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Abstract

We establish a lower bound theorem for the number of k-faces (1 < k < d — 2)
in a d-dimensional polytope P (abbreviated as a d-polytope) with 2d + 2 vertices,
extending the previously known case for £ = 1. We identify all minimisers for d < 5.
Two distinct lower bounds emerge, depending on the number of facets of P. When
P has precisely d + 2 facets, the lower bound is tight when d is odd. If P has
at least d 4+ 3 facets, the lower bound is always tight, and equality holds for some
1 <k <d—2 only when P has precisely d + 3 facets.

Moreover, for 1 < k < [d/3] — 2, the minimisers among d-polytopes with 2d + 2
vertices have precisely d + 3 facets, while for |0.4d| < k < d — 1, the lower bound
arises from d-polytopes with d + 2 facets.

Mathematics Subject Classifications: 52B05, 52B11

1 Introduction

Two (convex) polytopes are combinatorially equivalent if their face lattices are isomorphic.
We do not distinguish between combinatorially equivalent polytopes.
Griinbaum [5, Sec. 10.2] conjectured that the function

d+1 d d+1-s
Ox(d+ s,d) <k+1>+<k+1) ( k1 ), or s<d (1)

gives the minimum number of k-faces of a d-polytope with d + s vertices and proved the
conjecture for s = 2,3, 4. Xue [13] then completed the proof, including a characterisation
of the unique minimisers for k& € [1...d — 2]. Earlier, Pineda-Villavicencio et. al [9] had
settled the conjecture for some values of k.
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When k € [1...d — 2] (the set of integers between 1 and d — 2), each minimiser of
(1) is combinatorially equivalent to a (d — s)-fold pyramid over a simplicial s-prism for
s € [1...d]; we call such a polytope an (s,d — s)-triplex and denote it by M (s,d — s).

Let P be a d-polytope in R?, let F be a face of P, and let K be a closed halfspace in
R? such that the vertices of P not in K are the vertices of F. A polytope P’ is obtained
by truncating the face F of P if PP = PNK.

For the parameters d > 2 and s € [2...d], if we truncate a simple vertex (a vertex
contained in exactly d facets) from the (s,d — s)-triplex, we obtain a d-polytope J(s,d)
with 2d + s — 1 vertices, d + 3 facets, and whose number of k-faces with k € [1...d — 1]
is given by the function

= (1)) -(1) e

The paper [12] refers to J(2,d) as a d-pentasm and the polytope J(3,d) as B(d).

The Cartesian product of a d-polytope P C R? and a d’-polytope P’ C R¥ is the
Cartesian product of the sets P and P: P x P' = {(p,p')' € R™*¥ | pec P, p' € P'}. We
denote by T'(d) the d-simplex and by f; the number of k-faces in a polytope.

Lemma 1 (McMullen 1971, [6, Sec. 3]). Let P be a d-dimensional polytope with d + 2
facets, where d > 2. Then, there exist integers 2 < a < d and 1 < m < |a/2] such that
P is combinatorially equivalent to a (d — a)-fold pyramid over T'(m) x T(a — m). The
number of k-faces of P is

( d) = d—+2 B d—a+m+1 _ d—m-+1 . d—a-+1 3)
A k42 k42 E+2 )

In particular, fo(P)=d+ 1+ m(a —m).

Pineda-Villavicencio [7, Prob. 8.7.11] conjectured J(s,d) and some d-polytopes with
d + 2 facets minimise the number of faces in polytopes with up to 3d — 1 vertices. Our
results provide further evidence in support of this conjecture.

Conjecture 2 ([7, Prob. 8.7.11]). Let d > 3 and s € [2...d]. Let P be a d-polytope with
2d 4+ s — 1 vertices.

(i) If P has at least d + 3 facets, then fi(P) > fx(J(s,d)) for each k € [1...d — 2].

(ii) If P has d+ 2 facets, then it is combinatorially equivalent to a (d — a)-fold pyramid
over T'(m) x T'(a —m) for some a € [2...d] and 2 < m < |a/2].

The case s = 2 in Conjecture 2 was settled independently by Pineda-Villavicencio and
Yost [12], and by Xue [14]. Here we verify the case of s = 3. Let

s (2)+ () ()-(“2 )

(s
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See also Lemma 7. Additionally, denote by A(d) a polytope obtained by truncating a
nonsimple vertex of a (2,d — 2)-triplex. Our main theorem reads as follows.

Theorem 3. Let d > 3, let P be a d-polytope with 2d+2 vertices, and let k € [1...d—2].

(i) If P has at least d + 3 facets, then fir(P) = fi(J(3,d)) = fr(A(d)) = ne(2d + 2, d).
Moreover, equality holds for some k only if P has exactly d + 3 facets.

(ii) If P has d+ 2 facets, then fr(P) = 7.(2d + 2,d). Furthermore, the equality is tight
for every k € [1...d—2] when d is odd, a = |(d+3)/2]+1, and P is combinatorially
equivalent to a (d — a)-fold pyramid over T'(2) x T'(a — 2).

We remark that, when d > 9, another dichotomy manifests:

(i) f1 <k < [d/3]—2, then n,(2d+2,d) < 7,(2d+2,d) (Lemma 23(i)), so nx(2d+2, d)
is the lower bound for the number of k-faces in d-polytopes with 2d + 2 vertices.

(ii) If [0.4d| < k < d—1, then n,(2d + 2,d) > 7x(2d + 2,d) (Lemma 23(ii)), making
Tk(2d + 2, d) the lower bound for k-faces in d-polytopes with 2d + 2 vertices.

It is worth noting that a d-polytope with 2d + 2 vertices and d+ 2 facets exists (if and)
only if d + 1 is composite and d # 3. This is an easy consequence of the last sentence of
Lemma 1.

The proof of Part (i) of Theorem 3 (restated as Theorem 18) is lengthy, involving case
analysis, induction, properties of super-Kirkman polytopes—where every pair of facets
intersects in a ridge—and a key counting result of Xue [13, Prop. 3.1], restated in Corol-
lary 12, which estimates the number of faces containing at least one vertex from a set of
at most d vertices.

2 Polytopes with d + 2 vertices or facets

By duality, the following lemma for d-polytopes with d + 2 vertices is equivalent to
Lemma 1. Historically, Lemma 4 was proved first, and Lemma 1 deduced from it later.
The direct sum P @ P’ of a d-polytope P C R% and a d’-polytope P’ C R with the origin
in their relative interiors is the (d + d')-polytope:

o))

P @ P' = conv ({ (Op ) e R™| p e P} U { (?j) e R
d/

Here, 0, denotes the zero vector in R
Lemma 4. [5, Sec. 6.1] Let P be a d-dimensional polytope with d + 2 vertices, where
d > 2. Then, there exist integers 2 < a < d and 1 < m < [a/2] such that P is
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combinatorially equivalent to a (d — a)-fold pyramid over T(m) @ T(a —m). The number
of k-dimensional faces of P is

d—+2 B d—a+m+1 _ d—m+1 n d—a+1
d—k+1 d—k+1 d—k+1 d—k+1)

In particular, fy_1(P)=d+ 1+ m(a —m).

As in Griinbaum [5, Thm. 6.1.4], we denote the (d—a)-fold pyramid over T'(m)®T (a—
m) by T%4=_ Griinbaum [5, p. 101] established inequalities for the number of k-faces in
d-polytopes with d + 2 vertices.

Lemma 5. For k € [0...d — 1], the following statements hold:

() If2<a<dand 1l <m < |a/2] — 1, then fi(T%%) < fi(T24), with strict
inequality if and only if m < k.

(i) f2<a<d—1and 1< m< |a/2], then fi(T%49) < f(TH ™) with strict
inequality if and only if a — m < k.

The dual polytope (T4%~)* of T49~% is combinatorially equivalent to a (d — a)-fold
pyramid over T'(m) x T'(a —m). We list the d + 2 facets of (T%4~%)* below.

Remark 6. For d > 2,2 < a < d,and 1 <m < |a/2], the d + 2 facets of the (d — a)-fold
pyramid P over T'(m) x T'(a —m) are as follows:

(i) m+1 facets that are (d — a)-fold pyramids over T'(m —1) X T'(a —m), whose number
of vertices is fo(P) — (a —m + 1);

(ii) @ — m + 1 facets that are (d — a)-fold pyramids over T'(m) x T'(a — m — 1), whose
number of vertices is fo(P) — (m + 1);

(iii) d— a facets that are (d —a — 1)-fold pyramids over 7'(m) x T'(a —m), whose number
of vertices is fo(P) — 1.

The next lemma, whose proof is embedded in the proof of [14, Thm. 4.1], settles
Theorem 3(ii). We write a proof for the sake of completeness.

