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Abstract

An r-uniform linear cycle of length ¢, denoted by C7, is an r-graph with ¢
edges e1,e2,...,ep where e; = {v(_1)(i—1), Vr=1)(i=1)+15- - -» Vor—1)i} (here vy =
V—1)¢). For 0 < § < 1 and n sufficiently large, we show that every n-vertex

_ _ o am1
r-graph G with n" =% edges contains at least D@D 20261t ey s ) o)

copies of Cy,, . Further, conditioning on the existence of dense high-girth hyper-

graphs, we show that there exists n-vertex r-graphs with n’—o edges and at most
1

p (" DEED) =0 =gy ) +o(l) copies of Cg, ;.

Mathematics Subject Classifications: 05C35, 05C38, 05C65,05D40

1 Introduction

Given an r-uniform hypergraph (r-graph for short) F, the Turdn number ex(F,n) is the
minimum interger M such that every n-vertex r-graph with more than M edges contains a
subgraph isomorphic to F' (referred to as a copy of F'). Determining or estimating ex(F,n)
is one of the central topics in extremal combinatorics; this kind of problem is known as the
Turdn problem. A natural extension of the Turan problem ask: if the number of edges in
an n-vertex r-graph is more than ex(n, F'), then how many copies of F' must it necessarily
contain? This kind of problem is called the supersaturation problem.

For a given r-graph F', we use v(F') and e(F') to denote its numbers of vertices and
edges. Erdés and Simonovits [11] proved a general conclusion, that is, if an r-uniform
hypergraph G has ex(n, F) + cn” hyperedges, then G contains at least en*"") copies of F
where ¢ is depending on ¢, see also [23, 41, 37, 40] and references therein. When consider-
ing the case of “weakly supersaturated graphs”, specifically when e(G) = ex(n, F')+o(n"),
the scenario becomes more intricate, see [27, 29, 38] and references therein. In the case
of graphs (r = 2), Erdds and Simonovits made the following conjecture for the supersat-
uration problem for bipartite graphs:
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Conjecture 1 ([46]). Let F be a bipartite graph such that ex(n, F') = O(n?*~®) for some
0 < a < 1. There exist positive constants ¢ and ¢ > 0 such that if G is an n-vertex graph
such that e(G) > en?™@, then G contains at least

,_e(G)*)

n2e(F)—v(F)
copies of F.

e(F) . ) . :
Note that the number ¢ % in Conjecture 1.1 is achieved by the random graph

n e(G e eGe(F) .
v(F))( (n)> () ~ Clm coples of F'. In
2

[13], Simonovits proved Conjecture 1 for even cycles Cy. In [10], Erdés and Simonovits
proved it for the path graph P,. Furthermore, in [11], they extended their results to
many other cases, including the cube graph and the complete bipartite graph K, ,. For
additional references, the reader is referred to Lovasz and Simonovits [26], Razborov [39],
Lovész [25], and Reiher [41].

It turns out that the supersaturation problem is closely related to the Sidorenko prob-
lem. A homomorphism from an r-graph F' to an r-graph H is a map ¢ : V(F) — V(H)
such that ¢(e) is an edge of H whenever e is an edge of F'. Let hom(F, H) denote the
number of homomorphisms from F' to H and define the homomorphism density

hom(F, H)
te(H) = ()

with e(G) edges: it contains in expectation (

which is equivalently the probability that a random map ¢ : V(F) — V(H) is a homo-
morphism. From this, we can derive an important definition regarding homomorphism
density.

Definition 2. We say that an r-graph F'is Sidorenko if for every r-graph H we have
tr(H) >t (H)*,
where K is the r-graph consisting of a single edge.

Observe that if F' is not r-partite, then F' is not Sidorenko (due to H = K, for
example). For bipartite graphs, Sidorenko made the following conjecture.

Conjecture 3 ([44, 45]). Every bipartite graph is Sidorenko.

A considerable body of research has been devoted to the investigation of Sidorenko’s
conjecture [3, 4,5, 6,8, 15, 17, 20, 22, 24, 47]. Despite these efforts, the conjecture remains
widely open.

It is well-established that Sidorenko’s conjecture does not generalize to hypergraphs.
Indeed, Sidorenko [44] showed that r-uniform linear triangles are not Sidorenko for r > 3.
This result has historically limited interest in identifying which r-graphs satisfy the
Sidorenko property. However, this trend has recently shifted with the seminal work of Con-
lon, Lee, and Sidorenko [7], who unveiled a profound connection between non-Sidorenko
hypergraphs and Turan numbers.
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Theorem 4 ([7]). If F is not Sidorenko, then there exists c = c¢(F') such that

v(F)—r

ex(n, F) = Q (nrf e<F>*1+c> :

F)—r

We note that this improves upon the lower bound ex(n, F') = Q(nr_%) which holds
for all F' by a standard random deletion argument.

Nie and Spiro [35] introduced the following notion to measure how far an r-graph is
from being Sidorenko.

Definition 5. Given an r-partite r-graph F', let
s(F):=sup{s:3H, tp(H) = trer ()P > 0}.
We call s(F') the Sidorenko gap of F'.

Clearly, F' is Sidorenko if and only if s(F') = 0. For non-Sidorenko hypergraphs, Nie
and Spiro [35] determined s(F') for F' being the r-expansion of k-uniform clique on k + 1
vertices (see [35] for precise definition).

One can show that if F' is not Sidorenko, then the analogue of Conjecture 1 for F' is
not true. More precisely, we can prove the following.

Proposition 6. For every r > 3, let F' be an r-graph. For any integer n and reals
g,0 € (0,1), there exists N > n such that there exists an N-vertex r-graphs Hy with at
least N"~° edges such that Hy contains at most

Nv(F)—&(s(F)—i—e(F)—e)

copies of F.
Inspired by Proposition 6, we make the following conjecture.

Conjecture 7. For every r > 3, let F' be an r-partite r-graph such that ex(F,n) =
O(n"~) for some 0 < o < r — 1. Then there exists positive constant ¢ such that if G is
an n-vertex r-graph such that e(G) > en”“, then G contains at least

e(F)+s(F
poF)—o(1) (B(G)> ()50

nT
copies of F.

T

An r-uniform linear cycle of length ¢, denoted by Cj, is an r-graph with ¢ edges
e1,es,...,e where e; = {v;_1)(i-1), Vr—1)(i=1)41, - - - , Ur—1)i } (here vy = v(_1)¢). Conjec-
ture 7 have been implicitly confirmed for C},, ¢ > 2 [33, 31], and also for the non-Sidorenko
hypergraph the r-expansion of k-uniform clique on k + 1 vertice [1] [32].

