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Abstract

The polynomial reconstruction problem, proposed by Cvetkovi¢ in 1973, asks
whether the characteristic polynomial ¢(G;x) of a graph G with at least 3 vertices
can be reconstructed from the polynomial deck P(G) = {#(G — vi; )}y, ev(q)- In
2000, Hagos proposed a question of whether ¢(G;z) is reconstructible from the
two decks P(G) and P(G). Recently, strengthening a theorem of Ji et al. (2024),
Spier (2025) proved that the characteristic polynomials of two graphs are congruent
modulo 4 if and only if the characteristic polynomials of their complements are
congruent modulo 4. Motivated by the above, we prove that for any two graphs G
and H, if (G;x)—¢(H;x) = ¢ (mod 4) and ¢(G;x) —¢(H;x) = d (mod 4) for two
constants ¢ and d, respectively, then ¢ = d (mod 4). In particular, if n is even, then
¢=d=0 (mod 4). This strengthens Spier’s results, and provides some non-trivial
information about the constant coefficients of ¢(G;x) and ¢(H;z) for any potential
counterexample pair (G, H) to the polynomial reconstruction problem. We also
obtain a similar result for any potential counterexample pair (G, H) to the problem
proposed by Hagos in 2000.

Mathematics Subject Classifications: 05C50, 05C60

1 Introduction

Let G be a simple graph of order n with vertex set V(G) and edge set E(G). Let
A = [a;j]nxn be the adjacency matrix of G, where a;; = 1 if v; and v; are adjacent, and
a;; = 0 otherwise. The characteristic polynomial ¢(G;x) of a graph G is defined as

H(Gyx) =det(xl — A) = 2™ +b1a" ' -+ by 17 + by
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A subgraph of G obtained by deleting vertex v; and all its incident edges is called a
vertez-deleted subgraph of G and is denoted by G; = G — v;. The multisets D(G) =
{G1,Ga,...,G,} is referred to as the deck of G. The collection of characteristic poly-
nomials of the vertex-deleted subgraphs is called the polynomial deck of G, denoted by
P(G) = {6(Gy;7),9(Go; ), ..., ¢(Gn;x)}. The complement G of G is the graph with
the same vertex set as (G, where two distinct vertices are adjacent whenever they are
non-adjacent in G. The polynomial deck of G, denoted by P(G), is just the multiset
{6(Ghs2), (G ), .., (G )}

The famous reconstruction conjecture, also known as the Ulam-Kelly’s conjecture,
states that every simple graph with at least three vertices can be reconstructed up to iso-
morphism from D(G) [7]. As a spectral variant of Ulam-Kelly’s reconstruction conjecture,
in 1973, Cvetkovié¢ [3] proposed the following polynomial reconstruction problem.

Problem 1 (Polynomial reconstruction problem [3]). Given two graphs G and H of order
at least 3, is it true that

P(G) =P(H) = ¢(G;2) = ¢(H;x)?

The same problem can also be found in the work of Schwenk [9], who expressed his
suspicion that ¢(G;x) may not be reconstructible from P(G) but that counterexamples
will be difficult to find. Up to now, this problem has received considerable attention.
Despite many results have been obtained, the problem remains widely open; see [10] for
a recent survey.

We call the collection of the characteristic polynomials of both the vertex-deleted
subgraphs and their complements the generalized polynomial deck of G and denote it by

GP(G) = {(¢(Gi;2),6(Gis2)) | vi € V(G)}.

In 2000, Hagos proved that the characteristic polynomial of a graph is reconstructible
from the generalized polynomial deck of the graph [5].

Theorem 2 ([5]). The characteristic polynomial of a graph G is reconstructible from the
generalized polynomial deck {(¢(Gi; ), 9(Gi;x)) | v; € V(G)} of G.

Hagos also proposed a different problem of whether ¢(G; z) is reconstructible from the

two decks P(G) and P(G).
Problem 3 ([5]). Given two graphs G and H, is it true that
P(G) = P(H) and P(G) = P(H) = ¢(G;x) = ¢(H;x) or (G x) = ¢(H; x)?

