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Abstract

The inducibility of a graph H is about the maximum number of induced copies
of H in a graph on n vertices. We consider its edge version, that is, the maximum
number of induced copies of H in a graph with m edges. Let ¢(G,H) be the
number of induced copies of H in G and p(H,m) = max{c(G,H) | |E(G)| = m}.
For any graph H, we prove that p(H,m) = O(m®s (")) where as(H) is the fractional
independence number of H. Therefore, we now focus on the constant factor in front
of m®s(H) In this paper, we give some results of p(H,m) when H is a cycle or path.
We conjecture that for any cycle Cy, with & > 5, p(Ck,m) = (14+0(1)) (m/k‘)k/2 and
the bound is achieved by the blow up of C%. For even cycles, we establish an upper
bound with an extra constant factor. For odd cycles, we can only establish an upper

bound with an extra factor depending on k. We prove that p(Py,m) < Z(I_mﬁ

and p(Pyy1,m) < %, where [ > 2. We also conjecture the asymptotic value of
p(Px,m). The entropy method is mainly used to prove our results.

Mathematics Subject Classifications: 05C35, 05C38

1 Introduction

Let G and H be two graphs. The induced density of H in G, denoted by i(G, H), is the
number of induced copies of H in G divided by (““j((g))"). Let i(H,n) denote the maximum
induced density of H in a graph with n vertices, that is, i(H,n) = max{i(G, H) | |V(G)| =
n}. The inducibility of H, denoted by ind(H), is the limit of (H,n) when n goes to
infinity, that is ind(H) = lim,, 1~ i(H, n). This classic topic in extremal combinatorics is
introduced by Pippenger and Golumbic [14] in 1975. In the same paper [14], they showed
that the inducibility of every k-vertex graph H is at least k!/(k* — k) and conjectured

that this bound is tight for a cycle C with k& > 5.
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Conjecture 1 (Pippenger and Golumbic [14]). The inducibility of a cycle Cy of length
k!

k =5 is equal to ;7.

The conjecture for k = 5 is proved by Balogh, Hu, Lidicky and Pfender [3]. For larger
k, Pippenger and Golumbic [14] showed ind(Cy) < (2e40(1))£%. The extra factor 2e has
been improved to 128¢/81 by Hefetz and Tyomkyn [9] in 2018. In 2019, Kral’, Norin and
Volec [12] proved that every n-vertex graph has at most 2n* /k* induced cycles of length
k, that is, ind(Cy) < 24,

Now we fix the number of edges of graphs rather than the number of vertices. Let
¢(G, H) be the number of induced copies of H in G and p(H, m) the maximum number of
induced copies of H in a graph with m edges. That is, p(H, m) = max{c(G, H) | |E(G)| =
m}. If H = K, then the problem becomes the famous Kruskal-Katona Theorem [10, 11]
which is of central significance in extremal set theory.

Let H be a graph. Its independence number can be defined as the solution of an
integer program. Let w: V(H) — {0,1}. We wish to maximize }, i) w(v) subject to
the constraints that w(u) + w(v) < 1 for all edges uv € E(H). If this integer program is
relaxed such that the weights are in the interval [0, 1], then the solution is the fractional
independence number of H, denoted by a;(H). That is, maximizing >_ cy g w(v)
subject to the constraints that w(u)+w(v) < 1 for all edges uv € E(H) and 0 < w(v) < 1
for all v € V(H). Furthermore, a maximum weighting of the fractional independence
number can always be obtained when restricting the weights to be in the set {0,1/2,1} [13,
15]. Tt means that equivalently we can assume w(v) € {0,1/2,1} for all v € V(H)
when iy w(v) achieves maximum. In the non-induced version of the problem, the
fractional independence number plays a key role. Alon [1], Friedgut and Kahn [7], and
Galvin [8] have studied the maximum number of (not necessarily induced) copies of G in
a graph with m edges.

