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Abstract

What is the least integer sd(n) such that every graph on n vertices has frac-
tional chromatic number p/q, where p and q are positive integers and q 6 sd(n)?
An upper bound on the determinants of Hadamard matrices implies that sd(n) 6
2−n(n + 1)(n+1)/2. The only known lower bound on sd(n) that is exponential in n
(asymptotically, roughly 1.346n/

√
log n) was obtained using an iterated Mycielski

construction [D. C. Fisher, J. Graph Theory 20 (1995), 403–409]. We improve on
this bound by constructing a family of graphs which shows that sd(n) > 2n/2.

Mathematics Subject Classifications: 05C15, 05C72

1 Introduction

The fractional chromatic number χf (G) of a graph G can be defined as the optimal value
of the relaxation of the integer program that defines the usual chromatic number χ(G)
of G. This directly implies that the fractional chromatic number is a rational number,
attained by a rational solution. From this point of view, determining χf (G) can be done
in time polynomial in the size of the program thanks to the ellipsoid method. However,
the size of this program is generally exponential in the size of the original graph, and
determining the fractional chromatic number of a graph actually turns out to be NP-
hard. More precisely, it is NP-hard to approximate the fractional chromatic number of
an n-vertex graph within a factor of n1−ε, for every ε > 0 [2].

Yet the fractional chromatic number is an ubiquitous notion, which appeared indepen-
dently under various guises. In particular, it was also defined in terms of (a : b)-colourings
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of graphs (where each vertex is assigned a subset of size b of {1, . . . , a} such that adjacent
vertices are assigned disjoint sets). More precisely, if G is a graph then χf (G) 6 p

q
if and

only if there exists a positive integer t such that G admits a (pt : qt)-colouring. While
there is no a priori knowledge on an upper bound on the least such integer t in terms of
the number of vertices of the graph itself, one shows that the value of the integer t can be
taken to be the least common denominator of the values in any rational optimal solution
of the linear program defining χf (G).

Such considerations raise several questions about the sizes of the various numbers
involved in fractional colourings, and we focus on how large can be the least integers
expressing the fractional chromatic number of a graph as an irreducible fraction, in terms
of the size of the graph itself. This seems particularly relevant for the least denominator q
such that χf (G) = p

q
for some integer p. Note that this denominator is 1 if and only

if χf (G) = χ(G). For convenience, let us call sd(n) the least positive integer d such that
for every n-vertex graph G there exist positive integers p and q such that χf (G) = p

q
and

q 6 d.
Chvátal, Garey and Johnson [3] seem to have been the first to provide an upper

bound on sd(n). Their approach is an application of Hadamard’s inequality for deter-
minants that shows, using Cramer’s rules, that sd(n) 6 nn/2. (In fact, the argument
provides sd(n) 6 α(G)n/2 where α(G) is the independence number of G.) Using the spe-
cialisation of Hadamard’s inequality to matrices with all entries in {0, 1}, Alon, Tuza and
Voigt [1] observed that the upper bound strengthens to 2−n(n+ 1)(n+1)/2.

Erdős had raised the question of whether one has χf (G) = p
q
, with p, q positive integers

and q 6 n, for every n-vertex graph G. Chvátal, Garey and Johnson [3] provided a
negative answer by exhibiting a construction (based on successive joins of odd cycles with
suitable lengths) providing a lower bound on sd(n) that is super-polynomial in n. Yet this
lower bound is not exponential in n and it was only in 1995 that Fisher [4], using a then-
recent work of Larsen, Propp and Ullman [5], managed to obtain a lower bound on sd(n)
that grows exponentially with n. Indeed Larsen, Propp and Ullman [5] had proved that
if M(G) is the Mycielskian of a graph G then χf (M(G)) = χ(G) + 1

χ(G)
. This relation

allowed Fisher [4] to discover that iterating the Mycielski operation starting with the
complete graph on 3 vertices yields a sequence (Gn)n>0 of graphs showing that sd(n) > λn

f(n)

where f(n) = O(
√

log n) and λ is a constant approximately equal to 1.346193.
The gap between the known lower and upper bounds on sd(n) is thus enormous. We

present here a new family of graphs that allows us to prove that sup
n∈N

sd(n)1/n >
√

2, by

demonstrating the following statement.

