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Abstract

Let (p,V) be an irreducible representation of the symmetric group S,, (or the
alternating group A,), and let g be a permutation on n letters such that each of
its cycle lengths divides the length of the longest cycle. We describe completely
the minimal polynomial of p(g), showing that, in most cases, it equals o9 — 1,
with a few explicit exceptions. As a by-product, we obtain a new proof (using
only combinatorics and representation theory) of a theorem of Swanson that gives
a necessary and sufficient condition for the existence of a standard Young tableau
of a given shape and major index r mod n, for all . Thereby, we give a new proof
of a celebrated result of Klyachko on Lie elements in a tensor algebra, and of a
conjecture of Sundaram on the existence of an invariant vector for n-cycles. We
also show that for elements g in S,, or A,, of even order, in most cases, p(g) has
eigenvalue —1, with a few explicit exceptions.

Mathematics Subject Classifications: 20C30, 20C15, 05E10, 05E05

1 Introduction

Let G be the symmetric group S, or the alternating group A,,. For g € G, let o(g) denote
the order of g. In this paper, we will compute the minimal polynomial of the operator
p(g), where p is an irreducible representation of G and g € G is such that all its cycle
lengths divide the length of its longest cycle. We prove the following two theorems.

Theorem 1. For partitions A\ and p of n, let (px, Vi) denote the irreducible representation
of S, corresponding to A and w, € S, denote a permutation with cycle type p. Assume
that each part of p divides its largest part. Then the minimal polynomial p(z) of px(w,,)
is z°Wn) — 1 except in the following cases:

1. X=(n), p # (1"), where p(x) = (z — 1),
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8.

9.

A= (n—1,1), p= (n), where p(z) = T

A= (2,1""%), u = (n), where p(r) = —2=1

A= (1”), i 7£ (171)’ where p(;c) = (I — (_1)n—len(u))’

A= (3,3), u=(6), where p(x) = Ty and ¢ is a primitive 3rd root of unity,

261
(z=Q)(z—¢~
A =(2,2,2), up = (6), where p(x) =
unity,

% and ¢ is a primitive 3rd root of

A=(2,2), u=(4), where p(x) = (If:)ﬁ and i is a primitive 4th root of unity,

A=1(2,2), p=(3,1), where p(x) = zi-1

A=(2,2), p=(2,2), where p(z) = &1

z+1 °

The corresponding theorem for the alternating group A, is as follows:

Theorem 2. Let (p, V') be an irreducible representation of the alternating group A, and
let g € A, with cycle type . Suppose that every part of p divides its largest part. Then
the minimal polynomial of p(g) is x°9) — 1 except in the following cases:

~

8.

9.

V=V, p# (1") where p(z) =z — 1,
V =Vu-11), p=(n) and n =5 odd, where p(z) = =1

_ _ 25— .
V= ‘/(—:;1,1)) p=5)"orV ="Vg,, pu= (5", where p(z) = m with
¢ = exp(2ni/5),

V=Vi, k=0)"orV="Vg,,,p= (5" where p(z) =

) with ¢ as
above,

z5—1
(=) (z—¢*
V= ‘/&2), p= 31" or V="Vg, p=(3,1)", where p(xr) = x — exp(27i/3),
V= V(JQF’Q), p=(3,1)" orV.="Vg,, p=(3,1)", where p(x) = x — exp(4mi/3),
V= Vécg), pw=(2,2), where p(zr) =z — 1,
V = V(’QLJ), p=3)" or V="V, p=_(3)", where p(x) = x — exp(2mi/3),

V= V(;il), p=(3)" orV ="V, p=(3)", where p(zr) = x — exp(4mi/3).

A. E. Zalesskii posed the following problem, hoping that it would have a positive
answer. We refer the reader to [24] for more related problems.

For G = GL,(Fu), let g € G and ¢ be an irreducible representation over C, the field
of complex numbers or over an algebraically closed field of characteristic ¢ # p.
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Problem 3 (Zalesskii [24]). Describe the triples (G, ¢, g) such that 1 < deg(¢(g)) < m(g),
where m(g) is the order of the element ¢Z(G) in G/(Z(G)), and deg(¢(g)) denotes the
degree of the minimal polynomial of ¢(g).

Note that, in general, deg(¢(g)) < m(g).

Zalesskii solved Problem 3 when g has order p in [23]. Zalesskii [28] determined the
irreducible representations of quasi-simple groups in which some element of prime order
p has minimal polynomial whose degree is less than p. For more results in this direction,
see [27],]25],]26].