Theorem 2 (Alon [1], Friedgut and Kahn [7], Galvin [8]). Let H be a graph without
1solated vertices. Denote the mazimum number of copies of H in a graph with m edges by
w(H,m). Then

o () o ()
m ! (2m)™
. ‘0(1”(|E<H>|> S mHm) S R

where |E(H)| is the number of edges in H, Aut(H) is the automorphism group of H and
|Aut(H)| denotes its order.

Note that if H contains isolated vertices, the problem is meaningless since we can add
infinitely many isolated vertices to GG such that G contains infinitely many induced copies
of H.

For the induced version (p(H,m)), the upper bound in Theorem 2 also works. For the
lower bound of p(H,m), we can construct a graph by blowing up each vertex of H to an

w(v)
independent set of size <|EZ”—H)|> , where w(v) is the weight of v in a maximum weighting

of the fractional independence number. By calculating the number of induced copies of
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H in this blow up graph, we have the following theorem. It is worth mentioning that the
lower bound construction is also the lower bound for the non-induced version (7w (H,m))
in Theorem 2.

Theorem 3. For any graph H without isolated vertices, we have that

ar(H) af(H)
m ! (2m)*/
o0 (Gt <o) < iy

Theorem 3 describes the asymptotic order of p(H,m). When H = K;, p(K:m)
is maximized in an (almost) complete graph G. At that time, ('V(f)l) ~ m, that is,

V(G)| = v2m, and ¢(G, K;) ~ (VD) ~ (@) ~ 2!/2mt/2 Jt!. Note that as(K;) = t/2
and |Aut(K,;)| = t!. So the upper bound in Theorem 3 is tight for K.

Now we focus on the constant factor in front of m®/). We use C}, to denote the cycle
on k vertices and Py, the path on k vertices. Then af(Cy) = k/2 and af(Py) = | (k+1)/2].

We have the following theorems about the number of induced copies of cycle and path.

Theorem 4. We have (1+0(1))(2l + 1) =2~ < p(Pay,m) < W’ where 1 > 2.

(2l+1)

ml+1

Theorem 5. We have (1 + 0(1))4(2z+2)l+1 <p

(Pyryq,m) < 4; , where | > 2.

Note that when | = 1, p(P3,m) < (’;’) and the bound is achieved by a star.

Theorem 6. We have the following results for even cycles.

2

1. We have p(Cy,m) = (14 o(1))".

2. We have (1+ 0(1))(%)3 < p(Cg,m) < 4(%)3.

3. When k =21 > 8, we have

(1 N o(l)) (%)k/Q (C,ﬁ ) (Z)l(l N %)l—l < e<%>k/2'

Theorem 7. Let | > 2. Then, we have

m (20+1) m
(1+0(1)) <2l——l—1> < p(Cop1,m) < 2(1 — 1) DEED/ (2[ + 1) '

The lower bound in Theorem 6 and Theorem 7 comes from Theorem 3, except for
Cy. The lower bound of p(Cy, m) is achieved by the complete balanced bipartite graph.
It is easy to verify that af(Cy) = k/2. For the odd cycle Cy1, the best weighting is
letting w(v) = 1/2 for every vertex v. For the even cycle Cy;, the best weighting is letting
w(v) =z € [0, 1] for an independent set of size [ and w(u) = 1—=x for the other vertices (see
Figure 1 for the corresponding construction when k = 6).

We conjecture that the above lower bounds are tight.
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Figure 1: Unbalanced blow up when & = 6. The orange (resp. blue) parts have p (resp.
A) vertices and Ay ~ m/6.

Conjecture 8. For any k > 5, p(Cy,m) = (1 + 0(1))(%)k/2.

