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Abstract

We determine the trigraded multiplicity of the sign character of the triagonal

S . . 0,3 . .
fermionic coinvariant ring R% ) Asa corollary, this proves a conjecture of Bergeron

(2020) that the multiplicity of the sign character of R%O’?)) is n2 —n + 1. We also give
an explicit formula for double hook characters in the diagonal fermionic coinvariant
ring R%0,2), and discuss methods towards calculating the sign character of R%OA).
Finally, we give a multigraded refinement of a conjecture of Bergeron (2020) that
the multiplicity of the sign character of the (1, 3)-bosonic-fermionic coinvariant ring

1,3) . . . .
Rg’ ) is %an, where F), is a Fibonacci number.

Mathematics Subject Classifications: 05E10, 05A15, 05E05, 05E16, 20C30

1 Introduction

The diagonal coinvariant ring

R = Qlar, .o Ty Yy s Ynl QL1 - oy Ty Y1y -5 U] S7) (1)

was introduced by Haiman in 1994 [12], and since then has been studied extensively. Its
defining ideal is generated by all polynomials in Q[z1, ..., %y, Y1, .., Ys], with no constant
term, which are invariant under the diagonal action of G,,:

O p(T1, e Ty Y1y -y Yn) = P(To(1)s - - s Ta(n), Yo(1)s - - - Yo(n))- (2)

Haiman found the dimension, bigraded Hilbert series, and bigraded Frobenius series of
RO [13].

There has been much recent interest (see [2-4,20]) in studying a more general class of
coinvariant rings R4 with k sets of n commuting (bosonic) variables x,, .= {z1,...,z,},
Yn = Y1, Un}, Zn = {21,..., 20}, etc., and j sets of n anticommuting (fermionic)
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variables 0,, := {61,...,0,}, & = {&, -, &}, pn = {p1,- -, pn}, etc. We define the

(k, j)-bosonic-fermionic coinvariant ring by

Rglkd) = @Lmna Yn, Zn, - - -agna Ena Pn, - J/(Q@na Yn, Zn, - s gna €n> Pn; - 'J+n>a (3)

k J k J

where its defining ideal is generated by all polynomials in Q[gzn, Yns Znys - 00, &y Prs - . ',]’

k J
without constant term, which are invariant under the diagonal action of the symmetric

group G,,, given by permuting the indices of the variables. Commuting variables commute
with all variables. Anticommuting variables anticommute with all anticommuting variables.
That is, 0,0; = —0;0; for all ¢, j, and mixed products between different sets of fermionic
variables likewise anticommute. Note that this implies that 62 = 0.

Note that R also can be defined in terms of symmetric and exterior algebras:
R = ((SymQ")®* @ (AQ")™)/(((SymQ")** © (AQ")*)$"). (4)

We recall the definitions of the multigraded Hilbert and Frobenius series of R
(see for example [3]). For fixed integers k,j > 0, R¥? decomposes as a direct sum of
multihomogeneous components, which are &,,-modules:

Rﬁfﬁﬂ — @ (R%k’j)>r1,...,m751,~~733" <5)

715y Tk S1 5000585 20

We denote the multigraded Hilbert series by

Hilb(R®: gy, ... qusug, . .. ,Uy)
= Z dim ((Rflk’j))rl,...,rk,sl,...,sj) q? e q,:kuil T uj'j7 (6)

T1yeeesTk 815004585 20
and the multigraded Frobenius series by

Frob(RE9): g, ... qriua, . . . ,Uj)
= > FChar (R, s )0 g (7)

T1see3Tk»S1 500,85 20

where F' denotes the Frobenius characteristic map and Char denotes the character. For
simplicity, if £ < 2, we will use g, t for g1, g2 and if 7 < 4, we will use u, v, w, z for uy, us, us,
uy. Recall that (Frob(RﬁLk’j); Qe QB UL, -, ug), R = Hilb(Rng’j); Qoo QUL -, UG,
Furthermore, R is a GL, x GL; x&,,-module (see [3, Section 2]), so its multigraded
Frobenius character is a sum of products of three Schur functions, which are irreducible
characters of polynomial representations of GL;, and GL;, along with a Frobenius character.
The main focus of this paper is on the case (k,j) = (0, 3).
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Observe that the Schur function sy (u,v,w) is a u, v, w-analogue of the binomial
coefficient (5), denote it by

14
(2> = S(—2)(u, v, w). (8)

Recall the notation [n],, := u"!' + u" 20 + -+« + w2 +v" 1. It follows that as a
polynomial in w with coefficients in v and v we have

14
<2) = [é — 1]u,v + [f - Q]u,vw + [ﬁ - ?’]u,vw2 +-+ [1]%@“)6_2’ <9)

Iha)

.. . ¢ .. .
and there are two similar expressions for <2)u v &8 a polynomial in w or in v.
Our main result is the following.

Theorem 1.

(Frob(RC): u, v, w), $(1my) = S(n_1) (W, v, W) + S(n_2.1.1) (1, v, W)

n+1 n—1 (10)
= —+ uvw .
2 u,v,w 2 u,v,w

'Y )

The theorem immediately implies the following corollary, which was conjectured by
Bergeron [3, Table 3].