Our Theorems 1, 2 solve the following problem of Tiep and Zalesskii for the symmetric
and alternating groups over the field of complex numbers.

Problem 4. [21, Problem 1.1] Determine all possible values for deg(6(g)), and if possible,
all triples (G, 0, g) with deg(6(g)) < m(g), under the condition that o(g) is a p-power for
some prime p.

This work is motivated by one more interesting problem. Before defining the problem,
let us introduce some notation.

For a partition A of n, let SYT(\) denote the set of all standard Young tableaux with
shape A and the entries belong to {1,2,...,n}. The major index of a standard tableau T,
denoted maj(7), is the sum of all : € {1,2,...,n — 1} such that the row of T' containing
1+ 1 is below the row of T" containing i.

Then let

ay = |{T € SYT(\) | maj(T) = r mod n}|,

where 7 is taken modulo n.
Kragkiewicz and Weyman [11] related the above number a% to the representation
theory of symmetric groups as follows:

Theorem 5. [11, Theorem 1] Let C,, be the cyclic subgroup of S, generated by w, =
(12...n). Let 6" be the irreducible character of the C,, obtained by sending w, to ™/,
Then

CLZ = (Indg’; 6T7X/\>Sn = <(5T, Resg’; X>\>C’n-

Note that a}, = a} whenever we have an equality (r,n) = (k,n) of greatest com-
mon divisors, since characters of the symmetric group are real-valued. Kraskiewicz and
Weyman [11] also gave a combinatorial interpretation of the multiplicity of eigenvalues
of Coxeter elements in the irreducible representations of Weyl groups of type B, and
D,,. In [18], Stembridge extended these results to unitary reflection groups. Through a
new approach, Jollenbeck and Schocker [8] gave a combinatorial description using multi
major index for all permutations in the symmetric group, which extends the results of
Kraskiewicz and Weyman [11].

For a vector space V/, consider the tensor algebra TV of V. Then TV = @,,5, 7"V and
each T"V is a GL(V')-module. We recall that the irreducible representations of GL(V') are
indexed by partitions with at most dim(V") parts, and the representation corresponding to
a partition A is denoted by Wy. The irreducible constituents of 7"V, as a GL(V')-module,
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are those W)y for which A is a partition of n with at most dim (V') parts. Since TV is an
associative algebra, it is, in particular, a Lie algebra. Consider the Lie subalgebra LV of
TV generated by V. Then it turns out that LV is the free Lie algebra on V' (see [14],
Theorem 0.4). We have LV = @,,>, L,,V, where L,V = LV NT"V. It is easy to see that
each L,V is also a GL(V)-module. It is natural to ask what the irreducible constituents
of L,V are. The following two theorems of Klyachko answer this question. Firstly, he
beautifully related this question to a question about the symmetric group as follows:

Theorem 6. [9, Corollary 1] Let \ be a partition of n with at most dim(V') parts. Then
we have
m(Wy, L, V) = m(Vy, Ind2" w),

where w is any faithful one dimensional character of the cyclic subgroup C,,, m(Wy, L,V)
is the multiplicity of the GL(V)-module W in L,V and m(Vy, Indg? w) is the multiplicity
of the S,,-module Vy in IndZ" w.

He solved the problem for the symmetric group as follows:

Theorem 7. [9, Proposition 2] Let \ be a partition of n > 3. Then the restriction to C,,
of every irreducible representation Vy of S, contains a faithful representation of C,, except
when A = (n), (1"),(2,2) or (2,2,2).

Combining Theorems 6 and 7, Klyachko obtained the following corollary (the unnum-
bered corollary following Proposition 2 in [9]).

Theorem 8. [9, Corollary] Let X\ be a partition of n > 7 having at most dim(V)
parts. Then every irreducible representation Wy of GL(V') which appears as an irre-
ducible constituent of T"V , also appears as an irreducible constituent of L,V except when
A = (n),(1™). Equivalently, Wy is an irreducible constituent of the GL(V)-module L,V
except when A = (n), (1™).

For a partition A - n with at most dim (V") parts, we have, using Theorems 5 and 6,
m(Wy, L,V) = m(Vy, IndZr w) = a3. (1)

Klyachko’s proof of Theorem 7 simply uses representation theory. The goal is to prove the
corresponding result for all » > 1 using representation theory and combinatorics, which we
accomplish in this article. We provide a new proof of Theorem 7 using Theorem 1. Using
our solution with Theorem 6, we get a new proof of a celebrated Klyachko’s theorem 8
on Lie representations of general linear group GL(V'). Using Theorems 5 and 7, we have
that a} > 0 except when A = (n), (1"),(2,2),(2,2,2). For a combinatorial proof of this
result, see M. Johnson [7]. For more proofs of Theorem 8, see [10], [15].