Lemma 7. Ford > 4, s € [2...d—2],a = [(d+$)/2] +1,and 1 < k < d — 2, the
number

d+ 2 d—a+3 d—1 d—a-+1
2d+ 5 —1.d) := - -
me(2d + 5 = 1,d) (k+2) ( ki + 2 ) (k+2)+( ki + 9 )
B d+1 n d . d—1 B d—a-+2 B d—a-+1
C\k+1 E+1 E+1 E+1 k+1

of k-faces of the d-polytope (TQd ’d_a)* is a lower bound on the number of k-faces of d-
polytopes with exactly d + 2 facets and at least 2d + s — 1 vertices.
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Proof. We reason as in [14, Sec. 4]. Let P := (T3"*"*)*. Then fo(P) = d+2[(d+s)/2| —1.
Now consider a d-polytope @, distinct from P, with d + 2 facets and at least 2d +s — 1
vertices. By Lemma 1, Q must have the form Q = (T%97%)*, where 2 < b < d and
1 <m < [b/2]. Since fo(Q) =d+1+m(b—m) > 2d+ s— 1 and b < d, we must have
m = 2.

Assume that fo(Q) > fo(P). We want to prove that fi(P) < fp(Q) for 1 <k < d—2.
We work in the dual setting, proving instead that fi(P*) < fr(Q*) for 1 < k < d — 2.

From f4-1(Q*) > fa-1(P*), we get
m(b—m) = 2(a — 2). (4)

Suppose that m = 2. Then b > a and Lemma 5(ii) yields that f(P*) < fi(Q*) for
1 <k <d—2, as desired. Consequently, we assume that m > 3. Hence b > 6.

If b > a then Lemma 5(ii) again yields that fi(T49%) < fi(Q*) for 1 < k < d — 2.
Additionally, f,(T%4%) > fi(P*) for 1 < k < d — 2 by Lemma 5(i). Hence, we are home
in this case. Consequently, we may assume that a > b.

(@) = fiulP) = {— (d 4 ”_ZT 1+ 1) * (Z: Z i ?I)]

~

[ (d—m+1 d—1
+__(d—k+1)+(d—k+1)] (5)
{ ~ L
[ (d—b+1 d—a+1
+ _(d—k:+1> B (d—k+1>]'
2 ~ l,

Using Lemma 22(iii), we write A, B, C' as follows:

(a—b)+m—2 m—2
d—b+m+1-14 d—1—-1/
A=— E B =
( d_k )’ £:1< ),

a—b
_ 1 —
O ( b+ 6'
=1

w
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From this we get expressions for A+ C and A+ B + C.

(a—b)+m—2 a—b
d—b+m+1-1¢ d—b+1-1¢
D Y G B 1 Gy

/=1 /=1
o fd—b+m+1—¢ 2 (d—a+¢
__Z< d—k )+;( d—k )
_“%” d—b+m+1—1¢ +“Z”:2 d—b+1—€
d—k —

J/

S-S - ()

SS(100)]

/

The coefficient (d_b+3) is the smallest among those in D. Thus,

d—k—1

= d—b+3
D> b—3—2¢ : 6
> (5270 ©)

: d—b+1Y - .
The coefficient (d_k_l) is the largest among those in E. Thus,
d—b+1
E<2(a—-0 :

w0500 )
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Combining (6) and (7), we get that

m—2
d—b+3 d—b+1
A+B+C>Z(b—3—2€)( )—2(@—6)( )
- d—k—1 d—k—1

:(m_sz—2—m%g:2t?)—QW‘m(jizti)

Furthermore, (4) is equivalent to (m — 2)(b —2 — m) > 2(a — b), which implies that

d—b+3)_(d—b+1

1$+B+C>2m—bﬂ(w_h_1 P

)} >0, (since a > b). (8)

The lemma follows. ]

The function 74,(2d + s — 1,d) in Lemma 7 is obtained by setting a = |(d + s)/2] + 1
and m = 2 in the function pg(a, m,d) from Lemma 1.

3 Known lower bounds for polytopes with few vertices and aux-
iliary results

We define a vertex figure of a polytope P at a vertex v as the polytope P/v := HN P
where H is a hyperplane separating v from the other vertices of P. There is a bijection
between the k-faces of P that contain v and the (k — 1)-faces of P/v. We require a result
by Xue [13, Prop. 3.1]; see also [12, Prop. 12].

Proposition 8 (Xue 2021). Let d > 2 and let P be a d-polytope. In addition, suppose
that » < d + 1 is given and that S := (v, ve,...,v,) is a sequence of distinct vertices in
P. Then the following statements hold:

(i) There is a sequence Fi, F,, ..., F, of faces of P such that each F; has dimension
d — ¢+ 1 and contains v;, but does not contain any v; with j < 7.

(ii) For each k > 1, the number of k-faces of P that contain at least one of the vertices
in S is bounded from below by

kafl(Fz’/Ui)‘

Xue’s lower bound theorem for d-polytopes with at most 2d vertices (see [13]) reads
as follows:

Theorem 9 (d-polytopes with at most 2d vertices, [13]). Letd > 2 and 1 < s < d. If P
15 a d-polytope with d + s vertices, then

fu(P) = 0k(d+ s,d), forallk e[l...d—1].

Also, if fr(P) = 0r(d+s,d) for some k € [1...d—2], then P is combinatorially equivalent
to the (s,d — s)-triplez.

THE ELECTRONIC JOURNAL OF COMBINATORICS 33(2) (2026), #P2.26 7



We proceed with a lower bound theorem for d-polytopes with 2d+ 1 vertices, indepen-
dently proved by Pineda-Villavicencio and Yost [12], and by Xue [14]. Denote by f(P)
the f-vector of a polytope P, and denote by ¥(d) a d-polytope combinatorially equivalent
to the convex hull of

{0,61761 +€k,€2,62+6k,61 +€2,61 +62+2€k 03 g k < d},
where {e;} is the standard basis of R?.

Theorem 10 (Pineda-Villavicencio and Yost 2022; Xue 2023). Let d > 3, P a d-polytope
with at least 2d + 1 vertices, and k € [1...d — 2].

(i) Let d=3. If P is ¥(3) or a 3-pentasm, then f(P) = (7,11,6). Otherwise, fi(P) >
11 and fo(P) > 6.

(ii) Ifd >4 and P has at least d + 3 facets, then fr(P) = fi(J(2,d)), with equality for
some k € [1...d—2] only if P = J(2,d).

(iii) Ifd > 4 and P has d+2 facets, then fi(P) > fk((T;’d_(Ld/QHQ))*). If d is even then
(TQd’d_(Ld/QHQ))* has 2d + 1 vertices.

A corollary of Theorems 9 and 10 extends to d-polytopes with at least d + s vertices.

Corollary 11. For each d > 2, each k € [1...d — 1], and each s € [1...d], if P is a
d-polytope with at least d + s vertices, then fi(P) > 0,(d + s, d).
Moreover, if fy(P) = 0k(d + s,d) for some k € [1...d — 2|, then P has d + 2 facets.

Proof. The case d = 2 is trivial. Let d > 3. If P has at most 2d vertices, the claim follows
from Theorem 9. Hence assume fo(P) > 2d+1. Since 6i(d+s,d) is an increasing function
in s, it suffices to show that fi(P) > 6,(2d,d) = (dH) + ( ¢ ) for each k € [1...d — 2].

k+1 k+1
If P has at least d + 3 facets, then by Theorem 10(ii) we have

fe(P) = n(2d+1,d) = (Zi D + (kjlrl) + (d; 1) > 01(2d, d).

If P has exactly d + 2 facets, then, by Theorem 10(iii) (see also Lemma 7),

ryz ey = () () () - ()
- (mm - 1)
k+1

d+1 d

If d is even, note that d — 1 = [d/2] + [d/2] — 1, so the strict inequality is rather
straightforward. If d is odd, the polytope (1% A= (Ldf 2J+2))
strict inequality follows from Theorem 9.

Additionally, if fi(P) = 0(d + s, d), then by Theorem 9, P must be combinatorially
equivalent to a triplex with at least d + s vertices, which has d + 2 facets. This completes

the proof. n

* has exactly 2d vertices, and the
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It is convenient to write a corollary of Proposition 8 and Corollary 11.

Corollary 12. Let d > 2 and let P be a d-polytope. In addition, suppose that »r < d+1
is given and that S := (v, vs,...,v,) is a sequence of distinct vertices in P. Then the
following hold:

(i) There is a sequence Fi, Fy, ..., F, of faces of P such that each F; has dimension
d — ¢+ 1 and contains v;, but does not contain any v; with j < 7.

(ii) For each 1 <4 < r, let s; satisfy 1 < s; < d — i+ 1, and suppose that degp. (v;) >
d—1+1+s;. Then, for each k£ > 1, the number of k-faces of P that contain at least
one of the vertices in S is bounded below by

ka—l(Fi/Ui) 2 Z@k_l(d -1+ 1+ Si,d— Z)
=1

=1

4 Polytopes with 2d+ 2 vertices: Small cases and pyramids over
simple polytopes

Denote by C'(d) a polytope obtained by truncating a simple edge, an edge with two simple
vertices, of a (2, d—2)-triplex. For d > 3, it has 3d — 2 vertices and d+ 3 facets. Obviously
C'(2) is just another quadrilateral.

