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Abstract

A LAnKe (also known as a Filippov algebra or a Lie algebra of the n-th kind)
is a vector space equipped with a skew-symmetric n-linear form that satisfies the
generalized Jacobi identity. Friedmann, Hanlon, Stanley and Wachs have shown
that the symmetric group acts on the multilinear part of the free LAnKe on 2n — 1
generators as an irreducible representation. They announced that the multilinear
component on 3n — 2 generators decomposes as a direct sum of two irreducible
symmetric group representations and a proof was given recently in a subsequent
paper by Friedmann, Hanlon and Wachs. In the present paper we provide a proof
of the later statement. The two proofs are substantially different.

Mathematics Subject Classifications: 05E10, 20C30, 20G05

1 Introduction

Throughout this paper we work over a field K of characteristic zero.

Since the mid 1980’s various n-ary generalizations of Lie algebras have been introduced
and studied. We refer to the Introduction of the paper by Friedmann, Hanlon, Stanley
and Wachs [6] for a discussion of such generalizations, historical background and ties
with various areas of mathematics and physics. Also there is an extensive review by de
Azcérraga and Izquierdo [2]. Among the above generalizations are the Filippov algebras

[4], which are also called LAnKes [6].

Definition 1.1 ([6, Definition 1.2]). A Lie algebra of the n-th kind (LAnKe or Filippov
algebra) is a K-vector space L equipped with an n-linear bracket [—, —, ..., =] : L" — L
such that for all x1,..., 2., y1,...,Yn_1 € L,
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L [x1, 29, ..., Tn) = 580(0)[Zo(1), To(2); - - - » To(n)] for every o € &, and

2. the following generalized Jacobi identity holds

([z1, 29, .., Tn), Y1y oy YUno1) (1.1)
= Z[l'l,l’g, e, L1, [l’i,yl, Ce 7yn—1]awi+1; N ,ZL‘n].
=1

Homomorphisms between LAnKes are defined in the usual way. Following [6, Defi-
nition 2.1}, the free LAnKe on a set X is a LAnKe £ together with a map i : X — £
such that if f: X — £’ is a map, where £’ is a LAnKe, then there is a unique LAnKe
homomorphism F' : £ — L' such that f = F oi. By a standard argument, free LAnKes
on X are isomorphic. It is clear that the free LAnKe for n = 2 is the free Lie algebra.

In [6], Friedmann, Hanlon, Stanley and Wachs initiated the study of the action of the
symmetric group &,, on the multilinear component of the free LAnKe. To be precise, the
multilinear component Lie, (m) of the free LAnKe on [m] := {1,...,m} is spanned by the
bracketed words on [m] in which each i appears exactly once. It follows that each such
bracketed word has the same number of brackets, say k, and m = (n — 1)k + 1. Consider
the action of &,, on Lie,(m) given by replacing i by (i) in each bracketed word. Let us
denote the corresponding representation of &,,, by py, k-

For a partition \ of m, let S* be the corresponding Specht module of the symmetric
group S,,. As \ ranges over all partitions of m, the modules S* form a complete set of
inequivalent representations of &,,. It was shown by Friedmann, Hanlon, Stanley and
Wachs in [6, Theorem 1.3] that the representation p, o of &, is isomorphic to the
Specht module SV if n > 2. The following result was announced in [6] and [5]. A
proof appeared in the recent paper [8].

Theorem 1.2 ([5, Theorem 3], [6, p.4], [8, Theorem 1.3]). The representation p,s of
Gs,_2 s isomorphic to the direct sum SB* 7217 gy 93" 1Y) for every n > 2.

The decomposition of p,, into irreducibles has been obtained for k& = 4 recently in [§]
and [13] (the two proofs are substantially different). The decomposition of p,,j remains
open for k > 5.

The purpose of this paper is to prove Theorem 1.2. We approach the problem within
the framework of representations of the general linear group G = GLy(K). Using ideas
from [11], which in turn were based on ideas of Brauner, Friedmann, Hanlon, Stanley and
Wachs in [3, 6, 7], we define and study a particular G-equivariant map

AN @ AN @ A(y) 20202000,y (3 (1.2)

where A(A) = A"V @ A" 'V @ A" 'V and A(v) = A"V @ A"V @ A" 2V are the tensor
products of the indicated exterior powers of the natural G-module of column vectors and
N > 3n—2. This map has the property that when we apply the Schur functor, we obtain a
presentation of the multilinear component Lie, (m) of the free LAnKe, where m = 3n —2.
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We analyze the effect of the map on irreducible summands of A()\) using combinatorics
of semistandard tableaux.

In Section 2 we establish notation and gather some recollections to be used in the
sequel. In Section 3 we analyze the map

AN @ A 200F202), ) ()

and determine the irreducible decomposition of its cokernel (see Theorem 3.4). In Section
4 we extend the analysis to the map (1.2). The main result of this paper for G describes
the irreducible decomposition of the cokernel of (1.2) (see Theorem 3.17). In Section 5 we
determine a presentation of Lie,(m) (see Lemma 4.10). Using this and the Schur functor
we show that Theorem 1.2 follows from Theorem 3.17.

2 Preliminaries

The purpose of this section is to establish notation and discuss results that will be used
in the sequel. Our main references here are the books by Fulton [9] and Weyman [14] and
the paper [1] by Akin and Buchsbaum.

2.1 Divided power algebra and exterior algebra

Let G = GLy(K). We denote by V' = KV the natural G-module consisting of column
vectors.

By D = @iZO D; we denote the divided power algebra of V. We will recall some
definitions and facts concerning this algebra. For more details we refer to [14, Section
1.1].

We recall that D is defined as the graded dual of the symmetric algebra S(V*) of V*,
where V* is the dual of V. So by definition we have

D; = (S:(V"))*.

Since the characteristic of K is zero, D is naturally isomorphic to the symmetric
algebra SV of V. However, the computations to be made in Sections 3 and 4.1 seem less
involved if one deals with Weyl modules in place of Schur modules. For this reason we
work with the divided power algebra and Weyl modules.

If v € V and i is a nonnegative integer, we have the ith divided power v € D; of v.
In particular,

0)

v =1 and vV = v

for all v € V. We recall that if 7, j are nonnegative integers, then the product v@v(@) of
v® and vV in D is given by
o @Dy) = () 4)

J )

where (ZJ;J ) is the indicated binomial coefficient. These relations will be used many times
in Sections 3 and 4.1.
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If {e1,...,en} is a basis of the vector space V', then a basis of the vector space D; is
the set
{e(al . ) 051+"'+05N:i}-

We recall that D has a graded Hopf algebra structure. Let

A:D—-D®D

be the comultiplication map of D. Explicitly, for a homogeneous element x = v%al) e vgo“)

€ D,, where v; € V, we have

Z U(’Bl . 50 Qv (al B) . v}gat*ﬁt)'

0<Bi<ay

For 0 < b < a we may restrict the above sum to those g; such that 5 +---+ 8, = b. This
yields the following component of the comultiplication map

Da — Db & Dafba
AR Z ,Ugﬁl) . (ﬁt) ® vgm B1) . Ut(atfﬁt)’

0<Bi<ay
Br+-+Be=b
which we will again denote simply by A : D, — D, ® D,_; in order to avoid cumbersome
notation.
By coassociativity of the comultiplication map A : D — D ® D, the compositions

D5 DD % D (D D),

D3 DeD22 (DeD)®D
are equal. We refer to this map as the twofold comultiplication map D — D ® D ® D.
The component D, = D,, ® D,, ® D,, of this map, where a; are nonnegative integers
such that a = a; 4+ ay + as, is given as follows,

D, = Dy, @ Dy, @ D,

T Z U%’Yl) - 'UE%) ® U%Bl) . ',Ugﬁt) ® Uial—ﬁl—"fl) - ',U)Eat—ﬁt—'}/t)

0<Bit+vi<a;
Br+-++Pi=az
Mt e=ar

where z = v{* ...\ € D,

By A = D~ A" we denote the exterior algebra of V. We recall that A has a graded
Hopf algebra structure. If u,v € A, we denote their product in A by wv. If {e1,...,en}
is a basis of the vector space V, then a basis of the vector space A’ is the set

Y

{60416042"'6041-:1<a1<"'<0éi<N}.

We denote by
A:A—>A®A
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the comultiplication map of A. Explicitly, for a homogeneous element x = vyvs - - - v, € A%,
where v; € V', we have

A(l‘) = Z Z Sgn(a)vd(l) - Ug(s) ® Vg (s+1) - - - Vo(a)s

0<s<a o

where the second sum is over all permutations o of {1,...,a} such that o(1) < --- < a(s)
and o(s+1) <--- < o(a).
For 0 < b < a we have the following component of the comultiplication map

A% s AP @ AT,
T — Z SgIl(O’)UU(l) Vs (b)) @ Vg (bt1) - - - Vo(a)

where the sum is over all permutations o of {1,...,a} such that ¢(1) < --- < ¢(b) and
o(b+1) < --- < o(a). We will denote this map simply by A : A® — A> @ A*~?.

By associativity of the multiplication map A ® A — A, we have a well defined map
A® A®A — A which we refer to as the twofold multiplication map.

We have used the same symbol A for the comultiplication maps in the algebra D and
A. In the sequel it will be clear which algebra is considered each time. If there is a need
of distinction, we will write Ap and Aj,.

2.2 Partitions, Weyl modules and Schur modules

For a positive integer 7, let A(N, ) be the set of sequences o« = (v, . .., ay) of length N of
nonnegative integers such that oy +- - -+ay = r and let A*(N,r) be the subset of A(N,r)
consisting of partitions, that is sequences p = (p1, ..., uy) such that pg > pe > ... = un.
The length ¢(u) of a partition g = (p1, ..., uy) is the maximum s such that pg # 0.

For a = (aq,...,an) € A(N,r), let

D(a) :== D(ay,...,ay)

be the tensor product D,, ® --- ® D,, over K. Likewise, for exterior powers let

Ala) == Ay, ..., an)

be the tensor product A ® --- ® A*N over K.

For € AT(N,r), we denote by K, the corresponding Weyl module for G and by L,
the corresponding Schur module for G defined in [14, Section 2.1]. For example, when
p = (a) consists of one part, then Ky = D, and L) = A% If p = (1), then K4 = A®
and L) = S,, where the later module is the degree a symmetric power of the natural
module V.