Corollary 2.
(Frob(R®3:1,1,1), s4m)) = n* —n + 1. (11)

n

Proof. Recall that (g)u

the multiplicity is (";1) + (";1) =n?—n+1. O

— (¢ ; — o — oy —
u=v=w= . )
vl 1 = (5). By evaluating Theorem 1 at u =v =w =1

The organization of the paper is as follows. In Section 2, we detail the setting of R
from the perspective of both coinvariants and harmonics. In Section 3, we recall some
results of Haglund—Sergel [11] and Kim—Rhoades [14], along with proving some preliminary
results. In Section 4, building on the work of Haglund-Sergel and Kim-Rhoades, we
give an upper bound on the multiplicity of the sign character of R (Corollary 10).
In Section 5, we construct two elements in the ring of triagonal fermionic harmonics 7,
(Proposition 14), and study the GL3-representations that they generate (Proposition 16),
which constructs enough elements in 7}, to show that the upper bound on the multiplicity
of the sign character is achieved with equality, proving the main theorem.

In Section 6, we derive a formula for double hook characters of R (Theorem 19).
In Section 7, we discuss methods to analyze the sign character of R, In Section 8, we
provide a ¢, u, v, w-refinement of a conjecture of Bergeron [3] on the sign character of R
(Conjecture 29).
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2 Coinvariants and Harmonics

We now describe the setting in more detail, from the perspective of both coinvariants and,
isomorphically, harmonics.

Specialize to RO = Q[0,., &0y P/ (Q[0,, €0y pu)$), Which we call the triagonal
fermionic coinvariant ring. Its defining ideal (Q[8,,, ., p,]$") is the ideal generated by
polynomials in Q[6,,, &,, p,], without constant term, invariant under the diagonal action of
S,. A generating set for the ideal (Q[8,,£,, p,|$") is given by all the nonzero monomial
symmetric functions in any of the three sets of variables:

{4 &t G pr o pa i€ G,

12
elpl +--+ enpm glpl +--+ fnpm elflpl +-+ Hngnpn} ( )

Consider the ring Q[6,,, &, p,] in three sets of n anticommuting variables, which we
arrange into the 3 X n matrix

0, 0, --- 0,
P1 P2 " Pn

For each 3 x 3 invertible matrix A in GL3, multiply M on the left by A to obtain the
product A- M. Then, in any polynomial f € Q[8,,&,, pn], replace each variable 0;, &;, p; by
the corresponding entry of the matrix A- M. This defines a left GLz-action on Q[0,,, &,, p.].

The ring Q[0,,, &,., p,) is naturally trigraded. Denote by (Q[6,, &n, Pn))ap.c the homo-
geneous component spanned by all monomials that contain exactly a variables in 8,,, b
variables in &,, and ¢ variables in p,,. Since GL3 acts by linear combinations of the three
rows, the GLs-action preserves the total degree d = a + b+ c¢. Hence each total degree d
component P, ;.. 4(Q[0n, &n; Pn))ap.e is GLz-invariant.

Each permutation ¢ € &,, corresponds to a permutation matrix P,, defined by
(P,);; = 1ifi = o(j) and 0 otherwise. Then the right multiplication M - P, has the
effect on M of letting o act on the indices of all variables: 6; — 05, & — &), and
pi = Po(s)- Then, in any polynomial f € Q[@,,&,, pn, replace each variable 0;,&;, p; by the
corresponding entry of the matrix M - P,. This defines a right &,-action on Q[0,, &, pn]-

Because left multiplication by A and right multiplication by P, commute, these GL3
and &,-actions commute, so Q[0,,, &, p,] is a GL3 x&,,-module.

Recall the definition of derivative of anticommuting variables (where here each 6; could
be from any of the three sets of anticommuting variables) is (see for example [18, Section

1.5)):
39j0i1 0 = {< ) ! ¢ k ! ] Zfa (14)

ix )
0 otherwise.

Define the space of triagonal fermionic harmonics by

Tn = {f € Q[Gn,ﬁmpn]

> 0p0Edl f =0 for allh+k+€>0}. (15)
=1
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Since any 6?7 = 0, we need not check any second derivatives, hence

T, _{fe@[en,gn,pn Zag f=0forall h+k+¢>0and h k(€ {0,1}

(16)
Looking at the infinitesimal action of the Lie algebra sl3 on T;, allows us to study 7,
as a GLg-module.! Similarly to [12, Section 3.1], we define the operators

Fo=8 = Zfi(()gi, and F&7° .= Zpia&, (17)
i=1 i=1
and . .
B’ = 0,0, and ESF =Y 0, (18)
i=1 i=1

Along with two H operators given by taking the commutators of the ' and F operators,
these generate the Lie algebra sls.

Furthermore 7}, is a GL3 Xx&,,-module. Write a trigraded component of T}, as (1},)ap.c
and R as ( 20’3))(17;,76. Then we have that T,, = RO as trigraded &,,-modules. Working
with harmonlcs was advocated by Garsia: a benefit of working with harmonics over
coinvariants is that one works with polynomials instead of equivalence classes.

A polynomial p € Q[0,,, &, p,] is called antisymmetric if o(p) = sgn(o)p for all 0 € &,,,
where o acts diagonally by permuting the variables. Let (7),)¢ denote the antisymmetric
subspace? of T},, which consists of all elements p € T,, which are antisymmetric. This
corresponds to the wu, v, w- graded multiplicity of the sign character in R%O’g), that is,
Hilb((7},)%; u, v, w) = <Frob(R S U, U, W), S(1nY)-

3 Preliminary results

In this section, we recall or prove some preliminary results. Haglund and Sergel gave a for-
mula for the graded Frobenius series of the fermionic coinvariants R := Q[6,]/(Q[6,]S).

Lemma 3 ([11, Lemma 4.10]). Forn > 1,

n—1
Frob(ROD: 1) = Zwks(n_k’lk). (19)
k=0

Kim and Rhoades gave a formula for the bigraded Frobenius series of the diagonal
fermionic coinvariants Ry := Q[0,,£.]/(Q[6,, &S

1See for example [10, Section 15.5] for more on the relationship between SLz and GLs3-representations.
2This is sometimes called the alternating subspace.