Theorem 13 (Small cases). For d = 3,4,5, the d-polytopes with exactly 2d + 2 vertices
that minimise the number of k-faces for each k € [1...d — 1] are as follows.

(i) For d = 3, the minimisers are combinatorially equivalent to the polytopes A(3) (the
cube) and J(3,3), each with precisely ni(8,3) k-faces for k =1, 2.

(ii) For d = 4, the minimisers are combinatorially equivalent to the four polytopes A(4),
J(3,4), C(4), and 3(4), all with f-vector (10,21,18,7); equivalently, each has pre-
cisely nx(10,4) k-faces for k =1,2,3.

(iii) For d =5, the minimiser with seven facets is combinatorially equivalent to T'(2) %
T(3), with f-vector (12,30,34,21,7).

Among the 5-polytopes with at least eight facets, the minimisers include polytopes
combinatorially equivalent to A(5) and J(3,5), both with f-vector (12,32, 39,25,8).
FEquivalently, each has precisely ni(12,5) k-faces for k =1,2,3,4. These two are the
only minimisers for k = 1,2, but not for k = 3,4.

Moreover, in each case, for every k € [1...d — 1|, the minimisers have either d + 2 or
d+ 3 facets.

Proof. (i)—(ii) The case d = 3 of Theorem 13 is easy to check; one may also consult
the catalogue [3]. The 4-polytopes with 10 vertices and the minimum number of edges,
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namely 21, are the polytopes A(4), J(3,4), C(4), and 3(4) [8, Thm. 6.1]. The Euler—
Poincaré-Schléfli equation for d = 4 [7, Thm. 2.12.17] yields that

Jo— i+ fo— f3=0.

If fo = 10 and f; > 22, this equation implies that fo — f3 > 12, or equivalently that
fo = 12+ f5. Since no 4-polytope with 10 vertices has 6 facets (Lemma 1), the inequality
f3 = 7 gives that fo > 19. This settles the case d = 4.

(iii) Suppose that d = 5. The unique 5-polytope with 7 facets and 12 vertices is
T(2) x T'(3) (Lemma 1). Consider a 5-polytope P with 12 vertices and at least 8 facets.
We show the following.

(a) fi(P) > 32, with equality only for A(5) and J(3,5);
(b) fo(P) = 39, with equality only for A(5) and J(3,5);
(c) f3(P) > 25 but there are other minimisers.

(a) According to [10, Thm. 13], the 5-polytopes with 12 vertices, at least 8 facets, and
the minimum number of edges, namely 32, are the polytopes A(5) and J(3,5).

(c) We consider the dual setting: if P has 12 vertices and at least 8 facets, then the dual
polytope P’ has 12 facets and at least 8 vertices. Suppose first that fo(P') = 8. According
to Theorem 9, the unique 5-polytope with 8 vertices and at most 6;(8,5) = 22 edges is
the (3, 2)-triplex, which has 7 facets. Furthermore, by reasoning with Gale transforms [7,
Sec. 2.14] or consulting the catalogues in [4], we can deduce that the only 5-polytopes
with 8 vertices and exactly 6;(8,5) + 1 = 23 edges are the 3-fold pyramid over the
pentagon and the 2-fold pyramid over the tetragonal antiwedge, each with 8 facets. The
tetragonal antiwedge is the unique nonpyramidal 3-polytope with six vertices and six 2-
faces. The d-polytopes with d + 3 vertices and 6;(d + 3,d) + 2 edges are characterised
in [12, Prop. 16 (i)—(vi)]; they all have 2d + 1 or fewer facets; for the particular case
of d = 5, we can also consult the catalogues in [4]. Dually, we see that a 5-polytope
with 8 facets and no more than 6,(8,5) + 2 = 24 ridges has at most 11 vertices. Thus,
f3(P) =25 = f3(A(5)) = f5(J(3,5)), and also f3(P) — fu(P) =25 —8 = 17.

Suppose now that P has 9 facets. Then, combining Theorem 9 and [9, Thm. 20] we
get that P’ has at least 01(9,5)+2 = 26 edges. If instead P has 10 facets, then, combining
Theorem 9 and [9, Prop. 17] we get that the dual P’ has at least 0;(10,5) 4+ 2 = 27 edges.
Hence, f35(P) > 26 and f3(P) — f4(P) > 17 in both cases. Finally, suppose that P has at
least 11 facets. In this case, the dual graph of P informs us that 2f5(P) > 5f4(P) > 55;
that is, f3 > 28 and f3 — f; > 1.5f4 > 16.5. From this analysis, regardless of the number
of facets in P, we get that f3(P) > 25 again. Note for subsequent use that

f3(P) — fa(P) = 17 9)

in each case.
Examination of the catalogues in [4] reveals that there are exactly three other min-
imisers of f3, all with f = (12,33,40,25,8). The easiest one to describe is the pyramid
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over J(4,4). The catalogue also reveals 12 other 5-polytopes with fo = 12, f; = 8 but
f3 = 26.

(b) If P is not combinatorially equivalent to A(5) or J(3,5), then f;(P) > 33 from
(a), in which case (9) and the Euler—Poincaré-Schlafli equation yield that

fo=fi—fo+fs—f1+2>33—12417+2 = 40.
This concludes the proof of the theorem. n

4.1 Pyramids with at least d + 3 facets and simple base polytope

We require the lower bound theorem for simple polytopes [1, 2] and the notion of trunca-
tion polytopes, polytopes obtained from simplices by successive truncation of vertices.
Remark 14. The smallest vertex counts of truncation d-polytopes are d + 1, 2d, 3d — 1,
and 4d — 2.

Theorem 15 (Simple polytopes, Barnette (1971-73)). Let d > 2 and let P be a simple
d-polytope with f;_1 facets. Then

d—1)fe1 — (d+1)(d—-2), ifk=0;
fk(P) > ( ; )fd 1 dg_l )( ) f
(k+1)fd—1_(k+1)(d_1—k), ifkell...d—2].
If, for d > 4, fr(P) achieves equality for some k € [0...d — 2], then P must be combina-

torially equivalent to a truncation polytope. For d = 2,3, equality holds for every simple

d-polytope.

Lemma 16. Let d > 3 and 0 <t < d — 2. Additionally, let P be a t-fold pyramid over

a simple (d — t)-polytope and suppose P has at least 2d + 2 vertices and at least d + 3

facets. Then, for each k € [1...d — 2], the following statements hold:

(i) If t = 0, then fo(P) > 3d — 1 and fi(P) > nx(3d — 1,d). Equality holds for some

ke [l...d—2]if and only if P is either a cube or the simple d-polytope J(d,d)
(d > 3).

(ii) Ift > 1, then fi(P) > nr(2d+2,d). Moreover equality holds if and only if k = d—2,
and P is combinatorially equivalent to a t-fold pyramid over the simple (d — t)-
polytope J(d — t,d — t) with ¢ satisfying fo(P) =3d — 2t — 1 > 2d + 2.

(10)

Proof. (i) First suppose that ¢t = 0. Since f;_1(P) > d + 3, the lower bound theorem for
simple polytopes yields that fo(P) > 3d — 1 and, for k£ > 1, that

EE A EUR (A CER RS (11)

<2 () [ () - ()]

N

-~

=0
d d+1 1
_2(1{7—|—1) + (k‘—l—l) —77k(3d—1,d)+ (k‘—I—l) —nk(gd—l,d).
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If d =3, fi(P) = m(3d —1,d) for all simple 3-polytopes with 3d — 1 vertices and d + 3
facets; the cube and J(3, 3) are the only such polytopes [8, Lem. 2.19(v)]. Suppose d > 4.
By [8, Lem. 2.19(v)], J(d, d) is the only simple d-polytope with 3d — 1 vertices and d + 3
facets. If fo(P) > 3d — 1, then, by the lower bound theorem for simple polytopes, (11) is
a strict inequality, since a truncation d-polytope with d 4 3 facets has 3d — 1 vertices; see
also Remark 14.

(ii) We first deal with d = 3. If ¢ = 2,3, then P is a 3-simplex, which has fewer than
8 vertices. If t = 1, then P is a pyramid over an n-gon with n > 7, in which case we have
that fi(P) = 2n > 12 = 11(8,3) and fo(P) = n+ 1 > d + 3. Hence the case d = 3 is
settled.

Suppose d = 4. We reason as in the case d = 3. If t = 3,4, then P is a 4-simplex,
which has fewer than 10 vertices. If instead ¢ = 2, then P is a two-fold pyramid over
an n-gon with n > 8, in which case we have that fi(P) = 3n+ 1 > 21 = 1,(10,4) and
fo(P) =3n+1> 18 = 19(10,4). If t = 1, then P is a pyramid over a simple 3-polytope F
with at least ten vertices and at least six faces (there are no simple 3-polytopes with nine
vertices). By Euler’s polyhedral formula, fi(F') > 14. This implies that fi(P) > n,(10,4)
for £k = 1,2. We remark that if P were a pyramid over a cube or J(3,3), it would have
nine vertices, contrary to our assumption on the number of vertices. Thus we can start
our induction on d for all ¢ > 0. Assume d > 5.