Theorem 1. For every integer N and every positive real number ε there exists an n-vertex
graph G such that n > N and χf (G) = p

q
with q > (

√
2− ε)n and p, q are relatively prime

integers.
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2 Definitions and construction of tower graphs

This section gathers the notation used throughout and present the construction of the
tower graphs, which allow us to establish Theorem 1.

2.1 Generalities

Let Q and R>0 denote the set of rational numbers and the set of nonnegative reals,
respectively. For a (finite) graph G, we write V (G) for its vertex set. For a func-
tion ω : V (G) → R>0 and a subset V ′ of V (G) we write ω(V ′) to mean

∑
v∈V ′ ω(v).

Conversely for a (real-valued) function ω defined over a collection C of subsets of V (G) we
write ω[v] to mean

∑
C∈C
v∈C

ω(C), for every vertex v ∈ V (G). We let I(G) be the collection

of all independent sets of G.
In accordance with the discussion in Section 1, a fractional colouring of a graph G is de-

fined as a function ω : I(G)→ R>0 such that ω[v] > 1 for each vertex v ∈ V (G). The infi-
mum of all real numbers c such thatG admits a fractional colouring ω with

∑
I∈I(G) ω(I) 6

c is a rational number and thus a minimum, attained by a fractional colouring of G taking
non-negative rational values. The fractional chromatic number χf (G) of a graph G is this
minimum.

The dual of the linear program defining the fractional chromatic number of a graph G
yields an invariant called the fractional clique number of G. Formally, a fractional clique
of a graph G is a function ω : V (G) → R>0 such that ω(I) 6 1 for every independent
set I ∈ I(G). The supremum of all real numbers c such that G admits a fractional clique ω
with ω(V (G)) > c is the fractional clique number ωf (G). The strong LP-duality theorem
ensures that ωf (G) = χf (G) and therefore ωf (G) is a rational number and a maximum,
attained by a fractional clique taking non-negative rational values. For more information
on fractional colouring and fractional graph theory in general the reader is referred to the
book by Scheinerman and Ullman [8].

Finally we let K2 be the complete graph with 2 vertices, and if G is a graph then G×K2

is the graph with vertex set {(v, r) : v ∈ V (G) and r ∈ {0, 1}} and an edge between (v, r)
and (u, s) if u and v are adjacent in G and r 6= s. Moreover, for every positive integer `,
the graph G` has the same vertices as the graph G and two distinct vertices are adjacent
in G` if and only if their distance in G is at most `.

2.2 Construction of the (k, `)-tower graph

We define a family of simple graphs for each pair (k, `) of positive integers such that k > `.
Figure 1 illustrates the following definition when (k, `) = (5, 3).

Definition 2. Let k ∈ N and ` ∈ N such that k > `. We first construct the graph
(Pk+`)

`×K2, where Pk+` = p1−`p2−` . . . pk is a path on k+` vertices. In a natural way the
vertices of the obtained graph are called pi,j with 1− ` 6 i 6 k and j ∈ {0, 1}. Next for
each i ∈ {1−`, . . . , 0} we identify the vertices pi,0 and pi,1 into a single vertex named xi+`,
which yields the vertices x1, . . . , x`. Last we join the vertices pk,0 and pk,1, which are the
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vertices farthest from the vertex x`, by an edge named ek. We call the resulting graph
the (k, `)-tower graph Gk,`. We define X to be the subset {x1, . . . , x`} of V (Gk,`) and for
positive integers a, b, we let P (a, b) be the set consisting of all the vertices pi,0 and pi,1
with a 6 i 6 min(b, k). Note that V (Gk,`) = X ∪ P (1, k). Furthermore, P (a, b) is empty
if a > b.

x1 x2 x3

p1,0

p1,1

p2,0

p2,1

p3,0

p3,1

p4,0

p4,1

p5,0

p5,1

e5

Figure 1: The tower graph G5,3 with contracted vertices {x1, x2, x3} on the left side and
the edge e5 joining the vertices p5,0 and p5,1 on the right side.

