) =
(14 x)/2, we have

2€UD (L(H, W) + t(H, 1 = W) = 2°UD (¢(Ky, W)™ ) 4 1(Ky, 1 — W)

~ et ((1;"”)6(1” + (1;‘”)6(H)) = 91 +2) +9(1 )

and so H is g-bounded.
On the other hand, suppose that H is g-bounded. Let W be a graphon and define
x = 2t(Ky, W) — 1. We get

t(H, W) +t(H, 1= W) =27 (g(1 + ) + g(1 — z)) = t(Ka, W) 4 ¢(Ky, 1 — W)
and so H is strongly common. O

Given a g-bounded graph J and p < p;, Lemma 17 below implies a bound on the
Ramsey multiplicity constant ¢(H) in terms of g,k,¢ and p for any graph H which is
(J, k, £)-correlated. Before stating the lemma, we require one more definition.

Remark 15. In the following definition, the expressions (1 4+ x)¢ and (1 — z)? in the case
¢ = 0 are treated as being equal to 1 for all —1 < 2 < 1. Expressions which may evaluate
to 0° in a similar manner are treated in the same way throughout the paper.

Definition 16. Given a function g : [0,2] — [0,00) and real numbers k& and ¢ such that
k #0, define f7,: [-1,1] x R = R by

flo@,y) =1+ a) (91 +2) — )" + (1 —2) (9(1 - 2) + )" (6)

Lemma 17. Let g,p: [0,2] — [0, 00) such that p < g, let k and ¢ be real numbers such that
k # 0 and let J be a non-empty g-bounded graph such that py = p. Then, for any graphon
W, 2keDFE (4 (Ko, W) (T, W)* 4+ t( Ko, 1 — W) t(J,1 — W)F) is at least the minimum of
fi (@, y) over all x and y such that =1 <z <1 and 0 <y < g(1+ ) — p(1+ ).

Proof. Define m := e(J). Let W be a graphon and let = := 2¢{(K,, W) — 1. By the
symmetry between W and 1 — W, we may assume, without loss of generality, that

g(l+z)=2"t(J, W) = g(1l —x) —2"t(J,1 —W). (7)

Now, define
y :=max{0,g(1 +z) — 2"t(J,W)}.

Then, by definition of y, we have y > g(1 + z) — 2™¢(J,W). Equivalently,
2"(JS W) = g(1+x) —y. (8)
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We claim that y < ¢g(1 + x). Indeed, if y = 0, then this is true because the co-domain
of g is [0,00) and, if y = g(1 + =) — 2™t(J, W), then it is true because t(J, W) > 0. So,
combining this with (8), we get

2"t(J W) 2 g(14+2)—y >0, 9)
Since J is g-bounded and m = e(.J), it holds that
2" (S, W) + 1,1 =W)) = g(1+ )+ g(1 — )
which is equivalent to
2"(J, 1 —=W) —g(1 —x) > g(1 +z) — 2™t(J, ).

If y =g+ x)—2mt(J,W), then the above inequality translates to 2"¢(J, 1 — W) >
g(1 — z) +y. On the other hand, if y = 0, then, by definition of y, we must have
g(1+x)—2mt(J,W) < 0. By (7), this implies that g(1 — z) — 2™¢(J,1 — W) < 0. So, in
the case that y = 0, we again get 2"¢(J,1 — W) > ¢g(1 — z) + y. Thus, regardless of the
value of y, we have

2"(J, 1 =W) =2 g(l —x)+y = 0. (10)

Now, since z = 2t(Ko, W) — 1 and t(Ky, W) + (K, 1 — W) =1,
t(Ky, WY (T, W)E + t(Ky, 1 — W) (T, 1 — W)F

- <1—2Hc>et(J, W)k + (1;x>et($1 - W)~

By (9) and (10), the right side of the above equality is at least
27t (1 + ) (g1 +2) — )" + 271 — )" (9(1 — 2) + )" = 27K 11 (2, ).

To complete the proof, we need to show that x and y satisfy the constraints —1 <z < 1
and 0 <y < g(1+2)—p(1+z). The constraint —1 < x < 1 follows simply from the fact
that © = 2t(K3, W) —1 and 0 < t(K,, W) < 1. Also, y > 0 simply by definition. If y = 0,
then the constraint y < g(1 4 z) — p(1 + x) holds by the hypothesis p < g of the lemma.
On the other hand, if y = ¢g(1 + z) — 2™t(J, W), then, since = 2t(K,, W) — 1, we have

y=g(14+z)=2"t(J, W) < g(1+2z) —2"inf{t(J, W) : t(Ko, W) = (1 + x)/2}

=g(14+2)—p;(1+2z) <g(l+z)—p(l+z).
The result follows. U

Remark 18. For most graphs J satisfying the hypotheses of Lemma 17, it seems unlikely
that t(J, W) would be anywhere near 27¢/) p(2t( Ky, W)) for the graphon W which mini-
mizes t(Ky, W)4(J, W)k +t(Ky, 1 — W) (H,1 — W)*. Thus, one may be able to tighten
the upper bound constraint on y in certain cases (or even in general). However, while it
is perhaps not the most powerful constraint possible, the bound y < g(1 + z) — p(1 + )
is sufficient to obtain nearly sharp bounds on the Ramsey multiplicity constant of certain
graphs, as we shall demonstrate in the next section.
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3 A Quick Application

As a simple application of Lemma 17, we prove the lower bound in Theorem 5, which we
restate here for convenience.

Proposition 19. ¢(K; U Ky) > 0.121423.

Before proving this proposition, we require a few preparations. First, we need that
K3 is strongly common, which essentially follows from an old result of Goodman; see,
e.g., [2, Theorem 5.3] for a modern proof.

Theorem 20 (Goodman’s Theorem [21]). K3 is strongly common.

We also require bounds on pg, (1 + x). The precise value of this function for all —1 <
x < 1 can be derived from the landmark “Triangle Density Theorem” of Razborov [37].
For the purposes of proving Proposition 19, it will be enough to have a tight bound on
pr,(1 4+ x) when x is close to zero and a more crude bound for larger x. For the former,
we use the following theorem which was first announced by Fisher [18]; as mentioned
in [37], the proof contained a hole that can be patched using a later result of [20]. A new
proof was found by Razborov [36] prior to proving the general Triangle Density Theorem
in [37].