In this paper, we study the supersaturation problem and the Sidorenko gap problem
of odd linear cycles. The problems for C} have been solved in [36, 32, 35]; it is proved

THE ELECTRONIC JOURNAL OF COMBINATORICS 33(2) (2026), #P2.49 3



that s(Cj) = -5 and Conjecture 7 has been confirmed for Cj. The problems for C3,,,

where ¢ > 2 are still wide open. In [35], Nie and Spiro showed that s(Ch,, ;) < 251
Further, they mentioned (without a proof) a conditional lower bound s(C3,, ;) > m

Here we prove this lower bound formally and as a consequence obtain a conditional upper
bound for the supersaturation problem. In this paper o(1) means a function that goes to
0 when n tends to infinity. A Berge-Cycle of length k in a hypergraph is a set of £ distinct
vertices {vy,vs, ..., v} and k distinct edges {e1, eq, ..., ex} such that {v;, v;11} C e; with
indices taken modulo k. We call the length of the shortest Berge-Cycle contained in a
hypergraph the girth of this hypergraph.

Theorem 8. For every r > 3 and { = 2, if for all positive integers n there exist n-vertex
r-graphs of girth 20 + 2 with n*+t/¢=°M) edges, then

(Chpy) > ——
EINDYAN /(r_1)€_17

and thus, for every constant 0 < § < 1, there exists n-vertex r-graphs with at least n™~°

edges containing at most
n(rfl)(2€+1)76(2€+1+m)+0(1)

copies of Cgy, .

The condition of the existence of dense high-girth hypergraphs here if true would be
best possible [2]. It can be viewed as a hypergraph analogue of the Erdds-Simonovits
conjecture for the existence of dense high-girth graphs, which is widely believed to be
true among the research community. In the case when ¢ = 1, such condition is true due
to the seminal Ruzsa-Szemerédi construction [42] and its generalization [16]. See also
[21, 43, 18] for more on this topic.

On the other hand, concerning lower bounds for the supersaturation problem, as a
consequence of [32, Theorem 2.5, we know that an 7-graph with e(G) > n"~'*°(1) contains
at least

2414221
(=D 1) —o(1) (e(G)> T2

nT

copies of (3, ;. We prove the following better lower bounds for £ > 2.

Theorem 9. For every r > 3, { > 2, there exists a constant C' such that if G is an
n-vertex r-graph such that e(G) = n""(logn)®, then, as n — oo, G contains at least

W14 —2L
P r—1@e+1)—o(1) (6(G)) ( D)
nT

copies of Cy,,,. As a consequence, we have

€5 < a0—1
) T i 1) - 3
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Theorem 9 is our main result. In fact, it is obtained by enhancing a weaker result
using the method of codegree dichotomy(See Lemma 17). We present this weaker result
here.

Proposition 10. For every r > 3, £ > 2, there exists a constant C' such that if G is an
n-vertex r-graph such that e(G) = n""'(logn)®, then, as n — oo, G contains at least

204142
n(r—l)(2€+1)70(1) (@)( )

nT’
copies of C3,,,. As a consequence, we have

2

T < -
$(Ce11) < — 1
It is worth noting that Theorem 9 and Proposition 10 give the same bound when

r=23.

1.1 Notation

A k-shadow of H is a set X of k vertices such that X C e for some edge e of H. The
codegree of X is the number of edges of H containing X, which is written as dy (X); when
X = {u,v}, we simplify the notation to dg(u,v). We denote by A;(H) the maximum
dy(0) among all j-shadows 6. Whenever H is clear from the context we will drop it
from the notation. For an r-partite r-graph G with vertex partition (V4, Vs, -+, V,), for
1 <i < j<r,wewrite Oy, v, (H) for the set of 2-shadows (v, v;) with v; € V; and v; € V.
Usually we simplify the notation to 0;;(H) = 0y, v,(H). Throughout this paper, We will
use a notation plog,,(n) to denote any function which is of order ©((logn)/“")).

For an r-graph H and a positive integer t, the t-blow-up H]t| is the r-graph on vertex
set V(H) x [t] with hyperedges {{(vi,t1),..., (Vs t;)} : {v1,...,0.} € H1 < tq,..., 6 <

).

1.2 Related work

Fox, Sah, Sawhney, Stoner, and Zhao [14] studied the supersaturation problem of C3, but
in a slightly different flavor: they showed that for any ¢t > 0, a sufficiently large 3-graph
G with edge density ¢ must contain at least |V (G)[*t*=°1) copies of C3.

Jiang and Yepremyan [19] studied the supersaturation of even linear cycles in linear
hypergraphs. Recently, Mubayi and Solymosi studied the supersaturation of linear 5-
cycles in linear hypergraphs [30].

2 Supersaturation

The proof idea for Proposition 6 is to use the blow-up technique to link the homomorphic
copies of F' in H with the copies of F' in H[t], and then employ the Tensor product of
hypergraphs to ensure that the hypergraph can be sufficiently large.

ot

THE ELECTRONIC JOURNAL OF COMBINATORICS 33(2) (2026), #P2.49



2.1 Proof of Proposition 6

Proof of Proposition 6. By the definition of s(F"), for any € > 0, there exists some ¢’ > 0
and an m-vertex r-graph H with m"~% edges such that

hom(F, H) < mF) =0 (e(F)+s(F)=5)

Moreover, we define the tensor product H ® H = H? to be r-graph on V(H) x V(H),
where ((z1,v1),- .., (zr,yr)) € E(H?) if and only if (z1,...,2,), (y1,...,y.) € E(H).
Clearly we have v(H?) = v(H)?> = m? and e(H?) = e¢(H)?> = m?"%). Furthermore,
each copy of F' in H? induces two (possibly the same) copies of F' in H. Hence, we have
hom(F, H?) < hom(F, H)? = m?@UN=06)+e()=3)) " which means H? still satisfies the
upper bound of the number of F-copies. Therefore, by repeatedly applying the tensor
product operation, we may assume that m is sufficiently large.