We note that Gk,1 is isomorphic to the odd cycle C2k+1, and Gk,` has `+ 2k vertices.
The following observation will be useful. It conveys the fact that up to the presence of
the edge ek, the introduced subgraph is isomorphic to a complete bipartite graph minus
a perfect matching. The proof directly follows from Definition 2.

Assertion 3. Let k and ` be two positive integers with k > `. For positive integers a, b
such that 1 6 a 6 b 6 min(k, a + `), let H be the subgraph of Gk,` induced by P (a, b).
Then for each i, j ∈ {a, . . . , b}, the vertices pi,0 and pj,1 are adjacent in H if and only if
i 6= j.

2.3 Fibonacci numbers of arbitrary order

Fibonacci numbers of higher orders allow us to express the fractional chromatic numbers
of tower graphs. We give the definition of the generalised sequences of Fibonacci numbers
and introduce some convenient notation.

Definition 4. For every positive integer `, the sequence (F `
i )i>0 of `-Fibonacci numbers

is recursively defined by

• F `
i = 0 if i ∈ {0, . . . , `− 2};

• F `
`−1 = 1; and

• F `
i =

∑i−1
j=i−` F

`
j if i > `.

For all non-negative integers a, b, ` with b, ` > 1, we set S`(a, b) =
∑a+b−2

j=b−1 F
`
j , where

S`(0, b) = 0.
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Thus, S`(a, b) is the sum of a consecutive `-Fibonacci numbers starting with F `
b−1. In

particular,
S`(`, b) = F `

b+`−1.

It will come handy to note that

S`(c, a+ b) + S`(a, b) = S`(a+ c, b) (1)

for all non-negative integers a, b, c, ` with b, ` > 1, which we will sometimes use (notably
with c = a) without reference in what follows.

3 Fractional chromatic number of tower graphs

Our goal is to determine the fractional chromatic number of the graph Gk,` for all inte-
gers k > ` > 1. To this end we prove matching upper and lower bounds in the next two
sections, the former one obtained by giving an explicit fractional colouring of Gk,`, and
the latter one deduced by the strong duality theorem from an explicit fractional clique
of Gk,`. These two bounds (Lemma 6 and Corollary 11) and the LP-duality yield the
following statement.

Theorem 5. For all integers k > ` > 1,

χf (Gk,`) = (`+ 1) +
1

S`(k, `)
.

3.1 Lower bound on the fractional chromatic number

We define a particular fractional clique of Gk,`, which provides a lower bound on its
fractional chromatic number by LP-duality.

Let k and ` be integers such that k > ` > 1. We define ω : V (Gk,`)→ N such that for
all positive integers i, j such that i 6 k and j 6 `,

ω(pi,0) = ω(pi,1) = F `
k−i+`−1 (2)

ω(xj) = S`(j, k + `− j). (3)

8 13

8

8

5

5

3

3

2

2

1

1

1

1

e6

Figure 2: The function ω over V (G6,2), which gives an optimal fractional clique when
divided by S2(6, 2) = 20.
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Our goal is to prove the following.

Lemma 6. The weight assignment 1
S`(k,`)

·ω : V (Gk,`)→ Q+ is a fractional clique of Gk,`.

In particular, χf (Gk,`) > (`+ 1) + 1
S`(k,`)

.

Let us first compute the total sum of the weights assigned to the vertices, which will
establish the second part of Lemma 6 provided the first part is true.