Remark 4. It should be noted that, in contrast to the generalized polynomial deck
given in Theorem 2, the condition in Problem 3 lacks a priori knowledge about which
characteristic polynomials in the two decks originate from a vertex-deleted subgraph and
its complement. This distinction is critical to the proof strategy employed in Theorem 2.
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Note that the derivative of the characteristic polynomial of a graph G equals the sum
of the characteristic polynomials of its vertex-deleted subgraphs [4], that is,

¢'(Gsx) = Zaﬁ(Gi;x). (1)

We can readily determine the characteristic polynomial of G except for the constant term
from its polynomial deck P(G).

Both Problem 1 and Problem 3 appear highly challenging to solve directly. In light of
Eq. (1), for any potential counterexample pair (G, H) to Problem 1, there exists a nonzero
constant ¢ € Z such that

O(Gix) — o(H;x) = c. (2)

For any potential counterexample pair (G, H) to Problem 3, meanwhile, there exist two
nonzero constants ¢, d € Z satisfying

¢(G;x) — p(H;2) = c and ¢(G;2) — ¢(H;2) = d. (3)

Recall that two graphs are called cospectral if their characteristic polynomials coincide,
i.e., the difference of their characteristic polynomials is zero. This motivates the following
definition.

Definition 5. A pair of graphs G and H are called nearly-cospectral, if the difference
between their characteristic polynomials is a constant, i.e., if Eq. (2) holds for some
constant ¢ (not necessarily zero). They are further termed generalized nearly-cospectral if
they are nearly-cospectral, and so are their complements, i.e., if Eq. (3) holds for some
constants ¢ and d (not necessarily zero).

So a natural question arises :
Problem 6. What can be said about the (generalized) nearly-cospectral graphs?

Even Problem 6, however, has proven difficult to resolve. Fortunately, progress can be
made when considering it modulo 4: more recently, Ji et al. [6] introduced a new invariant
for cospectral graphs, which allows ¢(G; z) modulo 4 to be determined from ¢(G; x).

Theorem 7 ([6]). Let G and H be two cospectral graphs with complements G and H,
respectively. Then we have ¢(G;x) = ¢(H;x) (mod 4).

Subsequently, Spier [11] found that, without the full knowledge of polynomial ¢(G; z),
¢(G; x) modulo 4 suffices to derive ¢(G;x) modulo 4. Consequently, Theorem 7 can be
strengthened as follows.

Theorem 8 ([11]). For any graph G, given ¢(G;z) (mod 4), we can compute ¢(G;x)
(mod 4).
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Apparently Theorem 8 can also be restated as follows:
H(G;x) — d(H;2) =0 (mod 4) & ¢(Gs2) — ¢(H;z) =0 (mod 4).

Building upon the above discussions, we restrict ourselves to the following more modest
questions:

o If p(G;z) (mod 4) and ¢(H;z) (mod 4) differ by a constant, what’s the relationship
between ¢(G;x) (mod 4) and ¢(H;x) (mod 4)?

e Moreover, if ¢(G;z) (mod 4) and ¢(H;z) (mod 4) differ by a constant, and ¢(G; x)
(mod 4) and ¢(H; ) (mod 4) also differ by a constant, then what is the relationship
between these two constants?

Remark 9. It is tempting to consider the above problem modulo an arbitrary integer
m > 1, instead of modulo 4. However, results as in Theorems 7 and 8 are only available
when m = 4.

In this paper, we shall give some partial answers to the above questions. The main
results are as follows.

Theorem 10. Let G and H be two graphs of order n > 3. If ¢(G;x) — ¢(H;x) = ¢
(mod 4) and ¢(G;x)—¢(H;x) = d (mod 4), where ¢ and d are two constants, respectively.
Then ¢ = d (mod 4). In particular, if n is even, then ¢ =d =0 (mod 4); and if n is odd,
then c=d =0 or 2 (mod 4).

The proof of Theorem 10 is based on Theorem 24 and Theorem 25, which are of
independent interest. For the first question mentioned above, if ¢(G;z)—¢(H;x) (mod 4)
is a non-zero constant, the form of the polynomial ¢(G;z) — ¢(H;z) (mod 4) depends on
the parity of the number of vertices n of graphs G and H (see Section 3).

