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Abstract

For 0 < a < 1, the a-spectral radius of a graph G is defined as the largest
eigenvalue of A,(G) = aD(G) + (1 — a)A(G), where D(G) and A(G) are the
diagonal matrix of degrees and adjacency matrix of G, respectively. A graph
is called color-critical if it contains an edge whose deletion reduces its chromatic
number. The celebrated Erdés-Stone-Simonovits theorem asserts that ex(n, F) =
(1- ﬁ + 0(1))%2, where x(F) is the chromatic number of F. Nikiforov and
Zheng et al. established the adjacency spectral and signless Laplacian spectral ver-
sions of this theorem, respectively. In this paper, we present the a-spectral version
of this theorem, which unifies the aforementioned results. Furthermore, we char-
acterize the a-spectral extremal graphs for color-critical graphs, thereby extending
the existing results on adjacency spectral and signless Laplacian spectral extremal
graphs for such graphs.

Mathematics Subject Classifications: 05C50, 05C35

1 Introduction

Let G = (V(G), E(G)) be a simple graph with vertex set V(G) and edge set E(G). As
usual, we use |G| and e(G) to represent the number of vertices and edges of a graph G,
respectively. For v € V(G), the set of neighbors of v in G are denoted by Ng(v), and
dg(v) = |Ng(v)| denotes its degree in G. If there is no ambiguity, we simplify Ng(v) and
dg(v) as N(v) and d(v), respectively. We write A(G) for the maximum degree of G and
d(@) for the minimum degree of G. Let T,,, denote the r-partite Turan graph of order
n. The k-vertex independent set is denoted by I;. For two graphs G and H, the disjoint
union of G and H is denoted by G U H. The join of G and H, denoted by G V H, is
the graph obtained from G'U H by adding all possible edges between GG and H. Denote
Snp = KV I and S5 = KV (Ko U I,_j_5). Let M,y be a matching of size k 4 1
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and P, be a path of order k. A cycle on k vertices is denoted by Cj. A graph is called
color-critical if it contains an edge whose deletion reduces its chromatic number.

Let F be a family of graphs. A graph is called F-free if it does not contain any member
of F as a subgraph. The classic Turdn type problem is to determine the maximum number
of edges over all F-free graphs of order n. The Turdn number of F is defined as follows:

ex(n, F) = max{e(G)| G is an n-vertex F-free graph}.

Let x(F) = minper x(F). When F = {F'}, we simplify the notation to ex(n, F) instead
of ex(n,{F}). The same simplification applies to all other relevant functions. The Turdn
density of F is defined as
. ex(n,F)
n(F) = lim ——<—,
oo (5)

for which the existence is guaranteed by an averaging argument due to Katona, Nemetz
and Simonovits in [11].

Let G be a graph with adjacency matrix A(G), and let D(G) be the diagonal matrix
of the degrees of G. The signless Laplacian matriz of a graph G is defined as Q(G) :=
D(G) + A(G). In 2017, Nikiforov [18] proposed to study the convex combinations A,(G)
of A(G) and D(G) defined by

AL(G) =aD(G)+ (1 —a)A(G), 0<a< 1.

Obviously, A(G) = Ao(G) and Q(G) = 2A,2(G). The largest eigenvalue of A,(G) is
called the a-spectral radius of G, denoted by Ao (G). The Ao(G) (resp. 2X1/2(G)) of G is
usually referred to as the spectral radius (resp. signless Laplacian spectral radius) of G,
denoted by A(G) (resp. ¢(G)). In 2017, Nikiforov [18] proposed the following problem.

Proposition 1. Given a family of graphs F, what is the mazimum \,(G) of a graph G
of order n, with no subgraph isomorphic to any F € F?

Let ex,(n, F) denote the maximum a-spectral radius among all F-free graphs of order
n. An F-free graph of order n that achieves ex,(n,F) is called an «-spectral extremal
graph for F, and we let Ex,(n,F) denote the family of all such graphs. For specific
spectral parameters, ex,(n, F) stands for the maximum spectral radius of F-free graphs
of order n, while ex,(n,F) denotes the maximum signless Laplacian spectral radius of
F-free graphs on n vertices.