Now we construct the desired r-graph promised by the proposition based on H. If
d < ¢, then let HJ[t] denote the t-blow-up of H, where the vertex set is given by

{vij,i € [m], 5 € [t]}

and let ¢ be an arbitrary homomorphism from F' to H. We define an injection ¢’ from F'
to Ht], if there exists vy, vy € V(F'), such that ¢(v,) = ¢(vs) = v; € V(H), then we assign
¢'(v1) and ¢'(vq) to different vertices within the same t-set. i.e. ¢'(vy) = v;; € V(H]t]),
¢ (vg) = vy, € V(HIt]), where 1 < j # k < t. Clearly, such a ¢’ corresponds to a
copy of F'in H[t]. Conversely, each labeled copy of F' in H|t] also corresponds to such
a homomorphism. When ¢ is sufficiently large, there are at most hom(F, H) - ') such
injections. Moreover, let n = mt and §" = %6’ . Note that m® = n®". Clearly we have
that H[t] has n vertices and m" % - " = n"~%" edges. We find that H[t] contains at most
mP )= () +s(F)=3) . 4o(F) < pu()=8"(e(F)+s(F)~2) Jabeled copies of F. Setting t = m' 1
yields ¢” = 0. Thus, we obtain the desired result.

If 6 > o', then we consider Hl[p|, a random induced subgraph of H, where p will
be specified later. That is, H[p| is obtained from H by keeping each vertex in H inde-
pendently and randomly with probability p. Set n = mp and let Y be the number of

4 3 / 1"
F-copies in H[p]. Let 0" = Mogﬁ%log? and note that m™" = (2)*n=?". Clearly we

have E(o(H[p])) = mp = n, B(e(H[p])) = m"*'p" = (3" and

E(Y) < hom(F, H) - p*)

mP )= (e(F)+s(F)=3) | jo(F)

NN

P
(3/2)27"(6(F)+8(F)—%)nv(F)—é”(e(F)Jrs(F)_;) ‘

Setting p = m5-1. (%)% yields §” = 0. Since the number of vertices N in H[p] follows

a binomial distribution N ~ Bin(m, p), by Chernoff’s Bound, we have

Pr <|N—n| > g) < 2exp <—%> .
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We bound the variance Var(e(H [p])) by summing the covariances of the edge inclusion
indicator variables:

Ver(e(Hlpl) < BleCHDD] + 3 3 p < Ble(lp)] + Y e(n) (| )~

i=1 |enf|=i i=1

The last inequality is due to the number of pairs of edges in H intersecting in exactly ¢
vertices is at most e(H) (})m" .
We examine the ratio of each term in this sum to E[e(H|[p])]? = e(H)*p* . For each
1 <i<r—1, we have
e(H)mr—ip%”—i mr—i m(5’

e(H)2p2r - mr=op (mp)!

Noting that mp = ©(m?/%), this ratio becomes ©(m®1~#/9). Since 0 < § < 1 and i > 1,
we have 1 — /6 < 0, which implies that the ratio tends to 0 as m — oo. Consequently,

Var(e(H|[p])) = o(E[e(H [p])]*).

By Chebyshev’s inequality, as m is sufficiently large, we have

P (e(il) < L] ) < Pr (Je(Hlp) ~ Ele(H] > SEleC) )
Warle(H) _
Ecp)r

Moreover, for Y, by Markov’s inequality, we have
Pr(Y > 2E[Y]) <

1
5
Let A, B,C be the events that N € [2,22] e(H|[p]) > sE[e(H[p])], and Y < 2E[Y]. We

27 2
find that as m is sufficiently large, since n = mp = m’s - (%)%, we have E(v(H|[p])) >
241n 8. Thus, we infer that each of A and B occurs with probability at least 7/8. Hence,
with probability at least 1/4, events A, B and C hold for H|[p|. This yields the existence
of the desired subgraph H(p] with e(H[p]) > 3(2)*n"=%" > (3n)"~? which contains at
most

2r(e(F)+s(F)—5) . E v(F)=8(e(F)+s(F)—¢)
5 (3) o) =8EF)5(F)=5) (”) )

2 2
copies of F. O

2.2 Proof of Theorem 8

Before presenting the proof, we first provide some necessary definitions. A path of a
linear hypergraph is a sequence viejvqp€s -« - vp_1€x_1vg, Where for any 1 < i < k — 1,
{vi,vi;1} C e;, and each v; appears only once in this sequence. The length of a path
is the number of edges of the path. We say that two vertices v; and v, in a linear
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hypergraph is connected if there exists a path containing v; and ve, and we say that a

linear hypergraph H is connected if any two vertices in H are connected. We say that v,

is at distance ¢ from vy if the length of the shortest path containing v, and wvs is i.
Firstly, we present two simple propositions.

Proposition 11. Let H be an n-vertex r-graph of girth 20 + 2 with n*+*/=°W) edges. If
¢ is a homomorphism from C3,, | to H, then ¢(V(C5,,,)) induces a linear tree in H with
at most { edges.

Proof of Proposition 11. Note that H is a linear hypergraph since we regard two edges
with an intersection of at least 2 vertices as forming a Berge-Cycle of length 2. Moreover,
#(V(C3,.1)) induces a linear tree in H since the girth of H is 20 + 2, and if ¢(V (C3,,,))
forms a cycle, its length must be at most 2¢ + 1.

Let us prove that the number of edges of ¢(V(C3,,,)) is at most £. Let the linear
tree induced by ¢(V(Cj,,,)) be denoted as T. Suppose e(T) > ¢ + 1. Since ¢ is a
homomorphism and e(C3,,,) = 2¢+ 1, by the pigeonhole principle, there must be at least
one edge in E(T') whose preimage consists of exactly one edge, say e;. We remove e; from
U341 and denote the resulting hypergraph as C~. Let the two adjacent edges of e; be
denoted as ey and e, with e; Ney = v; and e; Ne3 = vy, Since {vy,v2} C €1, ¢(vy) and
¢(vq) are distinct vertices of ¢(V'(e1)) in T. Therefore, if we remove ¢(V(ey) \ {v1,v2})
from T', v; and vy will become disconnected, as T is a linear tree. Furthermore, observe
that C'~ remains connected. Clearly, the homomorphic image of a connected hypergraph
is still connected, which leads to a contradiction. Hence, we conclude that e(T) < ¢. O

Proposition 12. Let H be an n-vertex r-graph of girth 2042 with n**1/¢=°") edges. Then
there exists H' € H with n'=°1) vertices, %n“l/g_"(l) edges, and the number of linear trees
in H' with at most ¢ edges is at most n>to(),

Proof of Proposition 12. We iteratively remove vertices from H whose degree is less than
int/f=°) until the degree of all remaining vertices is greater than 1n'/*=°(). During the
process, at most n - %nl/“"(l) < %nlﬂ/z*o(l) edges are removed. Thus, we can obtain a
subhypergraph H' C H with at least 1n!'*1//=°() edges, and the girth of H' remains at
least 2¢ + 2. Additionally, the minimum degree of H" is 6(H') > %nl/z_o(l).