As an application to the polynomial reconstruction problem, we provide some non-
trivial information about the constant coefficients of ¢(G; z) and ¢(H; ) for any potential
counterexample pair (G, H) to Problem 3.

The following lemmas provide some properties that can be inferred from the polyno-
mial deck.

Lemma 11 ([11]). Let G be a graph with at least 3 vertices. Then the constant coeffi-
cients of ¢(G;x) (mod 2) and ¢(G; ) (mod2), as well as the top n coefficients of ¢(G; x)
(mod 4), can be reconstructed by the polynomial deck P(QG).

According to Theorem 10 and Lemma 11, one obtains that ¢(G;x) — ¢(G;x) (mod 4)
can be reconstructed from the polynomial deck.

Corollary 12. Let G be a graph with at least 3 vertices. Then the polynomial o(G;x) —
o(G;x) (mod 4) is reconstructible from P(G).
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Proof. Suppose that P(G) = P(H). By Lemma 11, both ¢(G; ) — ¢(H; x) and ¢(G; x) —
¢(H;x) (mod 4) are constants. According to Theorem 10, we have ¢(G;x) — ¢(H;x

#(G;x) — ¢(H; ) (mod 4). Then we obtain ¢(G;x) — qﬁ(G r) = ¢(H;z) — ¢(H;x

(mod 4). Therefore, ¢(G;z) — ¢(G;z) (mod 4) is reconstructible from P(G).

D\_/ Il

If the number of vertices n is even, Spier obtained a result which is stronger than
Lemma 11. We can provide a simpler proof of Lemma 13 in our context, compared to the
approach in [11].

Lemma 13 ([11]). Let G be a graph with at least 3 vertices. If n is even, then the constant
coefficients of ¢(G;x) (mod 4) and ¢(G;x) (mod 4) can be reconstructed from P(G).

Proof. Suppose P(G) = P(H). Then we can get ¢(G;z) — ¢(H;x) = ¢ (mod 4) and
#(G;x) — ¢(H;z) = d (mod 4). According to Theorem 10, there must be ¢ = d = 0
(mod 4). That is, ¢(G;2) = ¢(H;x) (mod 4) and ¢(G;2) = ¢(H;x) (mod 4). O

Combining Lemma 11 and Lemma 13, Spier established the following result.

Corollary 14 (cf. [11]). If G and H are graphs on n vertices that form a counterexample
pair to the polynomial reconstruction problem, then o(G;x) = ¢o(H;z) + 2k for some
ke Z\ {0} and ¢(G;x) = ¢(H;x) + 2k' (mod 4). Moreover, if n is even, then k and k'

are also even.

Furthermore, it follows from Theorem 10 that we can strengthen Corollary 14 to the
following Corollary 15.

Corollary 15. If G and H are graphs on n wvertices that form a counterexample pair
to the polynomial reconstruction problem, then ¢(G;x) = ¢(H;x) + 2k and ¢(G;x) =
O(H;x) 4+ 2k (mod 4) for some k € Z\ {0}. Moreover, if n is even, then k is also even.

Moreover, if G and H are graphs on n vertices that form a counterexample pair to
Problem 3, Corollary 14 can be strengthened as Corollary 16.

Corollary 16. If G and H are graphs on n vertices that form a counterezample pair to
Problem 3, then ¢(G;x) = ¢(H;x) + 2k, ¢(G;x) = ¢(H; ) + 2k and 2k = 2k’ (mod 4)
for some k, k' € Z\ {0}. Moreover, if n is even, then k and k" are also even.

The rest of the paper is organized as follows. Section 2 gives some preliminary results
that are needed later in the paper. In Section 3, we provide the proof of Theorem 10.

2 Preliminaries

In this section, we present some necessary preliminary results that will be used to prove
the main results of the paper.