Claim 16. If @) is combinatorially equivalent to a t-fold pyramid over J(d —t,d —t), then

fi(@Q) = (ZE) +2(k11) _2(2111)

(Of course the latter term is 0 when k > ¢.) Furthermore, if fo(Q) =3d —2t —1 > 2d + 2,
then fi_2(Q) = n4—2(2d + 2, d), while f(Q) > nr(2d + 2,d) for all 1 <k < d — 3.

Proof of claim. The face numbers of () follow directly from the multifold-pyramid formula;
see, for instance, [5, Thm. 4.2.2]. If k > t, f4_2(Q) = n4_2(2d + 2, d); moreover, f.(Q) >
Ne(2d + 2,d) for each 1 < k < d— 3. Suppose 1 < k < t. Since 2t + 1 < d — 2, we must
have 1 < k < d — 3, in which case

d—
arnena=(13) 200> (12) )

2t+1

) +1) (Lemma 22(v)) gives the last strict inequality.

Applying Vandermonde’s identity to (
O

Since t > 1, the polytope P is a pyramid over a (d — 1)-polytope F, itself a (¢ — 1)-fold
pyramid with at least 2(d — 1) + 2 vertices and at least (d — 1) + 3 facets. Thus our
induction hypothesis applies to F. It also follows that

Je(P) = fu(F) + fra(F).
Suppose that t > 2. By the induction hypothesis, we get that

folF) = ne2(d—1)+2,d—1) = (kL) +2(ZI) - (Z;?) (12)
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with equality if and only if £ = d — 3, F' is combinatorially equivalent to a (¢ — 1)-fold
pyramid over J(d —t,d —t), and fo(F) >2(d—1)+3>2(d—1)+2.
Since fo(F) = fo(P) — 1, fo(P) > 2d + 2, and d > 5, the induction hypothesis gives

fi(P)>m2(d—1)+2,d—1)+2d+1

B d+2d—1_d—3 N d+2d—1_d—3
- L\2 2 2 1 1 1
Furthermore, for k € [2...d — 2], we have
fk(P)Zm(2(d—1)4+2,d = 1)+ ne_1(2(d — 1) + 2,d — 1) = n(2d + 2, d).
For2 <k <d—3, fr—1(F) > nk—1(2(d—1)+2,d—1) by the induction hypothesis, whence
F(P) > m(2d + 2,d).

If k =d— 2, the equality f; 2(P) = n4_2(2d 4+ 2,d) would then imply that f; 3(F) =
Na—3(2(d — 1) + 2,d — 1), which, by the induction hypothesis, holds if and only if F' is a
(t — 1)-fold pyramid over J(d —t,d —t) and fo(F') > 2d; observe that fy_o(F) =d+2 =
Na—2(2(d — 1) + 2,d — 1). Therefore, fs2(P) = n4—2(2d + 2,d) only when P is a t-fold
pyramid over J(d —t,d —t).

Assume that ¢ = 1. Then F is a simple (d — 1)-polytope, in which case (i) yields
that fo(F) > 3(d—1)—1 and fo(P) > 3d — 3. Moreover, as fo(F) > 3(d—1) —1, Part (i)
yields that fy(F) > mp(3d—4,d—1) for each k € [1...d—2]. Therefore, for 2 < k < d—2,
we find that

fu(P) = fu(F) + fra(F)
> n(3(d—1)—1,d— 1)+ 1 (3(d = 1) — 1,d — 1)

(AN o Y (2 NS (A Ly 4 (12
S \k+1 E+1 k+1) 7 \k+1 E+1 E+1

The last inequality is tight only for £ = d—2. By Part (i), if d > 5, then the first inequality
is tight only when F' = J(d — 1,d — 1). Hence in the equality case, P is combinatorially
equivalent to a pyramid over J(d — 1,d — 1). Additionally,

d d—1 d d—1
fl(P)>f1(F)+3d—4>(2)+2( , )+(1)+2< ; )-2

This concludes the proof of the lemma. n

There is a basic bound for the number of k-faces in a polytope.

Lemma 17. If F is a facet of a d-polytope P, then, for each k € [0...d — 1], fx(P) >
Je(F) + foa(F),

Proof. For k > 0, each (k — 1)-face Fy in F is contained in a k-face F} not in F' such that
Fy = F1 N F. The result now follows. O
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5 Proof of the main theorem

We restate Part (i) of Theorem 3 for convenience.

Theorem 18 (Restatement of Theorem 3(i)). Let d > 3, and let P be a d-polytope with
2d + 2 wvertices. If P has at least d + 3 facets, then fr(P) = fr(J(3,d)) = fr(A(d)) =
Me(2d +2,d), for each k € [1...d —2]. Moreover, equality holds for some k only if P has
exactly d + 3 facets.

We prove the inequality first and address the equality afterwards. The cases d = 3,4,5
are settled in Theorem 13. Assume that d > 6. The paper [10] settled the case k =1 for
all d. Our proof of the inequality part proceeds by induction on d for all k € [2...d — 2].

5.1 Claim 18: A facet with fo(P) — 2 vertices

We begin with an overview of the proof. Let F' be a facet with fo(P) — 2 vertices, and
let X := {vy,v5} be the vertices outside F'. We distinguish two cases according to the
number of facets of F.

1. F has at least d 4+ 2 facets. We apply the induction hypothesis together with
Lemma 17 to get the result.

2. F has exactly d + 1 facets. Here fi(F) > 7(2(d — 1) +2,d — 1) by Lemma 7.
Each vertex in X is the apex of a pyramid over a (d — 2)-face of F'. By analysing
the (d —2)-faces of F' (see Remark 6), we conclude that each vertex in X has degree
at least d + 2 in some facet of P and at least d + 3 in P.

We use Corollary 12 to find faces F, Fy in P such that each F; has dimension
d — i+ 1, contains v; € X, and excludes any v; € X with j < i. Note that F} = P.
Hence the number of k-faces of P that contain at least one vertex in X is bounded
below by

2
> fer(Fifvi) = Op_a(d+3,d — 1) + Oy (d + 2,d — 2).
=1

We use Corollary 11 to bound fi_1(F;/v;). These elements settle the subcase.

We now proceed with the details.
Claim 18. If P has a facet F' with 2(d — 1) 4+ 2 = 2d vertices, then f,(P) > np(2d + 2, d).

Proof of claim. We consider two cases according to the number of (d — 2)-faces in F.
Suppose that f4_2(F) >d— 1+ 3. For k € [2...d — 2], combining the induction
hypothesis on d — 1 and Lemma 17 gives that

$u(P) = F(F) + fir(F)
(20)#26) - (o) [ [G) 00 ) - ()]
(c20)=2(00) - (i) a2
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Assume that f; o(F) = d — 1+ 2. Tt follows that F is a (d — 1 — a)-fold pyramid
over T'(m) x T'(a —m) for some 2 < a < d—1and 2 < m < |a/2| (Lemma 1). There
are two vertices outside F', say v, and v,. A facet F5 containing vy but not v; must be a
pyramid over a (d — 2)-face R of F’; the same applies to a facet containing v; but not vs.
According to Remark 6, for any (d—2)-face R of F', there are just three possible values for
fo(R), namely 2d—(a—m++1) (which is > d+2), 2d— (m+1) (which is > d+3), and 2d—1.
This implies that degp, (v2) > d+2 and degp(v;), degp(ve) = d+ 3. Consequently, thanks
to Proposition 8, the k-faces of P include the k-faces in F, at least 74,(2(d — 1) +2,d — 1)
by Lemma 7, the k-faces in P containing vy, at least 0;_1(d —144,d—1) by Corollary 11,
plus the k-faces containing vs inside Fj, at least 0;_1(d — 2 4+ 4,d — 2) by Corollary 11.
When k > 1, this analysis yields the following:

2
fe(P) = fu(F) + > Opa(d—i+4,d—1i)

>Tk<2(d—21)+2,d—1)+ KZ) " (dgl) - (df)}
()65

= m(2d + 2, d) + (Zﬁ) _ ((d]/lef) - (Mﬂ?) B (d;‘l)
(%)

From Lemma 23(iii), we have that (k+1) (M@fl) ([%1—2) ( )= (d;‘r’) >0
when k < d — 3 and that ({1%) — (271 — (12173 — () = (4,°) =0 for k=d —2.
This settles this case. [

5.2 Claim 18: A facet with between d and 2d — 1 vertices

We begin with an overview of the proof. Let F' be facet of P with fo(F) = (d—1)+r
for some r € [1...d]. If 1 < r < d— 1, then we apply Theorem 9 to obtain fy(F) >
Or(d—1+4r,d—1). If r = dand fy_o(F') > d—1+43, then we use fi(F) > np(2(d—1)+1,d—1)
by Theorem 10. If instead » = d and fy_o(F) = d + 1, we invoke Lemma 7 to get
folF) > 1e(2(d — 1) +1,d — 1).