Now we give the lower bounds of p(FP;, m) in Theorems 4 and 5. Note that p(Pg, m) >

k
(14 0(1))(k+1) (5)* where k is an even number and the bound is achieved by the

balanced blow up of Cyy1. When k is an odd number, we have that p(Pg,m) > (1 +

0(1))4(%)(“1)/ ? by the construction of the unbalanced blow up of P, (see Figure 2).
Let Py[Vi,...,Vi] be a blow up of P, and denote n; = |V;|,1 < i < k. Let n; = 1 for even
1. Then m = ny + 2ng + 2n5 + ... 4+ 2ng_s + ng and the number of induced copies of P
is nang . ..np < 4(m/(k 4+ 1))*™/% and the equality holds when n; = 2ng = 2n5 = ... =
2ng_o = ny. So we conjecture those bounds to be tight.

k

2

Conjecture 9. Let k > 4 be an even integer, then p(Py, m) = (14 o(1))(k+1) ().

Conjecture 10. Let k£ > 5 be an odd integer, then p(P,m) = (1 + 0(1))4(%)(k+1)/2.

@+t
20—
27263/ when [ goes to infinity. Similarly, comparing Theorem 7 to Conjecture 8, there

(2l+1)l71/2
2([,1)(1—1)(21“'1)/(21)

Theorem 7 is actually a corollary from Theorem 4 using Shearer’s Lemma (Lemma 16)
which we will mention in Section 2. The extra error factor when estimating induced odd
cycle is due to our overestimation about induced odd path.

We use the entropy method to prove our main results. The entropy method is a
powerful tool in such problems, for example, counting rainbow triangles when fixing the
number of edges in each color class [6]; counting ¢-cliques when fixing the p-norm of the
degree sequence [5].

This paper is organized as follows. In Section 2, we introduce basic properties of the
entropy method. In Section 3, we will prove Theorem 5. In Section 4, we will prove
Theorems 4 and 7. In Section 5, we will prove Theorem 6.

Comparing Theorem 4 with Conjecture 9, our theorem has an extra factor

is an extra factor ~ 213/2¢3/2 when [ goes to infinity. That is because
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ny = V| nz = |V ng—2 = | Vi 2| ng = Vil
Figure 2: The blow up of P, when k is odd.

2 Preliminaries

In this section, we introduce basic properties of the entropy method. For a complete
discussion and proofs for properties of the entropy method, readers may refer to Section
15.7 in [2].

Definition 11. For any discrete random variable X with finite support S, the entropy

of X is defined as
ZPX ) log px (z),

€S

where px(x) denotes P(X = x).

The entropy H (X7, ..., X,) of several discrete random variables X1, ..., X, is defined
as the entropy of the random variable X = (X1,...,X,).

Definition 12 (Conditional Entropy). Let X,Y be two random variables with finite
supports S, T, respectively. Denote by pxy(z,y) the probability P(X = z,Y = y).
For each y € T, let X|Y = y be the random variable X conditioned on Y = y, and
H(X | Y =y) be its entropy. The conditional entropy of X given Y is defined as

x?
HOC|Y) = S prHX Y =) == 3 patep)log (220,
yeT zeS,yeT Py

Proposition 13. For any random variable X with finite support S, we have H(X) <
log|S|. The equality holds when X is uniformly distributed over S.

Proposition 14 (Chain Rule). For any two random variables X and Y with finite sup-
ports, we have

HX)Y)=HX)+HY | X)=HY)+ H(X|Y).
More generally, for any n random variables X, ..., X, with finite supports, we have

H(Xy,...,.X) =HX)+HXo | X0)+-- -+ HX,n | X1,..., Xpo1).

(S48
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Proposition 15 (Drop Condition). For any two random variables X and Y with finite
supports, we have
HX|Y)< HX).

Lemma 16 (Shearer’s Lemma). Let X1, ..., X,, be random variables with finite supports.
Let A be a collection of subsets of [n] such that each i € [n] is contained in at least r sets

m A. Then

1
H(X1, X, .., X,) < =Y H((Xi)iea)-
" AcA

We say an ordered edge tuple (e, es,...,ex) is an ordered induced copy of Cj if e;
intersects e;_; and e;,1 on two different vertices for 1 = 1,...,k (let eg = ey, exs1 = €1)
and there is no chord inside. Similarly, we say (ey,es,...,ex_1) is an ordered induced
copy of Py if e; intersects e;_; and e;;1 on two different vertices for i = 2,...,k — 2 and
there are no other edges connecting e; and e; for any 1 <7 # j <k — 1.