Theorem 21 (Fisher [18] and Goldwurm and Santini [20]; see also Razborov [36]). Every
graphon W with t(Ko, W) < 2/3 satisfies

1
HIG, W) > 5 (=2 (24 VA= 6t W) + 3t(Ko, W) (3 + /A= 61K, W) )
For larger edge densities, we resort to the following convenient linear bound proved
by Bollobas [6] (see also [7, Chapter VI.1]).
Theorem 22 (Bollobés [6]). Every graphon W satisfies

4 2
L3 W) 2 gt(K%W) 3

We combine Theorems 21 and 22 to get the following general lower bound on pg, (142).

Corollary 23. We have

0 for —1<x<0,
prs(1+2) 25 (1-vV1-3s+32(3++v1-3z)) for0<a<1/3
16x/3 for1/3 <z < 1.
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Proof. The fact that pg,(1+ ) > 0 for all 2 is simply by definition. The bound pg, (1 +
x) = 162/3 for all —1 < 2 < 1 comes from plugging = = 2t(K5, W) — 1 into Theorem 22.
Finally, for 0 < z < 1/3, plugging x = 2t(K,, W) — 1 into Theorem 21 yields

pK3(1+x)2g(1—\/1—3x+3x(3+\/1—3x)).

The result follows. O
We now present the proof of Proposition 19.

Proof of Proposition 19. By Observation 8, we have
t(Kg (] KQ, W) - t(Kg, W)t(KQ, W)

for every graphon W. By Theorem 20 and Observation 14, K3 is z3-bounded. So, by
Lemma 17, ¢(K3 U K>) is at least the minimum of

21+ 2)(1+2)° —y) + 271 —2)((1 —2)* +y)

over all z and y such that —1 <z <1 and 0 <y < (1+12)% — pg, (1 + x). Expanding the
above expression yields

271+ 2)  + 2741 — 2)* — 2 %2y (11)

It suffices to bound the expression in (11) below by 0.121423 for all x and y satisfying the
constraints described above. First, if z < 0, then, since y > 0, the expression in (11) is at
least 2. So, we assume that 2 > 0. In this case, the expression in (11) is minimized when
y is as large as possible.

If 1/3 < x < 1, then Corollary 23 tells us that the expression in (11) is at least

271+ 2)* + 2741 — 2)* —27%2((1 + 2)* — 162/3).

The derivative of this expression with respect to x is —i (2722 — 502+ 3), which is positive
for all z such that 1/3 < z < 1; thus, when 1/3 < x < 1and 0 < y < (142)3 — pg, (1+2),
the expression in (11) is bounded below by

2741+ (1/3)* + 2741 — (1/3)* — 273(1/3)((1 + (1/3))® — 16/9) = 5/27 > 0.121423.

Finally, we assume that 0 < x < 1/3. In this case, by Corollary 23, the expression in
(11) is at least

4
271+ )+ 271 —2)t —27%2((1 + 2)° — 5 (1—-v1—=3z+3z(3+V1-3x))).
If we let z = /1 — 3x, then the above expression can be rewritten as
1
(325 4+ 42° 4+ 122 — 423 — 2827 + 40). (12)

216
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Our final aim is to minimize this function over all 0 < z < 1. The derivative is

1 4 3 2
— 1 24z — 6z — 28).
1082(92 +102° 4 242% — 62 — 28)

So, in particular, z = 0 is a critical point. However, if z = 0, then the expression in (12)
evaluates to 5/27 > 0.121423.
So, we focus on the other critical points; i.e. the roots of the function h(z) := 92% +

1023 4 2422 — 62 — 28. Note that h(0) < 0 and

d*h 119 1 9

72" 3 + 3(5+182)
which is positive for all z. Thus, there is at most one root of h, say zp, in the interval
[0,1]. The exact value of this root is rather complicated, so we will not attempt to write
it down, but we can estimate it. Define

2o = 0.908638793,

21 1= 0.908638794.

By plugging these values into h, we see h(zp) < 0 and h(z;) > 0. So, the unique root
of h in [0, 1] is between zy and z;. Thus, the minimum of the expression in (12) over all
0 < z<1is at least

1 ‘
6 (320 + 42§ + 1229 — 427 — 2827 + 40) > 0.121423.

This completes the proof. O

Remark 24. By applying the flag algebra method of Razborov [36], one can obtain a
lower bound on ¢(K3 U Ks) of roughly 0.121449536 which is slightly better than that of
Theorem 19; note that this is a raw floating point number from a semi-definite program
that was approximately solved by a computer, and so it should be taken with a grain
of salt. Thus, while it seems that Lemma 17 may not produce a tight bound in this
case, it is within about 0.022% of the lower bound that one can prove using some of the
most powerful modern machinery available. It also has the advantage of being relatively
short and human-checkable, which is rarely the case for proofs which use the flag algebra
method.

4 Reducing the Optimization Problem

Our goal in this section is to use a bit of basic calculus to prove Proposition 25, stated
below, which reduces the optimization problem in Lemma 17 to a single-variable problem.
In our applications, we will always deal with £ > 1 and non-decreasing functions g and
p, and so we will focus on this case. If £ = 1, then f,f,g(x, y) is linear in the variable y
and so, for any z, the minimum is achieved at either y =0 or y = g(1+2z) —p(1+2z). In
other words, when k& = 1, the problem reduces to a single-variable problem trivially; see,
e.g., the proof of Proposition 19 above. Thus, in the following proposition, we only deal
with £ > 1.

THE ELECTRONIC JOURNAL OF COMBINATORICS 33(2) (2026), #P2.1 10



Proposition 25. Let k and ¢ be real numbers such that k > 1 and let g, p 0,2] — [0, 00)
be non-decreasing functions such that p < g and p(2) > 0. For 0 < ¢ < 2g(1)%, if, for
every 0 < x < 1, either

(1+2)(1 - 2((1””9(1_%))30 "

NS
((1 + )T + (1 - x)m)
or both of the following hold

L

g1+ z)(1+2)77 —g(1 —2)(1 —z)FT

T I g g,
(1+2)p(l+2)" + (1 -2) (9(1 —2) + g(1 +2) — p(1 +2))* > ¢, (15)
then fi (z,y) = c forall -1 <z <1 and 0<y < g(1+ ) —p(1 + ).

In order to prove this proposition, we require the following basic inequality.

Lemma 26. For any real numbers a,b and k such thata >0, a+b >0 and k > 1,
(a+b)* > a* + kba* .