Suppose z € V(H') and d(x) = A(H’). Let U; be the set of vertices that are at
distance i from z. Let m; be the number of vertices in U;. Clearly, m; = A(H').

Let dy,y)(v) denote the number of edges in H’ that are restricted to U and V' and
contain the vertex v. Note that for any vy, € Uiy, 1 <@ <0 — 1, d, v, (Vi) = 1.
Otherwise, there would exist vertices vy, v, € U; and edges ej,eo € E(H'), such that
{va,vi41} C er and {vp,v;11} C ez. This would imply the existence of a cycle containing
e1, e2 with length less than 2¢ 4 2, which is a contradiction.

Moreover, e(H'[U;]) = 0, 1 < i < £. Otherwise, there exists an edge e € E(H'[U}]),
then there would exist a cycle containing e with length less than 2¢ + 2, which is a
contradiction.
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Because for any v; € U;,d(v;) > 6(H') > in'/=°W and d(v;) = dp, v (vi) +
A (i) + di, v,y (vi), we have di, 1,,,)(v;) = n!/f=°() — 1. Thus, we have
1
Mir1 = gnl/g_o(l)mi, forany 1 <i</—1. (1)

Thus, we have n > my, > A(H') - (/oM=L = (L)i-Ipt=1/t=e) . A(H'), which
means that
A(Hl) < n1/€+o(1).

Moreover, we have my > (1) tn! VoW A(H') > (1) Int VoW §(H') > (3)-
in'=°W | which implies that |V(H’)| 1=o(1),
In conclusmn, the number of linear trees with at most ¢ edges is at most

n-AH) - (r0)t < n?ol),

The bound follows from considering all possibilities in the construction: there are at most
n choices for the root vertex; then in each extension step, there are at most ¢ choices for
the vertex to which a new edge is attached, and at most A(H’) choices for the new edge
itself. ]

Proof of Theorem 8. Let H be an n-vertex r-graph of girth 2¢ + 2 with n!*1/¢=°() edges
as assumed in the theorem.
By the definition of the homomorphism density, proposition 11 and proposition 12, we
have
hom(Cgyy HY)  glt, )
o(H')*Caer) T D) —o()”

tc;Hl(Hl) =

where g(¢,7) is a function bounded by ¢ and r. And
T!nl-&-l/é—o(l)
/ p—
tK; (H ) - nr—o(1)

By definition, s(Cj.,,) is at least log(tcy,, (H'))/log(tx; (H')) — e(C3,q). Thus, we have

. logg(4,7) + (2+0(1))logn — ((2¢ + 1)(r — 1) — o(1)) logn
5(Catr) 2 logr!+ (1+1/¢—0(1))logn — (r —o(1)) logn — (264 1),
Taking n — oo, we have
$(C3e11) 2 - 1(2_f J{/?ETT_ b_ (20+1) = ; L

(r—1)¢0—-1

2.3 Proof of Proposition 10

Our proof for Proposition 10 primarily draws upon the methodology employed by Mubayi
and Yepremyan [31] in their treatment of balanced supersaturation for even cycles in r-
graphs. We have extended this approach to address the issue of supersaturation for odd
cycles in r-graphs.

In our proof, we need a supersaturation result for even cycles in simple graphs by
Simonovits [12] (unpublished, see [28, Theorem 1.5] for a proof).
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Theorem 13 ([12, 28]). For every { > 2, there exist 6 > 0 and ko € N such that the
following holds for every k > ko and every n € N. Given a graph G with n vertices and
kn't1/% edges there exists a collection F of copies of Co in G such that |F| > 6k*n?.

For convenience, we restate Proposition 10.

Proposition 14. For every r > 3, £ > 2, there exists a constant C' such that if G is an
n-vertex r-graph such that e(G) = n""1(logn)®, then, as n — oo, G contains at least

204142
pr=1)(20+1)—o(1) (@)( 2.

n'l"
copies of C3,,,. As a consequence, we have

2
T g [
$(C3e41) r—1

Proof of Proposition 10. Let @, dq, kg be the quantities derived from Theorem 13 when
applied with £. Let G be a given r-graph with n vertices such that e(G) > n""1(logn)¢,
where C is a constant. According to a classical result by Erdés and Kleitman [9], G
contains an r-partite subgraph H with r-partition (Vi, V5, ..., V,) such that the number
of edges in H satisfies e(H) > rle(G)/r".

Let Y be the collection of all functions from ([;]) to [log (,",)], and for each i, € [r]
and y € Y we simply write y,;; for y({i,5}). We say that an edge e € H is of type y if
for every set {i,j} C ([g]), we have 2v5~1 < dy(en (V;UV;)) < 2¥%i. By the pigeonhole
principle, there exists some y € ) such that at least log(n”) " e(H) edges of H are of
type y. Let Hy be the collection of edges of type y, and let A;; 1= 2%,

Set H* = Hy and let U; := V; N V(H*). If there exists some pairs v; € U;, v; € Uj,
1 <i<j <rsuchthat 0 < dy,(v;,v;) < 27" log(n") ™" dg (v, v;), then delete every edge
from H* containing v; and v;. We excute this operation iteratively on H*. After this, we
also remove all the vertices which became isolated in the resulting hypergrah. Let H' be
the resulting hypergraph, we continue to use the notation U; for the parts of H'. Noting
that it satisfies that if v; € V;,v; € V; such that there exists e € F(H') with {v;v;} Ce
then

Aij dp (vi, v))
< < dpr(vi,v;) < Ay 2
2(21lognr)™* = (2logn”)" (v, v5) J (2)

Furthermore, note that the total number of edges deleted from H, to obtain H' is at most

dp (vi, v;) r?e(H) e(Hy)
Z Z (2lognr)r S (2lognr)r* S 2
1<i<y<r vieVi,v;€V; & &
Combining the above, we have:
H) o) dG)
2 7 2log(n")™ ™ plogy,(n)
Let 0i; = Oy, v,(H'), without loss of generality, we may assume that |U;| is the maximum
among |Ui|,...,|U,|.

() > & 3)
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Claim 15. For arbitrary u, € Uy, us € U,, there exists 3 < i < r such that there are at
least dp(u,up)Y "2 distinct v € U;, the set {uy, ug, x} is part of some edges in H'.