Since the characteristic of K is zero, for every p € AT(N,r) the G-modules K, and
L, are isomorphic irreducible modules, where 1/ denotes the conjugate partition of p, see
[14, Section 2.2].
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It is a classical fact that the multiplicity of K, in D(u) is equal to 1, see [9, Corollary
2(a), Section 8.3]. We denote by

T D(p) — Ky,

the natural projection (which is unique up to a nonzero scalar multiple).

2.3 Tableaux and semistandard basis

Let us recall an important combinatorial property of K.

We fix the order e; < ey < -+ < ey on the natural basis {ej,...,ex} of V. In the
sequel we will denote e; by its subscript 7. If g = (pq,...,un) € AT(N,7), a tableau of
shape p is a filling of the diagram of p with entries from {1,..., N}. A tableau is called
row semistandard if the entries are weakly increasing across the rows from left to right. A
row semistandard tableau is called semistandard if the entries are strictly increasing down
each column. We denote the set of row semistandard tableaux (respectively, semistandard
tableaux) of shape p by RSST(u) (respectively, SST(u)). The weight of a tableau S is
the tuple @ = (ayq,...,ay), where «; is the number of appearances of the entry i in S.
The set consisting of the semistandard (respectively, row semistandard) tableaux of shape
w and weight a will be denoted by SST, (i) (respectively, RSST,(1)). For example, the
following tableau of shape u = (5,4, 2)

1[1][1]2]
[2[4]4
3[4

is semistandard and has weight o« = (4, 3, 1,3). We will use ‘exponential’ notation for row
semistandard tableaux.
If = (pq, p2, - - ., pv) is a partition and S is a row semistandard tableau of shape p,

1(an) ... Nlaw)

1(a21) ... N(az2n)
S= . : ;

Lany) ... an)

where a;; are nonnegative integers, let e® € D(u) be the element
ed = 1) . Nlain) ® 1(a21) ... p(azn) ® 1lan) ... Nlann)
obtained by ‘reading the rows’ of S from left to right and top to bottom. We note that
Zaij =u (i=1,...,N) and Zaij = o (j=1,...N),
J 7
where oo = (v, ..., ) is the weight of S.
A classical result here is the following, see [14, (2.1.15) Proposition)].

Theorem 2.1. Let € AT (N,r). Then there is a bijection between SST(u), and a basis
of the K-vector space K,, given by S +— m,(e%).

We refer to the elements of this basis of K, as semistandard basis elements.
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2.4 Straightening row semistandard tableaux
Let p be a partition and S € RSST(u). For j € {1,2,...,¢(u) — 1}, consider the tableau
Slj, g +1]

consisting of rows j and j + 1 of S. We have the partition (y;, p;+1) consisting of rows
J and j + 1 of 4 and we have the corresponding Weyl module K, ,.,,)- From the last
paragraph of the proof of [14, (2.1.15) Proposition| we have the following result.

Lemma 2.2. Let u be a partition and j € {1,2,...,0(n) — 1}. Let S € RSST(u) be a
row semistandard tableauz. If in K, .. ) we have a linear combination

7T(Hj:#j+1)<€s[j7j+l]) = Z CW(MMH)(es[j’jﬂh)a

where ¢; € K and S[j,j + 1]; are row semistandard tableaux of shape (uj, pj1+1), then in
K, we have the linear combination

m(%) = 3 emile®),

where S; is the tableau obtained from S by replacing rows j and j + 1 with S[j,j + 1];.

Roughly speaking, the previous lemma allows us to obtain relations in K, from rela-
tions involving any pair of consecutive rows of a tableau S € RSST(u).

In the sequel we will need to express elements of Weyl modules as explicit linear
combinations of semistandard basis elements. To this end, we will apply many times the
above lemma together with the next lemma which concerns violations of semistandardness
in the first column.

Lemma 2.3 ([12, Lemma 4.2]). Let v = (v1,1») be a partition of length two and let

1(a1)9(a2) . .. N(an)
16090 .. o) € RSST(V).

Then we have the following identities in K, .
1. If ay + by > vy, then m,(e°) = 0.

2. If a1 + by < vy, then

m(e) = (0" 3 () () m (e, (21)

koyookin
where
Sl ) = i k)
and the sum ranges over all nonnegative integers ko, ..., kn such that ka+---+kn =

b1 and ks < ag for alls=2,...,N.
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We may think of the sum in the right hand side of eq. (2.1) as been taken over all
ways of replacing the b; 1’s in the second row of the tableaux S with ky 2’s, k3 3’s, ...,
kn N’s from the first row of S, where ko + k3 + -+ + ky = by.

Even though our paper [12] concerns modular representations, the proof of the above
lemma given there is valid for any field in place of K (in fact for any commutative ring).
In [12, Lemma 4.2] we used the notation A, for the Weyl module K.

We refer to the first equality of part (2) of Lemma 2.3 as raising the 1’s from row 2
of S to row 1. If the number of rows of the tableau S € RSST(u) is greater than 2, then
according to Lemma 2.2 we may apply Lemma 2.3 to any pair (j,7 + 1) of consecutive
rows of S to raise the 1’s from row j+1 of S to row j. By repeating this process a finite
number of times, we may raise all the 1’s to row 1. (If the total number of 1’s in S is
strictly greater than the length of the first row of S, then 7TM<€S ) = 0 by the first part of
Lemma 2.3.)

As an illustration of raising the 1’s, we consider the following example. Note that at
the end of this example we raise the 2’s from row 3 to row 2.

Example 2.4. Let u = (4,3,2) and

1223
S =123 € RSST(p).
13

We will express 7, (e”) as a linear combination of semistandard basis elements of the Weyl
module K, using Lemma 2.3.
Let v = (u2, u3) = (3,2). Applying Lemma 2.3(2) for the tableau

123

S2.3 = |5

€ RSST(v)

we obtain
m,(123® 13) = -7, (1?3 ® 23) — ()7, (1P2 ® 3?))

and thus from Lemma 2.2 we get
mu(e%) = m,(12¥32123®13) = —,(12¥321@323) - (3)7,(12P31P223®). (2.2)

Thus we have raised the 1’s from row 3 of S to row 2.

Next, in each summand of the right hand side of eq. (2.2), we raise the 1’s from row
2 to row 1.

Let v = (u1, p2) = (4,3). Consider the first summand of the right hand side of eq.
(2.2). Applying Lemma 2.3(2) for the tableau

1223

we obtain
m,(1293 ® 13) = (-1)*(1, (193 ® 293) + (*)7, (12 © 23@)))
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and thus from Lemma 2.2 we get
m,(1223® 193 23) = (-1)*(1,(1¥3 @ 2?P3 ® 23) + (3)7,(1¥2 ® 23 © 23)). (2.3)
Similarly, for the second summand of the right hand side of eq. (2.2) we get

m,(12P321@2@3@) = (-1)?((3)7,(1¥322% @3+ (3)7,(10202®323@)). (2.4)

Substituting egs. (2.3) and (2.4) in eq. (2.2) we find

m.(e%) = — 1,193 ® 203 © 23) — 27, (1?2 ® 23?) ® 23) (2.5)
—6m,(193® 2% ©3@) — 47,192 293 © 3?),

We note that in each summand of the right hand side of eq. (2.5), all the 1’s are located
in the first row.

The third and fourth summands in the right hand side of eq. (2.5) are multiples of
semistandard basis elements of the Weyl module K,,. However, the first and second sum-
mands in the right hand side of eq. (2.5) are multiples of 7, (e%') and ,(e%?) respectively,
where

183 132
S, =23, 5, =233
23 23

and these tableaux are not semistandard because in both cases the 2 in the third row
presents a violation of semistandardness. We may apply Lemma 2.3(2) for the tableaux

2(2)3 23(2)
93 and S(2,3] = 93

Sl [2, 3] -
to raise the 2 from row 3 of S;, ¢ = 1,2, to row 2. (In the notation of Lemma 2.3, the 1’s
and 2’s in the entries of the tableau are replaced by 2’s and 3’s respectively). Thus

T (e5) = — 21,(1¥3 © 2 © 39,
T (e%2) = — 21, (193 © 293 © 3¥)

and the right hand sides are multiples of semistandard basis elements. Substituting in eq.
(2.5) we obtain 7,(e”) as a linear combination of semistandard basis element of K,.

Remark 2.5. Let u be a partition and S a row semistandard tableau of shape u. We
remark that by successive applications of Lemma 2.3 and Lemma 2.2 we may express
m.(e%) as a linear combination of various ,(e5{7}), where each tableau S{j} has the
property that all the 1’s are located on the first row, all the 2’s are located on the first two
rows etc. This property, in general, does not imply that S{;j} is semistandard, for example
1242
23(2)
appear in Section 3 (i.e. in the proofs of Lemmas 3.9, 3.10, 3.11, 3.12 and 3.16), the S{j}
obtained from .S by applying successively Lemma 2.3 and Lemma 2.2 are semistandard.

is not semistandard. However, it turns out for the particular tableaux S that
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2.5 Projections

Since the characteristic of K is zero, every finite dimensional polynomial representation
M of G is a direct sum of Weyl modules. The multiplicity of K,,, where p € AT (N,r),
as a summand of M is equal to the dimension of the vector space Homg (M, K,). When
M = D(«), where aw € A(N,r), the dimension of Homg(D(«), K,,), which is known as
a Kostka number, is equal to the cardinality of the set SST,(x). In the sequel, we will
need to identify different copies of K, in D(«). To this end we need an explicit basis of
Homg(D(a), K,,) which we describe next.

In what follows we will restrict our discussion to partitions that have at most three
parts, since only such partitions are needed in the sequel.

Suppose @ = (1, fio, p3) € AT(3,7), o = (g, a2, a3) € A(3,r) and S is a row semis-
tandard tableau of shape p and weight o

1(a11)9(a12) 3(a13)
S = 1(a21)9(a22) 3(azs)
1(a31)9(az2) 3(as3)

This means that for the matrix A = (a;;) the row sums are given by
ai + ap +aig = p; (i =1,2,3)

and the column sums by «
ayj + ag; +az; = a; (j=1,2,3).

We refer to A as the matrix of the row semistandard tableau S.

Definition 2.6. Suppose = (u1, pio, p3) € AT(3,7), a = (aq, a2, a3) € A(3,7) and S is
a row semistandard tableau of shape p and weight . Let A = (a;;) be the matrix of S.