Proof. If a = 0, then the inequality a + b > 0 simply translates to b > 0. In this case, the
left side is equal to b* > 0 and the right size is zero, and so the inequality holds. Now, if
a > 0, then, by Bernoulli’s Inequality (i.e. the fact that (1 + z)" > 1+ rz provided that
l+z>0andr > 1),

k_ k AN kb k k-1
(a+b)"=a 1—1—5 >a 1+; =a" + kba""".

This completes the proof. O

Proof of Proposition 25. We start by showing that range of x in the optimization problem
in Lemma 17 can be reduced to 0 < = < 1. Fix —1 < x < 0. Applying Lemma 26 to
both terms of f{,(z,y), we get

fLolay) =(1+2) (91 +2) = )" + (1= 2)' (g(1 — 2) +y)"
>(142)'9(1+2)" + (1 — 2)’g(1 — z)*
— yk (g(l + l')k_l(l + x)é _ g(l _ l’)k_l(l _ x)m(k—l)—{-é) ‘

Now, using the facts that y > 0, g is non-decreasing and k£ > 1, we see that, if z < 0,
then the above expression is at least

(1 +2)g(1+a)" + (1 —2)gl —2)".
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However, this is precisely equal to f,f,g( —z,0). Therefore, under the constraint y > 0, the
minimum of f ,(x,y) must be attained at a point (z,y) such that z > 0. If z = 0, then
the above expression evaluates to 2¢(1)* which is at least ¢ by assumption. So, we can
assume that 0 < z < 1.

From here forward, fix 0 < x < 1. We find and analyze the critical points with respect
to y. Observe that

013

By (2,9) = k(1 +2)" (g(1 + ) =) + k(1 =) (g(1 — ) +9)" . (16)

Thus, for any choice of x, the partial derivative of f,f,z(x, y) with respect to y is zero at
y = yo(x) where
(1+ x)%g(l +x)—(1— x)%g(l — )

L

(1+2)F7 + (1 — z)F

Yo(x) =

There may also be a second such point y;(z) where

(L+a)" gt a) + (1-a)=ig(l—x)
(1+2)77 — (1 —x)F

yi(x) =

However,

So, y1(z) = g(1 +x) — p(1 + ). We claim that this inequality is strict; indeed, if
x < 1, then the first two inequalities above are both strict and, if z = 1, then we have
g(1+2x) > g(1+2z)— p(l+x) because p(2) > 0. Thus, when y = y;(x), the constraint
y < g(1+z)—p(l+x) is violated, and so we can ignore the possibility that y = y;(x) in
what follows.

From this, we can conclude that, for fixed 0 < x < 1, the minimum of the function
fiy(z,y) on 0 <y < g(1+ ) — p(l + ) is achieved at either y = 0, y = yo(z) or
y=g(1+z)— p(l+x). However, plugging y = 0 into (16) and using the fact that x > 0
and ¢ is non-decreasing reveals that f,f’e(:v, y) is decreasing with respect to y at the point
y = 0. Thus, the only possibilities to consider are y = yo(x) or y = g(1 + ) — p(1 + z).
To determine which of the two is the minimum, we use the second derivative; we have

0" fis

8—1/2(33, y) =k(k =11 +2)" (g(1+2) =) "+ k(k = 1)1 —2)" (g(1 — ) + )"
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which is clearly positive for all y in the range 0 < y < g(1 + x). Therefore, we conclude
that the minimum is attained at y = yo(z) whenever yo(x) < g(1 + x) — p(1 + z) and it
is attained at y = ¢g(1 + ) — p(z) otherwise. The inequality in (13) simply translates to
f(z,y0(x)) = ¢, whereas (14) and (15) are equivalent to yo(z) > g(1 + z) — p(1 + x) and
f(z,g(1+x) — p(1+ x)) = ¢, respectively. This completes the proof. O

Let us briefly remark on the way that the interplay between the two conditions in
Proposition 25 tends to work in practice. For fixed g and ¢, when k is large, one can
often get that (13) holds for all x sufficiently close to zero, i.e., in an interval of the form
[0, z0]. Conversely, (14) and (15) tend to hold when x is close to one, i.e., in an interval
of the form [z, 1]; this explains the way that we have labelled of the three inequalities of
Proposition 25. To prove that that f,fj(:c, y) = c for all  and y satisfying the constraints,
it is therefore sufficient to show that x; < zg.

5 Triangles, Edges and Triangle-Trees

Our goal in this section is to prove the following two theorems, which imply Theorems 1
and 3. After proving them, we will provide several applications to concrete families of
graphs built up from gluing together triangles and edges in a “tree-like” way.

Theorem 27. Let 0 < ¢ < 2 be an integer. If H is (K3,2,0)-correlated, then H is
common.

Theorem 28. Let k > 3 and 0 < ¢ < bk/3 be integers. If H is (K3, k,{)-correlated, then
H is common.

We deduce Theorems 1 and 3 from these two results, after which we will turn our
attention to their proofs.

Proof of Theorem 1. By Observation 8, for 0 < ¢ < 2, the graph H := (2- K3) U (¢ - K>)
is (K3, 2, 0)-correlated. Thus, it is common by Theorem 27. 0

Proof of Theorem 3. Let k > 3 and 0 < ¢ < |5k/3] be integers. By Observation 8, the
graph H := (k- K3)U ({- Ks) is (K3, k, {)-correlated. Thus, it is common by Theorem 28.
]

Proof of Theorem 27. Let 0 < ¢ < 2 and let H be (Kj3,2,{)-correlated. By Theorem 20
and Observation 14, K3 is g-bounded where g(z) = 2™ for z € [0,2]. Let p : [0,2] — [0, 00)
be defined by p(z) = max{0,16(z — 1)/3} for 0 < = < 2 and observe that p < ¢ and
p < pr, by Corollary 23. By Lemma 17, 26*‘c(H) is at least the minimum of f34(@,y)
overall -1 <z <land 0<y < (14+2)" —p(l+x). We will be done if we can show
that this minimum is at least 2.

By Proposition 25, it suffices to show that every x € [0, 1] satisfies (13) or (14) and
(15) for ¢ = 2 and the functions g and p defined above. By Lemma 53 with ¢y = 2, we
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see that, to prove (13) for a particular value of x, it suffices to show that (28) holds. In

this case, this translates to

2(1+2)* + (1 —2)*)
(14+2)%(1 —x)?

