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Abstract

Let G be a graph with adjacency eigenvalues A\; > --- > A,. Both A\ + A\,
and the odd girth of G can be seen as measures of the bipartiteness of G. Csikvari
proved in 2022 that for odd girth 5 graphs (triangle-free) it holds that (A1 +Ay,)/n <
(3—2v/2) < 0.1716. In this paper we extend Csikvari’s result to general odd girth k&
proving that (A1 + \,)/n = O(k~1). In the case of odd girth 7, we prove a stronger
upper bound of (A1 + \,,)/n < 0.0396.

Mathematics Subject Classifications: 05C38, 05C50, 05D99

1 Introduction

Let Ay > --- > )\, be the adjacency eigenvalues of a simple graph G. Denote by () = A+ D
the signless Laplacian matriz of G, where D is the diagonal matrix of the degrees of G
and A is the adjacency matrix of G. Let ¢, < --- < ¢; denote the eigenvalues of ). For
d-regular graphs, \y =d and D =d- I, so q, = \{ + \,, but for irregular graphs, this is
not necessarily true.

Both ¢, and A\; + )\, have been studied as measures for the bipartiteness of a graph,
see e.g. [4, 5, 8, 14]. Indeed, it is known that for a connected graph G, being bipartite is
equivalent to A; + A, = 0, and to ¢, = 0. Let Dy(G) be the minimum number of edges
that have to be removed in order to make G bipartite. Brandt [5] and de Lima, Nikiforov
and Oliveira [14] showed that the following inequality holds for any graph
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The interest on the parameter Dy(G) was spurred by an old conjecture of Erdds [10] which
states the following:

Conjecture 1 (Erdds 1976). If G is a triangle-free graph on n vertices, then Dy(G) <
n?/25.

The best-known upper bound is currently Do(G) < n?/23.5 which was shown by
Balogh, Clemen and Lidicky [3]. Using (1), from Conjecture 1, it would follow that
qn/n < 4/25 = 0.16 for triangle-free graphs. This was shown to be true by Balogh,
Clemen, Lidicky, Norin and Volec [4]:

Theorem 2 ([4, Theorem 1.6]). If G is a triangle-free graph onn vertices, then ¢,(G)/n <
15/94 < 0.1596.

However, as is mentioned in [4], this bound is not sharp, and it can be improved to
0.1547, and even to 0.1545 when restricting to regular graphs. The triangle-free graph
giving the highest known value of g,/n is the Higman-Sims graph (the unique strongly
regular graph with parameters (100, 22,0,6)), giving ¢,/n = 7/50 = 0.14. So in fact, it
remains an open question to determine a sharp upper bound for g,/n over all triangle-
free graphs. More generally, there has been recent work which studied the relationship
between the largest and smallest eigenvalues of a graph and its clique number [5, 14, 16].
In fact, determining an upper bound for A\; + A, in a K, -free graph has been stated as
unsolved problem in [15].

Recall that for regular graphs, ¢, = A; + A,. Brandt [5] was the first to give an
upper bound on ¢,/n for triangle-free regular graphs, demonstrating that in this case
gn/n < 3 —2v/2 < 0.1716. Recently, Csikvari [8] extended this upper bound of the
quantity (A + \,)/n to all triangle-free graphs. Thus, when G is triangle-free, we have

the following inequality:
A+ A,

— <3- 2V/2. (2)

While in [4] the stronger bound of 0.1597 has been shown to hold for ¢,/n, no such
improvements have been given for the quantity (A; + \,)/n.

It is well-known that a graph G is bipartite if and only if it contains no odd cycles.
Hence a natural measure of the bipartiteness of G is given by its odd girth, which is the
length of the shortest odd cycle in G. When G is bipartite, the odd girth is said to be oo.
In this paper we investigate precisely the relationship between the following two measures
of bipartiteness: A\; + A, and the odd girth. The interplay between eigenvalues and odd
girth has been studied before in a different context by Van Dam and Haemers [9]. Our
results build on the work of [5, 8] and can be seen as a natural extension of it since the
triangle-free case is equivalent to the odd girth 5 case. Define

)\1+)\n

Ve = sup{ : G has odd girth at least k} :

The first case of odd girth 3 is attained by any infinite sequence of complete graphs,
which implies 73 = 1. The next case of odd girth 5 can equivalently be restated as the
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triangle-free case. Therefore, using (2) for the upper bound, together with the Higman-
Sims graph for the lower bound, it follows that

0.14 < 5 < 0.1716.