The study of a-spectral Turan problem was initiated by Nikiforov [18], who determined
the a-spectral extremal graphs corresponding to complete graphs. For matching M, 1,
Yuan and Shao [22] showed that Ex,(n, Myi1) = Spk. Further advancing the field, Chen,
Liu, and Zhang [3] proved that Ex,(n, Pari2) = Spx and Ex,(n, Poyy3) = S:;k, shedding
light on the a-spectral extremal structures for paths of specific lengths. For cycles, Li and
Yu [12] showed that Ex,(n, Corio) = S:;k and Ex, (n, {Caxt1, Cops2}) = Sp k. Expanding
to disjoint cycles, Li, Yu, and Zhang [13] determined the a-spectral extremal graphs and
they obtained Ex,(n,F) = Spak—1, where F is the family of all disjoint unions of k
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cycles. A nice result was achieved by Chen et al. [4], who proved the a-spectral Erdds-
Sé6s theorem. This theorem asserts that every n-vertex graph G with A, (G) = Ao (Snk)
contains all trees on 2k + 2 vertices unless G = S, ;. Moreover, if A\,(G) > )\a(S:;k), then
G contains all trees on 2k + 3 vertices unless G = S; - Most recently, Byrne, Desai, and
Tait [2] established a unified framework that characterizes the a-spectral extremal graphs
for a broad class of graph families.

1.1 The spectral version of the Erdos-Stone-Simonovits theorem

The famous Erdos-Stone-Simonovits theorem gives an asymptotic value of the Turdn
number for a family of graphs.

Theorem 2 (Erdds-Stone-Simonovits [5, 6]). If F is a family of graphs with x(F) = 2,
then

. F) = (1= o) "
ex(n,F)=(1— ——=——+o0 —.
X(F) -1 2
As a direct consequence of Theorem 2, we have 7(F) =1 — ﬁ Nikiforov [17] later

proposed a spectral analog of the Erdds-Stone-Simonovits theorem, stated as follows.
Theorem 3 (Nikiforov [17]). If F' is a graph with x(F') > 2, then

1
W + O(l)) n.

More recently, Zheng, Li, and Su [24] established the signless Laplacian spectral coun-
terpart of this theorem.

exa(n, F) = (1 -

Theorem 4 (Zheng, Li, and Su [24]). If F' is a graph with x(F') > 3, then

1
X(F) -1

For a bipartite graph F', Zheng, Li, and Su [24] also derived the following result.

ex,(n, F) = (1 - + 0(1)) on.

Theorem 5 (Zheng, Li, and Su [24]). If F is a bipartite graph, i.e., x(F') = 2, then

(1+o0(1))n if F is not a star;
exq(n, F) =
2(k—1) if Fis a star K.

1.2 The spectral extremal results for color-critical graphs

In 2007, Nikiforov [15] showed that if G is a K, i-free graph on n vertices, then A\(G) <
AT,.,), with equality if and only if G = T,,,. Subsequently, He, Jin, and Zhang [9]
extended this line of research to the signless Laplacian spectral radius, establishing the
following theorem:
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Theorem 6 (He, Jin, and Zhang [9]). If G is an n-vertex K, 1-free graph, then

q(G) < q(T,,,).

Moreover, the equality holds if and only if G is a complete bipartite graph for r = 2 and
the r-partite Turdn graph T, , for every r = 3.

Later, Nikiforov [18] generalized the aforementioned results and obtained the following
theorem.

Theorem 7 (Nikiforov [18]). Let r > 2 and G be a K, 1-free graph of order n.
(1) If0<a<1-— %, then A\o(G) < Aa(Tyr), unless G =T,

(2) If1>a>1-— %, then A\o(G) < Aa(Snr—1), unless G = Sy —1.

(3) If o =1 =1 then \o(G) < (1 — 1) n, with equality if and only if G is a complete
r-partite graph.

Color-critical graphs form a broad and fundamental class of graphs. Examples include
cliques, odd cycles, book graphs, and even wheels-all of which are color-critical. Let F' be
a color-critical graph with x(F) = r + 1. Simonovits [19] determined the Turdn number
of F, proving that Ex(n,F) = T,, for sufficiently large n. Nikiforov [16] established
a spectral counterpart to this result, showing that exy(n, F') = A(T,,). Subsequently,
Zheng, Li, and Li [23] settled the signless Laplacian spectral extremal problem for F,
determining ex,(n, F') explicitly.

Theorem 8 (Zheng, Li, and Li [23]). Let F' be a color-critical graph with x(F) = r+1 > 4.
Then there exists ng such that for every F-free graph G' on n > ng vertices, we have

4(G) < q(Thr),
where the equality holds if and only if G is the r-partite Turdn graph T, ,.