Assertion 7. For all integers k and ` such that k > ` > 1,

ω(V (Gk,`)) = (`+ 1)S`(k, `) + 1. (4)

Proof. For each r ∈ {0, 1}, the sum of ω(pi,r) over i ∈ {1, . . . , k} equals S`(k, `). It follows
that

ω(V (Gk,`)) = 2S`(k, `) +
∑̀
j=1

S`(j, k + `− j).

Calling f(k, `) the right side of the above equality for convenience, it thus suffices to prove
that

f(k, `) = (`+ 1)S`(k, `) + 1. (5)

Observe that since k > ` > 1,

f(k + 1, `)− f(k, `) = 2
(
S`(k + 1, `)− S`(k, `)

)
+
∑̀
j=1

(
S`(j, (k + 1) + `− j)− S`(j, k + `− j)

)
= 2F `

k+`−1 +
∑̀
j=1

(
F `
k+`−1 − F `

k+`−j−1
)

= (`+ 2)F `
k+`−1 − S`(`, k) = (`+ 1)F `

k+`−1.

Since on the other hand F `
k+`−1 equals S`(k + 1, `) − S`(k, `) by definition, it suffices to

establish (5) when k = ` and the full statement will then hold (by induction on k).
Let us therefore consider the case that k = ` > 1. We have

f(`, `) = 2S`(`, `) +
∑̀
j=1

S`(j, 2`− j). (6)

Consider the j = ` term in the summation in (6): we write it out as a sum of `-Fibonacci
numbers F `

`−1 + · · ·+ F `
2`−2, and distribute them one by one, bar the first, to each of the

other terms in the summation, obtaining

f(`, `) = 2S`(`, `) +
`−1∑
j=1

(
S`(j, 2`− j) + F `

2`−1−j
)

+ F `
`−1. (7)

the electronic journal of combinatorics 33(2) (2026), #P2.38 6



In the term in the brackets on the right side of this equation, we can expand F `
2`−1−j as

a sum of `-Fibonacci numbers and then use (1):

S`(j, 2`− j) + F `
2`−1−j = S`(j, 2`− j) + S`(`, `− j)

= S`(`+ j, `− j) = S`(`, `),

where the last equality follows from the fact that F `
i = 0 for i < `− 1. Plugging this back

into (7) and noting that F `
`−1 = 1, we infer (5) for k = ` as desired.

To prove that 1
S`(k,`)

·ω is a fractional clique of Gk,` we use the following lemma. Recall

the definition of the set P (a, b) given in Definition 2.

Lemma 8. Let k and ` be positive integers such that k > `. If J is an independent set
of Gk,` contained in P (j, k) for some j ∈ {1, . . . , k + 1}, then ω(J) 6 S`(k − j + 1, `).

Proof. We proceed by induction on k − j. The base case, j = k + 1, is trivial. Suppose
that j 6 k and let J ′ = J \P (j, j). Furthermore, let c be the number of vertices of P (j, j)
contained in J . (Thus, c ∈ {0, 1, 2}.) We have

ω(J) = ω(J ′) + c · F `
k−j+`−1. (8)

If c 6 1, then the statement of the lemma follows by applying the induction hypothesis
to J ′, since

ω(J) 6 S`(k − j, `) + F `
k−j+`−1 = S`(k − j + 1, `).

Suppose then that c = 2, i.e., P (j, j) ⊆ J . Assertion 3 implies that J contains no
vertex in P (j + 1, j + `) and therefore J ′ ⊆ P (j + `+ 1, k). Assume first that j 6 k − `,
in which case we may apply the induction hypothesis to J ′ with j + ` + 1 in place of j,
yielding that ω(J ′) 6 S`(k − j − `, `). Expressing the `-Fibonacci number in the right
side of (8) as the sum of ` smaller ones, we have F `

k−j+`−1 = S`(`, k − j). Substituting
into (8),

ω(J) 6 S`(k − j − `, `) + S`(`, k − j) + F `
k−j+`−1 = S`(k − j + 1, `).