Our Theorem 1 yields the following for the permutations with cycle type equal to (n):

Theorem 9. Let A be a partition of n. The minimal polynomial p(x) of px(wy) is 2™ — 1
except in the following cases:

THE ELECTRONIC JOURNAL OF COMBINATORICS 33(2) (2026), #P2.51 4



1. A= (n) with n > 1 where p(z) = (x — 1),

2. A= (n—1,1) where p(z) = Z=1

3. A= (2,1""2) where p(r) = —==1

— (-1
4. A= (1") where p(z) = (x — (—=1)"71),
5. A= (3,3) where p(z) =

(I_giﬁ and ¢ s a primitive 6th root of unity,

6. A= (2,2,2) where p(x) = % with ¢ as above,

4

7. X = (2,2) where p(z) = L.

This result was proved by Swanson[20] and independently by Yang and Staroletov [22]
(who proved a more general result). Their proofs use asymptotics of normalized charac-
ters. In this article, we provide a new proof (4) of this result (in the spirit of Klyachko’s
proof of Theorem 7) using only representation theory and combinatorics, which, we be-
lieve, is more accessible. We remark that a purely combinatorial proof of the above result
is still an open problem.

We would also like to note that our main theorem 1 reconfirms the following conjecture
of Sundaram, which was proved by Swanson, as a special case of Theorem 9.

Theorem 10. [19, Remark 4.8] Let X be a partition of n. Then 1 is an eigenvalue of
the operator px(wy,) (equivalently, px(wy,) has a nonzero invariant vector in V) except in
the following cases.

1. A=(n—-1,1) withn > 2,
2. A= (2,1"72) with n > 3 odd,
3. A= (1") with n even.

For an element g in a group G, we say that g has a nonzero invariant vector in an
irreducible representation (p, V') of G if there exists a nonzero vector v € V' such that
plg)v =v.

Together with Amrutha P and A. Prasad [2, 3], we have shown the existence of a
nonzero invariant vector when G is the symmetric group, ¢ is any permutation and V' is
any irreducible representation of S,,.

Theorem 11. /2, Main theorem] Let X, v be partitions of n. Then w, has a nonzero in-

variant vector in Vy (equivalent to 1 being an eigenvalue of px(w,)) except in the following
cases:

1. A= (1), p is any partition of n for which w, ¢ A,

2. =mn-11), pu=(n),n=>2,
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3. A= (2,1""2), p = (n), n >3 is odd,
JoA= (221", p=(n—2,2), n =5 is odd,
5N =(2,2), u=(3,1),

6. A= (2%), u=(3,2,1),

7A=Y, u=(53),

8 A=(4,4), p=(53),

9. A= (2%), u=(5,3,2).

The proof is combinatorial, except for the base case, which is Theorem 9. By prov-
ing Theorem 9 using representation theory and combinatorics, we complete the proof of
Theorem 11 within the same framework.

Similarly, for alternating groups, we proved, with Amrutha P and A. Prasad, the
following result:

Theorem 12. [1, Theorem C] Let j1 be a partition of n. Then 1 is an eigenvalue of w,, in
an irreducible representation V' of the alternating group A, except in the following cases.

1.V =Viu_11) and p = (n) with n > 3 is odd.
2.V = Véc’l) and 1= (3),

3. V= V(iz) and p = (3,1),

4.V =Vua and p = (5,3).

The proof is combinatorial except for the base case which is the following Theorem 13,
itself a special case of Theorem 2. By proving Theorem 13 using representation theory
and combinatorics, we complete the proof of Theorem 12 within the same framework.

Theorem 13. Let n be a positive odd integer. Then the minimal polynomial p(z) of w,
in an irreducible representation V' of the alternating group A, has degree less than n in
precisely the following cases.

1. V = Vi, where p(z) =z — 1,

2. V= Viu_1,1), where p(z) = 21

3. V= V(il,l)’ where p(z) = %, where ¢ is a primitive 5th root of unity.
Finally, we prove the counterpart of Theorem 11, which is of independent interest.

Theorem 14. Suppose that w, has even order. Then there is a nonzero vector v in
V\ such that py(w,)v = —v (equivalently, —1 is an eigenvalue of px(w,)) except in the
following cases.
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The analogous theorem for the alternating group is as follows:

Theorem 15. Let w, be an element in the alternating group A, with cycle type p and
suppose that w, has an even order. Then for every non-linear irreducible representation
(p, V), there exists a nonzero vector v in'V such that p(w,)v = —v except when V = Vécg).

