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Abstract

A hypergraph is bipartite with bipartition (A, B) if every edge has exactly one
vertex in A, and a matching in such a hypergraph is A-perfect if it saturates every
vertex in A. We prove an upper bound on the number of A-perfect matchings in
uniform hypergraphs with small maximum codegree. Using this result, we prove
that there exist order-n Latin squares with at most (n/e*!17)" transversals when
n is odd and n = 0 (mod 3). We also show that k-uniform D-regular hypergraphs
on n vertices have at most ((1 4 o(1))g/e*)P™/* proper g-edge-colorings when ¢ =
(1+0(1))D and the maximum codegree is o(q).

Mathematics Subject Classifications: 05C88, 05C89

1 Introduction

An order-n Latin square is an n X n array of n symbols such that each row and each
column contains each symbol exactly once. Throughout this paper we assume that n is
sufficiently large for various asymptotic inequalities to hold. A transversal in an order-n
Latin square is a collection of n cells which do not share any row, column, or symbol. A
partial transversal is any collection of k < n such cells. Transversals are central objects
in the study of Latin squares with a long history. For instance, in 1782 Euler considered
the question of determining for which n does there exist a Latin square which can be
decomposed into n disjoint transversals. Another well-known example is the Latin square
corresponding to the Cayley table of the cyclic group Z,. The number of transversals in
this Latin square has been studied under many guises, such as additive triples of bijections
and toroidal semi-queen configurations. Moreover, each orthomorphism of a finite group
corresponds to a transversal in its Cayley table.

Two natural lines of inquiry concern the existence and enumeration of transversals in
Latin squares. On the existence side, when n is even, the Cayley table of Z, provides
examples of a Latin square with no transversals. Despite this, the Ryser-Brualdi-Stein
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conjecture [23, 2, 25| states that every order-n Latin square has a partial transversal of size
n—1, and furthermore a full transversal if n is odd. Montgomery [20] recently verified that
this is true for large even n, a significant milestone for the existence question. An overview
of the techniques used in [20] and related problems can be found in Montgomery’s survey
[21] on Latin transversals.

Turning to enumeration, even for Z, counting the number of transversals in the cor-
responding Latin square has historically been difficult. In 1991, Vardi [28] conjectured
that for sufficiently large odd n, this number lies between cjn! and cin! for appropriate
constants ci,c2 € (0,1). Let T(n) denote the maximum possible number of transver-
sals across all order-n Latin squares. McKay, McLeod, and Wanless [19] showed that
" < T(n) < ™/nn! for n > 5, b = 1.719, and ¢ ~ 0.614, thereby confirming Vardi’s
upper bound in the case of Z,. Later, Taranenko [26] improved the general upper bound
by showing T'(n) < ((1+ 0(1))4)". Finally, in 2016 Glebov and Luria [13] used a proba-
bilistic construction to prove a matching lower bound, thus establishing

n n
T(n) = ((1+0(1)5)"-

Along similar lines, let ¢(n) denote the minimum number of transversals in an order-n
Latin square. Analogous questions can be asked about the asymptotics of ¢(n). The
example given above of the Cayley table of Z, shows ¢(n) = 0 when n is even. In his
surveys on Latin transversals [30, 31], Wanless asked about the function t(n), noting
that no significant upper bounds on t(n) for n odd have been found. In [13], Glebov
and Luria raised the following question: is it true that for n odd, t(n) = (1 — o(1))" -
T(n)? As motivation for why this could be expected, both random Latin squares and
Latin squares arising from certain group structures exhibit behavior consistent with the
proposed relation, as described below.

Kwan [16] studied the number of transversals in random Latin squares, showing
that asymptotically almost surely a uniformly random order-n Latin square has at least
((1—o0(1))%)" transversals. This bound was later tightened by Eberhard, Manners, and
Mrazovi¢ [7] to

(2 4 o(1)) L

Together with Taranenko’s result, both of these results imply that almost all order-n Latin
squares have (1 —o(1))" - T'(n) transversals.