It remains to consider the case that j > k − `. Here, J ′ is empty, so J = P (j, j).
Expressing F `

k−j+`−1 as before, and using the fact that the `−k+j least terms of S`(`, k−j)
are zero in this case, we find that S`(`, k − j) = S`(k − j, `). Hence,

ω(J) = S`(k − j, `) + F `
k−j+`−1 = S`(k − j + 1, `),

which concludes the proof.

With Lemma 8 at hand, we can now establish Lemma 6 easily.

Proof of Lemma 6. As mentioned earlier, by Assertion 7 we only need to prove the first
statement.

Let I be an independent set of Gk,`. Our goal is to prove that ω(I) 6 S`(k, `). Note
that I contains at most one vertex of X. If I∩X is empty, then I ⊆ P (1, k) and Lemma 8
implies that ω(I) 6 S`(k, `) as needed.

We may therefore assume that I∩X = {xi}, where 1 6 i 6 `. Since I \X is contained
in P (i + 1, k), Lemma 8 implies that ω(I \ X) 6 S`(k − i, `). Considering ω(xi) =
S`(i, k+ `− i), we deduce that ω(I) 6 S`(k− i, `) + S`(i, k+ `− i) = S`(k, `) by (1).

the electronic journal of combinatorics 33(2) (2026), #P2.38 7



3.2 Upper bound on the fractional chromatic number of tower graphs

Our goal now is to provide a fractional colouring of Gk,` showing that χf (G) 6 (`+ 1) +
1

S`(k,`)
for all positive integers ` and k > `. To this end we first introduce the independent

sets of Gk,` to which a positive weight will be assigned. We use the following notation:
for a positive integer j, we let [j] and [[j]] be the integers congruent to j modulo `+1 such
that 1 6 [j] 6 `+ 1 and k − ` 6 [[j]] 6 k.

The independent sets we use come in two kinds. First, for j ∈ {1, . . . , k} and r ∈ {0, 1}
the set Aj,r ⊆ V (Gk,`) consists of the following vertices:

• all vertices pi,r with j 6 i 6 k,

• all vertices pi,0 and pi,1 with 1 6 i < j and i ≡ j (mod `+ 1),

• the vertex x[j]−1 if [j] 6= 1.

Second, for j ∈ {k − `, . . . , k − 1} the set Bj ⊆ V (Gk,`) consists of the following
vertices:

• all vertices pi,0 and pi,1 with 1 6 i 6 j and i ≡ j (mod `+ 1),

• the vertex x[j]−1 if [j] 6= 1.

For convenience, we define Bk as the empty set.
We let Ak,` be the collection of the above sets Aj,r and Bj. It is straightforward to

check that each of them is independent in Gk,`.
We define a function ω that assigns to each independent set I of Gk,` an integer ω(I).

For the sets in Ak,l, we define

ω(Aj,r) = F `
j+`−2 for j ∈ {1, . . . , k} and r ∈ {0, 1},

ω(Bj) = F `
(j+1)+`−2 + · · ·+ F `

k+`−2

= S`(k − j, j + `) for j ∈ {k − `, . . . , k}.

For any other independent set I, we set ω(I) = 0. (Note that ω(Bk) = 0.)

Lemma 9. For any vertex v of Gk,`, the total weight w[v] of the independent sets con-
taining v equals S`(k, `).