The following theorem is known as Sachs’ Coefficient Theorem, which establishes
the relationship between the coefficients of a graph’s characteristic polynomial and its
subgraph structures. Here, an elementary graph is a graph in which each component is
K, or a cycle.

ot
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Theorem 17 (Sachs’ Coefficient Theorem [8]). Let ¢(G;z) = 2" +byz" '+ -+b,_12+b,,
and let H; be the set of elementary subgraphs of G with i vertices. Then

bi= Y (=12 (i =1, n), (4)

HeH;

where p(H) and c¢(H) denote the number of components and cycles in H, respectively.
The following corollary is a direct consequence of Theorem 17.

Corollary 18. For any graph G, b; is even for every odd 1.

Proof. Let ¢(G;xz) = 2™ + byx" ' + -+ + b, 12 + b, be the characteristic polynomial of
a graph G. It follows from Theorem 17 that 6y = 0. For any odd ¢ > 1, there must
be a cycle in every H € H,;, that is, ¢(H) > 1 for every H € H;. Otherwise, H is the
disjoint union of copies of K5. This implies that H has an even number of vertices, which
contradicts the fact that H is an elementary graph with ¢ vertices. Therefore, it follows

from Eq. (4) that b; is even. O
Let w%(x) = k>0 % be the generating function that counts the total number

of walks in the graph G, where e is the all-one vector of dimension n, and a walk of
length k£ in a graph is a sequence of vertices and edges vgejvies ... v,_1€,v; such that
e = (vi—1,v;) € E(G) for 1 < ¢ < k and v;’s are not necessarily distinct. Then we can
express the walk generating function in terms of ¢(G;x) and ¢(G; ) [11]:

wG(:c) _ Z e A% <_1>n¢(G§ -z — 1) — ¢(G; ZL’)

P ¢(G; ) ' ®)

k>0

The following Theorem 19 establishes the specific relationship among the coefficients of

w(z), ¢(G;x), and (=1)"¢(G; —z — 1) — ¢(G; x).

Theorem 19 ([11)). Let p(z) = apz™ ' + 12" 2 + -+ + a,—1 and q(x) = 2"+ ba™ ' +
-+« + b, be polynomials in Clz]|. Then, ’Lx; =D ko giiT with

q(z
~ 1 -
So O . . () bl ao
S1 - - c. : ' b2 _ aq
Sp—1 - S1 S0 0 b ap—1

For a prime number p and integer m, let v,(m) denote the largest non-negative in-
teger k such that p* divides m. Let v,(0) := oco. The following theorem shows the
equivalence between the top k coefficients of ¢(G; x) (mod p!) and TrA™ (mod p*»(™+) for
m € {0,1,... k}.
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Theorem 20 ([2, 11]). Suppose that G and H are graphs with the adjacency matrices
A and B, respectively. Let ¢(G;x) = box™ + byxz" ' + - + by,_1x + b, and ¢(H;x) =
by + bzt + -+ b2+ b, and by = b)) = 1. Let p' be a prime power and k > 0.
Then, b; = b, (mod p') fori € {0,1,...,k} if and only if TrA™ = TrB™ (mod p* ™+ for
me{0,1,...,k}.

The following result established by Ji et al. [6] gives an explicit formula for eT A™e
(mod 4) in terms of TrA2s+! TrA2@stD)  TrA2'@s+) Ty A2 CsHD) for py = 24(25 4 1).

Lemma 21 ([6]). Let A be the adjacency matriz of a simple graph G, m = 2'(2s + 1) be
an integer with t,s € Z=y. Then we have

. Tr A2 By A42¢@s+D)
etA GEW“_ZT (mod 4). (6)
=0
Lemma 22 gives the determinant of the adjacency matrix of a graph G (i.e., the
constant term of the characteristic polynomial of G') modulo 4 for graphs with even

order, which is the key to proving Theorem 25.

Lemma 22 ([1]). Let A be an n by n integral symmetric matriz with even entries on the
main diagonal. Then

1. ifn=0 (mod 4), then det(A) =0 or 1 (mod 4);
2. ifn=2 (mod 4), then det(A) =0 or —1 (mod 4).