Additionally, for Latin squares arising from finite abelian groups (such as Z,), the
number of transversals is also asymptotically close to T'(n). Eberhard, Manners, and
Mrazovi¢ [6] determined using Fourier-analytic methods the precise asymptotics for the
number of transversals in Latin squares arising from finite abelian groups. In particular,
they confirmed Vardi’s conjecture by proving that for any finite abelian group G of odd
order n, the number of transversals in the Latin square corresponding to the Cayley table
of G is

(6_1/2 +0(1)) w

nn—l
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In this paper, we answer the Glebov-Luria question in the negative in general, by
exhibiting Latin squares with exponentially fewer transversals than 7'(n).

Theorem 1. For sufficiently large n withn = 0 (mod 3), there exist order-n Latin squares

with at most
n n
<62.117>

Call an entry of a Latin square transversal-free if it does not appear in any transversal
of that Latin square. For n =0 (mod 3), Egan and Wanless [8] constructed order-n Latin
squares with a linear-sized subrectangle consisting entirely of transversal-free entries. In
our proof of Theorem 1, we show via an entropy argument that this construction has
exponentially fewer than 7T'(n) transversals. This aligns with the intuition that Latin
squares with a significant number of transversal-free entries should not have too many
transversals.

A remaining question is to determine a lower bound for ¢(n) when n is odd. Ghafari and
Wanless [12] asked whether there exist odd-order Latin squares with only one transversal,
though they consider this unlikely. We believe that there exists a constant C' > 0 such
that every Latin square of odd order n has at least (n/C)" transversals for sufficiently
large n.

We present Theorem 1 as a corollary to the following more general result upper-
bounding the number of perfect matchings in bipartite hypergraphs. This connection
arises from the standard representation of Latin squares as 3-uniform tripartite hyper-
graphs, in which transversals correspond to perfect matchings.

A hypergraph is k-uniform if every edge has exactly k vertices. In this paper, k
will always be a constant independent of other parameters. The degree of a vertex in a
hypergraph is the number of edges containing it, and the codegree of two vertices is the
number of edges containing both. The maximum degree and maximum codegree of a
hypergraph #H is denoted A(H) and Ay(H), respectively. A matching in a hypergraph is
a collection of pairwise disjoint edges. A hypergraph is bipartite with bipartition (A, B) if
(A, B) is a partition of the vertex set such that every edge has exactly one vertex in A.
A matching M in such a hypergraph is A-perfect if for every a € A, there exists e € M
such that a € e.

transversals.

Theorem 2. Let H be a (k+ 1)-uniform bipartite hypergraph with bipartition (A, B), and
let p = %. If the average degree of the vertices in A is at most q, every verter in B

has degree at most D, and the maximum codegree of H satisfies Ao(H) = o(q), then the
number of A-perfect matchings in H is at most

exp <|A| /01 log ((p — K)D + qlo(1) + %)) dx) |

Theorem 2 is a bipartite analogue of a theorem of Luria [18, Theorem 3.1], which uses
entropy to upper-bound the number of perfect matchings in regular hypergraphs. Our
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setting allows for irregular degrees and imposes bipartite structure, giving rise to new
applications.

Another corollary of Theorem 2 concerns proper edge-colorings of hypergraphs. A
proper edge-coloring of a hypergraph H is an assignment of colors to its edges such that
no two edges of the same color share a vertex. The chromatic index of H, denoted \'(H),
is the minimum number of colors used by a proper edge-coloring of H.

Classically, Vizing’s theorem [29] guarantees that every graph G of maximum degree
A(G) has chromatic index at most A(G) + 1. In the hypergraph setting, an analogous
result of Pippenger and Spencer [22] shows that for k-uniform hypergraphs H with small
codegrees, the chromatic index asymptotically satisfies

X' (H) < (1+o(1))A(H).

Later, Kahn [14] showed that this asymptotic behavior also extends to list colorings.

The Pippenger-Spencer theorem naturally raises an enumerative question: how many
proper edge-colorings exist when the number of available colors ¢ is close to the above
chromatic index? By encoding edge-colorings as perfect matchings in an auxiliary bipar-
tite hypergraph, Theorem 2 gives an upper bound on the number of such colorings in the
case of regular hypergraphs, which we state as Theorem 3.