Proof. Consider first the case where v ∈ X, that is, there exists i ∈ {2, . . . , ` + 1} such
that v = xi−1. The vertex xi−1 is contained in the following independent sets from Ak,`:

• Aj,0 and Aj,1, where j ≡ i (mod `+ 1) and i 6 j 6 k,

• B[[i]] (which is empty and has zero weight if [[i]] = k).
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The total weight of these sets is

ω[xi−1] =
( ∑

i6j6k
j≡i (mod `+1)

2 · F `
j+`−2

)
+
(
F `
([[i]]+1)+`−2 + · · ·+ F `

k+`−2

)
(9)

regardless of whether [[i]] = k or not. Since

F `
j+`−2 = F `

j−2 + F `
j−1 + · · ·+ F `

j+`−3,

we can rewrite (9) as

ω[xi−1] =
∑
i6j6k

j≡i (mod `+1)

(
F `
j−2 + · · ·+ F `

j+`−3 + F `
j+`−2

)

+
(
F `
([[i]]+1)+`−2 + · · ·+ F `

k+`−2

)
=

k∑
j=1

F `
j+`−2,

where in the last equality we used the fact that the largest integer congruent to i mod-
ulo `+ 1 is [[i]], as well as the fact that the first `− 1 of the `-Fibonacci numbers, from F `

0

to F `
`−2, are equal to zero. We conclude that ω[xi−1] = S`(k, `) as required.

It remains to consider the case where v /∈ X. By symmetry of the vertices pi,0 and pi,1
in Gk,` and the independent sets in Ak,`, we can assume that v = pi,0 with 1 6 i 6 k. The
vertex pi,0 is contained in the following sets from Ak,`:

• Aj,0, where 1 6 j 6 i,

• Aj,0 and Aj,1, where j ≡ i (mod `+ 1) and i < j,

• B[[i]].

Summing the weights of these sets in the given order, we obtain

w[pi,0] =
i∑

j=1

F `
j+`−2

+
∑
i<j6k

j≡i (mod `+1)

2 · F `
j+`−2

+
(
F `
([[i]]+1)+`−2 + · · ·+ F `

k+`−2

)
.

As in the case of (9), we can rewrite this as

w[pi,0] =
(
F `
`−1 + · · ·+ F `

i+`−2

)
the electronic journal of combinatorics 33(2) (2026), #P2.38 9



+
∑
i<j6k

j≡i (mod `+1)

(
F `
j−2 + · · ·+ F `

j+`−2

)

+
(
F `
([[i]]+1)+`−2 + · · ·+ F `

k+`−2

)
=

k∑
j=1

F `
j+`−2 = S`(k, `),

concluding the proof.

Lemma 10. The total weight of all the sets in Ak,` equals (`+ 1) · S`(k, `) + 1.

Proof. Each of the sets in Ak,` contains at most one vertex from X. At the same time, the
total weight of all independent sets containing a fixed vertex of X is S`(k, `) by Lemma 9.
Since |X| = `, all we need to prove is that the total weight of the sets in Ak,` containing
no vertex of X equals S`(k, `) + 1. Let N be the family of such sets.

By the definition of Ak,`, the family N consists of the following sets:

• Aj,0 and Aj,1, where 1 6 j 6 k and j ≡ 1 (mod `+ 1),

• B[[1]].

Using similar considerations as in the proof of Lemma 9, we express the sum of the weights
of these sets as

ω(N ) =
∑
16j6k

j≡1 (mod `+1)

2 · F `
j+`−2

+
(
F `
([[1]]+1)+`−2 + · · ·+ F `

k+`−2

)
= 1 + F `

`−1 +
∑

1<j6k
j≡1 (mod `+1)

(
F `
j−2 + · · ·+ F `

j+`−2

)

+
(
F `
([[1]]+1)+`−2 + · · ·+ F `

k+`−2

)
= 1 +

k∑
j=1

F `
j+`−2 = S`(k, `) + 1.

Lemmas 9 and 10 directly imply the following.

Corollary 11. The weight assignment 1
S`(k,`)

· ω is a fractional colouring of Gk,`. In
particular,

χf (Gk,`) 6 (`+ 1) +
1

S`(k, `)
.
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ω(A1,0) = 1 ω(A1,1) = 1 ω(A4,0) = 3 ω(A4,1) = 3 ω(B4) = 13

ω(A2,0) = 1 ω(A2,1) = 1 ω(A5,0) = 5 ω(A5,1) = 5 ω(B5) = 8

ω(A3,0) = 2 ω(A3,1) = 2 ω(A6,0) = 8 ω(A6,1) = 8

Figure 3: The values taken by ω over A6,2, implying that χf (G6,2) 6 61
20

. The coloured
vertices are those in the independent set given with its ω-value below the graph.