Let X :={vy,...,v4_r+3} be the set of vertices outside F. We apply Corollary 12 to
find faces Fi, ..., Fy_,.3in P such that each F; has dimension d — i+ 1, contains v; € X,
and excludes any v; € X with j < i. Thus, the number of k-faces of P that contain at
least one vertex in X is bounded below by

d—r+3

Z fr1(Fifvy). (15)
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By Lemma 16, we could assume that P contains a vertex that is both nonpyramidal
and nonsimple. Let v; be such a vertex of maximum degree, and let F' be a facet not
containing v;. The main difficulty with this approach lies in bounding fy_1(P/v1), for
which we only have the lower bound 6;_1(d 4 1,d — 1). The lower bounds for f(F") and
Jr—1(P/vy), combined with (15), are insufficient to get the desired inequality. Therefore,
we refine the argument by applying Corollary 12 twice: first to vertices inside a second
facet J; # F, and then to vertices outside F'U J;. For this approach to yield a larger
lower bound than (15), we need at least two vertices outside F' U .J;. We now proceed
with the details.

Claim 18. If P has facets F' and J; such that fo(F') < 2d — 1 and there are at least two
vertices outside F'U Jy, then fi(P) = ni(2d + 2, d).

Proof of claim. Assume that fo(F) = (d — 1) +r for r € [1...d] and let X :=
{v1,...,v4_r+3} be the set of vertices outside F. Additionally, let J; N X = {v],...,v,}.
Then 1 <t < #X —2 =d—r+ 1. By Corollary 12, there is a sequence Fj,..., F/ of
faces within J; such that each F has dimension d — 1 — i + 1 and contains v, but does
not contain any v; with j < i. The number of k-faces of J; that contain at least one of
the vertices in {v],...,v;} is bounded from below by

gfk-lm’/v;) > Z (d . )

There are still #X —t =d —r+ 3 —t > 2 vertices outside F'U J;. Thus, by Corollary 12,
we have the following:

J(P) > fulF) + Z (d;i) Sy (‘”,1_‘7). (16)

j=1

In the case of 1 < r < d — 1, from Theorem 9, we get that
d d—1 d—r
F)> — . 1
JilE) <k+1)+(k+1) (k+1) (17)
Combining (16) and (17), we get

s [ )+ () Gl E ) E ()

j=1

Furthermore, for k& > 2, we can use Lemma 22 to write this expression as

= ne(2d + 2, d) _d;zrj (d_;:_g) a (d;2) ! : (d_;_i) (18)

d—r+1—t .
d—1—3
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In the case of r = d, if f;_o(F) > d — 1+ 3, Theorem 10 gives

Fu(F) > e(2(d— 1)+ 1,d— 1) = (kL) +2(ZI) _ <Zﬁ> (19)

If instead f;—o(F') =d — 1+ 2, then Lemma 7 give that
fi(F) =2 m(2(d—1)+1,d—1)
([ d N d—1 N d—2\ ([d-1)/2]\ [([(d-1)/2] -1 (20)
o \k+1 k+1 k+1 k+1 k+1 '
We analyse (18) for all 1 < r < d — 1, and treat the case r = d by combining (16)
with either (19) or (20).

Case 1. 1 <r<d—1and2<t<d—1 (recall that t <d—r+1).
Here (18) becomes

Fo(P) = mu(2d + 2,d) + d_i_t <d_;_j> - (d_l:_j) (21)

~
>0 (for r > 1)

i(d—;—i)_(t—;—i)l

=1

>0 (as 2?; d—1)
Equality holds precisely in the following scenarios: when ¢t = d — 1 and r € {1,2} (for
all k); when t = 2 and r = 1 (for all k); and when r =d+1—¢,t € [2...d — 1], and
k=d-—2.
Case 2. 2<r<d-—1landt¢t=1.
Here (18) becomes

FolP) = n(2d +2,d) + dil (d_i_j) - (d_]:_j) (22)

jzl N J/

-~

>0 (for r > 2)

Equality occurs only when r = 2 (for all k), r =d — 1 (for all k), or k = d — 2 (for all r).
Case 3. r =d.
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We must have that ¢ = 1. We consider two scenarios according to the number of
(d — 2)-faces in F.

First suppose that f4_2(F) > d — 1 + 3. With the help of Theorem 10, (16)
becomes

fe(P) = fu(F) + ka—l(Fi/vi)

(A by B I (VO A O T
<) #2u) - () etz

Assume now that fq_»(F) =d — 1+ 2. It follows that F is a (d — 1 — a)-fold
pyramid over T'(m) x T'(a —m) for some 2 < a < d—1and 2 <m < |a/2] (Lemma 1).
According to Remark 6, for any (d—2)-face R contained in F', there are only three possible
values for fo(R): 2d—1—(a—m+1) (which is > d+1), 2d—1—(m+1) (which is > d+2),
or 2d — 2. Since t = 1, J; must be a pyramid intersecting F' in a (d — 2)-face, which has
at least d + 1 vertices. Thus J; has at least d 4 2 vertices; that is, fo(J1) =d — 1+
where 3 <7’ < d.

For 3 < r’ < d—1, if we swap the roles of J; and F and assume that F' contains ¢/
vertices from the vertices outside Jq, then 2 < ¢’ < d—2. Consequently, the relevant pairs
(r',t") are covered in case 1.

It remains to consider 7 = d. In this situation, both F' and J; are pyramids. The
vertex in J; \ F, say vy, has degree 2d — 2 in J;, and thus, degree at least 2d — 1 in P.
Let v and v3 be the other two vertices outside F'. By Corollary 12, there is a sequence
F, Fy, F5 of faces of P such that each F; has dimension d — ¢ + 1 and contains v;, but
does not contain any v; with j <.

If the number of (d — 2)-faces in Fy /vy is at least (d — 1) + 3, then Theorem 10 yields,
for k > 2, that

gfkl(Fi/Ui) > (2(d —1) +1,d— 1) + <d; 1) N (dgz)'

In this case, Lemma 7 gives that
3

fe(P) = o)+ ) fea(F/vi)
i=1

>72(d =)+ 1,d—1) +p 1 (2(d—1)+1,d— 1) + (dgl) + (d_Q),

and Lemma 23(iv) gives that
fk(P) > mp(2d + 2,d).
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Suppose the number of (d — 2)-faces in F; /vy is (d — 1) +2. Then Lemma 7 yields, for
k > 2, that

ifm(ﬂ/vi) >m(2d—1)+1,d—1)+ (d; 1) N (d ; 2)
Thus

e(P) = fi(F) + ka—l(Fi/vi)

>n2(d-1)+1,d=1) + 7 1(2(d— 1) +1,d = 1) + (d;) + (d_Q).

Lemma 23(v) now gives that
fr(P) > ni(2d + 2,d).

Case 4. r=1and t =d.

In this case, F'is a simplex and #X = d + 2. If the facet J; is not a simplex, then
dim(J1NF) = 0and d+1 < fo(J1) < 2d—1. Thus, by swapping the roles of J; and F', we
have between 1 and d — 1 vertices in F'\ J;. As a result, the computation for (r,t) where
2<r<dand 1< t<d—1 would apply, namely Cases 1-3. Hence we may assume that
Jp is a simplex. It follows that J; is disjoint from F'.

Let w; and wy be the two vertices outside F'U J;. Let F} be a facet containing w; but
not wy. Then fo(F)) < 2d—1. If Fy is not a simplex, then J; must share vertices with F7,
and thus J; \ F; contains between 1 and d — 1 vertices. Additionally, there are (at least)
two vertices outside F} U Jy. Thus, if F} played the role of F', then the computation for
(r,t) where 2 <r < dand 1 <t <d-—1would apply. Hence we may assume that F} is a
simplex.

If 0 < dim(Fy NF) < d— 2, then J; would share vertices with Fj, and J; \ F}
would contain between 2 and d — 1 vertices. Again, if F7 played the role of F', then the
computation for (r,¢) where r = 1 and 2 < t < d — 1 would apply. As a consequence, we
may assume that F} is a simplex intersecting F' in either a ridge of P or the empty set.
By symmetry, we may also assume F}j intersects J; in either a ridge of P or the empty
set. The same reasoning applies to the facets in P containing wy but not w;. Let F5 be
a facet containing ws but not wy.

Suppose that both F; and F, intersect F' in a ridge of P. Then the number of k-
faces in P is at least the sum of the following contributions: the number of k-faces of F;
containing w;, namely (dgl); the number of k-faces of F', namely (kil); and the number
of k-faces in P containing at least one vertex in J;, which is at least Zle (dﬂi*i) = (ZE)
by Proposition 8. Thus

a1 () (11 w0+ (1))
> ni(2d 4 2,d).
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An analogous argument applies if both F} and F» intersect J; in a ridge. We may therefore
assume that F} intersects F in a ridge and F5 intersects J; in a ridge. If there were another
facet F] containing wy but not ws that intersects J; in a ridge, then both F, and F| would
intersect J; in a ridge. Hence, without loss of generality, we may now assume that every
facet containing w; but not ws intersects F' in a ridge, and every facet containing ws but
not w, intersects J; in a ridge.