(S}
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Theorem 4 ([14, Theorem 6.1]). Forn > 1,

FrOb(R;OQ)? u,v) = Z u'? (S(nfi,li) * S(n—j,19) = S(n—it1,1-1) ¥ S(nfj+1,1j—1)) , (20

0<i+j<n
where x denotes the Kronecker product and s(,41,1-1) 1s interpreted as 0.
In particular, they found bigraded multiplicities for the trivial, sign, and hook characters.

Proposition 5 ([14, Proposition 6.2]). In R%O’Q), the multiplicity of the trivial character is
(Frob(RC?; u,v), s(my) = 1, (21)
the bigraded multiplicity of the sign character is

(Frob(R(O’z); u,v), San)) = [N, (22)

n

and for 0 < k < n —1, the bigraded multiplicity of a hook character is
(Frob(BO2); u, 0), 5(u_p1ty) = [k + s + u0[k]us (23)
As a consequence of their result on the sign character, we conclude the following.

Corollary 6.

1. If a nonzero harmonic polynomial in T,, N Q[0,,] is antisymmetric, then it must be of
degree exactly n — 1.

2. If a nonzero harmonic polynomial in T, N Q[O,, &,] is antisymmetric, then it must
be of degree exactly n — 1.

Proof. The first claim is implied by the second. To show the second, notice that Proposi-
tion 5 shows that the multiplicity of each component of the sign character isn —1. [

There is a useful condition for when antisymmetrizing a polynomial results in zero.

Lemma 7. Let p be a polynomial in Q[6,,&,, p,]. If there exists a transposition s € &,
such that s(p) = p, then

Z sgn(o)o(p) = 0. (24)

Proof. Consider the symmetric group &,, as a set, and partition it G,, = &/, U & into
two equal-sized subsets such that for each ¢’ € &/, we have that ¢’ - s = ¢”, for some
o” € &!. Since sgn(s) = —1, then

S sgu(e)o(p) = 3 sen(o)o'(p) + S —sgn(e’)o’ (p) = 0. (25)

c€G, o’'e6), o’'e6!,
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As a consequence, we establish that an antisymmetric polynomial must use enough
distinct indices of variables to be nonzero.

Lemma 8. If a polynomial in Q|[0,, ., p,] is antisymmetric, and for the variables that
appear, at most n — 2 unique indices are used, then the polynomial is identically 0.

Proof. Call the polynomial in question r. Without loss of generality, say that the indices
used in 7 are {1,2,...,n — 2}. Since r is antisymmetric, it can be obtained by applying
an antisymmetrizing operator ) s sgn(o)o to some polynomial p € Q[0,, 2, &, 2, Pn—2].
Then p is invariant under the action of s,,_;. Apply Lemma 7 to conclude that r =0. [

4 An upper bound on degree

In this section, we prove an upper bound on the trigraded degree of the sign character.
The following result is inspired by a similar result of Haglund—Sergel (on a different ring,

R 1)) [11, Theorem 4.11].

Proposition 9. Forn > 1,

1 -1
(Frob(R? @ ROV u, v, w), s(1ny) = (n—2|— ) +uvw (n 5 ) +uv[n—1]y,. (26)

'Yy 'Yy

Proof. As noted in [11, equation (4.9)], following from [5], for any &,-modules A and B
tensored under the diagonal action of G,,, we have that

Frob(A ® B) Z Sy Z (Frob(A), sx)(Frob(B), s,)(Sx * 5., Su), (27)

vkn A ubn

where (s)*s,,s,) = g(\, 1, v) are the Kronecker coefficients. In our case, we are interested
in
(Frob(R"? @ ROV v, w), sny)

= Y (Frob(RY;u, v), 53) (Frob(RY™;w), 5,)g(A, 1, 1)

A pubn (28)
= Z(Frob(RﬁLO’Q) 2, 0), sy ) (Frob(ROY: w), s5,),
AFn

since g(A, p, 1") = d,». By Lemma 3, which states that only hook Schur functions appear
. (0,1),
in Frob(Ry"";w), we reduce to

n—1
(Frob(R"? @ ROV u, v, w), sny) Zw (Frob(R"?): u, v), 8 (kt1,1n k1Y)

n—1

= " wh([n — Kluw + wvln — k — 1),

where we applied Proposition 5. After a bit of algebra, we obtain the claimed formula. [J
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Now the following result gives us an upper bound on the occurrences of the sign
character in R®). For multivariate polynomials A and B, the notation A < B means
that B — A is a sum of monomials with only nonnegative coefficients.

Corollary 10. Forn > 1,

1 -1
(Frob(R™; u, v, w), s(ny) < (n—2|— ) + uvw (n ) ) . (30)

Proof. First note that an;z occurrence of the sign character in RY¥ is predicated on it
occurring in R 02) & R O since R )is a quotient of R 02) & R © 1) under the diagonal
action of &,, (see [11]).

By permuting which sets of variables out of 8,,,&,, p, are as&gned to R%? and to
RV in Proposition 9, we conclude that a sign character in R must have trigraded
multiplicity bounded above by

1 1
nr +uvw( +uvin — 1y, (31)
2 U,V W 2 u,v,W ’
1 -1
nr +uvw( + uwn — 1y, (32)
2 w,,W 2 w,v,W 7
and . .
<n ; ) + uvw <n ; ) +vw[n — 1], . (33)

Note that if a polynomial A > 0 satisfies A < wv[n — 1],,, A < ww[n — 1],,,, and

A < wvw[n —1],4, then A = 0. Hence by taking the bounds given by equations (31-33)

together, we conclude that the sign character in R, (0:3)

bounded above by
1 -1

]

must have trigraded multiplicity

5 Construction of basis elements

Now we will work towards the proof of the main theorem, by constructing two explicit
elements in T, which are highest weight vectors for certain GLs-representations. We
ultimately show that the upper bound given in Corollary 10 is obtained with equality.