2 Main results

Given a family of graphs with y(F) =r + 1 > 3, we first establish the asymptotic value
of ex,(n, F) as follows.

Theorem 9. Let F be a family of graphs with x(F) =r+1>23 and 0 < a < 1 —
Then

S =

exa(n, F) = (1 - % + 0(1>) n.

Remark. Theorem 9 does not hold when o > 1 — 1. Nikiforov [18] proved that
Exq(n, Kpp1) = Sppy forr 2 2and 1 > a > 1 — % Clearly, A\o(Spr—1) = a(n —1) >
(1 =1+ 0(1)) n for sufficiently large n.

Suppose G is an F-free graph of order n. By Lemma 15 (stated in Section 3, which

asserts ¢(G) < Ao(G)%) and Theorem 9, we have e(G) < A\o(G)2 < (1 -2 +0(1)) %2
Thus, Theorem 9 implies Theorem 2 in the case where x(F) > 3. For families F containing

a bipartite graph, we establish the following result.
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Theorem 10. Let F be a family of graphs with x(F) =2 and 0 < o < 1. Then
(1) exq(n, F) = (a+o(1))n if F does not contain K, U sK; for any k > 1,5 > 0.

(2) exq(n, F) = O(1) if F contains Ky U sK; for some k > 1,5 > 0. Particularly, if
F ={Ki}, then exo(n, F) =k — 1.

When a = 0, Theorem 9 combined with Theorem 10 implies Theorem 3. Furthermore,
setting a = %, Theorems 9 and 10 readily yield Theorems 4 and 5.

For color-critical graphs F, we further determine the maximum a-spectral radius
among all F-free graphs of order n.

Theorem 11. Let F be a color-critical graph with x(F) = r+1 > 3, and let G be an
F-free graph of order n. For sufficiently large n and 0 < o < 1 — %, we have

Aa(G) < Aa(Thnr),
where equality holds if and only if G =T, .

Remark. Theorem 11 does not hold when @ =1 — % Indeed, for this specific value of
a, Theorem 7 asserts that Ex,(n, K1) consists of all complete r-partite graphs.

Clearly, Theorem 11 extends Theorem 7 for 0 < a < 1 — % When a = 0, it recovers
Nikiforov’s spectral result for color-critical graphs [16]; when o = %, it implies Theorem
8.

The even wheel of order 2k + 2 is defined as Wy o := K1 V Coiy1. Notably, Wor,o is
color-critical with x(Way,2) = 4. By Theorem 11, we immediately obtain the following
result.

Corollary 12. Fork>1,0< a < % and sufficiently large n, if G is a Woyo-free graph
of order n, then

/\a(G> < /\a(Tn,S)u
where equality holds if and only if G =T, 3.

The generalized book graph B, is defined as B, := K, V I;. One can see that B, is
a color-critical graph and (B, ) = r+ 1. Thus, Theorem 11 implies the following result.

Corollary 13. Suppose k > 1 and r > 2. For sufficiently large n and 0 < a < 1 — %, if
G is a B, y-free graph of order n, then

Aa(G) < Aa(Thy),

with equality if and only if G =T,,,.

o
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3 Preliminaries

For a graph G and integer p > 1, the blow-up of G, denoted by GP, is the graph obtained
from G by replacing each vertex of G by a set of p independent vertices and each edge
of G by a complete bipartite graph K, ,. A family of graphs G is called multiplicative if
G € G implies G? € G for all 1ntegers p 1. A family G is said to be hereditary if it is
closed under taking induced subgraphs.

Let F be a family of graphs and G be a class of F-free graphs. If there exist ¢ > 0
and N > 0 such that every F-free graph G on n > N vertices with §(G) > (7(F) —e)n is
a subgraph of some member of G, then we say that F is degree-stable with respect to G.

Given a family of graphs G, let G,, denote the collection of all n-vertex graphs contained
in G. For 0 < a < 1, we define

Aa(Gn) = max A\, (G).

GeGn
Nikiforov [18] established the following results, which will be invoked in our proofs.
Lemma 14 (Nikiforov [18]). Let G be a graph and 0 < aw < 1. Then
aA(G) < M\ (G) < aA(G) + (1 — a)A\G).
Lemma 15 (Nikiforov [18]). Let 0 < a < 1. If G is of order n and m edges, then

2
Al Y @(u) and A(G) = .

n
ueV(G)

S|

Equality holds in the second inequality if and only if G is regular. If o > 0, equality holds
in the first inequality if and only if G is regular.