If there were no facet containing both w; and ws, then there would be precisely d
facets containing w; and the collection of these facets and F' would form the boundary
complex of a d-simplex, a contradiction.

Let F3 be a facet containing wy and wy. If fo(Fi2) = 2d, then we find a scenario settled
by Claim 18. Thus, we may assume that fo(Fi2) < 2d — 1. Without loss of generality,
we may further assume that dim(Fj2 N Jy) > dim(Fi2 N F) > —1, which implies that
dim(Fio N Jy) > 1 for d > 6. When dim(Fjo N F) = d — 2, we find that fo(F2) = 2d.
Thus, we may further assume that dim(Fj2 N F') < d — 3. Hence there are at least two
vertices outside Fio U Jy, vertices in F'\ Fia.

Suppose first that Fis is not a simplex. If Fi5 played the role of F', then J; \ Fi5 would
contain between 1 and d — 2 vertices, and the computation for (r,¢) where 2 < r < d and
1 <t <d-—2 would apply. Now suppose that Fis is a simplex. If Fi, played the role
of F, then J; \ Fi5 would contain between 2 and d — 2 vertices, and the computation for
(r,t) where r = 1 and 2 < t < d — 2 would apply. In either situation we are reduced to
previously treated cases, which completes the proof of this case.

Case 5. r=1and ¢t = 1.

In this case, F' is a simplex and #X = d + 2. Consider a facet Ny with d — 1+ 1’
vertices that does not contain the vertex v; € X but does contain some vertex in X \ {v; },
say ve. If Nj contained t' vertices from X \ {v1} with 2 < ¢’ < d, then there would be
at least two vertices outside Ny U F'. If N; played the role of J;, we would then be in
one of the previously treated cases with (r,¢) = (1,¢'). Therefore we may assume that N;
contains either exactly one vertex from X (namely vy) or every vertex in X \ {v;}.

Suppose that Ny, contains only vy from X. In this case both N; and F are simplices,
and Ny N F is a (d — 2)-face. Thus we may take N; as the facet J;. Now consider a
facet NN, different from F' that does not contain v, € X. Then N, must contain some
vertex in X \ {v}, say v,. By reasoning as before, we may assume that N, contains either
exactly one vertex from X (namely v,) or every vertex in X \ {v2}. First suppose that

dim(NyNF) = d—2. If Ny contains only v, from X, then, by Proposition 8, the number of
d+1—i) _ (d+1)
k k+1

(since k > 1). The number of k-faces of N; containing vy is (dgl) and the number of

k-faces of P containing at least one vertex in X \ {v,, v2} is at least Zle (

k-faces of N, containing v, is (dgl). Thus

fi(P) = fu(F) +2<d; 1) + (Zi) = m(2d +2,d) + (d; 1) - (df) (27)

Moreover, if Ny contains every vertex in X \ {va}, then fo(Ns) = d4+1+d—1 = 2d, which
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reduces to Claim 18. Hence we may assume that such a facet Ny does not intersect F' in
a ridge of P, which implies that every facet intersecting F' in a ridge of P contains vs.
However, this is impossible: dually, this would mean that every neighbour of the vertex
vp conjugate to F lies in the facet K, conjugate to vy, but the facet K, is not the base
of a pyramid in the dual polytope of P. This settles this scenario.

We may now assume that Ny contains every vertex in X \ {vi}. If NyNFis a (d—2)-
face, then fo(N1) = d+1+4d—1 = 2d, which reduces to Claim 18. Thus we may assume
that Ny N F' is not a (d — 2)-face. Consequently, we may finally assume that every facet
intersecting F' in a ridge of P contains v;; however, this is impossible by the preceding
argument. This contradiction settles Claim 18. [

5.3 Final part for the inequality statement of the theorem.

By virtue of Claim 18, we may assume that P has no facet with 2d vertices. We claim
that the intersection of any two facets of P must be a ridge. This is easy to prove if
one of them is the base of a pyramid, so let F' and F} be any two facets of P such that
fo(F) < 2d —1 and fo(F1) < 2d — 1. By virtue of Claim 18, we may also assume that
F U F} misses at most one vertex of P. Suppose that dim(Fy N F) € [-1...d — 3]. Then
there is a facet K other than F} and F that contains F; N F. Furthermore, we see that
K cannot miss two vertices in F'\ F} and similarly cannot miss two vertices in Fj \ F.
This implies that there is a unique vertex in F'\ K and a unique vertex in F; \ K, and
no vertices at all outside F'U F; U K. Thus K has 2d vertices in total, contrary to our
assumption. Hence dim(Fy N F) =d — 2.

Thus, P is a super-Kirkman polytope, meaning that every pair of facets intersects in
a ridge of the polytope [11]. Since P is super-Kirkman and has at least d + 3 facets, every
facet of P must contain at least d + 2 ridges of P. The smallest simple (d — 1)-polytope
with at least d + 2 (d — 2)-faces contains at least 3d — 4 vertices (Theorem 15), which is
strictly larger than 2d + 1 for d > 6. The following is now plain.

Remark 19. Every facet of P is a nonsimple polytope: it has either between d + 1 and
2d — 1 vertices or 2d + 1 vertices.

If every vertex in P is either pyramidal or simple, then P is a multifold pyramid over
a simple polytope. In this instance, the result follows from Lemma 16. Thus we may
assume that P have a nonpyramidal, nonsimple vertex v;. The vertex v; has degree at
least d + 4 in P, as every nonsimple vertex in a super-Kirkman d-polytope has degree at
least d + 4 [11, Thm. 3.9]. Let F' be a facet in P that does not contain vy, and let X
be the set of vertices outside F. From Remark 19, we get that fo(F) = d — 1 4 r with
re2...d.

Suppose that »r = d. There are three vertices outside F', say vy, ve, and vs. By
Corollary 12, there is a sequence F, Fy, F3 of faces of P such that each F; has dimension
d—1i+1 and contains v;, but does not contain any v; with j <. The number of k-faces of
P that contain v, is at least 0;_1(d+4,d — 1) (by Corollary 11), so the number of k-faces

THE ELECTRONIC JOURNAL OF COMBINATORICS 33(2) (2026), #P2.26 21



that contain at least one vertex in {vy, v, v3} is bounded below by
3
> feea(Fifvi) = Oa(d+4,d — 1) + Op 1 (d — 1,d — 2) + Oy (d — 2,d — 3)
_(d n d—1\ (d=5 n d—1 n d—2
- \k k k k k
d ’ —2—1
- ()2 (W)

In this case, Theorem 10 yields that
3
fo(P) = fu(F) + ka—l(Fz'/Uz')
8= - (T ()
T \k+1 k+1 k+1 k k
L (d— 2—z>
_|_
% (% .
_(d+
B (k:+

1>+2<kjl—l> B (k+1)+g< _2_1)
e(2d + 2, d) +Z<d_2?)
> ne(2d + 2, d).

Suppose that 3 < r < d — 1. There are d — r + 3 vertices outside F', including
vy. By Corollary 12, the number of k-faces of P that contain at least one of the vertices
outside F' is bounded from below by

O+ (3)- () )

Additionally, the facet F' is not a triplex, as it contains d + 2 ridges of P (Theorem 9).
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Thus fi(F) > 0x(d — 14 r,d —1). We now have that

sz aan () + () - (50 S ()

=1

() ()= Gl () - (1)

oo (1)- (V) E ()
:Uk(2d+2,d)_dfl(d_;_€)_(d;5)+d§2(d;i) (29)

=3

() ()]

7

Hence fx(P) > ne(2d +2,d) forall k € [2...d —2].

Finally, assume that » = 2. A facet Fj other than F' not containing v; must contain
#X — 1 vertices from X by Claim 18. Furthermore, dim(F; N F') = d — 2, implying that
fo(FANF)=d—1or d. In the former case, fo(F1) = 2d — 1, while in the latter case
fo(F1) = 2d. Both scenarios have already been covered. This completes the proof of the
theorem.

5.4 The equality statement of the theorem

The equality part is addressed in Claim 19, where we examine all instances in Claim 18,
Claim 18, and section 5.3 in which the inequalities can hold with equality, relying on the
analysis developed in the inequality part.

Claim 19. Let P be a d-polytope with 2d + 2 vertices, at least d + 3 facets, and fi(P) =
Me(2d + 2,d) for some k € [1...d —2]. Then P has exactly d + 3 facets.

Proof of claim. We proceed by induction on d > 3 for all k € [1...d —2]. The case k =1
was settled in [10, Thm. 22| for all d. For d = 3,4, 5, Theorem 13 ensures that equality
holds for some k € [2...d — 2] if and only if P has exactly d + 3 facets.
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Let d > 6, and let P be a d-polytope with 2d + 2 vertices and at least d+ 3 facets such
that fr(P) = nk(2d + 2,d) for some k € [2...d — 2]. We examine the possible equality
cases from the proof of Theorem 18, beginning with those in Claim 18.