To describe the subsequent results, we introduce some concepts and notations. Let
A be a partition of an integer m > 0, denoted A\ = m. A partition A of m is a finite
ordered tuple (AhAQ,...,)\k(/\)) such that Ay > Ay = -++ > M) 2 1 and Zf(:)‘l) Aj =
m. Here, k(\) denotes the number of parts of the partition \. We define 7;(\) as the
number of parts of size j in the partition A, that is, r;(A\) = [{l € [k(\)] | A = j}|, where
[k(M)] = {1,2,...,k(A)}. Note that >, ,r;(A\) = k(A), and this sum is finite. Let
(ay,as,...,a;) be a sequence of nonnegative integers summing to n, and suppose that we
have m categories C1, ..., C),. Let (al’a;“’at) denote the number of ways of assigning each
element of an n-set S to one of the categories C1, ..., C} so that exactly a; elements are
assigned to C;. The number (aw2 _____ am) is called a multinomial coefficient.

The following lemma provides an expression for TrA™ in terms of by, bs, ..., b, by
using the partitions of m.

Lemma 23 ([2]). For every m > 1,

—1)™) k(O (A
Tr A™ — (—D%Z_( k&) (leé(&)?m) TT ((=1yn;)"™.

AFm
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3 Proofs of Theorem 10

In this section, we present the proof of Theorem 10 which relies on the following two
theorems.

Theorem 24. Let G and H be two graphs of odd order. Then ¢(G;x) — ¢(H;x) = ¢
(mod 4) if and only if p(G;x) — ¢(H;z) = ¢ (mod 4), where is a constant. Moreover, we
have ¢ =0 or 2 (mod 4).

Proof. Let G and H be graphs of odd order n. Suppose that ¢(G;z) — ¢(H;x) = ¢
(mod 4) is a constant. If ¢ = 0 (mod 4), then we must have ¢(G;z) — ¢(H;x) = ¢
(mod 4) by Theorem 8. Next, assume that ¢ # 0 (mod 4). Then we have ¢ =2 (mod 4)

by Corollary 18. In particular, let ¢(G;z) = box™ +byz™ *+- - -+b,_1x+b, and ¢(H; x)
bpr" + "t + -+ 0, _jx + b, and by = b, = 1. Then b, — b/, =2 (mod 4) and

b;=b, (mod4), i=0,1,....,n—1. (7)

Let A and B be the adjacency matrices of graphs G and H, respectively. According to
Lemma 20, we have that

TrA™  TrB™
Soalm) = 5oa0m) (mod 4), m=0,1,...,n— 1. (8)

It follows from Lemma 21 that

n—1
2

e'Ame =e"B™e (mod 4), m=0,1,...,

(9)
Form=n+1,n+3,...,2(n—1),if A is a partition of m with A; = n, then we must

have Ay < n, hence r,(\) = 1. By Lemma 23, we get an expression for ;f,f;‘mm) involving
bl, b2, c. ,bn. That iS,

TrA™  (=1)"m (—1)kR k() FRENTON!
o =3 2 5oy (. ) L0
(

AFm, Ai=n j=1
(=1)™m (=)W ( k() ) Y
+ —— (—=1)b;)"’
Qu2(m) )\M;;Kn k(X)) \ri(A),ra(A), ... ]1;11 ( 3)
(=1)™m (=)W ( k() )
=t —1)"b,, fr(b1,ba, ..., by
ua(m) M;Fn EO) \ri(\), (N, ... (=1)"0nf3(br B )
(=1)™"m (=)W ( k() )
+ —t bi,ba, ..., by_1), 10
2v2(m) m;m FO) \r(A)ra(n), .. ) P02 2 (10)
where fy(by,b,...,b,_1) is a function with integer coefficients in by, by, ..., b,_1 corre-

sponding to the partition .
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Let m = 2(2s+1). Since 2 € {%, =53 n—1}, it follows from Lemma 21, Eq. (8)
and Eq. (10) that

m = 2(2s+1)
T AZ e TR%e = TrA TrAmz +“.+TrA LTy A2
21)2 m) 21}2(?) 2
TrB™ T B% Tr B2(2s+1) 0
e === +1
( wy gm0t 5 + Tr B )

Tr A™ Tr B™

gua(m) 7 Qua(m)