Proof. Assume that for all 3 < ¢ < r, we can find fewer than dg (U17U2)1/(T72) distinct
x € U; that satisfy the given conditions. Thus, the number of edges containing u; and us

is less than
(dp(uq, uz)l/(PQ))T*z = dy(u1,us),

which is a contradiction. O

Claim 16. There exists some j € {2,...,r} such that

—2

(@)= || =
plog(,r (n)

(&
0151 =

Proof. Assume that j = 2 does not meet the desired bound, as otherwise the proof is
trivial. We aim to demonstrate the existence of some j € {3,...,r} that can be made
large enough.

By (2), (3), and the definition of 05, we have:

e(G)

—— K " < .
plog,, () = “11) = [Pl o

Consequently,
e(G)

Ap|>—2&)
Azl |O12|plog, (1)

Given uy € Uy, ug € Uy, if dgr(ug,uz) > 0, then combining (2) and (5), we arrive at:

JAND) S e(G) _ 6<G)
(2lognr)™ ~ 2(2logn”)*|d12|plog,,.(n)  |O12|plog,,.(n)’

Note that u; and usy are arbitrary vertices in U; and Us, respectively, and they are part
of at least one edge. Each such edge takes the form {uq,us,us, ..., u,}, with u; € U; for
j =3,...,r. Claim 15 guarantees the existence of j such that for at least dp (uy, up)*/ =2
distinct x € Uj, the set {u;, us, x} is a 3-shadow. Therefore, for the chosen u; € Uy, we
identify some j = j(u1) € {3,...,r} and a subset X;,, C U, such that u;,z; are in an
edge for each z; € X, , and

()

A (uy,ug) > 5

G) 1/(r—2)
X | > dup (g, ug) /0D > (L) ,
[ Xjaa| > dar (1, v2) plog,,.(n)[012|

Applying the pigeonhole principle, there exists j € {3,...,r} such that for at least
\Uq|/r vertices uy € Uy, j(u1) = j. Observe that for each u; € Uy and = € Xj,,, we
obtain distinct edges wz € 0;;. By assumption:

-2

(G)75|U [
plogf,r (n)

e
|012] <
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we have

1 (0
7\ plogy,(n)]dra|

1/(r—2) 1 s
. 14 e(G) _ e(G) Uy
r \ plog,, (n)|Uy |~ e(G)1 plog,,(n)

as desired. ]

By Claim 16, we may assume without loss of generality that

r—2

(@I e(@)Fimi
plogé,r(n) g plOgé,r(”)

|012| > (6)
where m = |Uy| + |Us|.

Set k = m'f()fll/e. By (6) and ¢ > 2,7 > 3, we can ensure that k > ko, thus by
Theorem 13 applied with k& and m, the shadow graph 0,5 contains a collection F of copies
of Cy satisfying |F| = §ok*m?

Let C' be any 2/-cycle in F with consecutive edges x1x5 ...z in the natural cyclic

order. i.e., it contains edges {x1, z2}, {x2, 23}, ..., {x2r, z1}. By (2), which states
Ay
T2 <y, v9) < Ap,
2(2lognr)" (V1 v2) 2
there exists at least 2(21A—1)2 different hyperedges containing both x; and x9. By
Claim 15, there exists 3 < a < 7 such that there are at least (-—212—)Y/("=2) differ-

2(2log nr)r?
ent z9p11 € U, for which there exists an edge e € E(H’) containing both {gs, x2¢11} and

{2041, 21}. Therefore, every cycle C' can be extended to <2(21?#T)T)1/ 7=2) different sets of

the form {{x1, 22}, {2, 23}, ..., {or, T2011}, {z2041,21}}. Let the collection of such sets
be denoted by C.

For every C" € C, since dy/(z;, xi11) > mﬁgﬁir)r for every 1 <i <20 —1,

A1a

d > —
H ($1,$2£+1) = 2(2 lognr)rz

and dy: (z20, Topy1) = wﬁﬁ), the number of ways to extend C’ to some linear (2¢ 4 1)-

cycles in H' is at least

A12 -3 2t Ala -3 AQa -3
—— —20rn’ ——— — 2rn" —— — 20rn" (7
(2(210g nr)r? rn ) 2(21ognr)r* m 2(2logn")"* rn (™)

Indeed, as it suffices to choose all these new vertices to be distinct, each time when
we pick a new edge of the cycle we must avoid at most 2¢(r — 1) + 1 < 20r vertices,
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which makes at most 20rn"~ (r — 2)-sets unavailable. Furthermore, by (2) and (3), for
1 <1<y <r, we have

e(G) , 9
plogy, () < e(H') < 10;5]Ai; < n°Ay;

Thus, we have
v plogf,r(n).
By (8), (7) is at least

A\ Ay, Ao, .
2 = AT A1, Ao, pl )
(4(210g nr)ﬂ) 4(21ognr)* ) \ 4(2logn")" 12 A1aB2plog, (n)

Let Ext(C”) be the collection of all cycles 02(21 obtained from C” in this manner
described above. Define /' = {Ext(C")|C" € F}, so F' is a collection of copies of
linear C’;le ian’. By the previous discussion and |F| > &k?*m?, we get |F'| >

141
50k2lm2Ai2 1JFT’QAMAgaplogm(n). Now putting all estimates together, we obtain
L
\F'| > 50k2lm2Ai§ M A1,A,plog, (1)

1
2=ty g

> 60|01zl m Ay, TP n (@) plogy, () by k = %37 and (8)
_ 1 I S _

> plogy, (1) (|012] A12)* 7201|720 e (G)?m
> plog,,, (n)e(G)* 7= (e(G)=imi= )" 2T (G)Pm ™ by (6)
> plog,,, (n)e(G)* 1+ =ip 215 by m<n

(204+1+-27)
> plog,, (n)nt" "N+ (_e(G)) 1

T n?"
20414+ -2
S p D@D —o(1) <€(G))( H)'
n’l”

For the “as a consequence” part of the theorem, by Proposition 6, setting e(G) = n" 9,

we have

pr=D@A)—0(1)=5(26+14:27) < D)=+ 145(Ch 1)—<).
Thus,
. 2
$(Cep1) < r—1
This completes the proofs. O
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2.4 Proof of Theorem 9

We will use induction on r to prove the supersaturation results for » > 4. The proof splits
into two cases according to how large the typical codegrees are: when the typical codegree
is small, we find a large collection of (r — 1) shadows, use inductive hypothesis on them to
obtain a large collection of Cy,}, and then expand them into a large collection of Cj,. ;;
on the other hand, if the typical codegree is large, then we use the method of “Greedy

Expansion”. We need the following codegree dichotomy lemma.