(i) Claim 18: P has a facet with fy(P) — 2 vertices.

Let vq,vy be the vertices outside F, and consider two cases based on the number of
(d — 2)-faces in F.

Suppose F has at least d 4+ 2 (d — 2)-faces. If f,(P) = n,(2d + 2,d) for some
kel2...d—2]in (13), then fi(F) = ne(2d,d — 1), fr—1(F) = mr—1(2d,d — 1), and each
k-face of P is either a k-face of F' or a k-face intersecting F'in a (k—1)-face. By induction,
F has exactly d + 2 (d — 2)-faces. If there were a facet F’ not intersecting F' in a ridge
of P, then F’ would be a two-fold pyramid over a (d — 3)-face of F'. However, this would
imply the existence of a k-face in P that is a two-fold pyramid over a (k — 2)-face of F,
contradicting our equality condition. Thus every facet of P intersects F in a (d — 2)-face,
which implies that P has exactly d + 3 facets.

Suppose F has exactly d + 1 (d — 2)-faces. If f,(P) = nx(2d + 2,d) for some
kel2...d—2]in (14), then fp(F) = 7:(2d,d — 1); the number of k-faces containing v;
is exactly 6x_1(d + 3,d — 1); and there is a facet F, containing vy but not vy, where v,
lies in exactly 6y_1(d +2,d —2) k-faces. We need the following basic fact, inspired by [13,
Sec. 4]; we omit its proof.

Fact 20. Let I’ and F” be two distinct facets of a d-polytope that both contain a vertex
v, and let 1 < k < d—1. Then there exists a k-face of I’ containing v that is not a k-face
of F”.

If there were another facet Fj # Fy containing ve but not vy, then, by Fact 20, the
number of k-faces containing vs but not v; would be strictly larger than 0;_;(d+2,d —2),
contradicting our equality condition. Thus, apart from the facet F, P has exactly d 4+ 1
facets containing vy (by Corollary 11) and a unique facet containing vy but not v;. Hence
P has exactly d + 3 facets.

(ii) Claim 18: P has facets F' and J; such that fo(F) < 2d — 1 and there are
at least two vertices outside F U J;.

As in the proof of the claim, let 1 < r < dand 1 <t < d—r + 1, and assume that
fo(F) = (d — 1) + r. Additionally, let X = {vy,vq,...,04_ r+3} be the set of vertices
outside F, let Jy N X = {v},..., v}, and let X \ J; = {vf,..., v}, 5 ,}. We begin with
a simple fact.

Fact 21. If the d —r +3 —t vertices in X \ J; are contained in premsely zd et (dﬂi*i)

k-faces of P, then the number of k-faces in P that contain the vertex v}’ and no vertex v
with 7 < i is precisely (‘H1 2)

Proof of fact. By Corollary 12, there is a sequence Y7, ..., Yy .13 of faces in P such that
each Y; has dimension d + 1 — 7 and contains v;' but does not contain any v7 with j <.
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The minimum number of k-faces within the (d 4 1 — 7)-face Y; that contain the vertex v/
is attained when the vertex figure Y;/v} is a (d — i)-simplex. Since Y; excludes each v}
with j < ¢ and the number of k-faces of P containing some vertex in X \ J; is precisely
Zf:_{ et (d+;_i), each vertex figure must be a minimiser. See also Fact 20. O]

Following the proof of Claim 18, there are five cases to consider based on the pair

(r,t).
Casel.1<r<d—1land2<t<d-1.

If fo(P) = me(2d + 2,d) in (16) (see also (21)), then (a) the number of k-faces of P
containing some vertices in J; N X but no vertex in X \ J; is exactly 25:1 (d;i); (b) every
vertex in J; N X is simple in Ji; (¢) the number of k-faces of P containing some vertex in
X\ Jp is exactly Z;.l;fr?’_t (d+;_j); and (d) every vertex in X \ Jj is simple in P.

Since v is simple in P, it is contained in precisely d facets of P. There is a unique
facet Iy of P containing v§ but not v{. Indeed, suppose that there are two facets I, and

I} of P containing v but not v{. Then, by Fact 20, v§ would contribute more than (dil)

k
to Z;l;frs_t (d+,1_j), contradicting Fact 21.

If there were a facet of P different from J; that contains a vertex in J; N X but no
vertex from X \ Ji, say Ji, then we could select such a vertex as v]. The contribution of
the k-faces containing v} in J; U Jj would then exceed (dgl) (see Fact 20), yielding more

than >, (d;i) k-faces of P containing a vertex in J; N X but no vertex in X \ J;. Thus
P has exactly d + 3 facets: the d facets containing v{, together with I, J;, and F.

Case 2. 2<r<d—-—1andt=1.

If fo(P)=nx(2d+2,d) in (16) (see also (22)), then the same conditions as in case 1
apply, and therefore so does the same argument. Thus P has exactly d + 3 facets.

Case 3. r=d (and 1 <t <d—r+1).

We consider two subcases according to the number of (d — 2)-faces of F. If fy_o(F) >
d—1+3 and fi(P) =n(2d + 2,d) in (16) (see also (22)), then the same conditions and
argument in case 1 apply, and therefore P has exactly d + 3 facets.

Suppose fy_o(F) = d—1+42. Then F'is a (d—1—a)-fold pyramid over T'(m)x T (a—m)
for some 2 < a <d—1and 2 <m < |a/2] (Lemma 1). Since t = 1, J; must be a pyramid
intersecting I in a (d—2)-face, which has at least d+1 vertices because m > 2 (Remark 6).
Thus fo(J1) = d — 147" where 3 < ' < d. For 3 <1 < d—1, if we swap the roles
of J; and F' and assume that F' contains ¢’ vertices from the vertices outside .J;, then
2 < t' < d— 2. Consequently, the pairs (17,t') are covered in case 1. If ' = d, then we
have strict inequalities in all the scenarios; see (24) and (25).

Case 4. r=1and t =d.

Here F is a simplex. If the facet J; were not a simplex, then dim(J; N F) > 0 and
d+1 < fo(J1) < 2d — 1. Thus, by swapping the roles of J; and F', there would have
between 1 and d — 1 vertices in F'\ Jj, reducing this scenario to Cases 1-3. If J; is a
simplex, then we are reduced to Claim 18, to a previously treated case in Claim 18, or we
obtain strict inequality in (26).
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Case 5. r=1and t = 1.

Here F' is also a simplex and J; is a pyramid. In this case, the analysis yields strict
inequality (27), a reduction to Claim 18, or a reduction to a previously treated case in
Claim 18.

This concludes the analysis of the equality cases arising from Claim 18. We now deal
with cases considered in section 5.3.

By Claim 18, we may assume that P has no facet with 2d vertices. We also know
that P is a super-Kirkman polytope. Additionally, every facet of P is nonsimple, and its
number of vertices is either 2d + 1 or in the range [d + 1...2d — 1] (see Remark 19).

If every vertex in P is either pyramidal or simple, then P is a multifold pyramid over
a simple polytope. By Lemma 16, P has exactly d + 3 facets. Suppose now that there
is a vertex v, that is nonpyramidal and nonsimple, and let F' be a facet that does not
contain vy, where fo(F) =d —1+r with r € [2...d]. If r = d, we have strict inequality
in (28), while if 3 <7 < d — 1, we have strict inequality in (29). If r = 2, then there is a
facet F| # F not containing vy with fo(F}) € {2d — 1,2d}. Both scenarios have already
been covered. This completes the proof of the claim. O]

The proof of Theorem 18 is now complete.

6 Combinatorial identities and proofs

We start with a combinatorial lemma whose three first expressions are from [13].

Lemma 22 (Combinatorial equalities and inequalities). For all integers d > 2, k €
[1...d — 1], the following statements hold:

(1) If 2 <r < s < d are integers, then Oy (d+s—r,d—1)+ >, (d+;_i) > Op(d+ s,d),
with equality only if r =2 or r = s.

(ii) If n > c are positive integers, then (") = ("-}) + ("2').

c—1 c

(iii) If n > c and n > a are positive integers, then (’CL) — (”_“) =y (”—1)

c i=1 \c—1

(iv) If n, ¢ are positive integers, then (2) =3, (Zj)

(v) (Vandermonde’s identity) If n, a, ¢ are nonnegative integers, then

n+a ‘/n a
() -2 00
Proof. The proof of (i) is embedded in the proof of [13, Thm. 3.2]; it is also spelled out in
[7, Claim 1]. Repeated applications of (ii) yield (iii) and (iv), while (v) is well known. [
Lemma 23. The following inequalities hold.
(i) Ifd>9and 1 <k < [d/3]—2, then n(2d + 2,d) < 7,(2d + 2, d).