Theorem 3. Let G be a k-uniform D-reqular hypergraph on n wvertices, and let ¢ =
(1 +o(1))D. If the mazimum codegree of G satisfies Ao(G) = o(q), then the number of
proper q-edge-colorings of G is at most

(o) D)™

For the graph case k = 2, if 2D | n and ¢ = (1 + o(1)) D, then the bound in Theorem
3 is asymptotically tight. By the theorem, every D-regular graph on n vertices admits at
most ((1 + o(1))D/e?)P™/2 proper g-edge-colorings. A matching lower bound is realized
by the graph G consisting of a disjoint union of n/(2D) copies of Kp p. Proper D-edge-
colorings of Kp p correspond to order-D Latin squares. By a result of Egorychev [9] and,
independently, Falikman [10], each copy of Kp p has at least ((1 — o(1))D/e?)P* proper
D-edge-colorings. Since ¢ = (14 0(1))D, there are therefore at least ((1—o(1))D/e?)Pn/?
proper g-edge-colorings. This draws an interesting parallel to the Upper Matching Conjec-
ture [11], which states that for any n, k, and D satisfying 2D | n, the n-vertex D-regular
graph which maximizes the number of matchings of size k is the disjoint union of n/(2D)
Kp p’s. Davies, Jenssen, and Perkins [5] recently confirmed the conjecture asymptot-
ically. In light of this, it would be interesting to determine which n-vertex D-regular
graph has the maximum number of proper g-edge-colorings for ¢ > D, and in particular
whether this maximum is also achieved by the disjoint union of Kp p’s. Applying Theo-
rem 3 with G = Kp p, we also get that the number of order-D Latin squares is at most
((1 £ 0(1))D/e*)P* which recovers the upper bound of van Lint and Wilson [27].

In Section 2, we present the basic entropy tools used in our analysis. Section 3 contains
the proof of Theorem 2, which bounds the number of perfect matchings in bipartite hyper-
graphs. In Section 4, we apply this result to prove Theorem 1 and Theorem 3, concerning
Latin squares with few transversals and upper bounds for hypergraph colorings.
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2 The Entropy Method

Here we present a basic overview of the entropy method, a probabilistic approach to
counting via the Shannon entropy function H(X). This is a concept from information
theory, an introduction to which can be found in the textbook by Cover and Thomas [3].
In the field of combinatorial design theory, entropy has been used to prove upper bounds
on the count of various objects [18, 24, 15, 17, 16, 4]. For instance, Luria [18] used entropy
to prove an asymptotic upper bound on the number of perfect matchings in a d-regular,
k-uniform hypergraph. As a corollary, this extends to bounds on the number of n-queens
configurations and Steiner systems, among others. In [24], Simkin improved the upper
bound on the number of n-queens configurations by combining entropy with limit objects.

Let X be a discrete random variable with support suppX, and let p(z) := P[X = z].
Define the entropy H(X) of X to be the quantity

H(X)= Y —plx)log,p(x).
zesuppX
Intuitively, H(X) captures the amount of surprise information or uncertainty of X. In
other words, H(X) measures the degree of randomness of X. Hence when X is uniform
(very random), H(X) should be large, and when X is constant then H(X) = 0. This
intuition is captured in the following lemma, which we reference as the uniform bound.

Lemma 4 (Uniform Bound). Let X be a discrete random variable. Then H(X) <
log, |[suppX |, with equality if and only if X is uniformly distributed.

For jointly distributed random variables X and Y, define the joint entropy of X and Y
as
H(X,)Y) = > —p(z, y)logy p(z,y),
zesuppX,yesuppY’
and define the conditional entropy of X given Y as

HX|Y)= Y py) Y, —plx|y)log,px]|y).
yesuppY zresuppX
The quantity H(X | Y') captures the amount of surprise information of X given that Y
has already been revealed.

A fundamental identity related to conditional entropy is the chain rule, which describes
how the entropy of a random vector can be analyzed by uncovering its components se-
quentially, one at a time. For example, to analyze a random Latin square using entropy,
we can think of its entries as forming a random vector of n? elements, then use the chain
rule to reveal the square entry-wise.