Lemma 16. Forr > 2 and 0 < a <1 — %, let G be a graph of order n and let x =
(x1,...,2,) be a non-negative unit eigenvector of An(G) corresponding to \o(G). Suppose
w € V(G) satisfies x, = min{zy,...,x,}. Then

1 — 222 1 —nz?
Ao(G — > A Yo =y

Proof. For simplicity, we write x = x,,. By the Rayleigh principle, it follows that
M(G) = xTAL(G)x

= Z (az? +2(1 — a)z,z, + az)
weE(G)

- Z (az? +2(1 — a)z,z, + azl) + Z (az® +2(1 — a)zz, + azl)

weE(G—w) ueN (w)
< (1-2%) A(G —w) + ad(w)z® + 2(1 — a)z Z T, + Z z2. (1)
ueN (w) ueN (w
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Note that (1 — )}, cnw) Tu = (Aa(G) — ad(w))z. Consequently, we obtain the
following inequality:

ad(w)z® +2(1 — a)z Z T, + Z z?

uEN (w) u€N (w)
< ad(w)r? + 20 (G) — ad(w))z? + a(l — (n — d(w))x?)
= 2\.(G)2* — anz® + a.

Combining this with (1), we obtain

1 — 222 1 — nx?
— >
Aa(G —w) = A\(G) .2 .2
O
Lemma 17. Let G be a hereditary graph family. For r > 2 and 0 < a < 1 — %, if
Aa(Gn) > (1=3)n— (1—=1), then the limit
)\Ol n
To(G) == lim (Gn)
n—o00 n
exists, and it satisfies
Aa(Gn)
< .
Ta(G) <~

Proof. Let G € G, satisfy \,(G) = Ay(G,), and let x = (z1,...,x,) be a non-negative
unit eigenvector of A,(G) corresponding to A\,(G). Suppose w € V(G) such that z,, =
min{zy,...,x,}. Since G is hereditary, G — w € G,_1, which implies that \,(G,—1) >
Ao (G — w). For simplicity, let z = x,,. Note that 2? < % By Lemma 16, we obtain

1— 222 1 —na?
-« )
1— 22 1— 22

)‘a(gn—l) > )‘a(gn)

Thus,
Aa(Gn-1) Aa(Gn) 1 1 — 222 1 — na?
n—2 ° -1 <1+n—2) —2 “m-20-2
 Aa(Gn) 1 — na? 1 — nx?
R (1+(n—2)(1—x2)>_a(n—2)(1—x2)
> )\a(gn)’
n—1

1

where the last inequality holds as A\, (G,) > (1 - %) n— ( - ;) and 0 <a<1—
Therefore, )\aﬁgf{ D > AZ(,gln ) > (0. This implies that the limit 7,(G) := lim,, o 2o (Gn)

n

n—1 "~

= =

exists. Moreover, 7,(G) <
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4 Proofs of Theorems 9 and 10

Lemma 18. Forr > 2 and 0 < aa < 1 — %, let G be a graph on n vertices, and x =
(x1,...,2,) be a non-negative unit eigenvector of A,(G) corresponding to \o(G). Denote
r=min{z,...,z,} and § = §(G). If x > 0, then

Aa(G) <ad+ (1 —a)\/52 + (# - 1) no.

Proof. Let u € V(G) such that d(u) = 0. According to the eigenvector equation with
respect to u, we obtain

! (Aa(G) — ad)x Z Ty

11—«
vEN (u

Hence,

( 1 )Q(AQ(G)—a(S)%ﬁ < (11 >2(AQ(G>—045>21‘3

l—«

which implies that

Aa(G) <ad+ (1 —a)\/52+ (# — 1) no.

Let F be a family of graphs with y(F) =r+1 > 3, and let G denote the collection of
all F-free graphs. Clearly, G is a hereditary graph family, and A\,(G,) = ex,(n, F). Note
that the r-partite Turdn graph 7,,, € G,,. By Lemma 15, we thus have

Aa(Ga) > A(Toy) > 24Tns) (1 _ 1) I

n T dn’

]

Furthermore, Lemma 17 guarantees the existence of the limit lim,, . M We denote
this limit as 7/, (F), so that 7/ (F) = m.(G).