Given a graph G, we say a sequence of edges (eq, es, . .., €;) is well-ordered if v;u; 11 €
E(G) for all 1 < i <t — 1 but there is no other edge among {w;u;, uvj, v;u;, vV }izj,
where e; = u;v;, 1 < i < t. For example, in an ordered induced copy of Cy = (eq, ..., ex),
(e1,€3,...,€9-1) (2t —1 < k — 1) is well-ordered. In the following, when there is no
ambiguity, we usually ignore specifying the graph G.

We say a well-ordered edge tuple (eq, es,. .., ey 1) is embedded in an ordered induced
copy of P, = (€}, ¢e),...,€;_) if eg;_1 = €h;_, for all 1 < i < t. For convenience, we write
€lotp1 = €1,€3,...,631. Let €2y | =ej,e3,... 631 and €2y, | = €1,€3,...,69_1. We
say €2g; 1 = €29, ife; =¢; fori=1,3,...,2t — 1.

3 Proof of the upper bound of Theorem 5

Let K = 2l +1 > 5 be an odd integer and G the extremal graph maximizing the
number of induced copies of P,. Denote the number of induced copies of P, in G
by Y. Let P = (ej,eq,...,ex_1) be a random variable uniformly chosen from all or-
dered induced copies of P, in G. Hence, we have H(P) = log(2Y) by Proposition 13.
For a well-ordered edge tuple (ej,es,...,e91) (1 <t <1 —2), let Bleg,es,...,ex-1)
be the number of ordered induced copies of P, = (€],¢€h,...,¢e}) such that ey =
eh, 4 for all 1 < i < t and a(ey,es,...,ex_1) be the number of edges e such that
(e1,€3,...,€9_1,€) is well-ordered. For a well-ordered edge tuple (e, es,...,e9_3), let
S(eq,es,...,e9-3) be an edge set containing e such that there exists an ordered in-
duced path P, = (€},¢€),...,ey) satisfying eg; 1 = €}, ; for all 1 < i < [ —1 and
ey = e. Write (e, es,...,e9-3) = |S(e1,es,...,e9-3)]. For a well-ordered edge tuple
(e1,€3,...,e9_3) and an edge ey € S(ey,e3,...,e9_3), let yi(eq,es,...,e_3,6ey) (resp.
va(e1, €3, ..., €9 3,€)) be the number of e such that there exists an ordered induced
path P, = (€},¢éh,...,¢€h) satisfying eg; 1 = €}, ; for all 1 < i <[ —1, €}, = ey and
€y_y =€ (Tesp. €y_; =e).

Note that H(es,e4,...,e9-4 | €249_1) = 0 by Proposition 13 since ey, ey, ..., ey_4 are
uniquely determined by e2,, ;. Moreover, we have H(ey_2, -1 | €29_;,€2) = H(ex—_2 |
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€%o_1.2) = H(ey—1 | €2g_;,€2) since egy_o (resp. ey_1) is uniquely determined by
€21, €2 and eg_; (resp. egy_o). Combining Propositions 14 and 13, we have

H(P) =log(2Y)

<H(er) + ZH<€2i+1 | €20ip1) + Hlea | €291) (1)
i=1
1
+ 5 (Hleu | €2y ex) + Hleu | €2y, e2)) -
Now we analyze each term in (1). Firstly, we have

H(eaipr | €29:41) < Z P(e2gi1 = €29i41) log a(€29;11)

€29i+1
B(€29i41) ~o0
= Z 2<—T+ log a(€24;41)
s 1z is embedded in P (2)
- OZ Z ) = oT log a(€25;41)
€<2i+1 Ordered induced Pj: P
1 ~0
= | Z ] ) ﬁlOgQ(eQiH)-
Ordered induced Py: (€1,...,6x—_1)
Similarly, we have
o 1 ~0
Hex | €2y1) < Z ﬁlog Yo(€22-1),