Definition 11. For n > 1, define the primary theta-seed by

A(8,) = > sgn(0)a(616 -0 s). (35)

O’EGn
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Definition 12. For n > 3, define the secondary theta-seed by
As(0,) = Z sgn(0)o((01€2p2 + 02&1p2 + 02§201)0304 - - - O 1). (36)

oeG,

When n = 1 or 3 in the definitions of the primary and secondary theta-seed, respectively,
the empty product of 6;’s is interpreted as 1.
We now prove a technical lemma.

Lemma 13.

1. The antisymmetrization operator ) . sgn(o)o commutes with the differential
operator Y | 04 OF DY

2. The antisymmetrization operator ) . sgn(o)o commutes with the operators FO=¢
F&=r ) BE%¢ and ES<7.

Proof. First we show (1). Let f € Q[0,, ., pn]. Observe that for any o € &,,,

Zagiaga{ Z (9)a gz p), (37)
i=1

since addition is commutative. Thus,

Zag; 0E 0, (Z sgn(o)o( f)) > sgn(o Zag 0L DL (a(f))

geG, geG,

= > sen(o Za Orien Do (0(f))  (38)

geG,

5w (S).

Ueen

so the operators commute as claimed.
Next we show (2). For any 0 € &,,,

Z 51892 = Z U(§i>aff(9z‘)7 (39)
=1 =1

since addition is commutative. Thus for F?7¢ =" &0,

> (z sgn<a>o<f>> = > sen() Y 6dno(f)

geG,

=2 Sgn(")za(&)@o(m)a(f) (40)

c€By, i=1
= Z sgn(o)o <Z 52891f> :
ceG, i=1
and similarly for the other operators. [
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Now we show that A;(8,,) and Ay(8,,) are harmonic.
Proposition 14.

1. The primary theta-seed A(80,,) is in (T,,)¢.

2. The secondary theta-seed Ay(0,,) is in (T,)°.

Proof. We show (1). Consider the primary theta-seed

A(0,) = sgn(0)a(016s -0, 1). (41)
ceG,
By equation (16), to show it is in T}, we only need to show that Y7 | df 0f 05 A1(60,,) = 0
for (h,k,¢) € {(1,0,0),(0,1,0),(0,0,1),(1,1,0),(1,0,1),(0,1,1),(1,1,1)}. Since only 6;
variables appear in A;(8,,), it only remains to check (1,0,0). Consider 6, - - - 6,,_1, which is
what we will antisymmetrize to get the primary theta-seed. By Lemma 13, the differential
operator commutes with the antisymmetrization operator. We write

n

2891.91 ---Qn_l = Z(_l)i_lel "'éz’"'en—la (42)
i=1

=1

where each monomial on the right hand side is in only n — 2 variables. By Lemma 8§,
this becomes 0 upon antisymmetrization. This shows A;(6,) is in T, and since it is
constructed via an antisymmetrization operator, it is in (7).

We show (2). For n > 3, consider the secondary theta-seed

No(8,) = > sgn(o)a((61&apa + 2&1p2 + 02Eapr)030s - Oy). (43)

We must check that Ay(8,,) is in T,,. We only need to show that Y " | 95 9F 95 Ay(6,) =0
for the following seven choices of (h, k, ¢):

{(1,0,0),(0,1,0),(0,0,1),(1,1,0),(1,0,1),(0,1,1), (1,1, 1)}. (44)
Case 1: (h,k,0) = (1,0,0). Let f = (61&p2 + 026102 + 028201)0304 - - - 0,1, which is

what we will antisymmetrize to get the secondary theta-seed. For concision, write H?:_; 0;
for the ordered product 0364 ---6,_1. We write that

n n—1
> 00 f =00 f +00,f +> 00 f
i=1 =3

n—1 n—1
= 22 H 0 + (&1p2 + E2p1) H 0; (45)
i=3 =3

T

n—

+ (_1)i(915202 + 02€1p2 + O262p1)05 - - éz e Onq.

1=

w
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Then upon antisymmetrization, both of the terms &upy [[1—y 6 and "1 (—1)(01€2p2 +
02812 + 0262p1)03 - - - 01 -++0,_1 will be 0 due to Lemma 8, since they only contain n — 2
indices for variables. Since the simple transposition s; leaves the term (&;p2 4 &2p1) H;:; 0,
invariant, by Lemma 7, it becomes 0 upon antisymmetrization.

Case 2: (h,k,¢) = (0,1,0). Before antisymmetrization, we write that

Zaﬁzf =0¢ f + Og f
i=1

n—1 n—1 (46)
= —0sp2 H 0; — (01p2 + 62p1) H 0;.
i=3 i=3

By Lemma 8, 63 H?:_; 0; becomes 0 upon antisymmetrization. By Lemma 7, (0;py +
O2p1) H?:_; 0; becomes 0 upon antisymmetrization, since it is invariant under s;.

Case 3: (h,k,0) =(0,0,1). The same argument as in Case 2 applies.