Lemma 19. Forr > 2 and 0 < a < 1— 1, let F be a family of gmphs with x(F) =
r+12>3. Then 7, (F) > n(F). Furthermore, if n/ (F) > 1— =, then w.(F) = w(F).
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Proof. We first prove that =/, (F) > 7(F). Let G € Ex(n, F). By Lemma 15,
exq(n, F) > Aa(G) > 2ex(n, F)
n n n?
which implies that 7/ (F) > 7 (F).

Now, suppose m,(F) > 1 — 1. We will show @, (F) < 7(F), thus finishing the proof.
Clearly, 7,(F) < 1. So we assume 7, (F) = 1 — % +¢, where 0 < & < L. Let G be

)

67

the collection of all F-free graphs. Let G,, € G, such that A\,(G,) = A\,(G,). Suppose

x(") = (Z_gn)’ e ,:c%")) is a non-negative unit eigenvector of A,(G,) corresponding to
Aa(G,). Denote 2™ = min {x&n), . ,:L’%")}.

Claim 20. There exist infinitely many n € N such that

0< (@) <t (1_L)‘

Inn
Note that G is a hereditary graph family. By Lemma 16, we thus have

1—2(z™)?  1—n(zm)’

Aa(Gn-1) = Aa(Gn) 1— (am)? @ 1— (zm)

Moreover, since \o(G,) = Ao(Thr) = (1 1) n — 4-, it follows from Lemma 17 that

% > 7o(G) = (F) =1—1 +¢2 Now, let n > ng and let z = 2. Then we get

Aa(Gn) <1+ 1 )1—2x2 1 — na?

Aa(Gn-1)
> n—2) -2 ‘20—

n—2 ~ n—-1

A oit) )

> 2 (et e)
A;(—gi) (1 N nlin) ’

where the second inequality holds as 0 < a < 1 — % and A:(_gln) < 1_1 v and the last
1 ™

m) Thus, for any ¢ > ng, the following inequality holds:

)\a(gi—l) Aa(gi)> € _Aa(gi)

i—2 i—1 " ilni i—1"

inequality holds as 22 < % (1 —
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Summing both sides over i from ng to 2n, we further obtain

Ao(Gro 1) AalG2n) i Ma(Gi1)  XalGi)
ng — 2 2n—1 = 71— 2 11— 1
2n
£ )\a(gz)
> .
g ; ilni  i—1
2n 1
> e, (F) Z i

where the last inequality holds as % > 7o (G) = 7l (F). Taking n sufficiently large, we
2n 1

get a contradiction as ) ;" -

diverges. This completes the proof of Claim 1. O
By Claim 1, there exists an infinite sequence {n}32, of positive integers such that for

each n € {n;}2,,
1 1
(z)? > L (1 _ —) - 0.

n Inn

In light of Lemma 18, we deduce that

flG)  @G) (@)+ ( ( 1@)2 B 1) (Cn)
< O“S(nG”) L—a) (5<f”> b R 1)
< %4—(1—@) (1_1L —1).

Therefore, we obtain

2 (F) = lim 22 <M+(1 —a) <% - 1)) — r(F).

« n—o0 n n—o0
Thus, 7/ (F) = 7(F). The proof is complete. O
We are now ready to prove Theorem 9.

Proof of Theorem 9. It suffices to show that 7/,(F) =1 — 1. We prove the assertion by
contradiction. Recall that 7/, (F) > n(F) = 1-1. If n/,(F) > 1—1, then by Lemma 19, we
deduce that 7/, (F) = m(F) = 1— 21, which is a contradiction. Thus 7,(F) = 7(F) = 1-1.
This completes the proof. n

Next, we give the proof of Theorem 10.
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Proof of Theorem 10. We first consider the case where F does not contain K U sK;
for any £ > 1,5 > 0. In this case, K;,_; is F-free. Let G € Ex,(n,F). By Lemma
14, we have A\,(G) > A\o(K1,-1) = a(n —1). Since x(F) = 2, there exists a number
t > 0 and F' € F such that I C K,;;. By the well-known Kévari-Sés-Turdn theorem,
ex(n, Ky;) = O(n?1). Therefore, by Lemma 14, we obtain

a(n —1) < A(G) < aAG) + (1 —a)ANG) < a(n—1) + (1 — a)y/2¢(G) = an + o(n).

Then ex,(n,F) = (o + o(1))n. Next, we assume F contains K U sK; for some k >
1,5 > 0. Then A(G) < k — 1. Tt follows from Lemma 14 that

Aa(G) < aA(G) + (1 — a)AG) < AG) <k — 1.