Ordered induced Py: (€1,...,8k_1)

1
] ~0 ~
Heg-o | €29 1, 621) < E o log 71 (€21, €21),
Ordered induced Py: (€1,...,€x_1)

1 o
Hex-1 | elyy,e2) < Z ﬁlog V2(€291-1, €1)-

Ordered induced Py: (€1,...,€x_1)

When fixing the ordered induced path P, = (é1,...,€k-1), {(629i41)}i=1,2,.. 12,
Y0(€%01_1), 11(€29_1,€2) and v2(€%,_;,€x) are all cardinality of some edge sets. By
the definitions, those edge sets are disjoint, since the paths are induced. Hence, we have

-2

Z (€29i11) +70(€291-1) + 71(E20-1, €21) + V2(€20 1, E21) < M
i=1
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By AM-GM inequality, we have that
-2

H@<éo<2i+1)2 : 70(5225—1)2 (€g1s €2) - 2(E291-1, €1)

2
l72 ~0 ~0 ~0 =~ ~0 ~
2 (Zi:l (€254 1) T V0(6%0_1) +71(E%0_1, Ex1) + 72(6291_1, €2l)>

1
4 21

2
(7)) =59

Substituting the above inequalities into (1), we have

H(P) =log(27)

1 1 /m\2
e (305)
ogm + . Z ) ) AT og (4 ;i )
Ordered induced Py: (€1,...,6x_1)
mi+l
2107
which implies Theorem 5 holds.

<log

4 Proofs of the upper bound of Theorems 4 and 7

We first prove Theorem 7 when assuming Theorem 4 holds.

Proof of Theorem T7:

Let G be the extremal graph with m edges maximizing the number of induced copies
of Cyy1, where [ > 2. We say an ordered vertex tuple (v, vs,...,v941) is an induced
copy of Cyi1 if viv;41 € E(G) for all 1 < i < 21+ 1 (let vyi9 = v1), and there are no
other edges among these vertices. In other words, vyvy ... v91v1 is an induced cycle in
G. Similarly, we say an ordered vertex tuple (vy,vs,...,vy) is an induced copy of Py if
vivie € E(G) for all 1 <@ < 20 — 1, and there are no other edges among these vertices.
Let C' = (vy,vs,...,v941) be a random vertex tuple uniformly chosen from all ordered
induced copies of Cy 41 in G. Then the entropy of C'is H(C) = log(2(2l + 1)I'), where I'
denotes the number of induced copies of Cy41 in G.

By Shearer’s Lemma (Lemma 16), we have

1 20+1
H(O) < E;H(Ul,. ey Vi1, Vi1 - - - ,’UQZ_H).

Note that (vii1,...,v941,01,...,v,_1) is always an ordered induced copy of Py in G.
Let T denote the number of induced copies of P in G. Then the number of ordered Py

THE ELECTRONIC JOURNAL OF COMBINATORICS 33(2) (2026), #P2.17 8



is 27 and we have that H(v;y1,...,v941,01,...,0;-1) < log(2Y) for any 1 <1 < 20 + 1.
Consequently, we have

20+1

H(C) = log(2(20 + DT) < =

log(27).
It is worth mentioning that the above inequality is not tight in our conjectured ex-
tremal graph, blow up of Cy ;. Combining Theorem 4, we have that

1 2041

< - 2
s 2(21 + 1)<2T) l

(2l + 1)l71/2 m (21+1)/2
S 2(l . 1)([—1)(2l+1)/(21) (2[ + 1) )

which proves Theorem 7. 0]
In the following, we give the proof of Theorem 4.