Case 4: (h,k,¢) = (1,1,0). Before antisymmetrization, we write that

n n—1
Z 09,0¢, ] = 09,0¢, | + 09,0¢, f + Z 99,0¢,f
=1 1=3
. (47)
=0—=p H 0; +0,
=3

which becomes 0 upon antisymmetrization by Lemma 8.
Case 5: (h,k,f) = (1,0,1). The same argument as in Case 4 applies.
Case 6: (h,k,¢) =(0,1,1). The same argument as in Case 4 applies.
Case 7: (h,k,0) = (1,1,1). Before antisymmetrization, we write that

n n—1
Z aaiafiapif = b, 851 amf + aezaézapzf + Z aGiaéiapif (48)
i=1 i=3
= 07

which remains 0 upon antisymmetrization.
This completes the proof that Ay(6,) is in T, and since it is constructed via an
antisymmetrization operator, it is in (7},)°. O

A priori, a harmonic polynomial in 7}, could equal zero if certain term cancellations
occur. However, the following result demonstrates that this does not happen for A;(6,,)
and AQ(Gn)

Proposition 15.
1. The primary theta-seed Aq(0,,) is nonzero in T,,.

2. The secondary theta-seed Ao (8),) is nonzero in T,,.
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Proof. We show (1). Consider in T,,,

A(0,) = sgn(0)a(016s - 0,). (49)

ce6,
When the antisymmetrization operator ZJGG” sgn(o)o is applied to 6160 - - - 6,1, consider
which o will output the monomial 6,65 ---6,_1. Such a ¢ must fix n, but 1,...,n—1
can be permuted. For any o in the symmetric group on letters 1,....,n — 1, we have

that sgn(o)o (6102 6,—1) = 6165 --0,_1 (see for example [6, Chapter III, Section 7.3,
Proposition 5]). Hence antisymmetrization produces (n — 1)! copies of 6160 ---6,_1, so
Aq(6,,) is nonzero in T,,, as desired.

Next we show (2). Consider in T,,,

Ay (0,) = Z sgn(o)o((0182p2 + 0261p2 + 0282p1)0304 - - - 0 _1). (50)

0'66”

When the operator deen sgn(o)o is applied to (61&ps + 02€1p2 + 0280p1)0304 - - - 0,1,
consider which o will include the monomial 615020360, - - - 6,1 in its output. Since the &;
and p; have the same index, it must come from an antisymmetrization of 612020360, - - - 0,1
(and not of 0981 pe050y - 0,1 nor 02€sp1030, - -0, _1). Thus such a ¢ must fix 2 and
n, but 1,3,4,...,n — 1 can be permuted. For any ¢ in the symmetric group on letters
1,3,4,...,n—1, it follows that sgn(c)o (010304 - - - 0,,_1) = 61650, - - - 0,,_1. This implies that
sgn(0)o(01€2p20304 - - 0,—1) = 01&p2030,4 -+ - 0,_1. Hence antisymmetrization produces
(n — 2)! copies of 013090504 - - - 0,1, so Ag(8,,) is nonzero in T,,, as desired. O

Starting with A;(0,)) and Ay(8,), the operators defined in equation (17) F?~¢ and
F&7P create representations of GLs.

Proposition 16.

1. The primary theta-seed A1(8,,) is the highest weight vector for the representation of
GL3 with character su,—1)(u, v, w).

2. The secondary theta-seed A5(0,,) is the highest weight vector for the representation
of GLg with character s —211)(u, v, w).

Proof. We show (1). Start with the primary theta-seed

A(0,) = sgn(0)a(616; -0, 1). (51)

O'GGTL

By Proposition 14, it is in (7,)¢, and by Proposition 15, it is nonzero. Observe that E?<¢
and E*T* both kill A;(0,). Thus A;(6,,) is a highest weight vector for the irreducible
GLgs-representation with highest weight (n — 1,0,0), where the weight of any p € T, is
given by (deg, p, deg, p,deg, p) (see for example [10, Section 14-15] for a reference on the
Lie theory used). This GLs-representation is in (7},)¢ since Lemma 13 implies that (7,)€ is
closed under F?7¢ and F*7#. The GLj-character of this representation is $(,_1)(u, v, w).
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We show (2). Consider the secondary theta-seed

No(0,) = > sgn(o)a((1&apa + O2&1pa + 02Eapr)030s - O 1) (52)

O’GGn

This is antisymmetric, as it is constructed using an antisymmetrization operator. By
Corollary 6, there are no antisymmetric elements of degree n solely in any one or two
sets of variables. This implies that E%~¢ and E*~* both kill Ay(,,). By Proposition 14,
it is in (7,), and by Proposition 15, it is nonzero. Thus A,(6,,) is a highest weight
vector for the irreducible GL3-representation with highest weight (n — 2,1,1). Again, this
GLjs-representation is in (7},)¢ by Lemma 13. The GLj-character of this representation is
S(n—2,1,1)(u, v, w). O

Now we can prove the main theorem.

Theorem 1.

(Frob(RPY; u,v,w), s0m) = 8(u-1) (1, 0, w) + 802,11 (1, v, w)

n+1 N n—1 (53)
= uow :
2 u,v,w 2 u,v,w

'Yy Uy

Proof. The representations constructed in Proposition 16 are sufficient to force the bound
in Corollary 10 to be achieved with equality. A bit of algebra verifies that the formulation
in terms of Schur functions is equivalent to the formulation in terms of u, v, w-binomial
coefficients. O

Remark 17. While it is not necessarily true in general that the Lie algebra operators
F and E will correspond to crystal operators, in the present case, it is true since every
weight space for the representations studied in Proposition 16 is one-dimensional. The
representation with highest weight (n— 1,0, 0) has crystal structure isomorphic to a crystal
of tableaux B(,_1) and the representation with highest weight (n — 2,1,1) has crystal
structure isomorphic to a crystal of tableaux B,—21,1) (see for example [7, Chapter 3]).