1. Define a map of G-modules
¢s : D(a) = D(p)

as the following composition

A®AL®A
D(ay, oz, a3) =Z22220 Dy, ay, asy) @ D(ana, g, asy) @ D(ags, ass, ass)  (2.6)

~D(ay1, @12, a13) @ D(asg, a, azsz) @ D(as, ass, ass)

m1@ma®@m3

—>D<:ul7 H2, /Lg),

where A; : D(ay; + ag; +as;) — D(ay;, as;, as;) is the indicated component of twofold
comultiplication of the Hopf algebra D, the isomorphism permutes tensor factors,
and m;: D(an, a2, a;3) — D(a;i + a2 + a;3) is the indicated component of twofold
multiplication in the algebra D.
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2. Define the map of G-modules
g : D(a) = K,

as the composition
s : D(«) s, D(p) 2 K,,.

We note that if in the previous definition the matrix A of the tableau S is diagonal,
then o = p and mg = m,.

Example 2.7. Suppose

1@9)
p=(541), a=(3,6,1) and S =12 € RSST,(u).
3

Then the matrix A of the tableau S is

A:

O =N
O W W
= o O

With the notation of Definition 2.6(1) we have the comultiplication maps

A, : D(3) — D(2,1,0),
Ay : D(6) — D(3,3,0),
Ay : D(1) — D(0,0,1).

Consider the map
¢s : D(a) = D()

and the element
r =129 2120 ©3 ¢ D(a).

According to Definition 2.6(1) we have

A(12P)=12@2+20 @1,
A2(12(5)) — 122 ® 2(3) + 2(3) ® 12(2)7

Hence the image of x under the map ¢g : D(3,6,1) — D(5,4,1) is equal to
s(a) = (1) (T (TN 920 53
(P + 0120 0129 @3+ () ()20 @172 & 3
The binomial coefficients come from the multiplication in the divided power algebra D.
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Similarly to Definition 2.6(1) we have a map for exterior powers in place of divided
powers.

Definition 2.8. Suppose p = (p1, fi2, p3) € AT (3,7), a = (a1, az,a3) € A(3,r) and S is
a row semistandard tableau of shape p and weight . Let A = (a;;) be the matrix of S.
Define a map of G-modules

s+ AMa) = Ap)

as the following composition

A1®A2®A
Ao, az, ) Mﬂ\(an, a1, a31) @ A(aiz, aze, azz) @ A(ass, ass, ass) (2.7)

=A(a11, a12, a13) ® A(agr, aze, azs) ® A(as, ass, ass)
m1®ma®@ms3

— M, o, pi3),

where A; is the indicated component of twofold comultiplication of the exterior algebra A,
the isomorphism permutes tensor factors, and m; is the indicated component of twofold
multiplication in the exterior algebra A.

From [1, Section 2, eq. (11)] we know the following for the maps g : D(a) — K, of
Definition 2.6.

Proposition 2.9. A basis of the vector space Homg(D(«), K,,) is the set
{mg:S € SST,(n)}. (2.8)

Remark 2.10. It is well known that for every v € A(N,r), the G-module D(«) is cyclic
and a generator is the element

e® = 1(@1) g 9@) o ... g Nlan), (2.9)

Hence the map g : D(a) = K, of Definition 2.6 is determined by the image mg(e®) of

ea

2.6 The functor 2

Let us recall that there is an algebra involution on the ring of symmetric functions that
sends the Schur function s, to s, for every partition p [9, 6.2]. In terms of representations,
we recall from [1, p. 189] that, since the characteristic of K is zero, there is an involutory
natural equivalence {2 from the category of polynomial representations of G of degree r,
where N > r, to itself that has the following properties.

1. Q(D(a)) = Ala) for all @ € A(N,r) and Q(K,) = L, for every p € AT(N,r).
More generally, if (1) € AT(N,r1),...,u(q) € AT(N,r,) are partitions such that
ri+---+1ry=r, then

QK1) @ -+ @ Ky(g)) = Ly ® -+ @ Ly(g).-
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2. The functor §2 preserves the comultiplication and multiplication maps of the Hopf
algebras D and A.

To be precise, this means that for all (aq,...,ayx) € A(N,r) and all s the images
under €2 of the maps

1@ @Ap®---®1:D(ay,...,as,...,ay) = Dlag,...,aL, ... ay),
1@ @np®---®@1:D(ag,...,qs,qsq1...,ay) = D(ag, ..., a5+ Qsq1...,ay)

are the maps

1@ QA ® - @1: Ao, ... 04, ...;ayn) = AMag,...,a,al ... ay),
1@ @1: Alag,...,a5 511 ...,an) = AMag, ... s+ gy ..., an)

respectively. Here, ay = a+a} and Ap : Dy, = Do @ Doy and np : Do, ® Dy, —
Dq, ta,,, are the indicated components of the comultiplication and multiplication
maps of the divided power algebra D respectively. Likewise, Ay 1 A% — A% @ A%
and 7y : A% @ A%+ — A%+l are the indicated components of the comultiplica-
tion and multiplication maps of the exterior algebra A respectively.

3. Ursp) = (—1)>¥+ir p for all @ = (aq,...,ay) € A(N,r) and all s, where 7, p :
D(a) = D(«) (respectively, 755 : A(a) — A(«)) is the map that interchanges the
factors D,, and D (respectively, A% and A%+1) and is the identity on the rest.

Qs41

4. The functor €2 is exact.

3 A result for Weyl modules
Suppose n > 2. Throughout this section, A, ;1 and v are the following partitions of 3n — 2

Ai=(n,n—1,n-1),
pw=(m+1,n—1n-—2),

v:=(n,n,n—2).

This section contains some important results on Weyl modules whose proofs are quite

technical. We give here a summary of the overall picture. We define certain maps vy, 7, €
Homeg(D(M), D(N)) and 73 € Homg(D(v), D(N)) (see Definition 3.1 and Definition 3.13).
The main result of Section 3 is the determination of the cokernel of the map

M+ Y+ D)@ DN @ D(v) — D(N),

where (y1 + 72 + 73)(2,y,2) = 71(x) + 12(y) + ¥3(2) for z,y € D(A) and z € D(v) (see
Theorem 3.17). This is done in a few steps.

(a) Let us consider the map v + 72 : D(A) @ D(A\) — D(X), where (71 + 72)(z,y) =
Y1(2) + Y2 (y) for z,y € D()). We show that the composition D(A) 2 D()\) 2% K,

— e

S
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the zero map for ¢ = 1,2, from which it follows that K, is not a summand of Im(7y; + 72)
(see Lemma 3.9).

(b) Let {mg,,mr,} be the basis of Homg(D(\), K,,) given by Proposition 2.9. First
we show that the maps D(\) = D(\) MR K, for i = 1,2 are nonzero and linearly
dependent. Next we show that each of the maps D(\) 2 D(\) K . 1s the zero map
for i = 1,2. From these results it follows that the multiplicity of K, in Im(y; + 72) is
equal to 1 (see Lemma 3.10).

(c) In Lemmas 3.11 and 3.12 we prove a combinatorial property of irreducible sum-
mands of the tensor product K, ,_1) ® D,_; under the actions of the maps v; and 7,
respectively. From this it follows that the multiplicity in Im(y; + 72) of K¢ is equal to
zero for any summand K¢ of K, ,—1)® D, such that £ # A, it (see the proof of Theorem
3.4). Combining this and steps (a), (b) we obtain that Coker(y; + 72) = K\ & K, (see
Theorem 3.4).

(d) With the notation of step (b), we show that each of the maps D(v) 2 D()\) 2 K,
and D(v) 2 D()) SN K, is the zero map, where ¢ = 1,2 (see Lemma 3.16). From this
and step (c) it follows that Coker(vy + 72 + v3) = K, @ K, (see Theorem 3.17).

3.1 The maps v; and 7,
Definition 3.1. Define 71,7, € Homg(D(A), D(X)) by

Y= sy + (=1)"ds2)

Y2 = ¢say + (=1)"dsi) + (—1)"ds(),
where the tableaux S(i) € RSST)\(A) are the following

1(n) 12(n—1) 1(n) 23(n—1)
S(1) =200 §(2) := 1071 1 5(3) := 30D §(4) 1= 1272
3(n—1) 3(n—1) 2(n—1) 1(n—1)

Remark 3.2. Concerning the map 7, defined above, we observe that, according to Def-
inition 2.6, ¢g1y : D(A) = D(A) is the identity map and ¢g@) : D(A) = D()) is the
composition

Dy ® Dyt @ Dy 2224 (Dy ® Dyy_1) @ Dyt ® Dyy_y

1erel, D1 ® (Dy-1 ® Dy 1) @ Dy 4
M} Dn ® Dn—l ® Dn—la

where A : D, — D; ® D,y (respectively, n : Dy ® D,_1 — D,) is the indicated
component of the comultiplication map (respectively, multiplication map) of the divided
power algebra D, and 7: D,, 1 ® D, 1 — D,,_1 ® D,,_1 is the map defined by 7(z ® y) =
y®uz, for x,y € D, _;.

Recall from eq. (2.9) the notation e* = 10 @ 2(n=1) g 3(n—1),
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Lemma 3.3. With the notation of Definition 3.1, let e = (—1)". Then

(e} = e 4 120D @ 101 @ (=D (3.1)
Ya(e) = et + 1™ @ 3071 @ 2(n=1) 1 231 @ 122 g 1 (n1), (3.2)
Proof. Both equations follow from Definition 3.1 and Definition 2.6(1). O]

The motivation for considering such maps will become clear in sections 5.1 and 5.2.
Roughly speaking, the images of these maps correspond to certain relations of the mul-
tilinear component Lie,(m) of the free LAnKe that are consequences of the generalized
Jacobi identity.

We intend to prove the following theorem in Section 3.4, which is the first main
result of Section 3. Consider the maps v;,72 : D(A) — D(\) and recall we have the
map v1 + 72 : D(A) @ D(\) — D()) defined by (71 + v)(x,y) = n(x) + 12(y), where
x,y € D(A). It follows that Im(y; + 72) = Im(71) + Im(72).

Theorem 3.4. Let N > 3n — 2. Then, the cokernel of the map
N+ DA) @& D(A) = D(A)
is isomorphic to Ky ® K, as G-modules.

3.2 The cokernel of the map ~; : D(A) — D(X)

For the proof of Theorem 3.4 we will need to identify the cokernel of the map v : D(\) —
D()). This may be done using a result from [11] which we now recall.