Lemma 5 (Chain Rule). For random variables X1, ..., X,,
H(Xy, ..., Xp) =Y H(X; | X1,..., Xi1).
i=1

For a broader introduction and additional applications of the entropy method in com-
binatorics, see Chapter 15 of Alon-Spencer [1].

ot
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3 Proof of the main theorem

In this section, we prove Theorem 2 using the entropy method. In the proof, we choose
an A-perfect matching X of H uniformly at random and bound the entropy H(X) using
the chain rule (Lemma 5), by revealing the edges of X one-by-one, in a uniformly random
order. If H is a bipartite hypergraph with bipartition (A, B) and X is an A-perfect
matching of H, we let X, denote the edge of X containing a. As we reveal the edges, we
should expect the conditional entropy to decrease, as for each a € A, there will be fewer
possible values for X,. This part of the argument is captured by the following lemma.

Lemma 6. Let H be a bipartite hypergraph with bipartition (A, B). If X is a random
A-perfect matching of H, then

! 1 :
{a'#a: X 1Ne£0}
|A|/0 log, <_|A| g E x )dm] :

acA eda

H(X) < Ex

Proof. Let a = (a)aea € [0,1]4 be a vector of real numbers where for each a € A, a,
is chosen from [0, 1] uniformly and independently at random. Since H is bipartite, we
can write X as the joint distribution X = (X, )sca. We proceed by revealing each X, in
increasing order of a,. As H(X) is independent of «, by the chain rule (Lemma 5) we
have

H(X) = E, [H(X)] = E,

ZH(Xa | Xoay < aa)] .

a€A

For each a € A and e > a, we say the assignment X, = e is legal if every v € e N B

satisfies
(% ﬁé U X al -

a’ o <o

For each a € A, let N,(X, ) be the number of legal choices for X,. Since X, is contained
in the set of legal edges, and this set depends only on X, for @’ € A with oy < ag, by
the uniform bound, for every «,

H(X, | Xt aw < a,) < Ex [log, No(X, )]

Combining the previous inequalities, by the linearity of expectation and Fubini’s theorem,
we have
H(X) <E,

> Ex [log, No(X, )] | = Ex

acA

Z ]Ea [10g2 Na<X7 a)]

a€A

For each vertex a € A, we now integrate to condition on a fixed evaluation of a,. By the
law of total expectation, for every X,

1
Ea [logQ Na<X7 a)] = / 10g2 Ea|aa:x [Na(X> Oé)] d.I,
0
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Figure 1: Edges in X, S(X), and T(X) are shown in black, blue, and red, respectively.

and for every z € [0, 1], we have

1085 Eajag=s [Na(X, @)] = log, (Z Pojae—e|Xa = € i8 1ega1]>

esa

by the linearity of expectation.

Given «, = x, the probability that the assignment X, = e is legal is the probability
that a, > «a for every a’ such that X, Ne # (). Therefore, for every a € A and z € [0, 1],
we have

Pojau—z[Xa = € is legal] = (1 — )/t Fe:Xa e},

Altogether, substituting 1 — x — x in the integral, we have

1
3 / log, (Z x{a/#g:XG/ﬂeyﬁ@}) dx] 7
0

a€A eda

H(X) < Ex

and the result follows by Jensen’s inequality. O]

In the proof of Theorem 2, we will use that, for “most” edges e, the quantity |{a’ #
a: Xy Ne # 0} in Lemma 6 is equal to k. This equality holds for all edges when
Ay(H) =1 and p = k (and thus X is a perfect matching), but it does not hold in general.
In particular, an edge e ¢ X can be incident with fewer than k edges in X in one of two
ways: either an edge in X contains multiple vertices of e in B, or e contains vertices not
saturated by X. To that end, we define the following sets of “bad edges” (shown in Figure

1).