6 Double hook characters of the diagonal fermionic coinvariant
ring

With Proposition 5, Kim and Rhoades gave explicit formulas for the trivial, sign, and hook
characters of R"?. In this section, we extend the analysis to give an explicit formula for
double hook characters of R,(IO’Q), where a double hook is a partition A = (A} > Ay >
Az = ---) such that A3 < 2 and Ay > 2. All characters of R,(IO’Q) indexed by shapes not
contained in a double hook have multiplicity 0.

Rosas gave a combinatorial formula for the Kronecker coefficients g(\, (n — e, 1¢), (n —
f,17)), for any shape A. These Kronecker coefficients are only nonzero if A is contained in
a double hook shape. Here, we recall her formulas for double hook shapes, rows, and hook
shapes.
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Theorem 18 ([17, Theorem 3]). Let (n —e,1¢) and (n — f, 1) be hook shapes.
1. If X is not contained in a double hook, then g(\, (n —e,1¢),(n — f,17)) = 0.

2. Let A = (\g, Mo, 26, 177270722 yhere \| > Ay > 2 be a double hook. Then
g\, (n—e,19), (n — f,17))
= x(he = 1< IR Q) x(If —ef Sn=20= M =) (54)
+x(hg < HEEREREL ) x(If —el Sn =20 =X = A+ 1),
where x(P) is 1 if the proposition P is true and 0 if it is false.

3. If X = (n), then g(\, (n —e,1°), (n — f,17)) = x(e = f).
4. If X is a hook shape (n — d, 1%), then

g\ (n—e,1%), (n = f,17)) = x(le = fI <d) x(d < e+ f<2m—d—2). (55)
This implies that these coefficients are in {0, 1,2} [17, Corollary 4]. We are ready to

prove the following result, establishing a formula for double hook characters in R,

Theorem 19. Let A F n be a double hook, that is, X = (A1, g, 25, 17726M722) yhere
M2 >=2 Letm:=n—20— X — X+ 2. Then if A\ = Ay, we have that

(Frob(R2): u, v), sy) = (uv) ™2 Huv[m — 20y + [Muw + [m — uw). (56)
If A1 > Ao, we have that
(Frob(R©2: u, v), s,) = (uv) ™27 (wv[m — 1]y + uwv[m — 2]y + [M]uw + [m — uw). (57)

Proof. Recall from Theorem 4 that
Frob(R;O’Z); u,v) = Z u'? (S(nfi,li) * S(n—j,19) — S(n—it1,1i-1) * S(nfj+1,1j—1)) - (58)
0<i+ji<n
Thus
(Frob(R"Y;u,v), s5)

= Z uivj (g()\7 (n - ia 12)7 (n - ja 1])) - g<)‘7 (n — 1+ 17 1i71>? (n - j + 17 1]'71))) :
0<i+j<n
(59)
Since A = (A, Ay, 26, 1"726-M1722) s a double hook, by Theorem 18,
g()\a (TL - i7 11)7 (n - ja ]-])> - g(>\7 (n —i+ 17 1i_1)7 (n - j + 17 1j_1))
_ (X(AQ —1< i+j—n;>\1+>\2 < )\1) . X(AQ ~1< i+j—n+;\1+>\2—2 < )\1))

X7 =1 <n—=20—X —Ay) (60)

+ (X()\z < w <) —x(e < w < )\1>)

x(|g =i <n—=20—X — X2+ 1).
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Define d := A; — Ag. We analyze a component of equation (60):
N W
which is equivalent to

x(itj—(=D[<d+1) =x(li+j-n+D|<d+1) (62)
Since the bigraded component (RS)’Q))L]- = 0 whenever ¢ + 7 > n, we exclude these cases
from our analysis. Thus [i +j — (n—1)| < d+ 1 is satisfied if i + 7 =n — 1 or n — 2 (if
d>0),ifi+j=n—-3@{fd>1),ifi+j=n—4(if d > 2), etc. On the other hand,
li+j—(n+1)] <d+1issatisfiedifi+j=n—1(ifd >1),ifi+j=n—2 (if d > 2), etc.
Putting these together, we get that equation (62) is 1 wheni+j € {n—1—d,n —2—d}
and 0 otherwise.
We analyze when condition x(|j —i| < n—20— X — \y) is satisfied. Ati+j=n—1—d,
the condition is true exactly for integers j which satisfy

(+Xo<j<n—d—0—X—1. (63)
Summing up u"~1~47JvJ over such j gives
(uv) 2 — d — 20 — 2X\5] 0 (64)
At i+ j =n — 2 —d, the condition is true exactly for integers j which satisfy
C4+X—1<j<n—d—0—)— 1 (65)
Summing up u" 29799 over such j gives
(uwv) 2 — d — 20 — 22Xy + 1]y (66)
Next we analyze another component of equation (60):
X(g < HHEHREERE ) — y(Ay < RS ), (67)
which is equivalent to
X(li+j = =1 <d) = x(li+j—(n+ 1] <d). (68)

We have that |i+j— (n—1)| < dissatisfied ifi+j=n—1(ifd > 0),ifi+j=n—2 (if
d>1),ifi+j=n—3(if d > 2), etc. On the other hand, |i +j — (n+ 1)| < d is satisfied
ifi+j=n—1(fd>2),ifi+j=n—2(if d > 3), etc. Putting these together, when
d =0, we get that equation (68) is 1 when i+ j = n — 1 and 0 otherwise. When d > 1, we
get that equation (68) is 1 when i 4+ j € {n —d,n — 1 — d} and 0 otherwise.