In the case that G is regular, ¢, = \; + A\, and so in fact the stronger bound of 0.1545
holds [4]. Our first result is a general bound on .

Theorem 3. There exists constants c¢; and co such that for each odd positive integer k,
the following holds
k3 < Ve < cok™ 1

Though Theorem 3 is stated in terms of asymptotics, we do obtain explicit expressions
for the upper and lower bounds in Section 3.1 (see Proposition 7). The lower bound is
attained by the cycle of odd length k. The upper bound is obtained by extending ideas
in [8].

After publishing a preprint of this article, the upper bound from Theorem 3 was
improved by Yip [18]. In particular, it was shown that there exists a constant ¢z such
that

e < ca(log k)*k7

for each odd positive integer k.

Our second result gives much stronger bounds for ;. In fact, our upper bound for
~7 also improves the general upper bound for 7y, and to do so we used the technique of
weight interlacing. Furthermore, we found that the folded 7-cube outperforms the 7-cycle
for a lower bound for 47. Our search via the house of graphs database [7] revealed no
graphs in this database that outperform the folded 7-cube. In particular, we prove the
following;:

Theorem 4. It holds that
0.03125 < 7 < 0.0396.

Table 1 gives the current summary of the bounds on 7, which include the contributions
from this paper.

The rest of the paper is structured as follows. In Section 2 we establish some prelimi-
naries and give the reader a background in weight interlacing. In Section 3, we prove all
our main results. We end in Section 4 with some concluding remarks and open problems.

2 Preliminaries

In this section we introduce some necessary definitions and results on weight interlacing,
which will be the main tool to prove Theorem 4. For more details on weight interlacing,
we refer the reader to [1, 11].

The idea of weight interlacing is to assign weights originating from eigenvectors in order
to “regularize” irregular graphs. This has been a powerful tool used generalize results
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’ Odd girth & ‘ Upper bound for ~ ‘ Lower bound for v, ‘

3 1 1 (Kp,n — o0)

5 0.1716 [§] 0.14 (Higman-Sims graph [5])
7 0.0396 (Theorem 4) 0.0312 (folded 7-cube)

9 0.0396 (Theorem 4) 0.0134 (9-cycle)

11 0.0365 (Proposition 7) 0.0073 (11-cycle)

13 0.0289 (Proposition 7) 0.0044 (13-cycle)

15 0.0240 (Proposition 7) 0.0029 (15-cycle)

Table 1: Upper and lower bounds for 7, for graphs with a given small odd girth.

from regular graphs to irregular graphs. Instances of it appear in [11], for extending the
celebrated ratio bound on the independence number to irregular graphs, or in [12], where
the Hoffman bound on the chromatic number was shown to hold for general graphs. In
[11], several other eigenvalue bounds on parameters of regular graphs were also extended
to general graphs using weight interlacing, and in [2] a general version of the Expander
Mixing Lemma was derived using weight interlacing, illustrating its power.

In order to state the weight interlacing result, we need some definitions. The Perron-
Frobenius Theorem (see [6, Theorem 2.2.1]) implies that a connected graph has a unique
(up to scaling) eigenvector v with only positive entries, the Perron eigenvector, belonging
to the largest eigenvalue of the graph. For d-regular graphs, we have v = 1, the all-ones
vector. We interpret the entries of the Perron eigenvector as weight for the vertices.

Define p : P(V(G)) — RV to be the mapping sending U C V(G) to

pU = Z Vy €y,

uelU

with e, the unit vector on coordinate u. Now if V(G) = |_|Z:1 V; is a partition of a graph
G, write S for the weight-characteristic matrix:

S v, ifuel,
“ 00 otherwise,

for a vertex v and a partition class V;. Note that S7S is equal to the ¢ x ¢ diagonal matrix
D with entries ||pV;||?>. We normalize S to

S :=8D712
so that S' S is the identity matrix. We now recall the weight interlacing result by [11].
Theorem 5 (Weight interlacing, [11, Lemma 2.3(a)]). The eigenvalues of

B = ETAE,
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say 1 = ... = ln, interlace the eigenvalues \y > ... = N\, of A. That is, for every
1 <@ <t we have
Ai 2 i and Ay < g1

In particular, the least eigenvalue p; of B is an upper bound for the least eigenvalue
A, of A.
It is often more convenient to work not with B itself but with a matrix M that is

similar to B:
M = D Y?2BDY? = D"1ST AS.