Remark 16. After this article was posted on arXiv, Staroletov[17] used similar techniques
to improve Theorem 1 of this paper to give a complete description of the eigenvalues of
the operator p(g) for all irreducible representations of the symmetric group S,, and for all
elements ¢ in S,,. Our proof of Theorem 9 is the first combinatorial proof, which is also in
the spirit of Klyachko’s proof of Theorem 7. Theorem 1.1 of this paper solves Problem 4
of Tiep and Zalesskii for the first time.

The article is organized as follows: In Sect. 2, we introduce the notation and give basic
definitions. In Sect. 3, we provide some important lemmas and a proposition to prove
Theorem 9. In Sect. 4, we prove Theorem 9. In Sect. 5, we prove Theorems 1, 14, and 15.

2 Notation and Preliminaries

Let G be a finite group and H be its subgroup. Let Irr(G) denote the set of all irreducible
characters of G. For an irreducible character ¥ of a subgroup H, let Irr(G|V) = {x €
Irr(G) | (Res$ x, U) g # 0}. Let (y, V) and (¥, W) be representations of G. Write 1 for
the trivial character of H, and we write 1 when H is clear from the context. If (x, V) is
a subrepresentation of (¥, W), then we denote this by x < W or V< W.

For a composition « of n, we define a natural permutation w, of [n] as follows:

k—1 k—1 k
We=(12 ... a)ler+1en+2 ... ar+ag)...(Q i+1 > o +2 ... Y a;=n),
=1 1=1 =1

where k is the length of a. Let C, denote the cyclic subgroup generated by w,. When
a = (n), we write C, instead of C(,). Note that the cycle type p of w, is the partition
obtained from « by reordering the parts of o in decreasing order. Hence, C, and C), are
conjugate subgroups in the symmetric group S,.
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We make frequent use of the following observation. Let 6 be an irreducible character of

C,, and let & be an irreducible character of Coy X -+ %X Cy, such that Resgz1 XoxCay 5 5.
Then

Saq ><Sa2><--~><Sak ~
Cay xCagX+-xCqy 7

Indg’; 0> Indg';1 Xy XX Clrg 0= Indgzl X oy XX Saqy In
The representations of the symmetric group S,, are indexed by partitions of n. We
denote the irreducible representation of \S,, indexed by the partition A by (py, V)) and its
character by x,. For specific character values we use the recursive Murnaghan-Nakayama
rule. We shall introduce some notation before defining the rule. We always use the
English notation for the Young diagrams of partitions. For a cell b in a Young diagram of
a partition A, the hook length hy, of b is one plus the number of cells in the Young diagram
which lie directly below it or directly to its right. For a cell b of the Young diagram of
the partition A, the rim hook rim, (border strip in [12]) of the cell b = (4, j) is the set of
cells (u,v) such that v >4, v > j and the Young diagram of A does not contain a cell in
the position (¢ + 1, j + 1). The height ht(rim;) of rim, is one minus the number of rows
of X\ which it intersects. The following example illustrates the above definitions.

Example 17. Let A = (5,4,4,1), b = (2,1). Then the hook length h; of b is 6, the
rim hook rim, of b is the set of cells {(2,4), (3,4), (3,3),(3,2),(3,1), (4,1)} and the height
ht(rimby) of rim, is 3 — 1 = 2. This is illustrated below where the first diagram considers
the hook length and the second diagram considers the rim hook.

Fix any part of u, say u;. The fastest way of computing these character values is using
the recursive Murnaghan-Nakayama rule, which is as follows:
Xa(wy,) = Z (_1)ht(nmb)X,\—rimb (wp),
beEX with hy=pu
where b varies over the cells b of the Young diagram of A such that the hook length h,;, of
the cell b is equal to p; and A — rim, is the partition of shape obtained from the shape of
A by removing the cells of rimy,.

Let us discuss the relation between the characters of symmetric groups and symmetric
functions. For more details and proofs see [12],[16]. Let A denote the ring of symmetric
functions in the variables x1, zo, . ... For a partition of A, let py, s, denote the power sum
and Schur symmetric functions respectively.