Definition 7. Let H be a bipartite hypergraph with bipartition (A, B). For an A-perfect
matching X of H, we define

e S(X)={e€ E(H):Ja€ Ast. e# X, and | X, NeN B| > 2}, and
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e I'(X):={e€E(H):veest. Vac Ajv ¢ X,}.
For each a € Alet S,(X):={ee€ S(X):e>a}and T,(X) :={ec€T(X):e>a}.

Nevertheless, we can show that under the hypotheses of Theorem 2, these sets of bad
edges are not too large, as follows.

Lemma 8. Let H be a (k+ 1)-uniform bipartite hypergraph with bipartition (A, B). If X
is an A-perfect matching of H, then

S 15301 = 15001 < 11 () (a(70) - 1),

acA

and if every vertex of B has degree at most D, then

> ITu(X)| = IT(X)| < (|B] - k[A])D

acA
Proof. To bound |S,(X)|, fix some a € A, and let e be the edge in X containing a.
Since e is (k + 1) uniform, there are k vertices in e N B, which determine (g) unordered
pairs. Each such pair is contained in at most Ay(H) edges of H, one of which is e
itself. By definition, each edge in S,(X) must contain at least one such pair, and hence
1Sa(X)] < (3) (Bo(M) — 1),

To bound |T'(X)|, note that X covers exactly k| A| vertices in B, so | B|—k|A| vertices of

B remain uncovered. Each uncovered vertex lies in at most D edges of H, and every edge in
T'(X) contains at least one such uncovered vertex. Therefore, |T(X)| < (|B|—k|A|)D. O

Now we can prove Theorem 2.

Proof of Theorem 2. Let M be the set of all A-perfect matchings of H, and choose some
X € M uniformly at random. By the uniform bound (Lemma 4), log, |[M| = H(X), so
it suffices to upper-bound H(X). By Lemma 6,

|A|/ logQ < ZZxHa/?saX /ﬂeaé@}l) dx] )

aeA eda

H(X) <Ex

Now fix some a € A of degree deg(a) and consider some arbitrary edge e containing a. If
e= X, ore€ S, (X)UT,(X), we upper-bound the term z/{@7@Xs0e#0H ip the summation
by 1. Otherwise, if e ¢ {X,} U So(X) UT,(X), then [{a' # a: Xy Ne # 0} = k. It
follows that for every a € A and z € [0, 1],

Zl,\{a’yéa:Xa/ﬂefwﬂ <14 |S.(X)| + |To(X)| + deg(a)z”
esSa

Since Ag(H) = 0(q) and every vertex of B has degree at most D, by Lemma 8, we have
SOOI < JAI(5) (2a(H) = 1) = |Alolq) and [T(X)| < |A](p — k)D. Thercfore,

|A|/Ollog2<1+ > [Su(X |A|Zya Zdeg )]

aGA zzeA

H(X) < Ex
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=Ex {|A[ /01 log, (14 0(q) + (p — k)D + g2¥) dx]

_ 14l [

~log?2 J, log ((p — k)D + q(o(1) + ")) da.

Raising this to the power of 2 gives that the number of A-perfect matchings of H is at
most

IM] < exp (|A| [ 1o (0 = 0D+ o) +.44) dx) ,

as desired. 0

4 Applications

In this section, we use Theorem 2 to prove Theorems 1 and 3. Both applications involve
evaluating integrals of the form appearing in the exponent of Theorem 2, the calculations
for which are isolated in the following lemmas.

Lemma 9. For k > 2 constant and ¢ — 0,
1
/ log(e + 2¥)dz = —k + O(e"/*).
0

Proof. First, note that

1 1 1 -
/ log(e + 2¥)dz = / log(z*)dz + / log (1 + _k) dx
0 x

0 0

:—k+/0110g<1+§)d$

1/k 1

:—k+/ log(1+£k>dx+/ log(l—l—%)dx.
0 xZ el/k T

Substituting = £'/*¢ in the first integral above, we have

1/k

€ 1
/ log <1 + %) dz = al/k/ log (1+¢7*)dt = O(e'/%),
0

0
since fol log(1 + t~*)dt is a positive constant depending only on k. Using the inequality
In(1 +a) < afor a > 0, we have
1

1
/log(1+%>dx</ idx:kil(el/k—e):O(sl/k).