= 2(b, —b,)g(b1, b2, ..., b, 1)

=0 (mod 4), (11)

2

where g(by, b, ..., b,_1) is the coefficient of b, in Eq. (10), and is a function of by, b, ...,
b,_1 with integer coefficients.
By combining Eq. (9) and Eq. (11), we obtain that

efAme =e"B™e (mod 4), me{0,1,...,n—1}. (12)
Note that w(z) = 3, e;,ﬂe = %, where p(z) = (=1)"¢(G; —z — 1) — ¢(G, )

is a polynomial of degree n — 1 and ¢(z) = ¢(G;z) is a monic polynomial of degree n.
According to Theorem 19, it follows from Eq. (7) and Eq. (12) that we can get

a;=a, (mod4), i=0,1,...,n—1, (13)

where a; and a; (i = 0,1,...,n—1) represent the coefficients of (—1)"¢(G; —x—1)—¢(G; x)
and (—1)"¢(H; —v—1)—¢(H; x), respectively. Let ¢(G;x) = coa”+c1a™ 4 - ¢ 12+cp
and ¢(H;x) = cha" + ha™t+ -+, o+, and ¢ = ¢j = 1. Then we have

¢;=c; (mod4), i=0,1,...,n—1. (14)

Therefore, ¢(G; x) — ¢(H;z) (mod 4) must be a constant, denoted by d. By Corollary 18
and Theorem 8, we have d = 2 (mod 4). Hence ¢(G;x) — ¢(H;x) = 2 (mod 4). This
completes the proof. O

Next, we consider the case of even order.

Theorem 25. Let G and H be two graphs of even order. Suppose that ¢(G;x)—¢(H;x) =
¢ (mod 4), where ¢ is a constant and ¢ 2 0 (mod 4). Then ¢(G;x) — ¢(H;x) (mod 4)
must be a polynomial of degree § — 1.

Proof. Let ¢(G;x) = box" +byz" ' 4+ -+ bz +b, and ¢(H;z) = bpa" +bjz"t+- -+
bl _yx+ b, and by = b, = 1. Note that

b;="b, (mod4), i=0,1,...,n—1. (15)
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Let A and B be the adjacency matrices of graphs G and H, respectively. It follows from
Theorem 20 that

TrA™ = TrB™ (mod 22™+2) m =0,1,...,n— 1. (16)
It follows from Lemma 21 that
e'Ame =e"B™e  (mod 4), m:O,l,...,g — 1. (17)
Note that w(z) = >,. % = L(z), where p(z) = (=1D)"(G;—x — 1) — ¢(G, z) is
a polynomial of degree n — 1 and ¢(z) = ¢(G;x) is a monic polynomial of degree n.
According to Theorem 19, it follows from Eq. (15) and Eq. (17) that we can get
a; =d, (mod 4), i:(),l,...,g—l, (18)

where a; and a} (i = 0,1,...,n—1) represent the coefficients of (=) (G5 —x—1)—¢(G; 1)
and (—=1)"¢(H; —x—1)—¢(H; x), respectively. Let ¢(G;x) = cox" e " ety
and ¢(H;x) = cha™ + o™+ -+ ¢ _x+ ¢, and ¢y = ¢j = 1. Then we have

c=c  (mod 4), izO,l,...,g. (19)
If we also have ¢z 41 = ca (mod 4), then
a; =d, (mod 4), i:O,l,...,g. (20)

Reverse the above derivation process. According to Theorem 19, it follows from Eq. (15)
and Eq. (20) that we have
e'A"e =e"B™e (mod 4), m=0,1,... L (21)

2
Using Lemma 21 again, it follows from Eq. (16) and Eq. (21) that we get 224r = 2182

(mod 4) for & = 2%(2s+ 1). That is,
TrA™ = TrB" (mod 2*2(W+1), (22)

Moreover, we also have TrA™ = TrB™ (mod 22(™+1) for m € {0,1,...,n — 1} from
Eq. (16). According to Theorem 20, we can get b, = b/, (mod2). Note that b, = det A
and b, = det B. Then it follows from Lemma 22 that b, = b/, (mod 4), which contradicts
the assumption ¢ # 0 (mod 4). Therefore, cnyy # c’%Jrl (mod 4). This means that

¢(G;x) — ¢(H; ) (mod 4) must be a polynomial of degree 2 — 1. O

Now we are ready to present the proof of Theorem 10.