We analyze when condition x(|j—i| < n—20—X\;—Xy+1) is satisfied. Ati+j =n—1-d,
the condition is true exactly for integers j which satisfy
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Summing up u"~1~97JvJ over such j gives
(uv)2 7 n — d — 20 — 20 + 2]y (70)
When d > 1, at ¢+ + 7 = n — d, the condition is true exactly for integers j which satisfy
C+Xo<j<n—d—1— . (71)
Summing up u"~% 77 over such j gives
()2 — d — 20 — 2Xy + 1]y (72)
For concision, we use m :=n—20 — A\ — Ao +2=n—d — 20 —2)\y +2. When d = 0,

i.e., A\; = Ao, summing equations (64), (66), and (70) proves equation (56). When d > 1,
i.e., Ay > Ay, summing equations (64), (66), (70), and (72) proves equation (57).

O
7 Four sets of fermions
A natural further question is to determine <Frob(Rq(10’j); Ur, ..., U;5), 51n)) for j > 4, of which
the simplest next case is <Frob(R£LO’4); u,v,w, 2), san)). If the hook characters in R are

all known, then a similar process as in Proposition 9 using Frob(Ry(lO’:S) ® R%O’l); U, v, W, 2)

can be attempted. Using Theorem 18, we can first bound (Frob(R,(ZO’S); U, V, W), S(n_q,14))-

Example 20. Let n = 3. Suppose we want to calculate (Frob(RéO’g);u,v,w),3(271)>.
Consider that any s ) in Frob(R:(,,O’S); w,v,w) must appear in Frob(R:(,,O’z) ® R:(,,O’l); u, v, W).

We compute that

(Frob(R™” @ RS u,v,w), 5(21))

2
=D > (Frob(R u,0), 53) (Frob(By™ ), s(a-g0))9(A (3 = d. 1), (2,1)).
AF3 d=0

(73)
Using Rosas’ formula for Kronecker coefficients of two hooks, we determine that the only
pairs of A and (3 — d,1%) which do not have multiplicity of 0 are (3),(2,1); (2, 1), (3);
(2,1),(2,1); (2,1),(1); and (1%), (2, 1), which all have multiplicity of 1. Using Proposition 5
and Lemma 3, we obtain

w + ([2]u,v + uv) + ([2]u7v + uv)w + ([Q]U,v + UU)WQ + [3]u7vw- (74)

By permuting which sets of variables are assigned to R%O’Q) and R;O’l), we can similarly
obtain
v+ ([2uw + ) + ([2uw + 1w)v + ([2uw + uw)v? + [3]u.wv, (75)

U+ ([2)wo + w0) + ([2ww + w0)t + ([2]w.e + w0)u® + [3]wu. (76)
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Summing the monomials which appear in all three equations, we obtain
U+ v+ w+uw + vw + vw + 2uvw. (77)
Now a computer calculation finds that
(Frob(RL™ u, v, w), 5(21)) = U+ U+ w + ww + vw + vw, (78)

which shows that the bound is not tight in this case due to the monomial 2uvw. It will
require additional work to determine how to cut out the extra monomials in general.

Example 21. Let n = 3. Suppose we know all of the hook characters in Réo’?’); in this

case Frob(RY"® s u, v, w) = (wvw +u? + uv + 02 4+ ww + vw + w?)s g3y + (v + ww + vw +u +

v+ w)s(2,1) + 5(3). Consider that any sign character in R§0’4)

We compute that

must appear in R§°’3) ® R:(%O’l)

<F1rob(R03 ® RO1 SU, VW, Z), 5(13)) = Z(Frob(R U, VW), s)\/)<Frob(R(01 $2),S))
AF3
2

= <Fr0b(Ri(’>O73); u,v, w)? S(d+1,12_d)>zda
d=0
(79)
using Lemma 3. This simplifies to

u2—1—1)2—1—102—1—22+uv—|—uw—|—u2+vw+vz+wz+uvw+uvz+uwz+vwz, (80)

which is unchanged under changing which sets of variables are assigned to Ry ©3) and
ROV n this example, equation (80) is equal to (Frob(R(O4 ;u, v, W, 2), 5(13)) determined
by computer calculation.

Example 22. The previous example also gives tight bounds for n = 4, with graded multi-
plicity s(s)(u, v, w, 2) + s@2,1.1)(u, v, w, 2) + S2.1,11)(u, v, w, 2), and for n = 5, with graded
multiplicity s)(u, v, w, 2) + 5(3’171)(u,v,w,z) + 531,010 (W, v, w, 2) 4+ S2,2,1,1) (U, v, W, 2) +
S(2,2,2,1) (U, v, W, 2).

144

Another approach is to use Frob(RﬁLO D@ RV u v, w , z) to bound the sign character in

Frob(Ry, (04, ;u,v,w, z) directly. As Kim and Rhoades note, only Schur functions of shapes

contained within double hooks occur in Frob(Rn ;u,v), so the shapes which index sign
characters are limited.

Example 23. Let n = 3. Consider that any sign character in R§0’4) must appear in
RéO’Q) ® RéO’Q). We compute that
(Frob(RéO’z) ® Réo’z); U, v, W, 2), 513)) = Z(Frob(R 02 4 ,v), S,\/)(FYOb(R(O 2w, 2), S))-
AF3

(81)
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In this case, there are only three partitions of 3: (1), (2,1),(3). Using Proposition 5, we
get

(Frob(RéO’Q); U, V), 5(3)) (Frob(RéO’Q); w, 2),513)) = [3lw,z, (82)
Frob(R{"?; Frob(R{?: w = (2 2
< ro ( U,U), S(2,1 >< ro ( ; w )7 8(2,1)> ([ ]U,U + UU)([ ]w7z + wz)v (83)