Thus, ex,(n,F) = O(1). If F = {Kix}, then Ky U I, is F-free. Thus A\, (G) >
Ao(Kx UI,_1) =k — 1. Hence, ex,(n,F) =k — 1. The proof is complete. O

5 Proof of Theorem 11

5.1 Some auxiliary lemmas

Keevash, Lenz, and Mubayi [10] established a criterion that allows spectral extremal
problems involving the p-spectral radius of hypergraphs to be deduced from their corre-
sponding hypergraph Turén problems. Zheng, Li, and Li [23] later proposed a similar
criterion for the signless Laplacian spectral radius. Motivated by these works, we develop
a criterion for the a-spectral radius, which reduces a-spectral Turan-type problems to
classical extremal problems satisfying the degree-stable property.

Theorem 21. Let F be a family of graphs with x(F) =r+1 > 3. Suppose 0 < € < 3,

o< § and 0 < a<1— % —¢e. Let G/, be the set of all F-free graphs on n vertices with
minimum degree larger than (mw(F) — €)n. Suppose that there exists N > 0 such that for
every n > N, we have

lex(n, F) —ex(n — 1, F) —n(F)n| < on (2)
and
palgy) - XA )

Then there exists ng > 0 such that for any F-free graph G on n = ng vertices, we have
Aa(G) < Aa(Gy)-

In addition, if the equality holds, then G € G,.
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Now we prove Theorem 21. Let G be an F-free graph on n vertices. Let x =
(x1,...,x,) be a non-negative unit eigenvector of A, (G) corresponding to A\, (G). Suppose
w € V(G) such that x = z,, = min{zy,...,z,}. Let 06 = (G).

From (3), it is readily seen that ’\“(ng;i) — 2xn7) — (1). Recalling that 7(F) =

n

lim,, o 26"7(;’;), this immediately implies
Aa(Gp) = (7(F) + o(1))n. (4)
Clearly, 6(1,,,) > (1 —1/r)n—1> (1—1/r —¢e)n, and T,,, is F-free. Thus, T,,, € G,,.

Combining Lemma 15 with the known lower bound e(7,,) > %Tﬂ — &, we deduce

MG > (1201 5)

r 4n’
Lemma 22. \,(G)) > A\(G),_,) + 7(F) — bo.
Proof. By the triangle inequality, combining (2) and (3), we deduce that
Xa(Gn) = Aa(Gry) = 7(F)]

< 2ex(n, F)  2ex(n—1,F) _W(]__)‘ + 9
n n—1
2 2ex(n — 1, F)
n(ex(n,}") ex(n —1,F) — w(F)n) + 7(F) W= 1) + 20
2ex(n — 1, F)
< i i LAVA BID/PY
7(F) nn—1) ‘—F o
Note that lim,, % = m(F). Thus, for sufficiently large n, we have
Aa(Gn) Z Xa(Gy ) +7(F) — o
[
§(1—a)?

2
Lemma 23. z° < (G —ad)Zr o (n=0)(I=a)Z "

Proof. Let u € V(@) such that d(u) = 0. According to the eigenvector equation with
respect to the vertex u, we get

Ma(G) —ad)z, = (1—a) > =,
vEN (u)

Combining this with Power Mean inequality, we obtain
2

(1ia(Aa(G)—a5)x>2 < [ ¥ w] <o Z)xg

vEN (u) vEN (u

< 0(1—(n—10)2?),
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which implies that
5(1 — a)?
(Aa(G) —ad)2+d(n—0)(1 — a)?

2 <

]

Lemma 24. If \o(G) = \.(G)) and § < (n(F) — €)n, then for sufficiently large n, we

have
, 1—¢&?
Tt < )

n

Proof. 1f 6 = 0, then z = 0, the result follows In the following, we assume 6 > 1. Set

¢ = 5. By the assumption that \o(G) = Ma(G;,) and (5), we get
Ma(G) = Ma(G)) = (1 . %) n— % > (7(F) — O)n. (6)
Let ]
fg:2) = 2 (z = ay)f* + (n = y)(1 - )"

where 1 <y < (n(F) —¢)n and z > (7(F) — O)n.
A straightforward calculation shows

0y, 2) = — (Z—2 +1-— 2a) and 01 (y,2) =2 (E — 04> ;
y 0

Ay 2 z y

which implies that 8f(y 2 < 0and % >0forl <y < (n(F)—e)nand z > (7(F)—0)n.
Combining this Wlth (6) and assumption ¢ < (7(F) — ¢)n, we get

F0, (@) = [(7(F) = &)n, (x(F) = O)n).