Proof of Theorem 4: Let GG be the extremal graph with m edges maximizing the number
of induced copies of Py;. Let T denote the number of induced copies of Py in GG. For a
well-ordered edge tuple (e, e3,...,e91) (1 <t <1 —2), let B(ey,es,...,e9-1) be the

number of ordered induced copies of Py = (€}, €),...,€}) such that ey;_; = e}, ; for all
1 <i<tand afe],el, ... e, 1) be the number of edges e such that (e}, e}, ..., e5 4, €)
is well-ordered.

Let P = (ey,e9,...,e3._1) be a random variable uniformly chosen from all ordered

induced copies of Py in G. Then the entropy of P is H(P) = log(2Y), and from Propo-
sition 14 we have

-1
H(P) = H(el) + ZH(eng | 622i+1) + H(€2,€4, ...,€E91_9 ’ €1,€3,... ,62[,1).

i=1

Firstly, note that H(ea,...,e9-2 | €1,€3,...,e9-1) = 0 by Proposition 13 since

€g,...,6e9_o are uniquely determined by ej,es,...,ey_1. Moreover, similar to Eq (2),
we have
H ° < L 1 €1, € e
(e2it1 | e<2i+1) X Z 2’7 (loga(éy,és, ..., €2-1)).

Ordered induced Pyj: (€1,€2,...,62-1)
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For convenience, write o; = a(€y, €3, ...,€9_1), and then we have

-1

H(P) = H(e1) + ZH<€2z‘+1 | €22i41)

i=1

<logm + Z

Ordered induced Py;: (€1,€2,...,621—1) =1

-1
<logm + Z % <1og H Otz‘>

Ordered induced Py: (€1,62,...,€21—1)

)
a1

-1
1 > Flay
<l E 1 izl
ogm + og< 1 )

Ordered induced Pyj: (€1,€2,...,621—1)

Note that, for a fixed induced copy of Py, each «; is a cardinality of some edge set,
and those edge sets are disjoint from each other by their definitions. Therefore, we have
that Zi: a; < m. Thus, we obtain

1 -1
H(P) =log(2Y) < logm + Z — log (£>

Ordered induced Py: (€1,€2,...,621—1)

m O\
= logm + log 1

ml

(l _ 1)171’

which proves our theorem. 0

= log

5 Proof of the upper bound of Theorem 6

Assume k = 2, we say an ordered edge tuple (eq,es,...,¢) characterizes an induced
copy of Cy, if we write e; = u;v; and then v;u; 1 isan edge fori = 1,...,1 (let w41 = up) and
there is no other edge among {w;u;, u;v;, v;u;, v;v;}iz;. For example, if (eq,eq,...,€9) is
an ordered induced copy of Cy, then (eq, es, es, ..., €9 1) characterizes an ordered induced
Cgl.

When we consider unordered induced copies of C%, we simply write Cy, = ejey... €
when (eq,es,...,ex) is an ordered induced copy of Cj. To distinguish the ordered and
unordered versions, we use the notation Cy = (eq,es,...,ex) and C, = ejey - - - ¢ for the
ordered and unordered versions, respectively. For convenience, all cycles we mention in
this section are induced cycles.

For a well-ordered edge tuple (eq,e3,...,e9 1) (1 <t <1 —1),let Bley, ..., e9_1) be

the number of ordered induced copies of Cy, = (€}, €}, ..., ¢€}) such that ey = ¢, ; for
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all 1 <i<t. Whent <1 —2,let a(ey,es,...,ey 1) be the number of edges e such that
(e1,e3,...,e9_1,€) is well-ordered. When ¢t =1 — 1, let a(ey, es, ..., ey_3) be the number
of edges e such that (eq,es, ..., ey 3,e) characterizes an induced copy of Cy.

51 Casel: k=14

Given a graph G, for choosing an ordered induced copy of Cy = (e, €2, €3,¢e4) in G, there
are at most m choices for the first edge e; and also at most m choices for e3. Each induced
C, is counted four times in this way. So there are at most m?/4 induced copies of Cy in

G.