Proof of Theorem 10. From Theorem 24, the conclusion clearly holds when n is odd.
Suppose that n is even. If ¢ = 0 (mod 4), it follows from Theorem 8 that d = 0
(mod 4). According to Theorem 25, if ¢ # 0 (mod 4), then ¢(G;x) — ¢(H;x) (mod 4)
must be a polynomial of degree 2 —1. Moreover, when n > 4, ¢(G; z) —¢(H; z) (mod 4) is
a non-constant polynomial. Therefore, when n > 4, if ¢(G;2) — ¢p(H;z) = ¢ (mod 4) and
#(G;x) — ¢(H; ) = d (mod 4), then we must have ¢ = d = 0 (mod 4). This completes
the proof. n
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4 Concluding Remarks

Motivated by the polynomial reconstruction problem and ongoing efforts to address it,
we introduce the notions of nearly-cospectral graphs and generalized nearly-cospectral
graphs, and propose investigating problems related to these graph classes. However, even
these related problems remain challenging to resolve. Fortunately, building on the recent
work of Ji et al. [6] and Spier [11], we consider these notions modulo 4 - an approach
that not only strengthens existing results but also yields applications to the polynomial
reconstruction problem, either reinforcing or simplifying Spier’s findings.

Acknowledgements

The research of the second author is supported by National Key Research and Develop-
ment Program of China 2023YFA1010203, National Natural Science Foundation of China
(Grant No. 12371357), and the third author is supported by Fundamental Research Funds
for the Central Universities (Grant No. 531118010622), National Natural Science Founda-
tion of China (Grant No. 1240011979) and Hunan Provincial Natural Science Foundation
of China (Grant No. 2024JJ6120).

References

[1] S. Akbari, S.J. Kirkland. On unimodular graphs. Linear Algebra Appl., 421: 3-15,
2007.

[2] S. Anni, A. Ghitza, A. Medvedovsky. Elementary symmetric functions and deep
power-sum congruences. Integers, 24: #A46, 2024.

[3] D. Cvetkovié¢, M. Doob, I. Gutman, A. Torgasev. Recent Results in the Theory of
Graph Spectra. North-Holland, Amsterdam, 1988.

C.D. Godsil. Algebraic Combinatorics. Chapman & Hall, 1993.

E. M. Hagos. The characteristic polynomial of a graph is reconstructible from the
characteristic polynomials of its vertex-deleted subgraphs and their complements.

Electron. J. Comb., 7. #R12, 2000.

6] Y. Ji, Q. Tang, W. Wang, H. Zhang. New arithmetic invariants for cospectral graphs.
arXiv:2411.01551, 2024.

[7] P. Kelly. On Isometric Transformations (Ph.D. Thesis). University of Wisconsin,
1942.

[8] H. Sachs. Beziehungen zwischen den in einen Graphen enthalten Kreisen und seinem
characterischen Polynom, Publ. Math. Debrecen, 11: 119-134, 1964.

9] A.J. Schwenk. Spectral reconstruction problems. Ann. N.Y. Acad. Sci., 328: 183-
189, 1979.

[10] I. Sciriha, Z. Stani¢. The polynomial reconstruction problem: The first 50 years.
Discrete Math., 346(6): 113349, 2023.

ot

THE ELECTRONIC JOURNAL OF COMBINATORICS 33(2) (2026), #P2.14 11


https://arxiv.org/abs/2411.01551

[11] T.J. Spier. Efficient reconstruction of
arXiv:2503.17853, 2025.

THE ELECTRONIC JOURNAL OF COMBINATORICS 33(2) (2026), #P2.14

the

characteristic

polynomial.

12


https://arxiv.org/abs/2503.17853

	Introduction
	Preliminaries
	Proofs of Theorem 10
	Concluding Remarks