By Lemma 23, we have

oo (- (1-ay i

S fO(G) T f(7(F) = e, (n(F) = 0)n)

_ (1—a)*(n(F) —¢)
(1—a)(m(F)—e)+e—-02+(1—a)?(n(F)—¢e)(l —7n(F)+e)

_ (1—a)*(n(F) —¢)
(1—a)2(m(F)—¢e)+2(1 —a)(n(F)—¢e)(e—0)+ (¢ — 0)?
m <1l-— 52,

completing the proof. O
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Lemma 25. Suppose G satisfies \o(G) = A\o(G)) and 2* < % Then, for sufficiently
large n, we have

MG = 0) > Aa(G) (1 -= ) (7)
and
Aa(G —w) > Aa(Gr ). (8)

Proof. By Lemma 16, we obtain

1— 222 1 — na?
-« )
1 — 22 1 — 22

Aa(G —w) = A (G)

Combining this with the assumption Ao(G) = Ao(G)), (5), and a < 1 — 1 — ¢, we get

MOw) s RO (1 LI o
- 28 (1 * (1 - “fa(_(;)) G - 2—)39;_2 :c?))
> 2 (o (- () ) )
S (e
> 2 ()

where the last inequality holds as 2% < %
Then, it follows that

MG —w) = )\a(G)(l— ! )(1+( re’ )

n—1 F—1(n—1)
> \(G) (1 - 1n__513>
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Next we prove (8). By (9), we obtain

MG — w) &«n<1+( 1 — na? > ( 1 — na?

WV

n—2 n—1 n—2)(1—x?) _an—Z)(l—xQ)
_A(G) Aa(G) 1 — na?
- n—1+<n—1‘*0(n—mu—x%
Aa(G) (1-7)(n—1) 1 1 — nz?
> n—1+< n—1 _(1_;_5)> (n—2)(1 —x?)
_A(G) e(1 — nz?)
 on—-1 (n—-2)(1-2?
> 2"‘(_G1) + ne_?’ 5 (10)

where the second inequality holds as Ao (G) > (1 — 1) (n—1) and &« < 1— 1 — ¢, and the
last inequality holds as z? < %
For sufficiently large n, by (4), we have A\, (G),_;) < (7(F)+0)(n—1). Combining this

/
with (10), Lemma 22 and the assumption \,(G) = \.(G),), we get

Ao(G —w) >AJ®(L—1 )+§

2(%(;J+ﬂf%6®<L—1 )+§

> (G, ) —To+¢
> )‘a(g;—1>v

where the last inequality holds as o < § The proof is complete. O

The following facts, proved by Zheng, Li, and Li [23], will be employed in our proof
Fact 1. If 0 < z < § and 0 < a < 1, then In(1 — az) + az + 2% > 0.
Fact 2. If > 1, then £ <Inz —In(z — 1) and 5 < 45 — L.

We are now ready to prove Theorem 21.

Proof of Theorem 21. We prove by contradiction. Suppose to the contrary that there
exists an F-free graph G of order n such that A\,(G) > A\,(G,) and G ¢ G/. Let N be a
sufficiently large integer such that Lemma 24 and Lemma 25 hold for n > N. Moreover,

1
according to (5), we assume A\, (G)) = (1 —e)m(F)n for n > N. Let nyg = (dﬁ) <

Note that ng > N. Let x(") = <x§”>, cees x&”)> be a non-negative unit eigenvector of A, (G)
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corresponding to A, (G). Suppose w™ € V(G) such that z,m = min {x&"), o ,x%n)}.
Recall that \o(G) > Ao (G)) and 6(G) < (7(F) — €)n. Then, by Lemma 24, 22, < ==,

n

For n > nyg, denote G, = G and G,,_1 = G,, — w™. Then, it follows from Lemma 25 that

n—1

Aa(Grt) = Ma(Gh) (1 1= 53)

and
)\a(Gn—l) > )‘Ot( 7/1—1)'

Since Ao(Gn—1) > Aa(Gl 1), Gue1 € Gl 1. So 0(Gp—1) < (7(F) —e)(n —1). Let

x(=1 = <x§"71), e ,xsln:ll)> be a non-negative unit eigenvector of A,(G,_1) correspond-

ing to Ao (Gp_1). Suppose w™™Y € V(G,_,) such that z,,-1) = min {x&n_l), e ,a:fl’l_ll)}.