Let h be a class function of the symmetric group S,,, the Frobenius characteristic ch
from the direct sum @;° , R(S,,) of the class functions R(S,) on S, is defined as follows:
ch: @ R(S,) — A

n>1

h(wu)pu
g 3 e,
pEn
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where z, = [[; i"*m;! with m; being the number of parts of i equal to 7. In particular, it
is known that the Frobenius characteristic of y, is the Schur function sy. Then ch is a
ring homomorphism in the following sense:

Sm+t
ch Indsmxst Xu ® Xv = Su5u,

for all partitions p = m and v F .
The product s,s, can be computed combinatorially by the Littlewood-Richardson
rule.

Definition 18 (Littlewood-Richardson rule). Let p and v be partitions of m and ¢ re-
spectively. Then

_ A
8,8, = Z ClvSs
A

where cl’)u is the number of semistandard tableaux of shape A/u and type v such that
the reverse row reading word is a lattice permutation, see [12, Section 1.9]. Also, a
semistandard tableau of shape \/u and type v whose reverse row reading word is a lattice
permutation, is called an LR-tableau of shape \/u and type v.

Example 19. Let A = (4,3,1), p = (2,1) and v = (3,2). Then there are three semistan-
dard tableaux of shape \/u and type v, of which the first two are LR-tableaux:

1 111 112

2 1 1

For symmetric functions f and g, we say that f — g is Schur positive if f — g is a
nonnegative integer linear combination of Schur functions, equivalently f — ¢ is equal to
ch(h) for some character h. If w, has even order, define g, = Indgz(—]l), where —1
denotes the linear character of C), obtained by sending w,, to —1. Since C,, < U}, X -+ X
Cy,., we have

Sn — Sn, C“l X'”Xcﬁ‘k Sn
Indg, 1 = Indg XX i Indg, 1 > Indg, xoexCpy, L

Sn Sn
Indg 1 > Indgy, x-++XCly 1.

Define f, = Indgz 1. Therefore,
fuz 11 (2)

i>1
Let o F n, such that p;|p; for all @ = 1,... k. Let n be any irreducible character of
C,,. We have an irreducible character 7 for C,,, obtained by mapping w,,, to n(w,). Then

Indgr n > Indgzlx__,x% Ax1x---x1 (3)

THE ELECTRONIC JOURNAL OF COMBINATORICS 33(2) (2026), #P2.51 9



Let X' be the partition conjugate to the partition \. Then we have an involution w defined
by mapping each Schur function sy to sy. It turns out that w is a ring isomorphism.

We now describe the conjugacy classes and irreducible representations of the alter-
nating group A,. Let DOP,, denote the set of all partitions of n consisting of distinct
odd parts. Let p = n with w, being an even permutation. Then the conjugacy class of
S, consisting of permutations with cycle type p remains a single conjugacy class in A,, if
w ¢ DOP,, and splits into two distinct conjugacy classes of equal size in A, if u € DOP,,.
For € DOP,,, set w:[ = w, and w, = ww,w" for some w € S, \ A,. Then w: and w;,
are representatives of the two distinct conjugacy classes of A,, obtained from the splitting
of the conjugacy class of S,, consisting of permutations with cycle type p. In this case, we
can write = (2my +1,2mo+1,...,2my; + 1) with my > mgy > -+ > my. We define ¢(u)
to be the self-conjugate partition which is equal to (mq,ma, ..., mg | My, ma, ..., my) in
Frobenius notation.

For A # X', we have Resi’; Vi & Resiz Vy and Resi’; Vi, is an irreducible representation
of A,,. We denote this irreducible representation (resp. its character) again by V) (resp.
XA)-

For A = X, we have Res%" V), = V;t @ V", where V; and V™ are two non-isomorphic
irreducible representations of A, determined by the characters x{ and y; , respectively,
defined as follows. Let o € A,, with cycle type p. Then

s(eu + \/m) if p € DOP,, A = ¢(pn), and o is conjugate to w;,
Xx(0) = 2(ep — \J€u I1i i) if p € DOP,,, A = ¢(u), and o is conjugate to w,, (4)

sxa(wy) otherwise,

s(ep —y/euIlips) if p € DOP,, A = ¢(p), and o is conjugate to w,
Xx(0) = 5(eu + \/eu Il i) if p € DOP,, A = ¢(p), and o is conjugate to w;,, (5)

sxa(w) otherwise,

where €, = (—1)2:0=1/2,
For more details on the representations of the alternating groups A, see [6],[13].
We mention a few important things regarding wreath products of groups which we

use in this paper. For a subgroup H < 5, and K < §,,, we have a natural isomorphism
(see [6, 4.1.18]) from H ! K into S, as follows:

(j—1)m +i )
(7(j) = V)m + f(7(4))(7) 1<i<m, 1<]<n.

We now have the following very important observation.