Since M and B are similar matrices, they have the same eigenvalues so interlacing still
applies to M and A. Both M and B can be referred to as the weight-quotient matriz of
the graph with respect to the weights and the partition, but we will reserve this term for
the matrix M only.

The entries of M are now given by

My = upvrPZZ”“”” "

u€V; veV;

The value M;; can be seen as a weighted average of the weighted number of neighbors in
V; of a vertex in V;. The rows of M sum to \;, which is often helpful for determining the
entries of the matrix. This is not necessarily true for B.

3 Proofs of Theorems 3 and 4

3.1 Proof of Theorem 3: general upper and lower bound for -y

We start with the lower bound of ¢;k~3, which, as we mentioned in the introduction, is
given by the odd cycle graphs C}, on k vertices (which have odd girth k). The spectrum
of cycle graphs is well known, see for example [6, Section 1.4.3]. We have

s M(C) +M(Cr) 2 (1 —cos (F))
= k' k’ Y

which using a degree 4 Taylor expansion of the cosine function around 0 gives

72 1
giving the lower bound.
For the upper bound we extend the proof idea from [8] for (2) to general odd girth. In
turn, the argument from [8] extends the original argument for (2) for the specific case of

regular graphs from [5]. Before we prove Theorem 3, we briefly summarize the arguments
from [5] and [8] that we will extend in order to derive our bounds.

o
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The argument from [5] is as follows. The neighborhood of any vertex in a triangle-free
graph is an independent set. In particular, the independence number of a regular triangle-
free graph is at least A;. Together with the ratio bound (due to Hoffman, unpublished,
cf. [13]) we get

—A\,n
N (3)
Reordering gives an upper bound for (A\; 4+ \,)/n purely in terms of A\; /n, giving the upper
bound (2) after a straightforward optimization argument. This argument was extended
to irregular graphs in [8], by showing that (2) holds for irregular triangle-free graphs as
well.

To prove the upper bound of Theorem 3 we need two preliminary results, namely
Lemma 6 and Proposition 7. Lemma 6 generalizes (3) to general odd girth, where the
existing result from [8] is included as ¢ = 1.

A1 <

Lemma 6. Let ¢ > 1. If G is a graph on n vertices with odd girth at least 20 + 3, then

—\2=1p

M ——7——.
=~ )\%ffl _ >\721£—1

Proof. Since G has no odd cycles of length at most 2¢ 4 1, G does not admit closed walks
of length 2¢ + 1. Since (A%*1),, records the number of walks of length 2¢ + 1 between u
and v, then A?*! only has zeroes on the diagonal and so

=1

By monotonicity of z + 2%~! and by the fact that the trace of A? is equal to twice the
number of edges [6, Proposition 1.3.1] we have

0> A A2TY N = A NI 2IE(G)] - AY).
1=2

Here we can use that A; is bounded below by the average degree [6, Proposition 3.1.2], so
that
0= A+ A (A — A7),

Reordering gives the bound. O

Proposition 7 generalizes (2) to general odd girth, where the existing result from [8]
is included as ¢ = 1.

Proposition 7. Let ¢ > 1. If G is a graph on n vertices with odd girth at least 20 4 3,

then \ \ 00
1+ n<1_

AN
n 20— 1
where xq is the unique root between 0 and 1 of the polynomial g(z) = 2% + 20z — 20 + 1.

Zo,
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Proof. Rewrite Lemma 6 to

| M
An < _)\ 20—1 -
! n — )\1

We substitute x for the root, so that

)\1+>\n<)\1—)\1$:ﬁ<1_l‘)7
n n n

and by rewriting A;/n in terms of = as well, we obtain

AL+ A o 1—z 2?71 —a)
no e+l e
Write =y )
(1 —=
f(x) = $Qg_1 _|_ 1
Note that f(0) = f(1) =0, f(z) > 0 on the interval (0,1), and f(z) < 0 for z > 1. To
find the optimal value for f, we take the derivative:

—2*%g(x)