Lemma 17 ([34], Lemma 3.4). For r > 2, let H be an r-partite r-graph on n vertices,
then for any e(H)/(4n"') < A < n, one of the following two statements is true:

(i) There exists a subgraph H C H with e(H) > e(H)/2 such that every (r — 1)-shadow
of H has codegree at least A.

(ii) There exist a subgraph H C H with e(H) > e(H)/(4rlogn), an r-partition V (H) =
Viu---uUV,, and
e(H)

4n7“—1

such that any (r — 1)-shadow o of H in Vi x -+ x V,_y satisfies

<D<A

D/2 < dﬁ(U) < D.

For convenience, we restate Theorem 9.

Theorem 18. For every r > 3, { > 2, there exists a constant C such that if G is an
n-vertex r-graph such that e(G) = n""(logn)®, then, as n — oo, G contains at least

U1+ A
=D )—o(1) <6(G)>< PeE)

nT
copies of C3,,,. As a consequence, we have

o < 401
) S Ty 20 1) - 3

Proof of Theorem 9. We argue by induction on r. The base case r = 3 follows from
Proposition 10, set f(r) = &71;‘(2—;411)73' Assume that for » — 1, we have already obtained
the desired result.

Let G be a given r-graph with n vertices such that e(G) > n""!(logn)®, where C is a
sufficiently large constant. According to a classical result by Erdés and Kleitman [9], G
contains an r-partite subgraph H with r-partition (Vi, Vs, ..., V;) such that the number
of edges in H satisfies e(H) > rle(G)/r". Apply Lemma 17 on H with

20+ f(r—1) 20+14(r—1)f(r—1) 20(r—2)—1 _
A= G(G) 2= —1+f(r—1 2€(r—1)—1+f(r—1)_0(1) < P21 —1+](r—1) o(1) <n.
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Let H be the subgraph of H guaranteed by Lemma 17.

If (i) is true, then there exists a subgraph H C H with e(H) > e(H)/2 > rle(G)/2r"
= Q(e(@)), such that every (r—1)-shadow of H has codegree at least A > 2(20+1)(r—1).
Now we describe an algorithm to construct copies of (3, ; in H ; it involves specifying 241

edges €1, €, . . ., €gp11 Which form a copy of C3, | in H, where e; = {vi1, Vi, Wi, w;},
1 <1< 20+ 1, wy = wyeyq. In this algorithm, we can view an edge as an ordered set of
vertices. Given an edge with an order on its vertices e = (aq,as, ..., a,) and a vertex v,

let e[2,r] = (as,...,a,) and let e[2,r] B {v} = (as, ..., a,,v).

A

(I) Start by choosing an edge with an order e; = {vy1,..., 01,9, Waps1, w1 } in E(H);

(IT) For 1 < i < ¢ — 1, we specify wypy1—; and w1 inductively as following. Let
fi = e1. Next we greedily pick forr1 = f1[2,7] © {wae} such that wy, is different
from any specified vertices. Then we pick fo = fory1[2,7] @ {wa} such that ws is
different from any other specified vertices. In general, given f;, we choose forio_; =
fil2,7] ® {waes1_;} such that the only vertex wapyq_; in forro 4 \ fi is distinct from
all specified vertices. Then we choose fii1 = forioi[2,7] ® {w;r1} such that the
only vertex w; 1 in fi1\ farro—; is distinct from all specified vertices. Further, given
fo, we choose fri1 = fi[2,7] ® {wey1} such that the only vertex wyyy in frig \ fo
is distinct from all specified vertices. Then we let fri o = frr1. So far we have
{wi—1, w;} C f; for every 2 <i < 20 + 1. (See Figure 1 for an illustration)

Wy W, & W2
L (
V1,1 .W3 V1,1 L .W3
{
Ws Wa Ws Wy
Wy w, Wi W2
|
Vi1 | w3 V11 n @w;
|
w.5 Wy Ws Va

Figure 1: Step (II) of the algorithm for C2. The s are specified vertices.

(ITI) For 2 < i < 20+ 1, we give f; a new order such that w;_; and w; are the last
two vertices. Then we specify v;j, 1 < j < r — 2, inductively as following. Let
ei,0 = fi. We choose e, ; such that the only vertex v; ; in e; ; \ e; j_1 is distinct from
all specified vertices; give vertices of e; ; an order such that e; ; = e; ;_1[2, 7] ® {v; ; }.
Let €; = €jr—2.

Note that ey, ey, ..., eyq1 form a copy of U3, ;.In the above algorithm, in the first

A

step, we have e(H) choices for selecting e;. In the subsequent steps, each time we have at
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least A — (24 1)(r — 1) choices for selecting a new vertex, since every (r — 1)-shadow of
H has codegree at least A. Recall that A > 2(2¢ + 1)(r — 1). Thus, we can find at least
Q(e(G) A2 =D=1) labeled copies of Cj,.; in H. Note that

(204 f(r=1)(2¢(r—=1)—1) _ (20+1+4(r—1)f(r—1))(26(r—1)—1)
G(G)A%(r_l)_l > e(G) - e( ) 2Wr-—D-1+/0—1)  p W =1) =14/ (r=1) —o(1)

(2£0[(r=2) (20+1)3]+4£-1) (2£(r1)-1) (r=1) f(r=1) (2£(r=1)—1)~(2¢+1) f (r-1)
—=e(G e( ) (21[3(7_1)—1)[(7;2])(2[4-1)—3]4—44 T, —(26+1) 20(r—1) 1+ f(r 1) —o(1)

(46-1)(20(r—1)—1)-26(4£-1) (r—1) (46-1)(20(r—1)—1)— (2041) (40—1)
e(G)2£+1+<2z<T DD)[(r—2) (20 F1)-8]+46T g —2H )G -Dir—n e -sta—1 —°()

(46—1)(26(r—2)—1) r(46—1)(26(r—2)—1)
G2 ey hie-nea -3 5~ ) - gD ea -3 oW

e

401 40—1)
—e G 2€+1+(r 1)(2¢+1)-3 p, (2€+1)_(r—;§(2£+1)—3_0(1)

_ ()@ o(1) (@) (ot ritiin=s) .
nr
Thus we are done in this case.