Definition 3.5. [11, Definition 5.1]
1. Let §,_1 be the map of tensor product of exterior powers
Bpo1 : A"@ AT 5 A AP
given by the composition
AT@ AT AL AT AT AT Al AP L@ AT 22 A g AP

where A : A" — A' @ A" (respectively, n : A' @ A"t — A") is the indicated
component of the comultiplication map (respectively, multiplication map) of the
exterior algebra A, and 7: A" 1@ A" 1 — A" 1@ A" is the defined by T7(z ®@y) =
y @, for z,y € AL

2. Let g,_1 be the map

gn—1 - A" ® An_l — A" & An—l) gn—l(x & y) =T Yy— Bn—l(x X y)
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To be precise, the maps ,_1 and g,,_1 above are the special cases of the maps (5 and
v, defined in [11, Definition 5.1] for a = n and b = k = n — 1 in the notation of loc. cit.
Our g,_; is denoted 7,1 in loc. cit. The ~,_; of [11] should not be confused with the
maps given in Definition 3.1 of the present paper.

We recall the following special case of [11, Corollary 5.4]. Here L, ,_1) denotes the
Schur module corresponding to the partition (n,n — 1) (see Section 2.2).

Lemma 3.6. Suppose N > 2n — 1. Then Coker(gn—1) ~ Lnn-1)-

The main idea of the proof of this lemma given in [11] is the computation of the
eigenvalues of the map ¢,_1 : A" ® A" ! — A" ® A" ! on the irreducible summands
of A" ® A1, This was accomplished with the use of combinatorics of tableaux and in
particular the straightening law.

Now we may identify the cokernel of the map v, : D(A) — D(A) of Definition 3.1.

Lemma 3.7. Suppose N > 3n — 2. Then Coker(v,) ~ K n-1) ® D(n —1).
Proof. Consider the involutive functor Q of Section 2.6. Using properties (1) - (3) of €,
it follows from Remark 3.2, that the image of the map

Gn1 ® 1- An ® An—l ® An—l N An ® An—l ® An—l

under  is the map v, : D(n,n — 1,n — 1) — D(n,n — 1,n — 1). Since Q) is an exact
functor, we have

Coker y; >~ Q(Coker g,—1 @ 1) ~ Q(L(nn-1) ® A1) ~ Kn-1)® Dy,
where the middle isomorphism is due to Lemma 3.6. O

Consider the map
N+ DA) & D(A) = D(X)
in the statement of Theorem 3.4. An immediate consequence of Lemma 3.7 is the follow-
ing.

Corollary 3.8. Suppose N > 3n — 2. Then the G-module Coker (71 + 72) is a quotient
Of K(nm,—l) ® Dp_1.

We note without pursuing details that another proof of Lemma 3.7 may be obtained
using [6, Theorem 1.3] by applying first the ‘inverse’ Schur functor [10, pg. 56] and then
the functor 2.

3.3 The actions of the maps v; and ~-

The next four lemmas analyze the action of the map v, +v2 : D(A) @& D(A\) — D(A) on the
irreducible summands of D()\). By Corollary 3.8, we need only consider those irreducible
summands of D(\) that are summands of the module K, ,,—1) ® D,_1.

As mentioned at the beginning of Section 3, the first two lemmas concern the sum-
mands K and K. We show in the last two lemmas that the other possible irreducible
summands have a combinatorial property that will be utilized in Section 3.4 to prove that
their multiplicities in Coker(y; + 72) are in fact zero.
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Multiplicities of the irreducibles K, and K, in Coker(vy; + 72)
Lemma 3.9. The multiplicity of K, in Coker (1 + 72) is equal to one.

Proof. Let Ty = my(e*). First we show that the composition 7 0, is the zero map. Using
eq. (3.1) we have

momn(e)) =Tp+ (—1)"m (1207 @ 107V @ 3071),
Applying Lemma 2.3(2) to raise the 1’s from row 2 to row 1, we have
(127D @ 17D @ 301y = (1)1, (10 © 207D @ 3(D) = (—1)mLy,,
By substituting we obtain
mom(et) =To + (=1)*" T, = 0.

Since e generates the G-module D(\) (according to Remark 2.10) and 7,,v; are maps
of G-modules, the above equation yields my oy, = 0.
Next we show that the composition 7y o 7y, is the zero map. Using eq. (3.2) we have

moya(e) = To+(—1)"m (1™ @3 Y @20=D) 4 (—1)"r, (23 V01202 1Y) (3.3)

We apply to the second summand in the right hand side of eq. (3.3) Lemma 2.3(2) (to
raise the 2’s from row 3 to row 2) obtaining

7T)\(1(n) ® 3(71—1) ® 2(77,—1)) — (_1)71—17_(_)\(1(71) ® 2(77,—1) ® 3(77,—1)) — (_1>n—1T0'
For the third summand in the right hand side of eq. (3.3) we have
(23D @ 122 @ 1Dy =

because of Lemma 2.3(1) applied to rows 2 and 3 (where the number of 1’s is equal to
1+ n —1 = n which is greater than the length n — 1 of the second row.)

Thus K is not a summand of the image Im(7y; + 72). Since the multiplicity of K in
the codomain D(\) of the map v; + v : D(A) @ D(A\) — D(A) is equal to 1, we conclude
that the multiplicity of K, in Coker (71 4+ 72) is equal to one. O]

Lemma 3.10. The multiplicity of K, in Coker (1 + 72) is equal to one.

Proof. Recall that = (n+1,n—1,n—2). There are exactly two semistandard tableaux
of shape p and weight A,

1(m)3 1(m)9
Ry =201 R, .= 2023
3(n=2) 3(n—2)
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According to Definition 2.6 and Proposition 2.9, the corresponding projections are

TR, : D(A) = K, et 7Tu<1(n)3 ® 20 g 3(”72))7
TR, - D()\) — K/“ e s 7TM<1(H)2 ® 9(n—2)g ® 3(n72)>‘
We compute the maps mg, 071, Tg, 072 € Homg(D(N), K,).
For notational convenience, let T} := 7. (€), i = 1,2. Using eq. (3.1) of Lemma 3.3

we have
TR, o1 (e?) = T1 + (=1)"m, (120 V3 © 171 g 3(=2)),

We apply Lemma 2.3(2) to the second summand of the right hand side to obtain

(_1)nﬂ_u(12(n—1)3 ® 1(n—1) ® 3(n—2) _ (_1)2n—1 (ﬂ-u<1(n)3 ® 2(n—1) ® 3(n—2))
+ Wu(l(")Q ® 223 » 3(n—2))>
- T\~ T

Thus
TR om(e) = =Ty

In a similar manner we have

T 0 (€)= Ty + (~1)" ()m, (192070 @ 1093 & 30-2)

=T+ (-1)" 2Ty
- 3T2

Since e generates the G-module D(\), we conclude from the above that the restric-
tions of the maps mg,, mr, € Homg(D(N), K,,) to the image Im(y;) € D(X) are linearly
dependent.

We show below that the restrictions of mg,, mg, to the image Im(v,) C D()) are both
zero. This implies that the restrictions of wg,, g, to Im(y; 4+ 2) are linearly dependent.
By the above computation, these restrictions are nonzero since To # 0. Thus the multi-
plicity of K, in Im(y; +12) is equal to 1. Finally, the multiplicity of K, in Coker(y; +12)
isequal to 2 —1=1.

It remains to be shown that the restrictions of 7g,, 7, to the image Im(v,) C D(A)
are both zero. To this end, we first show the identity

7,(1237D @ 12072 @ 172 = (—1)" YT} + Ty). (3.4)

The idea is to raise all the 1’s to the first row and all the 2’s to the first two rows. This
will be done applying Lemma 2.3(2) several times. We start by applying 2.3(2) to rows 2
and 3,

m. (123070 © 12072 @ 1) = (—1)" 2, (12307 ® 1071 g 2(n72)),
Now we apply the same Lemma to rows 1 and 2
(—1)" 27, (123071 ® 171 g 2(n=2))
= —7m,(1M2 @ 3"V g 2=y _ 7 (1(M3 © 23"~ g 2(n=2)),
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We apply Lemma 2.3(2) to each summand in the right hand side to rows 2 and 3 (to raise
the 2’s from the third row to the second) and we obtain

(1) P, (12377 @ 107D @ 20) = (—1)" (T} + T).

Thus we have show eq. (3.4).
Now using (3.2) we obtain
Ty 0 72(e) = T+ (-1 7, (172 @307 0 202)
+ (=1)"m, (123771 @ 12072 © 172))
— Tl + (_1)n+n—2T2 + (_1)n+n—1(T1 + Tg)
=0,

where in the second equality we used once again Lemma 2.3(2) and (3.4).
By a similar computation, we have

TRy © ’72(6/\) =15+ (—1)"7TM(1(")3 ® 232 g 2(n—2))
+ (-1 (mu (12870 @ 12002 @ 10-2)
+ (2)27TM(2(2)3(”_1) ® 12)9(n—3) Q 1(n—2))>

=Ty + (1) 2T 4 (1) T+ Ty + (9)%0)

where we used (223"~ @ 12)2(0=3) g 1("=2)) = ( according to Lemma 2.3(1) applied
to rows 2 and 3. [

Two combinatorial lemmas

The next two lemmas concern a certain combinatorial property of irreducible summands
of the tensor product K, ,—1) ® D,_1 under the actions of the maps v; and .

We need some notation. Let Par(K(,,—1) ® D,—1) be the subset of A(N,3n — 2)
consisting of the partitions § such that K¢ is a summand of K, ,_1) ® D,_;. By Pieri’s
rule, for example see [14, Corollary 2.3.5], we have that Par(K,,—1) ® D,_1) consists of
those partitions £ that are of the form

E=(n+c,n—14co,c3), (3.5)

for some nonnegative integers ¢, ¢o, c3 satisfying ¢; + co + c3 =n — 1 and ¢, € {0, 1}.

Let us fix a partition £ = (n+c¢;,n — 1+ co,n — 1 —¢; — ¢2) as in (3.5). One easily
verifies that for each i = 0, ..., ¢, there is a unique semistandard tableau U; € SST) (&)
such that the number of 2’s in the first row is equal to ¢, and moreover

SSTA(€) = {Up, U, ..., U, }.
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We have
1(n)9(#) g(c1—i)

U, = 2(n717i)3(02+i) (36)
3(7),71761702) )

Let
ZZ' = 7T§(€Ui) € Kg, 1= O, ..., C1

Since SST\ (&) = {Uo, Uy, ..., U, }, we know from Theorem 2.1 that the set
{Z0,Z1,..., 72}

is a basis of the Weyl module K.
The next lemma concerns the action of 7; on K.