F:HZK—)Smn:(f,W)I—)<

Lemma 20. Let C,, < S, and C,, < Sy,. Then I'(C, 0 Cy) < Sy contains an mn-cycle.
Proof. Let 0y = (((123...m),e,e...,€);(12...n)). Then we have

I(omn) = (Am+12m+1 ... (n—1)m+12m+22m+2 ... (n—1)m+2 ... m2m...nm).
0
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For the representations of wreath products, see [6].
Let us make the following useful definition.

Definition 21 (Character reduced to a cycle). Let 0 be an irreducible character of the
cyclic subgroup C, and n = mp. Then we define 6% to be the irreducible character of
C'n which sends wy, to §(w,,)?P.

The following corollary of Theorem 11 will be helpful in the proof of the main theorems.

Corollary 22. The only pairs of partitions (X, ) of a given integer n for which w, does
not admit a nonzero vector v in Vy such that py(w,)v = sgn(w,)v are the following:

1. X=(n), p is any partition of n for which w, ¢ A,,

(
2. 0= (2,1"2), p=(n),n=>2,
3 A=(mn—-11), pu=(n), n >3 is odd,
4. A=Mn—-2,2), p=(n—2,2),n=>5is odd,
5. A=1(2,2), p=(3,1),
6. A= (3,3), p=(3,2,1),
7. A= (4,4), pn=(5,3),
8. A=(2"), n=15,3),
9. A= (5,5), u=(5,3,2).
Proof. The proof follows from Theorem 11 and the fact that V) ® V(i») = V. O

3 Ingredients for the Proof of the Main Theorems

The following proposition plays a key role in the proof of Theorem 9 and is motivated by
[4, Proposition 3.5].

Proposition 23. Let 6 be an irreducible character of the cyclic subgroup C,, of S,. Sup-
pose p is a prime and n = mp with m > 1.
Assume the following:

o ub, ..., uP are partitions of m with at least two of them distinct,
. (Resf}:; Xui> Le,,) # 0 for all i > 2 and (Res“g’l Xt 6P, #0,
o A\ n such that x,n X -+ X xu» is an irreducible constituent of Res?;p X\-

Then:
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° Indcmzc” 5P is a subrepresentation of ResC (¢, Xr, where 5@ = §) x e, X --- X%
]]-Cm7

e As a consequence, we have
(Resgr xx, 0) > 0.

Proof. Consider the following diagrams, which outline the structure of the proof. The
nodes of the first diagram consist of subgroups of S,, and those of the second diagram
consist of representations of the corresponding subgroups in the first diagram.

Sh X

In d?:}fp Y

SX/ \ . N

m \Ij == u - X XMP Indcmch (5
o

Let us discuss the nodes of the above diagrams more carefully now. Define ¥ =
Xput X --+ X xur. The group Sy, 1 C, is a subgroup of S, via the isomorphism I' (2).
Note that Ig,,c,(¥) = SXP, the inertia group of ¥ in S,, 2 C,, since pu' # p/ for some
i # j. Therefore, by Clifford’s theorem [5, Theorem 6.11], Indg’;‘;c” ¥ is an irreducible
representation of S,, 1 C,,. We now establish the chain of subrepresentatlons. Firstly,

Resgc, o = Indgll, ™ 0. (6)

Using Mackey’s restriction formula, we have

9

SmiCyp 1. 15miCy CmiCy g
Rescyc, Ind %, W = > Ind oo o, Res|g SX”) mcmch(\p) )
9ESMP\SmiCp/CmiCh

where for a subgroup H, H9 = gHg ! and for a character n of H, n? is a character of

gHg ! defined by n(x) = n(g 'zg). Considering the summand corresponding to the
double coset representative g = e, we obtain

SmiCp SmiCyp CmCy Sy
Res¢ o In dSX,, U > In dSX”)nszC Res’™, (SXP)CmiCy v

_ CmiCp
Idcxp Resc";p\ll
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Using the assumptions on p' and the definition of g(;), the above equation becomes

Resc/ich Ind3, ™ @ > Tndg 7, 60). (7)

Using Equations (6) and (7), we obtain
Resgr c, Xo = Ind ’Z,I,C” 6@

which proves the former statement of the theorem.