4 Bounding sd(n)

Let ` be a positive integer and let r` be the largest root of the polynomial P (x) =
x` −

∑`−1
i=0 x

i. It has been proved [9, Lemma 3.6] that 2− 2−`+1 < r` < 2 and that F `
k is
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the integer closest to rk` ·
1−1/r`

r`+`(r`−2)
for all k > `− 1. (See also [6,7].) In particular

F `
k

F `
k−1

=

(1+o(1))rk−1` if k > `, where the o(1) term tends to 0 as `→∞. It follows that S`(k, `) =
(1 + o(1))rk+`−2` where o(1)→ 0 as `→∞.

Consequently, by considering the graph Gt`,` for a fixed positive integer t > 4, Theo-
rem 5 implies that

sd((2t+ 1)`) > (1 + o(1))r
(t+1)`−2
` .

By letting ` tend to infinity, we infer that the supremum of sd(n)
1
n over all positive integers

n is at least
√

2, which proves Theorem 1.

5 Conclusion: the tower construction

In analogy with the Mycielski construction, one may consider tower graphs as the par-
ticular case of a generic construction applied to a particular seed graph, in this case the
graph K2. (This has been independently suggested by a reviewer of this paper.) We thus
provide the following generic definition, and suggest it could be interesting to investigate
how the fractional chromatic number behaves with respect to it.

The tensor product G×H of two graphs G and H is the graph with vertex set V (G)×
V (H) in which two vertices (g, h) and (g′, h′) are adjacent if {g, g′} is an edge in G
and {h, h′} is an edge in H. (This generalises the definition provided in Section 2.1.)

Definition 12. Let k ∈ N and ` ∈ N such that k > `. Given a graph H, we first construct
the graph (Pk+`)

`×H, where Pk+` = p1−`p2−` . . . pk is a path on k+` vertices. In a natural
way the vertices of the obtained graph are called pi,h with 1− ` 6 i 6 k and h ∈ V (H).
Next for each i ∈ {1−`, . . . , 0}, we identify the vertices in {pi,h : h ∈ V (H)} into a single
vertex named xi+`, which yields the vertices x1, . . . , x`. Last, we add the edge {pk,h, pk,h′}
for each edge {h, h′} of H, so {pk,h : h ∈ V (H)} induces a copy of H. We call the resulting
graph Tk,`(H), the (k, `)-tower graph on H.

Note that Tk,`(K2) is the tower graph Gk,` defined and studied in this work.

Acknowledgements

This work was partially funded by PHC Barrande 50487TM, and partially done while the
last three authors were visiting the first at LaBRI. They would like to thank their host for
providing an exceptional working environment. The authors would like to thank Clément
Legrand-Duchesne for stimulating discussions on related topics, and the reviewers for
their helpful comments. Computational resources were provided by the e-INFRA CZ
project (ID:90254), supported by the Ministry of Education, Youth and Sports of the
Czech Republic.

the electronic journal of combinatorics 33(2) (2026), #P2.38 12



References

[1] N. Alon, Zs. Tuza, and M. Voigt. Choosability and fractional chromatic numbers.
Discrete Math., 165/166: 31–38, 1997. doi:10.1016/S0012-365X(96)00159-8. Graphs
and Combinatorics (Marseille, 1995).

[2] S. Arora and C. Lund, Hardness of Approximations (D. Hochbaum, ed.), Approxima-
tion Algorithms for NP-hard Problems, PWS Publishing, Boston, 1996, available at
https://hochbaum.ieor.berkeley.edu/html/book-aanp.html.
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