Lemma 3.11. Let £ € Par(K(, n—1)® Dy,—1). Then for every semistandard U; € SST(€),
the coefficient of Zy = me(e) € K, in the expression of my, o v1(e*) € K¢ as a linear
combination of the basis elements Zy, Z1,. .., Z., is equal to 0.

Proof. Let £ = (n+c;,n — 14 co,n —1 — ¢; — ¢) according to (3.5). For notational
convenience, let ¢ = ¢; + ¢s.
We compute 7, o v1(e*) as a linear combination of the basis elements Zy, Z1, .. ., Z,
of Kg.
First, using eq. (3.1) and the definition of the map 7y, given in Definition 2.6 we have
. 0 (€)= mo,(€Y) + (1) 7y, (12 et et (3.7)
= 7y, (6)\) + ( 1)117_‘_5( (n 1)3 c1—1) ® 1(n 1- 1)3(024-2') ® S(n—l—c))
_ ZZ + (_1>n(1 1) (1(z+1)2(n 1)3((:1 1) ® 1(n 1- z)3(cz+z) ®3(n—1—c))’

z+1>

where the binomial coefficient ( comes from the multiplication 11 = (“f1)16+1) in

the divided power algebra D. Next we apply Lemma 2.3(2) to rows 1 and 2 of
X = Wg(l(iﬂ)g(n*l)g(cri) ® 1M1= gle2t) 3(n*1*0))
to obtain
X = (_1)71—1—%' (Tg(l(n)Q(i)?)(cl_i) & 2(n—1-13(c2+i) 3(n—1—c)>
+ (62+1i+1)Wg(l(n)2(i+1)3(cl_i_l) ® 2(n—2—i)3(62+i—1) ® 3(n—1—c)
+ (c1+62) (1(77,)2((:1) ® 2(n 1— C1)3(CQ+C1) ® 3(n 1— c)))

c1
Thus we have

X =02+ () Zia -+ (059) Ze)

c1—1

and substituting this in eq. (3.7) we obtain
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T, 0 m(€Y) = Zi 4 (1)) (Zi+ () Zigy o+ (4N Z,). (3.)

c1—1
Now we see that if ¢ > 0, then the coefficient of Z; in the right hand side of eq. (3.8) is
equal to 0. Also, if i = 0, then the coefficient of Zj in the right hand side of eq. (3.8) is
equal to 1+ (—=1)(}) = 0. O

We keep the previous notation, namely
e we have a partition £ € Par(Kp,n—1) ® Dy_1),
e we have the semistandard tableaux U; € SSTy(£),i =0,1,..., ¢, given by eq. (3.6),

e and we define Z; := m¢(U;), 1 =0, 1,..., ¢y, which form a basis of the Weyl module
Ke.

The next lemma concerns the action of 7, on K.

Lemma 3.12. Let { € Par(K(, 1) ® Dy—1) such that £ # X, . Then the coefficient of
Zy € K¢ in the expression of Ty, o Y2(e*) € K¢ as a linear combination of semistandard
basis elements is nonzero.

Proof. We know that ¢ is of the form
E=Mn+c,n—14cy,n—1—c; —cy)

for some nonnegative integers ¢, ¢, c3 satisfying ¢; + ¢ +c3 = n— 1 and ¢ € {0,1}
according to (3.5). For notational convenience, let

c=cy+ co.

We want to compute g, o 12(e?) as a linear combination of the basis elements Z; of
K¢ and in particular we want to determine the coefficient in this linear combination of
the basis element Z.

Using eq. (3.2) we have

v, 0 72(€*) =1, (e*) (3.9)
+ (_1)n7TUO(1(n) ® 301 & 2(n—1))
+ (=1)"my, (237D @ 120072 ® 10071,
Applying Definition 2.6 for
1(n)g(e1)

3(n7170)
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we obtain
() = Zo, (3.10)
7TUo(l(n) ® 3(n—1) ® 2(71*1)) _ (1(n)2(01) ® 9(e2)3(n—1) ® 2(71*1*0))’ (3.11)
ﬂ_UO(23(n 1) ® 12(n 2) ® 1 ) (1+02) ( C1 23(n 1) ® 1(1+62)2(n72) ® 1(n7176)>. (312)

Substituting egs. (3.10) - (3.12) in eq. (3.9) we have

Ty, © ’yz(e’\) =Zp+ (-1)"X + (—1)”(1?2)}/, (3.13)
where

X = 75(1(")2(61) ® 9(c2)g(n—1) Q 2(n—1—c)>,
Y : = 775(1(01)23(1171) ® 1(1+02)2(n72) ® 1(nflfc))
We want to compute the X and Y as linear combinations of the Z;. To this end we use

Lemma 2.3 repeatedly.
Raising the 2’s from row 3 of X to row 2 according to Lemma 2.3(2), we obtain

X = (—1)”*1707‘-5(1(71)2(61) ® 2(”*1761)3(0) ® 3(nflfc))

and therefore

X = (=) eme(er) = (=), (3.14)

For Y we first observe that ¢ > 1 because if ¢ = 0, then ¢; = ¢ = 0 and thus
¢ =(n,n—1,n—1) = \, which contradicts the hypothesis £ # X of the Lemma. Therefore
n—2>n—1—cand we may apply Lemma 2.3(2) to raise the 1’s from row 3 of ¥ to
row 2 to obtain

Y = (-1)"'y, (3.15)

where
Y, = 71_&(1(01)23(7171) ® 10—=e)g(e=D) g gn=1-0)y (3.16)

In order to continue the computation of Y as a linear combination of the Z; we distinguish
two cases.

Case 1. Suppose ¢; > 1.

Raising the 1’s from row 2 of Y; to row 1 yields

Vi = (=1)" (Ya + (§) V),
where

Yé = 71—&(1(71)23(01—1) ® 2(0—1)3(n—cl) ® 2(n—1—c)),
Ys = 7r£<1(n)3(01) ® 2@3m—a-1) 2(n—1—c)).
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Raising the 2’s from row 3 of Y5 to row 2 yields
Y, = (_1>n—1—cﬂ_€(1(n)23(cl—1) ® 9(n=2)g(ca+1) ® 3(n—1—c)) _ (_Un—l—ch
and likewise raising the 2’s from row 3 of Y3 yields
Yy = (—1)" e (1) @ 2lnmlgled) @ 3(nmlm)y = (_1)nite g,
By substituting the Y; in eq. (3.15) and we find
Y =(-1)"Z+ (;)ZO).

Substituting this and eq. (3.14) in eq. (3.13) we find the desired linear combination of
semistandard tableaux

T 0 Y2(e) = Zo + (=1) Zo, + (=1 (") (21 + (§) Zo). (3.17)

The coefficient of Z, in the right hand side of eq. (3.17) is equal to 1+ (—1)= (1) ().

This is clearly nonzero if c; = 1. If ¢o = 0, then the coefficient is equal to 1 4 (—1)“¢;.
However, for ¢; = 0 we have ¢; # 1 because £ # = (n+ 1,n — 1,n — 2) by hypothesis.
Thus we see that the coeflicient is nonzero when ¢; = 0. Remembering that ¢, € {0,1}
we have that the coefficient is nonzero in all cases.

Case 2. Suppose ¢; = 0.

In this case we have from eq. (3.16)

Y, = (230 @ 1l g on=1-c))
and we compute similarly to case 1. By raising the 1’s from row 2 of Y; to row 1 we get
Y1 = (—1)"(;)7T£(1(n> ® 23D g o(n=1-9)
and by raising in the last term the 2’s from row 3 to row 2 we get

Vi = (=1 () Z.

Substituting this and eq. (3.14) in eq. (3.13) we find the desired linear combination of
semistandard tableaux

T, 0 2(€t) = (1 + (=1)2* + (M12) (%)) Z,. (3.18)

If co = 1, the coefficient of Zj in the right hand side of eq. (3.18) is nonzero. We have
¢y # 0 because £ # X = (n,n — 1,n — 1) by hypothesis of the Lemma. Remembering that
¢ € {0, 1} we have that the coefficient is nonzero in all cases. ]
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3.4 Proof of Theorem 3.4

Proof. From Lemma 3.9 and Lemma 3.10 we know that the multiplicity of each of K
and K, in the cokernel of the map v1 + 72 : D(X) @ D(X) — D(\) is equal to 1.

From Corollary 3.8 we know that every irreducible summand of Coker(v; + 72) is a
summand of K, ,—1) @ Dj,_1.

Let us fix £ € Par(K(,n—1) ® Dy—1) such that £ # X and £ # p. We intend to show
that the multiplicity of K¢ in D()) is equal to the multiplicity of K¢ in Im(v;) + Im(v2),
or equivalently, that the vector spaces Homg(D(\), K¢) and Homeg(Im(yq) + Im(v2), Ke)
have equal dimensions.

We need to recall some notation.

e Let SST\ (&) = {Uy, Uy, ...,U,}, where U; is given by eq. (3.6). (With the notation
of eq. (3.6) we have ¢ = ¢;.)

e For each U; we have the corresponding projection 7y, : D(A) — K¢, et +— me(e%),
and we know that the 7y, ..., 7y, form a basis of Homg(D(A), K¢). So for the
dimension of the vector space Homg(D(N), K¢) we have dim Homg(D(MN), K¢) =
g+ 1.

The exact sequence 0 — Im(vy;) — D(A) — Coker(y;) — 0 yields the exact sequence
0 — Homg(Coker(y1), K¢) — Homg(D(N), K¢) = Homg(Im(n), Ke) = 0. (3.19)

From Lemma 3.7 and Pieri’s rule, it follows that dim Home(Coker (1), K¢) = 1 and hence
from (3.19) we conclude that dim Home(Im(v1), K¢) = ¢. We have that Home(Im(71), K¢)
is generated by the restrictions 7y, ‘Im (1)’ i=0,...,q,of the maps 7y, to Im(v;). Consider
the maps

TUo © Y15 T, © Vi, - - -, Ty, © 71 € Homg(D(N), Ke).

It is clear that if agmy, o y1 + - -+ + aymy, 0o 71 = 0, where a; € K, then

+ -+ agmy, =0.