From Lemma 20, we know that d,, := I'(0,,;,) is an n-cycle in S,,. Let D,, be the cyclic
subgroup of S, generated by d,. Once again, applying Mackey’s restriction formula, we
have

Res’ msz Indg’f,l,Cp (575) - Z Indéjcf‘xp) ReSEng; g(;)g
" 9ECHP\CmiCp/Dn
D <(p)
Indcx,, Dn Rescxp D, 5(P)

= Indggs) Res(ii o)

Resp™“” In dggic” o > Ind@%) " )

where 7 is the one dimensional character Resgl’z?: 5®) of (dr).
From Equations (7) and (8), we have

ResD X =7,

for all irreducible characters v of D,, such that ]?ies@?;> v = n. Since all irreducible char-
acters of S, are real valued, we have

Res xa =77,

for all irreducible characters ™ of D,, such that Res@%) v = n and for all Galois auto-
morphisms 7 of Q(¢,), where (, is a primitive n-th root of unity. Since D,, and C,, are
conjugate subgroups of S,,, we have

Resgﬁl Xa = 0.
]

Corollary 24. Let ¢ be an irreducible character of the cyclic subgroup C,, of S, and let
n = 4m with m > 1. Assume the following:

o b, p? 13, 1t are partitions of m with at least three of them mutually distinct,
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o (Resg" Xy, 1¢,.) # 0 for alli > 2 and (Res3® x,1,6@W)¢,, #0,
o A n such that x,n X --- X x4 s an irreducible constituent of Resgh XA-

Then:

° Indg’fic“ 5@ s q subrepresentation of Resg:;lal X, where 5@ = 54 x 1, X --- X

II'Cm7

e As a consequence, we have
(Resgr xx, ) > 0.

Proof. The corollary follows from the proof of Proposition 23 and the following obser-
vation. Since at least three elements of {u', u?, 43, u*} are mutually distinct, the inertia
group of W = x,,1 X X2 X X3 X Xt in Sp 0 Cy is S)5* and thus Indg’;‘f4 V¥ is an irreducible
representation of S, 1 Cy. " O

Corollary 25. Let ¢ be an irreducible character of the cyclic subgroup C,, of S, and let
n = 2p where p > 10 is a prime. Consider the following two cases:

o If 6 s the sign character x(1,1) of Sa (equivalently, of Cs), set u* = (1,1) and

== =P =(2).
o Otherwise, §®) is the trivial character x(2) of Sa, set u* = p* = (1,1) and p* =
pt=...=pu? = (2).
Then:

® X1 X - X Xy s an irreducible constituent of Resg’;p Xx where A = (p,p).
2

S21Cy . . Sn
° Indszxp Xt X -+ X X 98 a subrepresentation of Resgc, Xa-

e As a consequence, we have
(Resgr xx, ) > 0.

Proof. The results follow from a simple calculation of LR-coefficient and from the proof
of Proposition 23. O

We have a couple of interesting lemmas.

Lemma 26. For every partition A of p+ q, and every partition o of p that is contained
in A, there exists a partition 3 of q such that s,Sz = sy.

Proof. We reproduce the proof of [2, Lemma 2.1], as it will be used extensively in this
article. Let T), denote the skew-tableau obtained by putting i in the ith cell (from the
top) of each column of A\/a. Let 3 be the weight of T\,. Clearly, T}/, is semistandard.
Since every ¢+ 1 occurs below an ¢ in the same column, the reverse row reading word is a
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lattice permutation. By the Littlewood-Richardson rule, s,s3 > sy holds. For example,
if A=(5,4,4,1) and a = (3,2,1) then

T)\O[ = 11 ‘7
112
11213
1]
and [ is (5,2,1). O
Define
> sy if n is odd,
AFn o
a, = A#£(n—1,1),(2,1 ) . . (9)
> N if n is even.
AEn

A#(n_171)7(1n)

Lemma 27. Given integers p > 2, q > 1, and a partition X\ & (p + q) different from
(1749 | there exists a partition B\ q such that a, > sg and 3 C \.

Proof. See |2, Lemma 2.3], with the understanding that a, and f, = Indg‘; 1 have the same
set of Schur functions appearing with positive coefficients in their Schur basis expansion.
O

4 Proof of Theorem 9
Lemma 28. If p > 5 is an odd positive integer, then

> SaS3 = S) (10)
a,Bkp
a#p

a#(p_171)7(27117*2)

B#(p—1,1),(2,1P72)

for all partitions X of 2p except when X = (2p), (2p — 1,1), (p, p), (2P), (2, 1?P72), (1?7).
If p > 5 is an odd integer, then

> SaS8 = S (11)
a,Btp
a#p
a#(p),(17)
ﬁ#(p_171)7(271p72)
for all partitions \ of 2p except when X = (2p), (p,p), (2°), (1%7).
If p > 5 is an even positive integer, then

Z SaSg = S (12)
a,Bkp

a#B
a(p—1,1),(17)
B#(p—1,1),(17)
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for all partitions \ of 2p except when

A= (2p),(2p — 1,1), (p,p), (3,1%777),(27), (2,2, 1%7%), (2, 1%772), (1%F).
If p > 5 is an even positive integer, then

> SaSp = S) (13)

a,Bkp
aF#B

az(p),(17)
B#(p—1,1),(17)

for all partitions \ of 2p except when X = (2p), (p,p), (3,12P73),(2P), (2,2, 1%P74),
(2,1%72),(1%P).