1 14
iy pp Vithg(@) = a2 =204 1

f'(w) =
So, on the interval (0,1), we have that f'(zg) = 0 if and only if g(xy) = 0. On (0,1),
g(x) is increasing, and ¢(0) < 0 < g¢(1), so the input xy maximizing f(x) is uniquely

determined. Then, replacing 22‘ using that z, is a root of g(z), we get

23 (1 —x) (20 —1 —20x0)(1 — o)

f(wo) = 22+ (20 —1)(1 — zo)
T oa—1 Ty T
which concludes the proof. O

Proposition 7 gives an upper bound for vy for every k. For example, for k = 5 we have
g(x) = 22 + 22 — 1, and so zy = v/2 — 1, and we get (2). To prove the upper bound of
Theorem 3, we study the asymptotics of the bound of Proposition 7 using an estimate.
The estimate uses the Lambert W function which is the inverse of x +— xe”, where we can
and will restrict to the interval [0, 00). We can now be more specific than in Theorem 3;
we show that

W(l/e)
Ve < —— >
k—4

where W (1/e) ~ 0.2785. This implies the upper bound of Theorem 3.
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Proof of the upper bound of Theorem 3. We apply Proposition 7 with k& = 2¢ + 3. We
claim that x; .= (¢ — @)/ is a (strict) lower bound for x, with a == (W (1/e) +1)/2. If
x1 is indeed a lower bound for zy, then we have

20 o, 20-2a 2a—1 W(l/e)
W1V T T i1 T =1 2w—1

1o <1-

which is what we want to prove. In order to see that x; < z(, consider

g(z1) = (5“)%%66—7@—2“1: (1—%>%—2a+1.

By e* >z + 1 for = —a/l we get

glzy) <e ™ —2a+1=e1"WWI) T (1/e)

1/ _ 1/e—W(1/e)eVWe
= gwarm ~ Wl/e) = o =0,

since W (z)e"'®) = 2. We now have g(z;) < 0so indeed z; < w9, concluding the proof. [

3.2 Proof of Theorem 4: upper and lower bound for ~;

Again we start with the lower bound. The folded 7-cube is obtained by identifying an-
tipodes of the 7-dimensional hypercube graph. Alternatively, it can be defined as the
Cayley graph of the underlying group of IF§ with respect to the generating set consisting
of the six unit vectors and the all-ones vector 1. A cycle of length 7 is given by

O~er~et+ear~--~eptestezteg+es+es~0,

but a 5-cycle or a 3-cycle are impossible. Using character theory (see [6, Section 1.4.9])
the eigenvalues are easily computed. In particular, the least eigenvalue is —5, and so
v = 1/32 = 0.03125.

We now move to the upper bound from Theorem 4. As a first step, note that it
is enough to consider only connected graphs. Indeed, if GG is disconnected, then the
spectrum of GG is the union of the spectra of its components; if C' is a component with
A (C) = Ai(G), then since |V(C)| < n and A\¢|(C) = M\.(G) [6, Proposition 3.2.1(i)] we
have

M(G) +M(G) _ M(C) + A (C)
n ver
Therefore, without loss of generality, we only consider connected graphs.

To prove the upper bound of Theorem 4 for connected graphs, we use weight interlacing
as explained in Section 2; let ¥ € RV(%) be the Perron eigenvector of the graph G, and
let p: P(V(GQ)) — RV be as in Section 2. We use two lemmas concerning the value
|pU||? for different sets of vertices U, which could be seen as a “weighted cardinality” of
the set; note that for regular graphs, we use the all-ones vector 1 for the weights, and
then ||pU|]? is just the cardinality of U. This makes the proof of the upper bound of
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Theorem 4 drastically shorter for regular graphs, but for completeness we prove it in the
most general case. In particular, the two lemmas we need are for the irregular case; both
of them are trivial in the regular case.

For example, for regular graphs, the cardinality of the neighborhood of any vertex
is equal to the largest eigenvalue A;. In terms of the positive constant eigenvector of
norm 1 (with entries 1/4/n), this means that ||pN(u)||> = \;/n for every vertex u. This
generalizes to irregular graphs in the following way.

Lemma 8. Let G be a connected graph on n vertices with Perron eigenvector v, scaled
in such a way that |[v|| = 1. Then there exists a vertex u € V(G) such that

A
lpN (w)|* > =

Proof. By [6, Proposition 3.1.2], A; is at least the average degree. So
2|E(G)] < \in,

and hence by [|v]|> = 1 we have

Z deg(u) < Mn Z V2

ueV (G ueV(G)

which implies

S (i — deg(w) > 0,

ueV(G)
so that there must be a vertex u with A\;nv? — deg(u) > 0. In other words,

deg(u)

2
vy

< )\1”.

Next, since x is a the Perron eigenvector, we have
v
)\1 - E —U.