If (ii) is true, then there exist a subgraph H C H with e(H) > e(H)/(4rlogn) >
Cye(G)/ logn, where Cy is a constant, an r-partition V(I:I) =Viu---UV,, and 46755)1 <
D < A such that any (r — 1)-shadow o of H in V; x - - - x V,_; satisfies D/2 < dy(0) < D.
Consider the (r — 1)—graph H' on Vj x -+ x V,_y, whose edge set contains all the (r — 1)-
shadows of H in Vi x---xV,_;. Note that we have e(H")-D > e(H). Thus, e(H') > e%{) =

Cge(G)(loL) Csy e(G)(logT")_l) > Oyn"~%(logn)“~1. Then by inductive hypothesis,

D
Co(y\ (21D +f(r—1)
we have the number of Cj,.!| copies in H' is at least n(r=2/2(+1)=o(1) (@(i?i‘—l,:f”) .

Moreover, the number of C3,  ; copies in H is at least
- (20+1)+f(r-1)
(r=2)(26+1)—o(1) M . D2+l 9
n nr—1D ’ ( )

since each (r — 1)-shadow of H can be extended into an r-edge of H in at least D/2 — 2¢
ways. In addition, (9) is equal to
—(20+1)— (r—l)f(r—l)—o(l)e(G)QZ—‘rH—f(T—l)D—f(r—l)

n
> —(26+1)—(r—l)f(r—l)—0(1)e(G)2€+1+f(T—1)A—f(r—l).

Note that
20+1 )
e(G Fr=D)[(20+1)—20(r—1)%+(r—1)] Fr—1)[20(r—1)—1—2¢]
RHS — nr=1D(2+1)—0(1) (Q) n 20(r—1)—11 7 (r—1) e(G) 2W(r—1) 11 f(r—1)
nT
20+1
e(G —r(46—1)(20(r—2)—1) (40—1)(20(r—2)—1)
— (=D —0(1) (Q) N @2 —D(r—1)(26+1)—3] G(G) r—2)—D[(r—1)(20+1)—3]
n?"
20+1
—r(de—1) 46-1
n(r—l)(2£+1)—o(1) (G(G)) nG=DEHD)—3 e(G) r—D)(20+1)-3
n’r‘
(25+1+T742771,)
S (D) —o(1) e(G) (rm e =S
n" '
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Thus we are also done in this case.
For the “as a consequence” part of the theorem, by Proposition 6, setting e(G) = n"~?,
we have

1 ("D @) —0(1) =8 26+ 14 (=) < DD =0@0H145(Ch 1))

Thus,
40— 1

T < .
5(Corn) < (r—1)(2¢04+1)-3
This completes the proofs. O

3 Conclusion

e We believe the conditional lower bound in Theorem 8 gives the correct value of
5(C3.,1). The current approach in this paper falls short in proving a matching upper
bound. New ideas will be necessary to improve the upper bound in Theorem 9.
Conjecture 19. For r > 3 and ¢ > 2, s(C3,,,) = m

e Note that in the proof of the Proposition 10, we used the supersaturation result for
even cycles from [28], which is actually a balanced supersaturation result. Indeed,
using the full power of this result, we can also derive a hypergraph version of the
balanced supersaturation result for linear odd cycles. By applying the container

method, we can obtain the random Turan result for 3-uniform linear odd cycles as
follows:

Theorem 20. For every £ > 2 a.a.s. the following holds:

(1—o())pn®,  ifn~* <p<nu
ex (G, Copn) < prpttEa W) e p <P
pan2tod) if p > n2te

However, the proof of this result (using the container method) is involved and by
now standard. Therefore, we choose to omit the complex proof of a suboptimal
result.

e One can also consider a stronger version of Conjecture 7 by replacing the n=°W
factor by a constant. Such a stronger version is (implicitly) known to be true [1]
for C§. But the current results for C%, and the r-expansion of Kf,, are insufficient
for this stronger version. It would be interesting to prove this stronger version of
Conjecture 7 for any hypergraph other than C3.

THE ELECTRONIC JOURNAL OF COMBINATORICS 33(2) (2026), #P2.49 17



Acknowledgements

This work was supported by National Natural Science Foundation of China (12371341) (J.
Han) and the National Science Foundation Mathematical Sciences Postdoctoral Research
Fellowship under Grant No. DMS-2202730 (S. Spiro).

References

1]
2]

Jozset Balogh, Bhargav Narayanan, and Jozef Skokan. The number of hypergraphs
without linear cycles. Journal of Combinatorial Theory, Series B, 134:309-321, 2019.

Clayton Collier-Cartaino, Nathan Graber, and Tao Jiang. Linear Turdn numbers of
linear cycles and cycle-complete Ramsey numbers. Combinatorics, Probability and
Computing, 27(3):358-386, 2018.

David Conlon, Jacob Fox, and Benny Sudakov. An approximate version of
Sidorenko’s conjecture. Geometric and Functional Analysis, 20:1354-1366, 2010.

David Conlon, Jeong Han Kim, Choongbum Lee, and Joonkyung Lee. Some advances
on Sidorenko’s conjecture. Journal of the London Mathematical Society, 98(3):593—
608, 2018.

David Conlon and Joonkyung Lee. Finite reflection groups and graph norms. Ad-
vances in Mathematics, 315:130-165, 2017.

David Conlon and Joonkyung Lee. Sidorenko’s conjecture for blow-ups. Discrete
Anal., pages Paper No. 2, 13, 2021.

David Conlon, Joonkyung Lee, and Alexander Sidorenko. Extremal numbers and
Sidorenko’s conjecture. International Mathematics Research Notices, page rnae071,
2024.

Leonardo N Coregliano and Alexander A Razborov. Biregularity in Sidorenko’s Con-
jecture. arXiv:2108.06599, 2021.

Paul Erdés and Daniel J Kleitman. On coloring graphs to maximize the proportion
of multicolored k-edges. Journal of Combinatorial Theory, 5(2):164-169, 1968.

Paul Erdés and Miklés Simonovits. Compactness results in extremal graph theory.
Combinatorica, 2:275-288, 1982.

Paul Erdés and Miklos Simonovits. Supersaturated graphs and hypergraphs. Com-
binatorica, 3:181-192; 1983.

Paul Erdos and Miklés Simonovits. Cube-supersaturated graphs and related prob-
lems. Progress in graph theory (Waterloo, Ont., 1982), pages 203—-218, 1984.

Ralph Faudree and Miklés Simonovits. Cycle-supersaturated graphs. Unpublished
manuscript.