1/k 1/k :Uk

The desired result follows by combining the three equations above. O]
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Lemma 10. For n sufficiently large,

1
8 1
/ log <(§n + 5) (o(1) + :c2)) dz <logn — 2.117.
0
Proof. By Lemma 9,

/01 log ((gn + %) (o(1) + x2)) dz = log (gn + %) + /01 log (o(1) + %) dz

= logn +1og(8/9) + o(1) — 2+ o(1)
= logn +10g(8/9) — 2+ o(1) < logn — 2.117. I

Lemma 11. For k > 2 constant and ¢ = (14 o(1))D as ¢ — oo,

/o log (0(1)kD + q(o(1) 4+ 2*)) dz = log g — k + o(1).

Proof. Since k is constant, k- o(1) = o(1). By Lemma 9,
1 1
/ log (o(1)kD + g(o(1) 4+ 2*)) dz = / log (0(1)D + q(o(1) + 2*)) da
0 0
1
= / log (q(o(1) + 2*)) d
’ 1
=logq+ / log (0(1) 4+ 2*) dz = logg — k + o(1).0
0

4.1 Latin squares with few transversals

Proof of Theorem 1. Recall that an entry of a Latin square is transversal-free if it does
not appear in any transversal of that Latin square. Choose some sufficiently large integer
n with n = 0 (mod 3). When n is even, the Cayley table of Z/nZ is an order-n Latin
square containing no transversals, so it suffices to consider the case where n is odd. By
a theorem of Egan and Wanless [8], there exists an order-n Latin square L containing an
(% — 1) X 7 Latin subrectangle consisting entirely of transversal-free entries. Let R, C,
and S be disjoint sets indexing the rows, columns, and symbols of L, respectively. We
now construct an auxiliary hypergraph H as follows. Let V(H) = RU C U S and for
each (r,¢,s) € Rx C x 8, let {r,¢,s} € E(H) if L,. = s and the entry (r,¢,s) € L is
not transversal-free. Note that H is 3-uniform and bipartite with bipartition (R, C' U S).
Since L is a Latin square, the maximum degree of H is n and the maximum codegree of
H is 1. By our choice of L and the definition of E(H), the average degree of vertices in

R is at most
l 2_n+1 +(2_1)2_n —§ _|_1
n |\ 3 "3 3| 9" Ty

By construction, F(H) omits only the transversal-free entries of L, and therefore the
property that all transversals of L correspond to R-perfect matchings in H is preserved.
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By Theorem 2 with A=R,p=k=2,D =mn,and ¢ = %n + %, we have that the number
of transversals of L is at most

b (n /01 log ((Sn + %) (o(1) + mQ)) dx) < <6£17)"7

where the final inequality holds by Lemma 10. O]

The authors remark that the value of 2.117 could be improved slightly by performing
Jensen’s inequality at a later stage in the proof of Theorem 2.

4.2 Edge colorings of hypergraphs

Proof of Theorem 3. From G we form an incidence hypergraph H as follows. Let V(H) =
E(G) U (V(G) x [q]), and for each ¢ € [q] and e € E(G), add the edge {e} U (e x {c}) to
E(H). Note that ‘H is bipartite with bipartition (E(G),V(G) X [¢]) and (k + 1)-uniform.

Since G is D-regular and k-uniform, we have e(G) = 22, and hence
V(G) xla]l _ qn
E@©)  apjk L ToW)

For every e € E(G), we have degy(e) = ¢, and the maximum degree of any vertex
in V(G) x [g] is A(G) = D. Moreover, the maximum codegree of H satisfies Ay(H) <
A2(G) = o(q). Finally, a proper g-edge-coloring of G corresponds to an (F(H))-perfect
matching in H. Applying Theorem 2 with A = E(G) and p = (1 + o(1))k, the number of
proper g-edge-colorings of G is at most

exp (% /01 log (((1 + o(1))k — k)D + g(o(1) + z*)) dx) = ((+ 0<1))e_qk>wk /

where the final inequality holds by Lemma 11. O]
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