1%
vEN(u)

By the Cauchy-Schwarz inequality, we obtain

2

: AK
= e <l ) [ h) = e

vEN (u) vEN (u) vEN (u) w
The result now follows after applying deg(u)/v? < A\in. O

Secondly, for regular graphs a simple edge counting argument gives that the cardinality
of an independent set S is bounded above by the number of vertices that have a neighbor
in S. This also generalizes to irregular graphs using Perron-eigenvector weights.
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Lemma 9. Let G be a connected graph. Let v be its Perron eigenvector and let S be an
independent set in G. Write T for the set of vertices that have a neighbor in S. Then
1pS|I? < ||pT||?, with equality if and only if {S,T} is a bipartition of G. In particular,
1pS|1? < 3llv|]?, with equality if and only if S is a bipartite class of G.

Proof. Consider

/\1||pS||2:ZVU'(>\1VU ZV’U Z Vw,

veS veS wEN (v)

where we use that v is an eigenvector for the eigenvalue A\;. Now note that every neighbor
w of uis in T, so that

= Z Z VvaAvw

veES weT

We now use that v is a positive eigenvector and also include the neighbors v of w € T
that are not in S, to say

va Z Vy = ZVw(/\le) = >‘1HPTH27

weT vEN (w weT

from which the inequality follows. We have equality if and only if every neighbor of every
vertex in 7" is in S, which is equivalent to {S, T} be a bipartition of the graph. n

We are now ready to prove the upper bound of Theorem 4.

Proof of the upper bound of Theorem /. Since for bipartite graphs \;+ A\, = 0, we assume
without loss of generality that GG is not bipartite. Let v be the Perron eigenvector of G,
scaled in such a way that ||v]|> = 1. Let u be any vertex of G satisfying Lemma 8.
Partition the vertex set V(G) of G into three non-empty parts as follows: Let V;j be
the set of vertices at distance 1 from u, let V5 be the set of vertices at distance 0 or 2
from wu, and let V3 the set of vertices at distance at least 3 from u. Let M be the 3 x 3
weight-quotient matrix of the adjacency matrix with respect to this partition

0 A 0
M= a2 0 M(1=2) |,
0 Mrtes M- 55)

«

where § = ||pV1]|? and a = ||pV4]||?>. By Theorem 5 (weight interlacing) we have

Y a? — ad +Vat + 6030 + 90262 — 12026 — 4ad? + 4ad
! 20(1 — 6 — ) '

Y

2 _ 7} 3 352 — 19026 — 42 + 4
M <A L@ ad + vat + 6030 + 9a26 a2y — 4ad? + 4dad
20(1 =6 — @)
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and by our choice of u satisfying Lemma 8 we have A\;/n < d so that

2 7} 3 252 19925 —
>\1+)\”<(5<1—a ad +vat + 6030 + 90262 — 12026 4a5+4a5)‘ (1)

n 2a(1 — 6 — @)

By Lemma 9 applied to S = V; we have § < a, and by Lemma 9 applied to S = V; and
the fact that ||x||> = 1 we have o < 1/2. Using Mathematica [17], we obtained that on
the domain 0 < § < a < 1/2, the maximum value of (4) is equal to the second largest
root of 5423 4 42322 — 700x + 27, which is bounded above by 0.0396. O

4 Concluding Remarks

The general upper bound we obtained for v, in Theorem 3 is of magnitude k~! and as we
mentioned has since been improved to (log k)k~3 in [18]. However, it is unclear whether
the correct order of magnitude for 7 is k=3 or if it is strictly larger. While our weight-
interlacing method to derive an upper bound on ~; yielded a strong result, generalizing
it to larger weight-quotient matrices to obtain a result for v, quickly becomes saturated
(too many variables and too cumbersome even for a computer algebra system). Thus,
some new ideas will be needed to extend this result any further. In light of the results
obtained in this paper, we propose the following problems for further research.

Problem 10. Determine the correct order of magnitude of .

Problem 11. Even though it is not known whether the Higman-Sims graph attains the
largest value of (A; 4\, )/n among triangle-free regular graphs, let alone among all triangle-
free graphs, in the smaller case of triangle-free strongly regular graphs the Higman-Sims
graph was shown to be optimal in this regard [8]. Does the analogue of this result in the
odd girth 7 case hold with respect to the folded 7-cube? That is, does the folded 7-cube
attain the largest (A1 +\,,)/n among all {C5, Cs}-free distance-regular graphs of diameter
37
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