}Im (71)

AT ‘Im ()

Thus, for the subspace
W := span{my, o v1, T, © Vi, .., Ty, 1}
of Homg(D(\), K¢) we have
dim W > dim Homg (Im(y1), K¢) = q.
We claim that the subspace

span{my, © Va2, Ty, © V1, Ty © Vi, -+ Ty, © Y1}
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of Homg(D(A), K¢) has dimension g + 1. Indeed, to prove this it suffices to show that
Ty, © Y2 ¢ W. Suppose 7y, © ¥2 = agTy, © V1 + -+ - + g7y, © 71, where a; € K. Evaluating
at e* we have
T, © Y2(€?) = aomy, 0 vi(e) + -+ + agmy, © yi(ed).

According to Lemma 3.12, the coefficient of the semistandard basis element Zy = m¢(e"0)
in the left hand side is nonzero, and according to Lemma 3.11 the coefficient of Z; in the
right hand side is zero. Thus 7y, o 75 ¢ W as desired.

It follows from the above claim that there is a basis of Homg(D(\), K¢) consisting of
a subset of the elements

T © Y25 Ty © V15 Ty © Vi - - -5 T, © Vi- (3.20)

Since every map in (3.20) factors through a subspace of Im(v;) + Im(~,), we conclude
that the multiplicity of K¢ in Im(v;) + Im(y2) € D()) is at least dim Homg(D(N), Ke).
Thus this multiplicity is equal to dim Homg(D(\), K¢). Consequently, the multiplicity of
K, in Coker(v; + 72) is equal to zero. ]

3.5 The map 73
Definition 3.13. Define v3 € Homg(D(v), D(A)) by

8= dou) + (=1)"dg),
where the tableaux Q(7) € RSST, (\) are the following

1(m) 9(n)
Q(1) := 232 Q(2) := 132,
9(n—1) 1(n—1)
Lemma 3.14. We have
v3(e’) = 1M © 23072 @ 2(n=D 4 (—1) "2 @ 132 @ 1(n-D), (3.21)
Proof. This is clear from the previous definition and Definition 2.6(1). O

The reason for considering the map 73 will become apparent in Section 5.1. Roughly
speaking, the image of ~3 corresponds to a particular relation of Lie,(m), namely to
relation (R5) of Lemma 4.4.

At the beginning of the proof of Lemma 3.10, we observed the following.

Remark 3.15. There are exactly two semistandard tableaux of shape p and weight A,

1(m)3 1()9
Ry =201 R, =223
3(n—2) 3(n—2)

According to Section 2.3, the corresponding projections are
TR, : D(A) = K, et 7ru<1(n)3 ® 2N g 3(n_2)),
TRy - D()\) — KH’ e/\ — 71.#(1(71)2 ® 2(7172)3 ® 3(7172))
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Lemma 3.16. With the above notation, each of the following compositions of G-maps is
the zero map

1. D(v) = D(A) = K,
2. D) 2 D) 25 K,
3. D) % D(\) 22 K,
Proof. (1) Using eq. (3.21) we have
w0 35(e") = m (10 @ 2302 © 27D) 4 (—1)"my (20 @ 130  10Y).

The number of 2’s in rows 2 and 3 of 7T>\(1(n) ®232 @ 2("*1)) isequaltol+n—1=n
and the length of the second part of the partition A is equal to n — 1. Since n — 1 < n,
we conclude from Lemma 2.3(1) that

m (1™ ® 232 g 20071) = 0.
In a similar manner we also have
™ (2™ ® 13 g 17V) = 0.

Hence 7y o vy3(e”) = 0. Since e” generates D(v) as a G-module (Remark 2.10) and 7 o 3
is a map of G-modules, we conclude that 7 o y3 = 0.
(2) Using eq. (3.21) we have

Try 0 Y3(e”) = mr, (1™ ® 2372 @ 2007D) 4 (= 1)"7mp, (20 @ 13072 @ 171) . (3.22)

We have mp, = 7, 0 ¢, according to Definition 2.6(2).
We compute the first summand in the right hand side of eq. (3.22). Using the definition
of ¢g, (i.e. Definition 2.6(1)), we obtain

T (17 @ 23072 @ 2D) = 7, (1M2 @ 232 @ 2(n-2))

Applying Lemma 2.3(2) to the right hand side of the above equation for rows 2 and 3, we
obtain
77#(1(?“02 ® 232 & 2(71*2)) — (_1)(71*2)7@(1(”)2 ® 20D & 3(71*2))_

Hence
TR, (1(n) ® 2302 & 2(”*1)) = (_1)("*2)7%(1(”)2 ® 21 & 3(n*2)) (3.23)

We compute now the second summand in the right hand side of eq. (3.22). The
definition of ¢p, yields

TR, (2(n) ® 132 & 1(”—1)) - 7TM(12(") ® 132 & 1(”—2))'
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Applying Lemma 2.3(2) to the right hand side of the above equation for rows 2 and 3, we
obtain
7rR1 (2(n) ® 13(7172) ® 1(TL71)) _ (_1)n727_‘_u(12(n) ® 1(7171) ® 3(n72))

Applying the same lemma to the right hand side of the above equation for rows 1 and 2
yields

(_1)n72ﬂ_u(12(n) ® 1(n71) ® 3(1172)) — (_1)7172(_1)717171_#(1(71)2 ® 2(77,71) ® 3(7172))
Hence
T, (2™ ® 13 @ 1Y) = 7, (12 @ 207V @ 3(n72)). (3.24)
Now we substitute (3.23) and (3.24) into (3.22) to obtain
TRy ©73(€")

= (_1)(71*2)7%(1(”)2 ® 21 & 3(71*2)) _ (—1)”7@(1(”)2 ® 201 & 3(71*2))

= 0.
Hence g, 03 = 0.

(3) This computation is similar to (2) but has two extra steps. Using eq. (3.21) we
have

Try 0 Y3(€”) = T, (1™ ® 2302 @ 2077V) 4 (—1)"7g, (20 @ 13072 @ 17 1) . (3.25)

We compute the first summand in the right hand side of eq. (3.25). Using the definition
of ¢r,, see (2.6), we obtain

TRy (1M ® 23072 ® 207D =g (12 g 23("~2) @ 2(n~2) (3.26)
+ (), (103 @ 223 =3) g 2(n=2)),
Applying Lemma 2.3(2) to Wu(l(”)2 ® 2302 @ 2(”_2)) for rows 2 and 3, we have
T (12 ® 23072 @ 207D = (—1)" 21, (1M2 @ 201 © 3("~2)).

The number of 2’s in rows 2 and 3 of 7, (1M3®2® 33 ©2(=2)) is equal to 24+n—2 =n
and the length of the second part of the partition u is equal to n — 1. Since n — 1 < n,
we conclude from Lemma 2.3(1) that

71-#(1(”)3 ® 2@3"=3) & 2(n—2)) —0.
Substituting in (3.26) we get
TR, (1M ® 23072 @ 2007V) = (—1)" 27, (12 @ 271 ® 3(n72)), (3.27)

Now we compute the second summand in the right hand side of eq. (3.25). The
definition of ¢, yields

TR, (2™ ® 13072 @ 10071)) =1, (120 @ 13072 @ 1"=2)) (3.28)

+ @)”u (2(n)3 ® 1@3(n=3) & 1(71—2))'
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Applying Lemma 2.3(2) to WM(12(”) ® 132 1("*2)) for rows 2 and 3, we have
ﬂ_M(12(’n) ® 13(71—2) ® 1(n—2)) — (_1)71—27_‘_“(12(71) ® 1(n—1) ® 3(77,—2))

and applying the same lemma to the resulting term 7, (120 @ 1("=Y & 3"=2)) for rows 1
and 2, we have

77#(12(n) ® 101 & 3(”*2)) = (_1)”*17%(1(”)2 ® 201 & 3(71*2))'
Hence substituting we obtain

m,(12 © 13072 @ 172)) = (1) 2(=1)" 7, (12 @ 2 © 30n72) (3.29)
= —7,(1"M2 @201 g 3("2)).
The number of 1’s in rows 2 and 3 of 7, (23 1@3"=3) ©1("=?) is equal to 2+n—2 = n

and the length of the second part of the partition u is equal to n — 1. Since n — 1 < n,
we conclude from Lemma 2.3(1) that

7, (23 ® 19303 g 1072)) = 0. (3.30)
Now substituting (3.29) and (3.30) into (3.28) we get

TR, (2 ® 1372 @ 10071) = —7, (12 @ 21 g 3(772) (3.31)
and substituting (3.27) and (3.31) into (3.25) we get

o) = (1), (1029500 & 30-2)
_ (—1)"7].”(1(702 ® 201 3(n,2))

Hence mg, o y3 = 0. O

3.6 Main result for Weyl modules

Recall that we have the partitions A\, 4 and v of 3n — 2 defined at the beginning of Section
3. Also we have the maps of G-modules

% :D(A) = D(A) (i = 1,2),
v3: D(v) = D(A)

given in Definition 3.1 and Definition 3.13 respectively. We defined the map of G-modules
Y1i+%+73: D(N)@D(N) @ D(v) = D(A) by (v +72+73) (2, ¥, 2) = m(2) +92(y) +3(2),
where z,y € D(A) and z € D(v). It follows that Im(vy + 72 + 73) = Im(y; + 72) +
Im(vs) =Im(7y1) 4+ Im(72) + Im(vy3). The main result of this paper for Weyl modules is the
following.
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Theorem 3.17. Let N > 3n — 2. Then, the cokernel of the map
M +v+7: D)@ D) @ D(v) — D(A)
is isomorphic to Ky ®© K, as G-modules.

Proof. From Theorem 3.4 we know that the cokernel of the map
M +72: D) & D(A) = D(A)

is isomorphic as a G-module to K, @ K,. Hence it suffices to show that each of the
irreducibles K and K, has multiplicity equal to zero in the image Im(v3) of the map

v3 1 D(v) = D()).

We know that a basis of Homg(D(A), K) is the set {m\}. Thus from Lemma 3.16(1)
we conclude that the multiplicity of K in Im(~3) is equal to zero.

We know from Remark 3.15 and Proposition 2.9 that a basis of Homg(D(\), K,,) is
the set

{ﬂ-Rl ) 7TR2}'

Thus from Lemma 3.16(2), (3) we conclude that the multiplicity of K, in Im(y3) is equal
to zero. O

Remark 3.18. According to Theorem 3.4 and Theorem 3.17, the cokernels of the maps
T+ D(A) @ D(A) = D(A) and 71 + 7 + 73« D(A) & D(A) & D(v) — D()) are
isomorphic G-modules. This implies that Im(v3) is contained in Im(y; + 72) because
Im(y1 +72) C Im(yi + 72 + 7).