(T+2)+(1—-2)%2> (17)

The above inequality is equivalent to h(x) > 2 where h : [0,1) — R is defined by

(=2’ +2)* (1 —2)°+ (1 +2)°)*
(1—2)2+ (14 x)? '

h(z) =

Note that h(0) = 2. Also,
dh do(r —1)(z + 1)(1 + 32%) (=3 + 1022 + 92?)

Gl (1+ 22)?

which is non-negative for all 0 < x < v/ =5+ 2v/13 ~ 0.495. Thus, (17) holds for all
0<x<049.
So, it suffices to show that (14) and (15) both hold whenever 0.49 < =z < 1. By

Lemma 50, to prove that a particular x satisfies (14), it is enough to show that (27)
holds. That is,

wl

20(1+2) > (1+2)° +(1—2)°

Plugging in p(1 + z) = 162/3, the inequality becomes 32z/3 > (1 + z)* + (1 — z)3. This
holds for all z; < # < 1 where z; = (8 — V37) = 0.21 < 0.49. Finally, we analyze (15).
It simplifies to

(1+2)"(162/3) + (1 — 2)* (1 — 2)* + (1 + 2)* — 162/3)” > 2.
For x > 0.49 and ¢ > 0, we have
(1+2)"(162/3)* + (1 — 2)* (1 — 2)* + (1 + 2)* — 162/3)* > (162/3)* > 6.8 > 2
and so (15) holds for all x > 0.49. The result follows. O

Next, we prove the following lemma from which Theorem 28 will be derived. The proof
is similar to that of Theorem 27, except that we sometimes need to deal with the more
complicated inequalities (13) and (14) themselves as opposed to the sufficient conditions
from Appendix A.

Lemma 29. For any integer r such that 0 < r < 15 and any graphon W,
2913 (4 (I, W) PPH(K3, W) + (K, 1 — W) PH(K3, 1 — W)?) > 2. (18)

Proof. We apply Lemma 17 and Proposition 25 with J = K3, p(z) = 16(z — 1)/3, g(z) =
23, k =3 and ¢ = r/3. The inequality in (13) becomes

(14 2)31—2)73((1+z)3+ (1 —2)3)°
(1+2)8 + (1 —2)8)

> 2. (19)
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By Lemma 54, to prove (19), it suffices to show that

0y (20)

(1+2)31 - 2)/3 ( .

For each integer r such that 0 < r < 13, one can verify numerically that (20) is satisfied
for all  in the range 0 < x < ¢, where

Zo,0 = 1, Zo,1 = 099, Zo,2 = 099, Zo,3 = 098, Zo.4 = 095, Zo,5 = 091,

Zo,6 = 086, Zo,7 = 079, Zo,8 072, Zo,9 = 064, Zo,10 = 055, Zo,11 = 046,

>
= 034., Z0,13 = 0.19.

Z0,12
Also, for r € {14,15}, one can verify numerically that (19) is satisfied whenever z is in
the range 0 < o < ¢, where zy, > 0.14; the worst case is r = 15.
So, to complete the proof, we need to show that, for each r, (14) and (15) hold for all
zo,r < o < 1. Plugging in the values of k, ¢, p, g, these inequalities translate to

(L+2)*(1+2)f — (1—2)*(1 — 2)8 5_ 160
(142)6 + (1 —x)b > (1+2)" —162/3 (21)
and
(L) (162/3)° + (1= a) (1 —2)* + (L +2)° —160/3) >2  (22)

respectively. For each integer 0 < r < 15, (22) holds for all 0 < 2 < 1; again, we are only
able to verify this numerically. By Lemma 50, for a given 0 < x < 1, if

322/3 > (1+2)°+ (1 —2)°,

then (21) holds automatically. The above inequality holds for all 0.22 < = < 1. Thus,
since xg, > 0.22 for r € {0, ..., 12}, the proof is complete in these cases.

The last thing to do is to verify that (21) holds for all 2, < x < 1 in the cases r €
{13,14,15}. One can check numerically that the inequality holds for all 0.1397 < z < 1
for each r € {13, 14, 15}; the worst case is r = 13. Since x¢, > 0.1397 for r € {13,14, 15},
the proof is complete. O

Next, we use Lemma 29 and Holder’s Inequality to prove Theorem 28.

Proof of Theorem 28. Since H is (K3, k, {)-correlated, for any graphon W, we have
t(H, W) + t(H,1 = W) = t(Ky, W) (K3, W) + (K3, 1 — W)t(Ks, 1 —W)".

Define
k k

p:=§, qﬁ:my

21 = (Ko, W) F (K3, W3, 29 i= t(Ka, 1 — W) T t(K3, 1 — W)3,

THE ELECTRONIC JOURNAL OF COMBINATORICS 33(2) (2026), #P2.1 15



1 ]og) o _ |9
o = 3 k k s r = k s
U1 = t(K27 W)av Y2 = t(K27 1 - W)a‘

By Lemma 51,
(2} + xg)l/p (] + yé’)l/q Z T1Y1 + Tayo.

In other words,

t(Ko, W)t (K3, W)* + t(Ky, 1 — W)t (K5, 1 — W)*

k/3
e W)E UKy, W3 + t(Ky, 1 — W) F Tt (K3, 1 — W)3
~ (Ko, W)2d + ¢(Ky, 1 — W)aa)k=3/k '

By definition of «a, we have % +a=3. Since 0 < ¢ < 5k/3, we have that r is an integer

satisfying 0 < r < 15. So, by Lemma 29, we get that the right side of the above inequality

is at least
9(=8—1/3)(k/3)

(t(Ko, W)2d 4 t(Ky, 1 — W)ea)k=3/3"

Note that

1/19¢ 9¢ k 1 /k—-1 k 1 (k-1
aq=S\ 77| — 7 — | <3 =—-|——=) <1
3 k k k—3 3 k k—3 3\k—-3
where the last inequality uses that k& > 4. Thus, since t(Ky, W) + t(Ks,1 — W) = 1, we

have that t(Kqy, W) 4+ t(Ko, 1 — W) < (1/2)*7 4 (1/2)* by Jensen’s Inequality. So, we
get

9(—8-7/3)(k/3) -5 955

2 —_—
(t(Ky, W)2d + t(Ky, 1 — W)aa)®=3/3 7 (1 /2)aa 4 (1/2)aa)B=3/3  2(0:=3)/3(1 /2)alk/3)

8k _k k k
2—T—§ 21—3k—§ 21—3/4:—{

—2(1/2)"* =2 (1/2)"