Jacob Fox, Ashwin Sah, Mehtaab Sawhney, David Stoner, and Yufei Zhao. Triforce
and corners. In Mathematical Proceedings of the Cambridge Philosophical Society,
volume 169, pages 209-223. Cambridge University Press, 2020.

THE ELECTRONIC JOURNAL OF COMBINATORICS 33(2) (2026), #P2.49 18


https://arxiv.org/abs/2108.06599

[15]

[16]

[17]
[18]
[19]

[20]

[21]
22]

[23]

[24]
[25]

[20]

Jacob Fox and Fan Wei. On the local approach to Sidorenko’s conjecture. FElectronic
Notes in Discrete Mathematics, 61:459-465, 2017.

William Timothy Gowers and Barnabéds Janzer. Generalizations of the Ruzsa—
Szemerédi and rainbow Turan problems for cliques. Combinatorics, Probability and
Computing, 30(4):591-608, 2021.

Hamed Hatami. Graph norms and Sidorenko’s conjecture. Israel Journal of Mathe-
matics, 175:125-150, 2010.

Kathryn Haymaker, Michael Tait, and Craig Timmons. Hypergraphs of girth 5 and
6 and coding theory. arXiv:2404.01839, 2024.

Tao Jiang and Liana Yepremyan. Supersaturation of even linear cycles in linear
hypergraphs. Combinatorics, Probability and Computing, 29(5):698-721, 2020.

Jeong Han Kim, Choongbum Lee, and Joonkyung Lee. Two approaches to
Sidorenko’s conjecture. Transactions of the American Mathematical Society,

368(7):5057-5074, 2016.

Felix Lazebnik and Jacques Verstraéte. On hypergraphs of girth five. The Electronic
Journal of Combinatorics, 10(1):#R25, 2003.

J.L.Xiang Li and Balazs Szegedy. On the logarithimic calculus and Sidorenko’s con-
jecture. arXiv:1107.1153, 2011.

Hong Liu, Oleg Pikhurko, and Katherine Staden. The exact minimum number of
triangles in graphs with given order and size. In Forum of Mathematics, Pi, volume 8§,
page e8. Cambridge University Press, 2020.

Laszl6 Lovéasz. Subgraph densities in signed graphons and the local Simonovits—
Sidorenko conjecture. The FElectronic Journal of Combinatorics, #P127, 2011.

Laszlé Lovasz. Large networks and graph limits, volume 60. American Mathematical
Soc., 2012.

Laszl6 Lovasz and Miklés Simonovits. On the number of complete subgraphs of a
graph ii. In Studies in Pure Mathematics: To the Memory of Paul Turdn, pages
459-495. Springer, 1983.

Jie Ma and Long-Tu Yuan. Supersaturation beyond color-critical graphs. Combina-
torica, 45(2):18, 2025.

Robert Morris and David Saxton. The number of cy-free graphs. Advances in
Mathematics, 298:534-580, 2016.

Dhruv Mubayi. Counting substructures i: color critical graphs. Advances in Mathe-
matics, 225(5):2731-2740, 2010.

Dhruv Mubayi and Jozsef Solymosi. Many pentagons in triple systems. Mathematika,
72(1):e70059, 2026.

Dhruv Mubayi and Liana Yepremyan. On the Random Turan number of linear cycles.
arXiv:2304.15003, 2023.

THE ELECTRONIC JOURNAL OF COMBINATORICS 33(2) (2026), #P2.49 19


https://arxiv.org/abs/2404.01839
https://arxiv.org/abs/1107.1153
https://arxiv.org/abs/2304.15003

32
33
34
35
36
37
38
30
40
41
42
43
44
45

[46]

[47]

Jiaxi Nie. Random Turan theorem for expansions of spanning subgraphs of tight
trees. arXiv:2305.04193, 2023.

Jiaxi Nie. Turan theorems for even cycles in random hypergraph. Journal of Com-
binatorial Theory, Series B, 167:23-54, 2024.

Jiaxi Nie and Sam Spiro. Random Turan Problems for Hypergraph Expansions.
arXiv:2408.03406, 2024.

Jiaxi Nie and Sam Spiro. Sidorenko hypergraphs and random Turan numbers. Comb.
Theory, 5(4):Paper No. 10, 19, 2025.

Jiaxi Nie, Sam Spiro, and Jacques Verstraéte. Triangle-free subgraphs of hypergraphs.
Graphs and Combinatorics, 37:2555-2570, 2021.

Vladimir Nikiforov. The number of cliques in graphs of given order and size. Trans-
actions of the American Mathematical Society, 363(3):1599-1618, 2011.

Oleg Pikhurko and Zelealem B Yilma. Supersaturation problem for color-critical
graphs. Journal of Combinatorial Theory, Series B, 123:148-185, 2017.

Alexander A Razborov. Flag algebras. The Journal of Symbolic Logic, 72(4):1239—
1282, 2007.

Alexander A Razborov. On the minimal density of triangles in graphs. Combina-
torics, Probability and Computing, 17(4):603-618, 2008.

Christian Reiher. The clique density theorem. Annals of Mathematics, pages 683—
707, 2016.

Imre Z Ruzsa and Endre Szemerédi. Triple systems with no six points carrying three
triangles, combinatorics (keszthely, 1976), 18 (1978), vol. ii., 939-945.

Chong Shangguan and Itzhak Tamo. Sparse hypergraphs with applications to coding
theory. SIAM Journal on Discrete Mathematics, 34(3):1493-1504, 2020.

Alexander Sidorenko. A correlation inequality for bipartite graphs. Graphs and
Combinatorics, 9:201-204, 1993.

Alexander F Sidorenko. Inequalities for functionals generated by bipartite graphs.
Diskretnaya Matematika, 3(3):50-65, 1991.

Miklés Simonovits. Extremal graph problems, degenerate extremal problems, and
supersaturated graphs. Progress in graph theory (Waterloo, Ont., 1982), pages 419
437, 1984.

Balazs Szegedy. An information theoretic approach to Sidorenko’s conjecture.
arXiv:1406.6738, 2014.

THE ELECTRONIC JOURNAL OF COMBINATORICS 33(2) (2026), #P2.49 20


https://arxiv.org/abs/2305.04193
https://arxiv.org/abs/2408.03406
https://arxiv.org/abs/1406.6738

	Introduction
	Notation
	Related work

	Supersaturation
	Proof of Proposition 6
	Proof of Theorem 8
	Proof of Proposition 10
	Proof of Theorem 9

	Conclusion