4 LAnKes and Specht modules

Let m = 3n — 2 and n > 2. The purpose of this section is to show how Theorem 1.2
follows from Theorem 3.17. We will need a particular presentation of Lie,(m) given in
Lemma 4.10 below.

4.1 A presentation of Lie, (m)

First, we will describe a presentation of Lie,(m) (see Lemma 4.3 below) in the spirit of
Section 2.2 of [6]. We recall that an n-bracketed permutation on [m] is an n-bracketed
word on [m] such that each a € [m] appears exactly once. The symmetric group &,, acts
naturally on n-bracketed permutations by replacing each i of the bracketed permutation

by o(i).

Definition 4.1. Let W = W, 5 be the vector space generated by all possible n-bracketed
permutations on [m] subject only to skew commutativity of the bracket given in Definition
1.1(1) (but not to the generalized Jacobi identity (1.1)).
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It is clear that W is an &,,,-module.
Here the number of brackets is £ = 3. Hence up to skew commutativity there are two
types of generators of W consisting of bracketed permutations
M1, xnls vty oo Ynaa]s 215 - o5 Znetl, (G1)
([z1, sz, [Yas -y Unly 215 - - o Znal, (G2)
for all z;,y;, 21, € [m].

Lemma 4.2. The subspace of W consisting of the relations satisfied by the elements (G1)
and (G2) is generated by the following relations

(G1) = sgn(o)[[[To1)s - - » Tom)s Yty - - s Un—1), 215 - - -, Zn1], O € Gy, (4.1)
(G1) —sgn(T)[[[Z1, - - - Tuls Yr1)s - - > Yr(ne1)]s 215 - -+, Zno1)y, T € Gy, (4.2)
(G1) —sgn(7)[[[z1,-- s Tnl, Y1y - s Yne1)s Zr1)s - - -5 Zrn—1))s T € Gpr, (4.3)
and
(G2) —sgn(o)[[To(1)s - - s Tom)]s W1, - > Yn)s 21, - -, Zn—a], 0 € Gy, (4.4)
(G2) —sgn(o)[[z1, - Tals Wo@), - s Yom))s 215 - - - Zn2), T € &y, (4.5)
(G2) —sgn(T)[[x1, - - s Tnl, Y1, - -, Un)s 27(1)s - - -5 Zr(n—2))s T € Gpa, (4.6)
(G2) + [[y1, -+ s YUnls [T15 - -y @]y 21, -+, Zna) (4.7)
Proof. This follows immediately from the definition of W since all relations in W are con-
sequences of the identities [x1,x2, ..., %,] = sgn(0)[Z01), To(2)s - - - » To(n)], Where z1,. .., 2y
€ [m] are distinct elements and o € G,,. O

Remarks on notation: (1) According to Definition 1.1, the vector space Lie,(m) is a
quotient of W (by the subspace generated by relations given by the generalized Jacobi
identity). We will use the same symbol for a bracketed permutation in W and the cor-
responding coset in Lie,(m) if there is no danger of confusion. Thus, when considering
elements of Lie, (m), we may refer to (G1) and (G2) as generators of Lie,(m). (2) For a se-
quence xy, ..., x, of elements of [m] and for ¢ € {1,...,¢q}, we denote by x1,...,Z;i, ..., 2,
the sequence obtained by omitting the term z;.

Lemma 4.3. Let span(R1, R2, R3) be the subspace of W spanned by the elements (R1),
(R2), (R3) defined as follows

n

(G1) —Z(—l)i_l[[[aji,yl,...,yn_l],xl,...,@,...,xn],zl,...,zn_l], (R1)
i=1
(Gl) - [[[.731, ey Ty ] 21y .- ‘7Zn71]7y17 ce ,ynfl] (R,2)
_Z xla"'wxn]a[yiyzh"'azn—1]7y1a"'7@\1""'7971—1]7
(G2) =) (=Dt - -yl i 215+ Znal 1, Ty ) (R3)
i=1
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for all x;,y;, 2z € [m]. Then the Sy-modules Lie,(m) and W/ span(R1, R2, R3) are iso-
morphic.

Proof. The relations among the generators (G1) and (G2) of Lie,(m) are consequences
of skew commutativity of the bracket and the generalized Jacobi identity, cf. Definition
1.1. Up to skew commutativity of the bracket, this identity may be applied in exactly

two ways to a generator of type (G1); we may exchange the yy, ..., 4,1 with n—1 of the
x1,...,2, (keeping the zj fixed), or we may exchange the zi,..., 2,1 with n — 1 of the
(1, ..., Zn], Y1, -« -, Yn—1. In the first case, we obtain

n

(Gl) = Z[[l’h R 7 I [l’i,yl, e 7yn71]7xi+17 e ,xn], ATREE 7Zn71]-
i=1

From this and skew commutativity of the bracket (we move the xq,...,2;_1 to the right
of the element [z;,41,...,Yn-1]), we obtain (R1). In the second case, we obtain (R2) in a
similar manner.

Up to skew commutativity of the bracket, the generalized Jacobi identity may be
applied in exactly one way to a generator of type (G2), by exchanging the [y, ..., y],
21y, 2n_g with n — 1 of the zy,...,z,. Thus we obtain (R3). O

In the next lemma we prove two more relations of Lie,(m).

Lemma 4.4. Define the elements of W

(G1) = [[[x1, -y Tn)y 215 -+ o5 Zne1)s YLy -+ vy Y1) (R4)
n—1 n
- Z(_lyil Z(_l)J[[[y“Zl? s 7Zn71]>xj73/17 s 7@7 s 7yn*1]7
i=1 j=1
X1, 7/$\j7' 7$n]7
Z<_1)1H['r17 ce 7$n]7yi721; s 7Zn*2]7y17 s 73//\757 s 7yn] (R5>
=1

+ Z(_l)l[[[g/la s 7yn]7$’iazla c '7Zn72]7x17 s 7@7 s 7$n]7
=1

for all x;,y;, zx € [m|. The images of these in Lie,(m) are equal to 0.

Proof. Note that by skew commutativity of the bracket, every summand in the sum of
(R2) of Lemma 4.3 is up to sign a generator of type (G2). We substitute (R3) in (R2) to
obtain (R4).

We have the element (R3) of Lemma 4.3 and the corresponding element obtained by
exchanging the ’s and y’s. By adding these and using skew commutativity of the bracket
we obtain (R5). O

Definition 4.5. Let W(1) be the &,,-submodule of W generated by the elements (G1).
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We note that the elements (R1), (R4) and (R5) of W involve only generators of type
(G1). Hence the subspace span(R1, R4, R5) spanned by these is contained in W (1). Also
it is clear that span(R1, R4, R5) is an &,,-submodule of W (1).

Definition 4.6. Let Lie,(m) be the &,,-module W (1)/span(R1, R4, R5).

Lemma 4.7. The inclusion map W (1) C W induces a surjective map of &,,-modules
Lie,(m) — Lie,(m).

Proof. From Lemma 4.3 it follows that the image of (R1) in Lie,(m) is equal to 0 and
from Lemma 4.4 it follows that the images of (R4) and (R5) in Lie,(m) are equal to 0.
Hence the inclusion map W (1) C W induces a map W (1)/span(R1, R4, R5) — Lie,(m).

We know that Lie,(m) is generated by the images of (G1) and (G2). Hence by Lemma
4.3(R3), Lie,(m) is generated by the images of (G1). So the map W (1)/span(R1, R4, R5)
— Lie, (m) is surjective. O

We will show now that the surjective map Lie, (m) — Lie,(m) of the previous lemma
is an isomorphism. For this we need a particular relation in Lie,(m) (Lemma 4.9 below).
For the proof we will make use of a remark on the sign of permutations that follows.

Remark 4.8. Recall that for a finite sequence uq,...,u, of distinct positive integers,
the inversion number inv(uy,...,u;) is the number of pairs (u;, u;) such that i < j and
u; > wu;. For a permutation ¢ € &, we have sgn(o) = (—1)"0W-oM) " Now let

i€ {l,...,n}. We may consider the inversion number inv(c(1),...,0(7),...,0(n)) of the
sequence obtained from o(1),...,0(n) by deleting the term o (7). We have

(_1)1(_1>mv(o(1) ..... o(i)ses0(n)) (_1)0(1‘) Sgn(o). (48)
Proof. Working modulo 2 we have

sgn(o) = inv(o(1),...,0(n))
= mv(d(z),a( ) o 0(i), o)+ (i — 1)
= inv(o(i),1,...,0(1),...,n) +inv(o(1),...,00),...,o(n)) + (i — 1)
= inv(1,...,n) + (0(i) — 1) + inv(o(1),...,0(i),...,o(n) + (i — 1)
)

a(z)—i—znv( 1), ...,0(i),...,0(n)) +i.

In the second and fourth congruences we used the fact inv(u) = inv(u')+1 if the sequence
u' is obtained from u by transposing two adjacent elements. In the third we used that

inv(uy, ug, ..., ug) = inv(ug, v, ..., v) + inv(ug, ..., ug), where vo < -+ < vy is the
increasing sequence obtained from us, . .., u; by rearranging the terms in increasing order.
O
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Lemma 4.9. In W(1) we have the relations

n

Z(—l)i[[[yl, e Yn)y Ty 21y ey 2]y Ty ey Ty ey T
i=1

- SgH(O') Z(_l)l[[[yla SR >yn]7 To(i)s 1y« - ,ang], To)s s Lo(i)y - - - 7mo(n)]>
=1

where o € &,,. Thus we have the corresponding relations in Lie,(m).