T okBIg=alkB) T 5 i(r ) (k/3) g+l

3

where the last equality follows from (1) and the fact that H is (K3, k, £)-correlated. There-
fore, H is common and we are done. 0

To close this section, we provide some concrete families of (K3, k, £)-correlated graphs.
Following [22], the class T of triangle-trees is defined as follows. We have K3 € T and,
if H € T, then any graph obtained from H by either adding two vertices u,v to H and
edges uv, uw,vw for some w € V(H), or adding one vertex = to H and edges zy and xz
for some yz € F(H), is also in 7. In other words, the graphs in 7 are built up by gluing
triangles together on vertices or edges in a tree-like manner. Our results in this section
apply to a slightly more general class of graphs (see Example 33), which is a special case
of the class considered in [2, Section 6]. For any set X, let 2% denote the power set of X.
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Definition 30. Given a graph F', define an F'-tree to be a pair (7, ¢) such that T is a
tree and ¢ : V(T) U E(T) — 2V satisfies o(st) C o(s) N(t) for all st € E(T).

Definition 31. Let F' be a graph and (7', ¢) be an F-tree. Define H(T, ) to be the graph
constructed by taking pairwise disjoint graphs J; for ¢ € V(T'), where J; is isomorphic to
F[p(t)], and then, for each st € E(T), identifying the vertex corresponding to w in the
Js with the vertex corresponding to w in J; for all w € p(st).

Example 32. Let F' be a graph, let T" be any tree with k vertices and suppose that ¢
maps every vertex of 7' to V(F') and every edge of T to (). Then H(T, ¢) is nothing more
than the graph k- F'.

Example 33. Let (T, ¢) be a Kj-tree such that |o(¢)| = 3 for all ¢ € V(T') and 1 <
lp(e)| < 2foralle e E (T'). Then H (T, ) is a triangle-tree. Moreover, every triangle-tree
can be represented as H (T, ) for some such 7" and .

Definition 34. Given a Ks-tree (7, ¢) and 1 < j < 3, define

vi(T, @) == {t € V(T) : [o(t)] = 5}
Also, for 0 < j < 2, define

¢ (T, p) = [{e € E(T) : [p(e)] = j}H.

The statement of the following lemma is technically slightly more general than [22,
Lemma 3.6]. However, the argument in the proof of [22, Lemma 3.6] applies, with virtually
no modifications, to prove it; for this reason, we attribute it to [22]. A more general (but
also more technical) statement for odd cycles which implies this lemma can be found
in [2, Corollary 6.32].

Lemma 35 (Grzesik, Lee, Lidicky and Volec [22, Lemma 3.6]). Let (T, ) be a Kj-tree,
let k =uv3(T,p), let v =ex(T,p) —vo(T,p) 2 0. If H= H(T,p), then H is (K3, k,—7)-
correlated.

We derive two consequences of Theorems 27 and 28. Note that, since ¢- K5 is Sidorenko
for all ¢, these results imply lower bounds on the number of disjoint edges that can be
added to H while maintaining the property that it is common whenever (T, ¢) is a K3-tree
and H = H(T, ¢).

Corollary 36. Let (T, ) be a Ks-tree such that vs(T,p) =2 and es(T, @) = vao(T, ). If
H = H(T,y) and F is a Sidorenko graph such that

e(F) <24 ex(T,p) —va(T, ),

then H U F' is common.
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Proof. Define { = e(F) — es(T, ) + v2(T, ). By Observation 8, Lemma 35 and the fact
that F' is Sidorenko, we have that, for any graphon W,

HHUF,W) = t(H,W)E,W) > t(K;, W)*(Ky, W)~ 2T+l (g, 1))
= H(Ks, W)PH( K, W),
Also, since H is (K3,2, —ea(T, ) + vo(T, ))-correlated by Lemma 35, we have
e(HUF)=e(H)+e(F) =2e(K3) —ex(T, @) + va(T, ) + e(F)

Thus, H U F' is (K3, 2, ¢)-correlated, where ¢ < 2 by hypothesis. The result now follows
from Theorem 27. U

Corollary 37. Let (T, ) be a Ks-tree such that vs(T, @) = k = 3 and es(T, ) = vo(T, ).
If H=H(T,p) and F is a Sidorenko graph such that

G(F) < 5k/3 + 62(T7 90) - U2(T7 90)7

then H U F' is common.

Proof. The proof is completely analogous to that of Corollary 36. O

6 Beating the Random Construction

In this section, we turn our attention to obtaining upper bounds on ¢(H) for various
graphs H. The graphons that we will use are all of the same general form. For n > 1, let
A, be the set of all vectors 2" of length n with non-negative entries that sum to one. Given
Z € A, and an n X n symmetric matrix A with entries in [0, 1], let Wz 4 be defined as
follows. First, divide [0, 1] into n intervals Iy,. .., I, such that the measure of I; is equal
to Z;. Next, for each 1 < i,j < n, define Wz 4 to be equal to A, ; for all (x,y) € I; x ;.
It is easily observed that, for any graph H,

t(H, Wg,A) Z H Zf H Af (23)

—[n] veV(H) weE(H

Remark 38. In the statistical physics literature, the pair (Z, A) is often referred to as a
“spin system” and t(H, Wz 4) is the “partition function” of that spin system.

The constructions used to prove Theorem 6, the upper bound in Theorem 5 and to
show that Theorem 1 is best possible are similar to one another; we present them next.

Proposition 39. The graph (2 - K3) U (3 - Ky) is uncommon
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Proof. We prove that the graph H = (2 K3) U (3- K3) is uncommon. For z € [0,1/2] and
y € [0,1], we define W, ,, := Wz 4 where 2= (1 —2z2,2,2) € Az and A is the symmetric
3 x 3 matrix in which A(1,2) = A(1,3) =1, A(2,3) = y and A(i,i) = 0 for 1 < i < 3.
Using (23), one can compute

t(Ko,W,,) =42(1 —22) + 222y,
HE 1= Wey) = (1 - 22)? +22°(2 — y),
t(Ks, W,,) = 6z2(1 —22)y

and
t(K3,1—W,,) = (1—22)° +2°(2+6(1 — y)?).