Denote G,,_s = G,_1—w™ Y. Continue this operation, we can obtain a sequence of graphs
G, Gp_1, ..., which satisfies

o112

and
)\a(Gi—l) > >‘a< z{—l)

foreachn > 17> N.
Then, for : = N + 1, we have

Ml(Gx) > Aa(Grsa) (1—1&5?’)

WV
>~
Q
—
)
3
S~—
— =
N
—_
|
.| —
|||
—1 0,
~~

WV
>~
L
Q
2
@
I
o}
|
T
ZM:
t
/-~
~. —
|||
— mw
VR
-~
| | —
—_
~~_
[N}
~_—
~_—

WV
>
Q
—~
Q
3
~—
]

»
o

/N

L

[a—

|

™
\BJ

=3

S
|
—_
N———

(1 - )n(F)n (N’i 1) e

WV

(1—e)r(F)n e

WV

> (1—e)n(Fns et =N,

where the third inequality holds as Fact 1 and the fourth inequality holds as Fact 2. This
contradicts the fact that A, (Gy) < N — 1. The proof is complete. O
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5.2 Proof of Theorem 11

Andrasfai, Erdés, and Sés [1] showed that K,y is degree-stable with respect to the family
of r-partite graphs. Erdés and Simonovits [7] extended the result to all color-critical
graphs.

Lemma 26 (Erd6s and Simonovits [7]). Let F' be a color-critical graph with x(F) =
r+1 > 3. There is ng such that if G is an F-free graph on n > ngy vertices with

iG) > g::‘lln, then G is r-partite.

Next, we derive an upper bound for A\, (7},,). To this end, we first state the following
lemma.

Lemma 27. Let G be a hereditary and multiplicative graph family, and let r > 2. If for
any 0 < a < 1 =1, the inequality \o(G,) > (1 — L) n— (1= 1) holds, then

Aa(G) < 1o (G)n
for every G € G,,.

Proof. Let H € G, satisty \,(H) = A\o(G,). Since G is multiplicative, H? € G, for all
p = 1. Using the quotient matrix method, it can be verified that \,(H?) = pA,(H).

Consequently,
AalGn) _ AalH) _ Aa(H?) _ Aa(Gpn)

— — XX .

n n n n
By Lemma 17 and the assumption A\, (G,) > (1 — %) n— (1 — %), we have lim,,_, % =
7o(G). For any G € G, we thus have
Ao Aa(Gn
©) < 2olGn) Ta(9),
n n
which implies that A\, (G) < m,(G)n. O

Lemma 28. Forr >2 and 0 <a <1 -— %, we have Ao (1)) < (1 — %) n.

Proof. Let G denote the collection of all K, i-free graphs. It is straightforward that G
is both hereditary and multiplicative. Since T, € G,, Ao(Gn) = (1 — l) n — . By

r an”

Theorem 9, 7,(G) =1 — %, and thus Lemma 27 yields A\, (7),,) < (1 — %) n.
We are now ready to give the proof of Theorem 11.

Proof of Theorem 11. Let F be a color-critical graph with x(F) =7+ 1 > 3, and let G
be an arbitrary F-free n-vertex graph. Recall that ex(n, F) = e(T,,,) = (1 — 1) %2 +0(1)
and 7(F) = 1 — % Let ¢ > 0 and 0 < é be two sufficiently small constants. For
sufficiently large n, we have

lex(n, F) —ex(n — 1, F) —n(F)n] = O(1) < on.
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Let G/, be the set of all F-free graphs on n vertices with minimum degree more than
(7(F) — e)n. Note that 1 — 1 — e > 3*=2 as ¢ is sufficiently small. Then, for sufficiently
large n, every graph in G, is an r-partite graph by Lemma 26. Clearly, T,,, € G/, which
implies that A, (G),) = Aa(T}r) by Theorem 7. Combining with (5) and Lemma 28, we

deduce that Ao (G,) = Aa(Th,) = (1 — 1) n+ o(1). Hence,

Aa(G) — M —o(1) < 0.

Therefore, by Theorem 21, A\,(G) < A, (G),) with equality if and only if G = T, . This
completes the proof. O
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