THE ELECTRONIC JOURNAL OF COMBINATORICS 33(2) (2026), #P2.26 26



(i) Ifd>9and [04d] <k <d—1, then ng(2d + 2,d) > 7,(2d + 2, d).
(i) Ifd>6and 1 <k <d—3, then

[d/2] — 1 [d/2] —2 _(d—=4\ (d=5 -0
k+1 kE+1 kE+1 k k '
If k=d—2ord—1, then the expression is zero.

(iv) Ifd>4and 2 <k <d— 2, then
d—1 d—2
ne(2d+2,d) < 1(2(d—1)+1,d—1)+mp_1(2(d—1)+1,d—1)+ )l )

(v) Ifd>5and 1 <k <d-—2, then

(2d+2,d) < 7(2(d—1)+1,d— 1)+ 71 (2(d—1)+1,d— 1)+ (d; 1) N (d . 2)_

Proof. We reason as in [14, Prop. 6.1].

(i) Write g (d) := 1(2d+2,d) —ni(2d+2, d). We can verify that ¢(9) = 4. We prove
the statement by induction on d > 9 for all 1 < k < [d/3]| — 2. Assume that d > 10. We
have that

ﬂxzdkz,d)::(Z:ii) +(kfi1) +(Z:;1) - <(Gi+g?/§W——1)
- ([<d+ D/2] - 2)
kE+1

d+1 d d—2
2 2 = 2 _
m(2d +2,d) (k+1)+'(k+£> (k+1)

which, after some simplifications, gives that

o) (Z:;?) - (dggl) - <(Gi+g?/?1——1) - ((Oi+;?f§1—-2>.

a2 (4 (45
stao- () -(2)- (V1) -(7 )

from Lemma 22(ii) it follows that

it () (7)) - (P
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If d is even, then p(d) = vr(d —1) + @r_1(d — 1). If d = 2p + 1 for some integer p, then

o)~ (entd = 1)+ peatd= ) = (P 1) 4 (1) >0 G31)

If both k— 1,k < [(d —1)/3] — 2, combining (30) and (31) and the induction hypothesis
on d — 1 give that ¢(d) > 0. Thus, it remains to consider the case

[(d—1)/3] -1< k< [d/3] -2,

which reduces to the pairs (d, k) = (6p + 1,2p — 1), (6p + 4, 2p) for some integer p > 1.
Consider the pair (6p + 1,2p — 1).

_ (6p—1 6p 3p p—1
gozp_l(6p+1)—( 2 ) (gp_1) <2p) ( 2p )
_p—|—1 6p _q 3p—1

o 3p 2p—1 2p

_ (3p—1)! {2'3p+1 6p }

—4
(2p)!(p —1)! p+2 dp+1

~_(3p—1 5 3p+1 6p 4

S\ 2p p+2  dp+1 ‘

From the last expression, we can gather that ¢, 1(6p + 1) > 0.
Now consider the pair (6p + 4, 2p).

(6p+4) = 6p + 2 6p + 3 3p+2 _ 3p+1
PP TR = 9 41 % 2+ 1 2 + 1

_ 2p+3 (6p+2) 4p+3 3p+1>
C2(4p+3)\2p+1 p+1\2p+1

_(3p+1)4p+3{ 2p+3 3p+2 4dp+2 4p+4  O6Gp+2 }
— 5 _

+1) p+1 [2p+3) p+2  2p+2 2p+3 4dp+1

_(3p+1\4p+3|2p+3 1 3p+2 4dp+2 4dp+4 OGp+2
S \2p+1) p+1 (243 2 p+2  2p+2 4p+3 4dp+1

From the last expression, we can gather that ¢q,(6p +4) > 0.
(i) Write g (d) := np(2d + 2,d) — 7.(2d + 2, d). After some simplification, we have

old) — (d; 1) ~ <Zﬁ) N (((d +k1)+/iw - 1) . (((d +k1>+/?1 - 2).

To show that ¢ (d) > 0 for d > 9, it suffices to prove that ¢} (d) := (d:) — (Zﬁ) >0
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For k =d —2,d — 1, it is straightforward that ¢} (d) > 0. Thus, assume that k¥ < d — 3.

, d—1 d—2
wk<d>=( 5 )—(ZM)
(d—1)! (d—2)!
(d k—D%' d—k— 3Mk+n

1
d k 3kﬂ(d k—i)d k—2) k+1>
d—1)(k+1)—(d—k—1)(d—k—2)
d k 3!@( (d— k—lﬂd k—2)(k+1) )
(d— 24 (3d — )k + (—d? + 4d — 3)
Td—k-— SMﬂ( d—k—1)(d—k—2)(k+1) )

The expression —k? + (3d — 4)k + (—d? + 4d — 3) is positive when k is between k; :=
(3d— 4 — /5 —8d + 4)/2 and ky := (3d — 4+ v/5& — 8d + 4)/2. Since ky < [0.4d] and
ke > d — 1 for all d > 9, it follows that ¢} (d) > 0 for [0.4d] < k < d — 3.

(iil) Write pg(d) := (Zﬁ) — (w,/ﬂfl) — ([dﬁ];2) - (d;4) — (d?). From Lemma 22 we
get that

d—5 [d/2] -2 d—3 [d/2] — 1

ai=[(51) - (o)1) - (0 &
Suppose that d = 2p + 1 for some p > 3. Then
2p —4 p—1 2p — 2 P

d) = - - .

= () = (o)l 107 ) - ()
For k 4+ 1 > p, we have p(d) > 0. Hence assume that k£ + 1 < p. If p < 4, then we can

easily verify that ¢x(d) > 0 for all k. So assume p > 5. On one hand,

()G -5 () oa())
und o the otber hand,
)G ) -G -0 ) - ()
s, wo bave
o> w-2(" ) - (" ) 2 e-a (M ) -2 ()
()
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Suppose that d = 2p for some p > 3. Then

a2 -] [0 - 6]

For k + 2 > p, we have (d) > 0. Hence assume that &+ 2 < p. If p < 4, then we can
easily verify that opr(d) > 0 for all k. So assume p > 5. On one hand,

(D)) -2 ()= 0ma ()

and on the other hand,
2p —3 _(r—1 - p—2 _ p—1 _ p—2 __p—2—k: p—2
k k+1 k k+1) \k+1)  k+1 k)

Thus, we have
p—2 p—2—k(p—2
er(d) > (p 3)( 1 ) k—+1( I >>0-

(iv) We reason as in (i), and write

on(d) == e (2(d=1)+1,d—1)+ne1(2(d—1)+1,d—1)+ (d ; 1) + (d ; 2) —ne(2d+2, d).

We verify that ¢1(4) = 1, ¢2(4) = 2. We prove the statement by induction on d > 4 for
all 1 <k < d—2. Assume that d > 5. Applications of Lemma 9(iv) give that

({1 () () ()
SCTAEG) C0) - (O ()
L)) () - ()

(L) () () - ()

The induction hypothesis on d — 1 yields that ¢x(d — 1) > 0 and ¢5_1(d — 1) > 0 for all
1<k<d—3.

=t~ () ()
or_1(d—1) zz(d;?’) +2<Zj) _ (dgl) B ((d/2;_1) - ((d/Q;—Q)‘
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If d is even, then ¢i(d) = @r_1(d — 1) + ¢(d — 1), which implies that ¢i(d) > 0 for
1 <k <d-—3. In the case of odd d, pi(d) > vr_1(d — 1) + ¢x(d — 1), which implies that
or(d) >0for 1< k<d—3. Fork=d—2,

puald) :2(3 - f) n 2@ - ;) . (dg 1) . (Rdd__l)l/ﬂ) ) (((d ~ /21 1)
=0+2(d—1)—d—0-0
=d—2>0.

This part is now proved.
(v) We reason as in (i), and write

op(d) == 1 (2(d—1)+1,d—1)+ 71 (2(d—1)+1,d— 1)+ (d ; 1> + (d ; 2) —mk(2d+2,d).

Applications of Lemma 9(iv) give that
or(d) :Kkil) + (Z;D + (Z;f) _ (((dk—j)l/ﬂ) - ([(d —k1)+/i1 — 1)}
10202 () ()
d—1 d—2\ [(d+1 d \ (d—2
Edg 13 2 E (d k) 2 (dKllf)H)(?(; <k1;r/;1)+ 1§k+(1()(l 1)/21)
+k(d11) j(tle) k(dlqtl) _2( kd+3 ) (d—2) k41
:(d - 1k) B <[(d —kl)/ﬂ + ]f)+1 (((d —kl;r/211) o
k+1 k1 k+1 )
We show that ;(d) is strictly i:creasing in d for a11+k: For p > 2,
- (D) - (2)- (.2
= ()~ () ()
which implies
er(2p +1) — or(2p) = (sz:l) - (2154:11) - Gf) >0
Pk(2p+2) = pr(2p+1) = Ezzf § 11)( (lf;ﬁ)()(zﬁ) i (k : 1)
= lf — p: — i > 0.
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Since @i (d) is increasing in d for all k, and 1(5) = 2, v2(5) = 3, ¢3(5) = 1, it follows that
¢vr(d) > 0 for all k € [1...d —2]. This part is now proved, which completes the proof of
the lemma. N
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