Therefore, by Observation 8, t(H,W,,) +t(H,1 —W,,) = h(z,y) where

h(z,y) = (42(1 — 22) + 22%9)3 - (62%(1 — 22)y)?
+((1 =222 42222 =) - (1 —22)° + 22(2 + 6(1 — »)?))*
)

Thus, ¢(H) is at most the minimum of A(z,y) over all 0 < z < 1/2 and 0 < y < 1.
Setting z = 0.28 and y = 0.42 yields h(z,y) = 0.00390226 < 2 - (%)9, which completes the
proof. O

Proof of Theorem 5. See Proposition 19 for the lower bound. For the upper bound, we
need to prove ¢(K3 U K) < 0.12145. We let W, be the graphon as in the proof of
Theorem 1 above. By Observation 8, t(K3 U Ky, W, ) + t(K3 U Ko, 1 — W, ) = h(z,y)
where

h(z,y) = (42(1 — 22) + 22%y) - (62%(1 — 22)y)
+((1=22)+22°(2—y)) - (1 —22)° + 2*(2+ 6(1 — y)*)).

Thus, ¢(K3 U Ks) is at most the minimum of h(z,y) over all 0 < z,y < 1. Setting
z =0.263661 and y = 0.2177 yields h(z,y) = 0.12145, which completes the proof. O

Proof of Theorem 6. Let P be the paw graph and let W, , be the graphon as in the proof
of Theorems 1 and 5. Using (23), we get that

t(P,W,,) = 22%(1 — 22)y(22 + 2(1 — 22) + 22y) = 42°(1 — 2)y(1 — 2(1 — y))
and
t(P,1-W,,) = (1-22)*+22*(2—y)+62* (1—y)*-(2—y) = (1—-22)*+2*(2—y)(2+6(1—y)?).
Thus, t(P,W,,) +t(P,1 —W,,) is equal to h(z,y) where
h(z,y) = 42°(1 = 2)y(1 = 2(1 —y)) + (1 = 22)* + 242 — y) (2 + 6(1 — )*).
Therefore, ¢(P) < h(0.266491,0.2187477) = 0.121415, which completes the proof. O
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Recall that, by Theorem 3, the graph obtained from K3 by adding five disjoint edges
is common. Our next example shows that a very closely related graph, obtained from
3 - K3 by adding three pendant edges in different components and two disjoint edges, is
uncommon

Proposition 40. (3- P)U (2 Ks) is uncommon.

Proof. Let H = (3- P)U(2- K3). Once again, we use the graphon W, , from the previous
three proofs. This time, we set z = 0.429919 and y = 0.43222. We get

t(Ky, W.,,)) = 0.560411,

t(Ka, 1 — W) = 0.439589,
t(P,W,,) = 0.0506164,
t(P.1—W.,) = 0.074879.
Thus, t(H,W,,) + t(H,1 —W,,) < 0.000121856 < 2(1/2)'* and the result follows. [

Next, we provide an example which demonstrates that not all common graphs are
strongly common; the question of whether such graphs exist was raised in [2]. Note that
the fact that K3 U K3 is common can be easily deduced from Theorem 20.

Proposition 41. K3 U K3 is not strongly common.

Proof. Let z = (1/2,1/2), let A be the 2 x 2 symmetric matrix such that A(1,1) =
A(2,2) =1/3 and A(1,2) =1 and define W = W3 4. Then, by (23),

(K, W) =2/3,

t(Ky 1 — W) =1/3,

= () () o) () - o

and X 5
2 1 1
Ks, 1 — == =] ==

Therefore,

HEy U Ko W) 4 1K L Ko 1— W) = (22) 4 (L) = 3089 _ 65

A ST —\216 27) 46656 729
= t(Ko, W)® + (Ko, 1 — W)°

and so K3 U K3 is not strongly common. O
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The first common graph with chromatic number four which was discovered is the 5-
wheel [25]; i.e. the graph W5 obtained from a cycle of length five by adding a vertex
joined to everything on the cycle. The following proposition implies, for example, that
W5 is not strongly common.

Proposition 42. Let H be a graph with m components and chromatic number k. If

1 v(H)—m _ k—9 e(H) . 1 e(H)
E—1 E—1 E—1 7

then H is not strongly common.

Proof. Let W = W, _,; i.e. the graphon corresponding to the complete graph Kj_;.
Then, t(Ky, W) = (k—2)/(k—1) and t(K5,1 — W) =1/(k —1). Since H has chromatic

number £k,

t(H,W) = 0.
Also,
1 v(H)—m
answn= ()"
So, by the hypothesis of the proposition, H is not strongly common. O

Corollary 43. W5 is not strongly common.

Proof. The chromatic number of Wi is four and

1 \*' 1 1025 4 -2\ 1 \"
— =—< = +|—] .
4—1 243 59049 41 41

Thus, the result follows by Proposition 42. O

Finally, we prove Theorem 4.

Proof of Theorem 4. Let k > 1 and ¢ = [1.9665k]. We show that H = (k- K3) U (¢ - K>)
is uncommon. Define o = ¢/k and note that 1.9665 < o < 2. Let

pi=1— 2716+,

We let W be the graphon W34 where 2 = (1/2,1/2) and A is a 2 x 2 matrix whose
diagonal entries are p and off-diagonal entries are 1. We have

(I W) = 51+ ),

(I 1= W) = 51— p),

1 3
t(K?n W) = Zp3 + Zpa
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Thus, by Observation 8,

= [(50n) ()] = el (o) ()]

Plugging in the value of p defined above yields

[2 (1 - 271/BH) (9 _ 9-1/@ra)) (3 L (2 o) _ 1)2)}’“

93k+L

The expression within the square brackets is decreasing in « for a € [0, 2]. Therefore, for
all > 1.9665 it is at most

311-1—( [2 (1 _ 271/4.9665) (2 _ 271/4.9665)1'9665 (3 X (271/4‘9665 _ 1)2>]
2

k

1
< W(o.9999994)k.

Next, we compute

1 *1 S| 1 “1 g
tH1-W)=||=(1- “(1—-p)?| = 23t [ Z(1 — “(1=p)?| .
- w) = | (50-9) J0-0°) =g 2 (50-0) J0-0

When substituting the value of p chosen above into this, the expression inside of the
square brackets evaluates to 1. Putting all of this together, we get

t(H, W) +t(H,1-W) < (0.9999994)% + < 2(1/2)“™.

93k+( 93k+(

This completes the proof. O

Note that the graphon W used in the proof of Theorem 4 above is vertex-transitive.
Thus, if H is a graph obtained from the disjoint union of two graphs F; and F, by
identifying one vertex of Fy with one vertex of Fy, then t(H, W) = t(Fy, W)t(F», W) and
t(H,1—=W)=t(F,1 —W)t(Fy,1 — W) (for the specific graphon W used in the proof).
Thus, the same construction can be used to obtain the following.