52 Case2: k>8

In this subsection, assume k& = 2l > 8. Let G be the extremal graph maximizing the
number of induced copies of Cy. Let C' = (eq,...,ey) be a random variable uniformly
chosen from all ordered induced copies of Cy in G. Then the entropy of C' is H(C) =
log(2kT") = log(4I"), where I' denotes the number of induced copies of Cy in G.

By Proposition 14, we have

-1
H(el, ey 621) g H(el) + H(eg ’ 61) + Z H(€2i+1 ’ 60<2H_1) + H(eg, R ! ‘ €O<2H_1).
=2

Note that once we determine ey, es,...,eq_1, the remaining edges es, ey, ..., ey are
uniquely determined since C' is an induced cycle. Hence, by Proposition 13, we have
o _ : . :
H(ey, ... eq | €2y ) = 0. Since (e1, e3) is well-ordered in C, we have

H(es | er) ZIP’ 1) log a(é4)
Z /8 e1 )
AIT €1
1

= Z Z —5121;; ¢ log a(é7)

€1 unordered induced Co: C
21
> > logae)
= — og ale;).
L QT ¢ '
Coy=€162€3--€9; i=1

Here the second equality is due to for each induced cycle C containing é;, there are two
ordered C' such that € is the first coordinate. Similarly, note that eZ,,. ; is well-ordered in
C fori=2,...,l—1. For convenience, let the indices of €; be in mod 2/ in the remainder
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of this section. That is, €19 = €; for j = 1,...,2l. Then we have

H(ezit1 | €29541)
< Z P(eZgip1 = €20i41) log a(€2y; 1)

50
€c2i41

B(éo 24 ) ~0
= Z 4<l—F+1 log ov(€29;,1)

ee

<21+1

1

Co1=(€1,€2,...,627)

21 21
1 - . - .
= Z 4T (Z log (€, €542, .,€j423-1)) + Z log (€, €52, ... >€j2(i1))> .
— =

Coy=€162--€9; Jj=1

For convenience, let a = (€, €42, . . é]+2(l 1)) and o, = a(€j,€j-2,...,€j_23i-1))
for2<i<l—1and1 < j 2l. Here both a ; and a;; depend on some induced cycle
copy of Cy = €165 - 62161 which is not reﬂected in the notation. Hence in the summation
below, the value of af +i and a;; may change under different induced cycle copies of Cy.

Combining those 1nequa11tles above, we have

log(4T") = H(ey, .. 621)

<logm + Z 2lFZloga €; +Z Z ur (Zlogajl—i-Zlogoz“)

Cg=¢€182---€9 1=2 CQZ =é&1éz-++Eg
21

<logm + Z % (Z (loga €;) Zlog ozﬂ> (loga €;) Zlog oz”>>

Coy=é1€2--€9; Jj=1

e 5 [(400)) o (1 (415)))

Using AM-GM inequality, we have

20(1—1)

= alE) O (S Qi
log (H (2% EQLZ>) log 21 1 < l(l — 1) > ,

J=1

where QJ2 € {aj,
7 =1,...,2l. Then we have the following claim.

;). Write SF = 2@ sl ad and S = = &) | st a;; for

]’L

Claim 17. For any (unordered) induced cycle Cy = €165 - - - 9161, we have Zflzl S;r <ml
and 231:1 S < ml.

Let us first assume Claim 17 holds. Then, we have

THE ELECTRONIC JOURNAL OF COMBINATORICS 33(2) (2026), #P2.17 12



log(4I') = H(ey, ..., ex)

1 1 ml -1
<1 . 9log (27
ogm+ >, IF Og( o z<z—1))

Coy=é1€2--€9;

sl (le (20~ 1>)H> '

As a conclusion, we have that p(Cy,m) =T" < (%)l (1 + l_%)l_l <e (m)l =e (%)k/2
and we are done. In the following, we give the proof of Claim 17.