(Frob(RY";u,v), 505 (Frob( RS w, 2), 53)) = [3u- (84)
Putting these together, we obtain
3w,z + ([2]u + w0)([2lw,: + w2) + [3]u0- (85)
By changing which sets of variables are assigned to each R7(10,2)7 we can similarly obtain
3o,z + ([2]luw + vw)([2]v: +v2) + [3luw, (86)

3]z + ([2Jwe + wv)([2]uz + uz) + [3]we- (87)

In this case, all three are equal to each other, and expand to give
wwz + uvw + uvz + uwz + vwz + u’ + uv +v° + uw +ow +w? +uz + vz +wz + 2% (88)
Now a computer calculation finds that

(Frob(RéoA); U, V, W, 2), 5(13))
:uvw+uvz+uwz+vwz+u2+uv+v2+uw+vw+w2+uz+vz+wz—|—22,
(89)
which shows that the bound is not tight in this case due to the monomial uvwz. It will
require additional work to determine how to cut out the extra monomials in general.

8 One set of bosons and three sets of fermions

In this section, we study the sign character in Rg’?’), the (1, 3)-bosonic-fermionic coinvariant
ring. We first recall the “Theta conjecture” of D’Adderio, Iraci, and Vanden Wyngaerd,
which expresses the multigraded Frobenius series of RY? in terms of certain Theta
operators and the nabla operator.

Conjecture 24 (]9, Conjecture 8.2]). For all n > 1,

Frob(R?; g, tu,0) = > ufv'©,, 0., Ven k. (90)
k+l<n

The Theta conjecture specialized at t = 0 is the following.
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Conjecture 25 (D’Adderio, Iraci, and Vanden Wyngaerd). For all n > 1,

Frob(R: ¢;u,v) = Z u*v" (0,0, Ven 1) |i—o- (91)

k+L<n

We recall the following result on the conjectural hook characters in R,

Theorem 26 ([15, Theorem 8.4]). If the Theta conjecture specialized at t =0 (Conjec-
ture 25) is true, then

(Frob(Rﬁll’Q); q; u,v), S(d+1’1n7d71)>

LS ) [n - 2 - d] | [n - C1l - k} | [n - ; - e] q' (92)

k+4<n
Now we compute an example.

Example 27. Let n = 3. Consider that any sign character in Rél’?’) must appear in
R§1’2) ® Rgo’l). We compute that

<Fr0b(R(1’2) ® R(O’l);q;u v, W), 5(13))

= > (Frob(R{"™: g; ,v), sy (Frob(RY™ ), 1)
A3
= Z (Frob(R ,q,u v), S(d+17127d)>wd

= (q + vq[2]q + uq(2], + uv[2], + v? + UZ) + (uv + q[2]4 + v[2]4 + ul2]))w + w(2- )
93

(1’3); q;u,v, ’U)), 8(13)> determined by COmPUter

In this example, this is equal to (Frob(R;
calculation.

Proposition 28. If the Theta conjecture specialized at t = 0 (Conjecture 25) is true, then
we have the following upper-bound:

(Frob(RY; g; u, v, w), s(in))
Zukvzwd nd;’c—l) n—1—-d| [n—1—-k n—1-—/¢ (94)
! ¢ q d q k "

k,,d>0

Proof. Any sign character in R;l"g) must appear in RS}’” ® Rslo’l). Assume the Theta
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conjecture specialized at ¢ = 0 (Conjecture 25) is true. By Theorem 26, we compute that

(Frob(R{" @ ROY; g3 u, v, w), s(1my)
= Z Frob(RM): ¢: u, v), sy ) (Frob(ROV: w), s,)

= Zw (Frob(RM2): g: u, v), S(d41,1m—d-1))

:de S g {n—;—d]q[n—;—k]q[n—;—é]q

d=0 k+l<n

S ukvéwdqngu)[n_r_d} [n—l—k] {n—l—ﬂ
f q d q k q’

k,0,d>0

(95)

where the last line follows by considering when the g-binomial coefficients must be 0
(specifically, one could take k+ ¢ < n, {+d <n, and d+ k < n). O

Based on data for n < 5, we propose the following conjecture.

Conjecture 29.

(Frob(RM); gy u, v, w), s(iny)

R

k,0,d>0

Notice that upon specializing q, u, v, w all to 1, the conjecture becomes

(Frob(R¥; 11,1, 1), s0m) = (”_z_d)(”_;_k)c_;_g). (97)

k,0,d>0

Let F}, be the nth Fibonacci number, defined by the initial conditions Fy = 0, F; =1,
and recurrence F,=F, 1+ F,_ for all n > 2. Inspired by a conjecture of Zabrocki on
Frob(R )og.t; u) [19], Bergeron made a general conjecture on how the Frobenius series
of bosonic-fermionic coinvariant rings could be derived from the Frobenius series of purely
bosonic coinvariant rings [3, Conjecture 1]. While collecting computational evidence,
Bergeron conjectured the following.

Conjecture 30 ([3, Table 3]). For all n > 1,

1
<FI'Ob(R 3 1, 1, ]., ].) (1n)> = §F3n (98)
Beginning at n = 1, the sequence %an is 1,4,17,72,305,1292,5473,23184, . .. (see [16,
Sequence A001076]). The two proposed enumerations are connected by the following
result.
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Proposition 31 ([8]; see [1] for a bijective proof). Forn > 1,

RO e

k,0,d>0

Remark 32. If the Theta conjecture specialized at t = 0 (Conjecture 25) is true, and the
conjecture of Bergeron (Conjecture 30) that (Frob(R"¥;1;1,1,1), s(1m)) = LF3, is true,
then by Proposition 31, the sign character has multiplicity large enough to force equality
in the upper bound given in Proposition 28. This would prove Conjecture 29.
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