Theorem 44. Let (T, ¢) be a Ks-tree such that es(T,p) =0 and let H = H(T, p). If
vo(T, ) = 1.9665 - v3(T), ),
then H 1is uncommon.

A graph H is said to be positive if t(H, W) > 0 for every kernel W. If H is a graph
obtained from two copies of a graph F' by gluing them on an independent set, then H
is easily seen to be positive, and it is conjectured that all positive graphs arise in this
way [1]. Theorem 44 provides examples of connected positive graphs that are uncommon,
e.g. the graph obtained by taking two triangles and four edges all glued on a single vertex,
which answers [28, Question 5.1] in the affirmative (in a strong sense).

The construction in the proof of Theorem 4 can also be used for longer odd cycles, as
we show next.
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Theorem 45. For integers k,r > 1, the graph (k- Coyq) U (2rk - K3) is uncommon.
Proof. Let H = (k- Cy41) U (2rk - K3) and let
p= 1 — 2—1/(47‘-’1-1)'

Let W be the graphon W3z 4 where 2= (1/2,1/2) and A is a 2 x 2 matrix whose diagonal
entries are p and off-diagonal entries are 1. Note that the eigenvalues of A are p + 1 and
p— 1 and J — A has eigenvalue 1 — p with multiplicity two, where J is the 2 x 2 all-ones
matrix. So, using, e.g., [33, Example 5.11], we get

+1 2r+1 1 2r+1
o (55 (5

1— 2r+1
t«zﬁhl—quz<—§£) .

e (37 0]

[p—i—l 2r ( D+ 1)2r+1 + (p— 1)2r+1)]k

Thus, by Observation 8,

HH, W) =

2(4 +1)/€

T T T k
2(4r+1)k [ p+1) 4 +(p - 1)2 H(p + 1)2 ]

Substituting in the value of p yields

1

STk |:(2 _ 271/(4r+1))4r+1 o 27(2r+1)/(4r+1) (2 B 2*1/(4r+1))27":| k
o+

Our next goal is to show that the expression inside of the square brackets is less than one
for all » > 1. That is, we want to prove that
(2 _ 271/(4r+1))4r+1 _ 9—(2r+1)/(r+1) (2 B 271/(4r+1))2’" <1
or, in other words,
—1/(4r+1)\4r+1 —(2r+1)/(4r+1) —1/(4r+1)\ 2"
(2 —27VEHDYTT <1 4 27 GrEb/ D (9 gm VDT (24)

The inequality (24) can be easily verified by computer for 1 < r < 6. So, in the rest of
the proof of (24), we assume r > 7. By the AM-GM Inequality, the right side of (24) can
be bounded below as follows:

1 + 2~ @r+1)/(r+1) (2 _ 2*1/(4r+1))2r > 2\/2—(27°+1)/(4'r+1) (2 — 2—1/(4r+1))?7‘
— o(6r+1)/(8r+2) (2 B 2_1/(4r+1))T '
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Thus, to prove (24), it suffices to show that

2(67’+1)/(8T+2) > (2 _ 2—1/(47‘+1))3T+1 (25)
or, in other words, that
207V 4+ 27 > 2
where v = +1 and y = m This holds if and only if
log (1+v1—27V) 26)
=y log(2)

The right side of (26) can be bounded above as follows:

log (1++v1—27) _ VI—27v VI = e—1oe@y

log(2) ST 0@ YT T T0e@)
V1—(1-1log(2)y) Y
SYY T @) Y e

Thus, to prove (26), it suffices to show that

1 1
2Br+ N@r+1) \/10g(8)(3r TD@r+ D) Al

This inequality holds for all » > 7. Therefore, we have that t(H, W) < 25( Ty -
Next, we compute

ans-w= (52 (2 (555)7)] = ek o

When substituting the value of p chosen above into this, the expression inside of the
square brackets evaluates to 1. Putting all of this together, we get

t(H, W) +t(H,1—W) < 2(1/2)4r+Dk = (1 /2)eH)
which completes the proof. O

Of course, the above theorem can also be extended to graphs built up by gluing
together odd cycles and edges on single vertices, analogous to the way that Theorem 44
follows from the same proof as Theorem 4.
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7 Conclusion

As mentioned in the introduction, one of the most classical examples of an uncommon
graph is the paw graph P obtained from K3 by adding a pendant edge. The problem of
computing the Ramsey multiplicity constant of P seems to be intimately linked to the
analogous problem for K3 U Ks. Given that 2 - (K3 U K3) is common by Theorem 1, we
believe that the same may be true for two disjoint copies of P.

Conjecture 46. If P is the paw graph, then P LI P is common.

If true, then it would be particularly interesting to have a flag algebra-free proof of
this; however, beggars can’t be choosers.

It would be interesting to extend the results in this paper to other graphs. Given a
graph H, define

DE(H) :=inf{¢ > 0: HU ({- K3) is uncommon}.

Here, DE stands for “disjoint edges.” Note that, if H U (¢ - K53) is common for all ¢ > 0,
then DE(H) = oo. Theorems 1, 3 and 4 can be viewed as bounds on DE(k - K3) for
certain values of k. We ask the following.

Question 47. Does the sequence (DE(k - K3)/k)32, converge? If so, what is its limit?

It would also be interesting to compute or bound DFE(H) for families graphs which
are not covered by the results in this paper. In particular, the results proved in Section 5
may extend nicely to longer odd cycles. Some, but not all, of the ingredients needed
for this already exist in the literature. Specifically, the fact that odd cycles are strongly
common was proven very recently in [28] (the case of the 5-cycle was proven in [2]) and
a correlation inequality generalizing Lemma 35 can be derived from a result of [2]. A
supersaturation theorem for C5 in graphons of specific edge densities was obtained in [4],
but the supersaturation problem for odd cycles is not well understood in general; this is
the main barrier in generalizing our results on K3 to longer odd cycles.

The quantity DFE(H) is likely to be closely related to the function UC(H) defined
in [22] to be the minimum number of edges in a tree 7" such that gluing a pendant copy
of T to H yields an uncommon graph; when no such tree exists, UC(H) := co. However,
as Proposition 40 and the case k = 3 of Theorem 3 show, adding pendant edges can have
a different effect than adding disjoint edges; see Figure 1 below. The authors of [22] raise
the question of bounding UC(H) for non-bipartite graphs. Theorem 44 provides an upper
bound on UC(H) when H is, for example, a triangle-vertez tree; i.e. a triangle-tree in
which one is only allowed to glue together two triangles on a single vertex (not on an
edge).