Proof of Claim 17:

Assume the induced cycle Cy has Vertlces V1, Va,...,Vy and €; = vlvzﬂ, 1=1,...,2l
where vy 1 = v;. We only prove Z S+ < ml since the proof for Z Sy < mi s
similar. Note that a(é;) and o; (1 =2,...,1 — 1) are defined by the cardmahty of some
edge set. To estimate S;T, we only need to count for each edge how much it contributes
to S+ In fact, we can easily verify that for a fixed j, each edge contributes at most

3/2 (When counted in both ej and a;,) to S;. So a natural bound is Z ST < 3mil.
By a refined analysis, we can derive the clalm We say an edge e = uv is adJacent to
w if either vw € E(G) or vw € E(G). Given e, let J. = {j | v; is adjacent to e}. For
convenience, let the indices of v; be in mod 2/ in the remainder of this section. That is,
vj4or = vj for j = 1,...,2l. Here, e may intersect the cycle but this does not affect our
proof.
We now analyze the contribution of e to S}

1. When j € J. and j + 1 € J., e contributes 0 to S;“.
2. When j € J.and j+1¢ J,,

(a) if j+2,74+3,...,7+2l—4¢ J.and j — 3 € J,, e contributes at most 3/2 to
St
]7

(b) otherwise, e contributes at most 1/2 to S
3. When j ¢ J. and j + 1 € J, e contributes at most 1/2 to S
4. When j,7 + 1 ¢ J., let j be the next element in J, after j.
(a) If |/ — j| is odd, e contributes at most 1 to S}

(b) If 5" — j| is even, then e contributes 0 to S},

Now consider the contribution of e to Zjlzl S;“. If e contributes 3/2 to S;-L for some
J, then {j,j — 3} C J. C{j,7 — 1,5 —2,j — 3} (see Figure 3). It is worth mentioning
that if & = 6, Claim 17 fails on this occasion when e contributes 3/2 to S}. Enumerate
all possible J. and we have e contributes at most [/ to Z?lzl S
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Figure 3: The upper bound of the contribution of e to 231:1 S;-r. The black nodes represent
vertices in J,, the white nodes represent vertices not in .J, and gray nodes represent vertices
which are not sure whether in J.. The number on the side of each v; is an upper bound
of the contribution of e to S;". The graph on the left shows when e contributes 3/2 to
some Sj. At the upper left, we enumerate all possibilities of the gray nodes. The graph
on the right shows the other case, split the cycle into “white node” paths of length .

Otherwise, e contributes at most 1 to each S;T. Then we can split the cycle into
maximal paths such that all vertices in the path are not in J.. For each such path
Vj, Vj+1, - - -, Vj4i—1, the contribution of e to Zﬁ,’:ﬂ S;.? is at most ¢+ 1 (see Figure 3). Sum
them up then we have e contributes at most [ to Z?lzl S5

. 20
As a conclusion, we have Y77 | S}” < ml. O

53 Case 3: k=6

When k = 2] = 6, Claim 17 fails. However, we can still get a weaker result that E§:1 Sj+ <

(I + 1)m. It leads to the upper bound p(Cs,m) < 4 (%)3. The details are omitted here.
Note that in this case, we have a worse constant in the upper bound compared to the

case when k£ > 8. It is interesting to ask whether we can prove a sharp upper bound for
k=6.

Remark

We remark that there is a recent independent work by Chao, Antonir, Li and Yu [4] which
also studies the edge inducibility problem. We thank them very much for giving some
vital comments, including pointing out that Theorem 3 is the corollary of Theorem 2.
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They define the edge inducibility of graph G by

ewuucg;zlnnsup|AUﬂCUhﬂgﬁww

€ [0, 1].

They also give the edge inducibility of P, and Py as the following theorem.

Theorem 18 ([4]).

Lo < eind(Fs) < L

-, — < ein < —,

4’372 = 36

which disproves our Conjecture 9 for £ = 4,6. Our Conjecture 8 coincides with their

Conjecture 1.7.

eind(Py) =
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