Proof. For i € {1,...,n} we know from relation (4.3) that

H[ylv"'7yn]7$iazla"'7Zn—2]7x17"'75/v\i7"'axn]

is skew commutative in the xq,...,x;_1,z;11, x,. Hence for every ¢ € G,, we have

n

Z(_l)z[[[yh s ayn]7'xo’(i)a Rlye 7Zn—2]7x0(1)7 cee 71'/0'(\1')7 cee 7xa(n)]
=1

—

_ Z(_l)i(_1)z‘nv(cr(l),...,o(i),...,a(n))[[[yh e Unls To(i)y 21, - - -  Zn_a], X1, .. 7@(7)7 .

i=1
= Z(— )7 sgn(o)[[[yr, - - - Unl, To()s 215 - - Zn—2)s T1, - o Tai)s - - - 5 Tl
i=1

The right hand side is equal to

n

SgH(O') Z<_1)J(z)[[[yla s 7yn]7xo(i)7zl7 R anQ]axla SR 7$/0-\(i)7 s 7xn}
i=1

= Sgn(a) Z(_l)l[“yh C 7yn]7$ia Ry~ 7Zn—2]7x17 cee al/‘\h cee ax’n]7
i=1
where in the last equality we have a rearrangement of the terms in the sum. The first

result of the lemma follows. The second follows from the first since Lie,(m) is a quotient
of W(1). O
The main result of the present subsection is the following.
Lemma 4.10. The inclusion map W (1) C W induces an isomorphism of &,,-modules
Lie,(m) — Lie,(m).
Proof. From Lemma 4.7 we know that the inclusion map W (1) C W induces a surjective
linear map Lie,(m) — Lie,(m).
In the argument given below, we show that there exists a surjective linear map
Lie,(m) — Lie,(m). Since these spaces are finite dimensional, the surjective linear map
Lie,(m) — Lie,(m) is an isomorphism as desired.

Consider the map o
© : W — Lie,(m)
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e that is the identity map on (G1), and

e sends a generator [[z1,..., %], [Y1,- -, Ynl, 21, - - -, 2n_2] Of type (G2) to

Z(—l)i[[[g/l, e YUn) Ty 21y 2] Ty e Ty, Ty (4.9)

=1

We need to show that © is well defined, i.e. sends the relations of W to relations of
Lie,(m).

Since O is the identity map on (G1), it is clear that the relations (4.1) - (4.3) are sent
to the corresponding relations of Lie, (m).

Next we consider the relations (4.4) - (4.7) of W. From the definition of ©, it follows
that the image of the relation (4.4) is equal to

n

Z(—l)i[[[yl, e Ynly Ty 21y ey 2]y Ty ey Ty ey T
i=1

- SgH(O') Z(_l)l[[[yla SR >yn]7 To(i)s 1y« - ,ang], To)s s Lo(i)y -~ - 7xo(n)]-
i=1
By Lemma 4.9 this is equal to 0. o
In order to show that relation (4.5) of W is mapped under © to a relation of Lie,(m),
it suffices by the definition given in (4.9) to show the following identity in Lie, (m)
Z(_l)l“[ylv s 7yn]a Tiy 215 - - - 7Zn—2]7 Lise - 7@7 s 7xn] (410)

i=1
n

zsgn(a) Z(_l)z[[[ya(l)a s 7y0'(n)]a Tis 215 - - - 7Zn—2]7 L1y - 7@7 s ;xn]
=1

for any permutation o € &,,. From relation (4.1) of W (1) applied to

H[ylv"'7yn]7$iazla"'7zn72]7$17"'7@7"'axn]
we have
H[y17‘"Jyn]7‘ri7zl7"'JZTL72]7‘/I"17“‘7§:\‘7:7"‘7$TL]
:Sgn(a)[“ya(l)a <o ayo(n)]awiazb .- '7Zn—2]7$17 cee afia ce 7xn]-

Taking the alternating sum with respect to ¢ = 1,...,n we obtain eq. (4.10).
Similarly to the previous case, in order to show that relation (4.6) of W is mapped
under © to a relation of Lie,(m), it suffices to show the following identity in Lie,(m)
Z(_l)z[[[yla s 7yn]a Tiy 21y - 7Zn—2]a L1y 7@7 s 75671] (411>

i=1
n

=sgn(7) Z(—l)i[[[yl, o Un]y iy Zr(1)s - B (e s Ty - Ty T
=1

7
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for any permutation 7 € &,,_». From relation (4.2) of W(1) applied to

H[ylv"'7yn]7$iazla"'7zn72]7$17"'7@7"'axn]
we have
[[[y17""yn})xi7zl7""zn_2:|7x17"'7@""7xn]
=sgn(7)[[[Y1, - -, Un|, Tis 2r(1)s - - s Zr(ne2) s T1s - - Ty -, T

where the element z; remains fixed. Hence (4.11) follows.

From the definition of © (see (4.9)), it follows that the image of the relation (4.7) is
equal to the relation (R5) of Lie,(m).

Thus far we have shown that © : W — Lie,(m) is a well defined map. Since Lie,, (m)
is a quotient of W (1) and the (G1) generate W (1), it is clear from the definition of ©
that © is surjective.

Finally, from the definition of © it is clear that the image under ©

e of (R1) of Lemma 4.3 is equal to (R1) in Lie, (m),
e of (R2) of Lemma 4.3 is equal to (R4) in Lie,(m), and
e of (R3) of Lemma 4.3 is equal to zero.

From Lemma 4.3 it follows that © induces a surjective linear map Lie, (m) — Lie,(m).

The proof is complete.
]

4.2 A presentation associated to the map ~v; + v2 + 73

For the remainder of this section, let A = (n,n—1,n—1), p=(n+1,n —1,n —2) and
v=(n,n,n—2).

Applying the functor 2 that we discussed in Section 2.6 to the map v + 2 + 73 of
Theorem 3.17, we obtain a map of G-modules

AN @ AN @ A(y) 20202000,y (4.12)

From Definition 3.1, Definition 3.13, the definition of the maps ¢s and ¥g in (2.6) and
(2.7), and the description of the functor €2 in Section 2.6 (especially item 3 that involves
sign changes), it is straightforward to verify that the maps (1), (72) and €(y3) are as
follows,

Q) = 1ap — ¥se)s
Qv2) = Lay — ¥s(3) + Vs,
Q(13) = You) + o)

We will need to compute these maps on basis elements of A(\) (in the cases of Q(7;)
and (72)) and on basis elements of A(v) (in the case of Q(v3)).
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Recall that we have the basis {ey,...,ex} of the natural G-module V. So let
W=y ze AN,

where v =2y x, EA", y=y1- Y1 € A" 1, 2 € A" and 2;,y; € {e1,...,en}. For
ie{l,...,n} welet

wfi) =2y Ty x, € AV
where Z; means that z; is omitted. For j € {1,...,n — 1} we define y[j] € A" ? in a

similar manner. It is easy to check using the definition of g in Definition 2.8 and the
definition of the tableaux S(i) in Definition 3.1, that

Qo)) =w =Y (-1 iy @ ali] @ 2, (1.13)
O(p)(w) =w-c®:0y+ Y ()Y Y e o agl el (@410

Likewise, for
u=12®y e,

where 2/ = 2y 2, € A",y =y1--y, € A", 2/ € A" 2 and x;,y; € {ey,...,en}, we
have

Q)(w) =Y d' @y @yl +) v @z @i (4.15)
i=1 i=1

Next we want to apply the Schur functor. Suppose N > m. Recall from [10], the Schur
functor is a functor f from the category of homogeneous polynomial representations of G
of degree m to the category of left &,,-modules. For M an object in the first category,
f(M) is the weight subspace M, of M, where a = (1™,0¥~™) and for 0 : M — Q a
morphism in the first category, f(6) is the restriction M, — @, of 8. Let us denote the
conjugate of a partition £ by &£'. The Specht module corresponding to a partition & of m
will be denoted by S¢ and the space of column tabloids corresponding to ¢ will be denoted
by M¢. See [9, Chapter 7.4] for the later. It is well known that f is an exact functor such
that f(L¢) = S and f(AS) = M¥¢ for any partition & of m, where L¢ is the Schur module
introduced in Section 2.2.

Applying the Schur functor to the map A(X) & A(X) & A(v) ) +002)+003), A(X) in
(4.12) we obtain a map of &,,-modules
N @ Y e N SO+ (Q2)+F(Q3)) e (4.16)

If an element z ® y ® z of A(A) is in MY, we denote by x|y|z its image in the cokernel of
(4.16).
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Lemma 4.11. The cokernel of the map (4.16) has a presentation with generators x|y|z
and relations

n

zlylz = Z(—l)i_lximx[iﬂz, (4.17)
xly|z = z|z|ly — i(—l)i_l Z(—l)j_lyiz]xjy[iﬂx[j], (4.18)
>l + 3 ol = 0 (1.19)

where

ez € A" and y,z € A" run over all elements of the form x = x1---x,, y =
Y1 Yno1, 2 = 21" 2Zn_1 Such that x1,...Tp, Y1, Yn_1,21s-- -, 2Zn_1 1S permuta-
tion of ey, €a9,...,€3,_2, and

o 2/.y € A" and 2 € A"? run over all elements of the form 2/ = xy---x,, iy =

Y1 Yn, 2 = 21+ 2n_o Such that T1,...Zn, Y1, .., Yn, 21y .- ., Zn_a 1S permutation

of er,€a,. .., €3, 2.
Proof. This follows from the previous discussion and the equalities (4.13), (4.14), (4.15).
[l

4.3 Proof of Theorem 1.2

Proof. Recall that we are assuming N > m = 3n — 2 and n > 2. Also we have the
partitions A = (n,n—1,n—1), u=(n+1,n—1,n—2) and v = (n,n,n — 2).
Consider the map of &,,-modules
h: MY = Lie,(m),
Ty wn‘yl o ‘yn71’2’1 CttZp—1 > [Hxla cee 7xn]ay17 s 7yn71]7zl> ceey anl}-
From Lemma 4.11 it follows that h induces a map of &,,,-modules

Coker(M,\’ @ M)\’ @ Mz/ f(Q('Yl))+f(Q('72))+f(Q('73))/ M)\’) N L_len(m) (420)

which is an isomorphism, since h carries (4.17), (4.18) and (4.19) to (R1), (R4) and (R5)

respectively. Hence, from Theorem 3.17 it follows that Lie,(m) ~ S @ S* as &,,-
modules. From Lemma 4.10 we have Lie, (m) ~ S» @ S* as &,,-modules as desired. [

We have seen that the map in (4.20) is an isomorphism of &,,-modules. From this
and Remark 3.18 it follows that we have another isomorphism of &,,-modules,

Coker(M @ N LECDHEOD) Frvy s Lie, (m). (4.21)

Thus we obtain the following corollary.

Corollary 4.12. For m = 3n — 2 and n > 2 we have Lie,(m) ~ W(1)/span(R1, R4) as
G -modules.
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