An inherent limitation of Lemma 17 is that we do not know of many graphs H which
are g-bounded for a reasonably large function ¢g. In particular, all of the known examples
of strongly common graphs are Sidorenko graphs and odd cycles. It would be interesting
to find new examples of non-bipartite strongly common graphs (if they exist) or examples
of graphs that are g-bounded for other (non-trivial) functions g.
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AAAL

(3-K3)U 5K2

AAAL

Figure 1: The graph (3-K3)U(5-K3) is common by Theorem 3 and the graph (3-P)U(2-K3)
is uncommon by Proposition 40.

The proof of Theorem 4 actually establishes a stronger statement. Specifically, if
H=Fk -K;Ul-Kywhere k > 1 and ¢ = [1.9665k], then there is a graphon W such that

max{t(H,W),t(H,1 — W)} < (1/2)°tD

min{t(H, W), t(H,1 - W)} < (1/2)°).

If H satisfies these conditions, one immediately gets that the disjoint union of any positive
number of copies of H is uncommon. It would be interesting to get a better understanding
of the class of graphs H with the property that such a graphon W exists.

Remark 48. After submitting our paper to arXiv, we learned that Chen and Ma [9]
obtained a much more general result than Theorem 7. Specifically, they prove that every
graph containing a triangle, except for Kj itself, is not strongly common. This was
generalized by Versteegen [43] who proved that a graph of odd girth is strongly common
if and only if it is an odd cycle.
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A Simpler But Less Powerful Sufficient Conditions

The inequalities (13) and (14) seem to be fairly unwieldy in general. Our goal in this
appendix is to obtain sufficient conditions for these inequalities that may be easier to
analyze in practice. To simplify (14) for ¢ > 0, we apply the following simple inequality
for real numbers.

Lemma 49. Let a,b,c,d,s,t > 0 such that b > d and s > t. Then
(ab® — cd®) (b + d") = (ab' — cd') (b° + d°).
Proof. Expand both sides of the inequality. After doing a bit of cancellation, it becomes
ab’d" — cd®b’ > ab'd® — cd'b®

which is the same as

ab®d' + cd'b® > abld® + cd®b'.
Since s > t and b > d, we have ab’d® > abld® and cd'b* > cd®b'; so, the inequality
holds. O

Lemma 50. Let k,{, g and p satisfy the hypotheses of Proposition 25. For 0 < x < 1, if
(> 10y and

g<1+x><1+x>%—g<1 2)(1—z)r
(1+ )%

I3
—
—_

+

then (14) holds. In particular, if ¢ > 0 and
2p(1+2) 2 g(1+2)+9(1 —2), (27)
then (14) holds.

Proof. Applying Lemma 49 with a = g(1 +z), b = (1 + m)ﬁ,c =g(l—2x),d =(1-
:U)ﬁ,s =/( and t = {; yields

g(1+w)<1+x)f g(1 x)S )%29(1”)(1%)%%_9(1_@(1_@%
(1+2)571 4 (1—2)FT (1+2)%1 4 (1 —z)F1
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Thus, if the right side of this inequality is at least g(1 + ) — p(1 + z), then so is the left.
For the “in particular” part of the lemma, if £ > 0, then we can apply the first part
of the lemma with ¢y = 0 to get that the following inequality implies (14):

gl +z)—g(1 — )
2

>g(14+2)—p(1+2x).

Rearranging this inequality gives us (27). O
Next, we use Holder’s Inequalityto find simpler sufficient conditions for (13).

Lemma 51 (Holder’s Inequality, see [34, Section 2.8]). Forn > 1, if x1,...,Tn, Y1, -, Yn
are positive real numbers and p,q > 1 such that % + % =1, then

n n 1/p n 1/q
Sane (X)) (L)
i=1 i=1 i=1
Claim 52. For any non-negative real numbers by, bs, s, m such that m > s > 0,
(b1 +b5)™ < 27" (b + b5")°.

Proof. If m = s, then both sides of the inequality evaluate to (b 4 b5)™ and there is
nothing to prove; so, assume that m > s. Define p = m/s and ¢ = m/(m — s) and note
that % + % = 1. Let 1 = b, 25 = b5 and y; = y» = 1. By Lemma 51,

211+ Toys < (28 + 2B) P (yl 4+ yd) e

In other words,

(m—s)/m

by + by < (b + by)*/ ™ (1m/ =) g g/ (mes)y
The desired inequality now follows by raising both sides to the power m. O

Lemma 53. Let k,{, g and p satisfy the hypotheses of Proposition 25. For 0 < x < 1, if
by = 0 and
22 (1 +z)% + (1 — z)%)

(o(1+2) + 91 =) > =i

(28)
then (13) holds.

4

1 m=~Lb=1+xzand by =1 — 7 yields

Proof. Applying Claim 52 with s =
¢ e
((1 )T (1 - x)_> <2 (L4 2) + (1 —2))F
Raising both sides to the power % gives us

(Lt + (1 -0)) <22 (1 a) + (1 -2)).
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Thus, to prove (13), it is sufficient to show that

2F2 (1+2)' + (1 —2))
(I+a)f1—a)t

(9(1+2) +g(1—2))" >

Note that the function % is increasing in ¢. So, for ¢y > ¢, the inequality (28)

is also sufficient for proving (13). O

Lemma 54. Let k, ¢, g and p satisfy the hypotheses of Proposition 25. Furthermore, let
m = ﬁ and assume that g(z) = 2™ for z € [0,2]. For0 <z <1, if

4
(1+2)™+ (1 —2)m\ c
> T (29)
2 2(1+2)4(1 — o)
then (13) holds.
Proof. Applying Claim 52 with s = ﬁ, by =1+ x and by = 1 — z yields
((1 4a) T 4 (1 x)—)m <2mET (L4 2)™ + (1 — 2)™)F T
Raising both sides to the power % gives us
k-1
()™ 4 (=) <2 (a4 (L))
Thus, to prove (13), it is sufficient to show that
(Lt +Q—a™) c
k1= (1 4+ )™ + (1 — w)m)ﬁ T (1 +2)(1 - x)t
This inequality is equivalent to (29). O
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