Proof. Let us fix some notations. For a positive integer p, let

_ {(p—1,1),(2,1772)}, if pis odd,
: {(p—1,1),(17)}, if p is even.
B, ={(p), (1")}.

We have two equations in the statement of the lemma to consider, depending on
whether p is odd or even. If p is odd, for Equation (10) (resp. (11)), we must produce
partitions «, 3 of p such that a # 3, o, 3 ¢ A, (resp. o ¢ B, and ¢ A,) and similarly
for p even.

The proof proceeds by a case-by-case analysis.

Let A be a partition of 2p > 12. The theorem can be directly verified when A = (2p)
or (1%7). Thus, we may assume that A is neither (2p) nor (1?7).

e AD(p—11)

— Suppose that Ay > 1. Then choose a = (p —2,2), and choose [ as in the proof
of Lemma 26. Since o ¢ A, U B,, if ¢ A, and § # «, then we are done.
Otherwise, one of the following situations occurs.

x f = (p—1,1). Since each column of T, in the proof of Lemma 26 is
filled with integers 1,2, ... in increasing order, A/« has p—2 columns with
one cell and one column with two cells. Either the first column, the third
column, or the (p — 1)st column can have two cells.

If the first column of A/« has two cells, then we may change 3 to (p—2,1,1)
by constructing a skew-tableau as shown in the example below.

1]

kel
|2

Note that the reverse reading word will be a lattice permutation because
A D (p—1,1), so there will be at least one cell in the first row of A\/a.
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If the third column of A/a has two cells, then we may change ( to (p—3, 3)
as shown in the example below.

11

1(1]1
2122

Note that the reverse reading word will be a lattice permutation because
at least three 1’s occur above the third row (since p > 6).

If the (p — 1)st column of A/« has two cells, we may change a to (p — 3, 3)
(note that p > 6, so « is a partition). We may choose = (p — 2,2) as
shown in the example below.

1[1]1]_, 1[1]1]1]

111)1]2 1122
1 1

x 3 = (2,1772) with p odd. This would mean that \/a has two columns,
having 1 and p — 1 cells respectively. But since A D (p—1,1), the (p—1)st
cell in the first row lies in a column of length one. Since p > 6, the other
column of A/« has to be the first one. Therefore, A/« is a vertical strip,
and we can replace § with (17).

x [ = (17) with p even. In this case, A\/a has only one column. But A/«
contains a cell at position (1,p— 1) and hence all the cells of A/« lie in the
p — 1st column. It follows that this case cannot occur.

x = (p—2,2). In this case, the shape A/« contains p — 4 columns with
a single cell and exactly two columns with two cells. If those two column
numbers are p — 1 and p, then we get A\ = (p,p), for which none of the
equations in the statement of the lemma hold. If those two column numbers
are 3 and p— 1, then we may change /3 to (p—3, 3) as shown in the example

below.

11|_> 11|
1(1(1(2 1(1(1(2
11112 1 2

If those two column numbers are 1 and p— 1, then A= (p—1,p—1,1,1).
Therefore, we may change /5 to (p—3,1,1) as shown in the example below.

1 . 1
11112 17112
1 1
2] 13
If those two columns numbers are 3 and 4, then we can choose o« = (p—3, 3)
and = (p—2,1,1) as shown in the example below.

] 1]1]

1({1 2
1{1]2(2 111(1]3
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The first row of A/« contains at least one cell (since p > 6), hence the
reverse row reading word is a lattice permutation. If those two columns
numbers are 1 and 3, then we may choose f = (p—2,1, 1) by incrementing
the entry 2 in the cell (4,1) by 1. Finally, the remaining case is that
the column numbers are 1 and 2. Now we may choose 5 = (p — 4,2,2)
by incrementing all the entries in the first two columns by 1. Again, the
reverse row reading word is a lattice permutation since p > 6.

— Suppose Ay = 1 and \; > p. Let us replace 8 by (p) and choose « as in the
proof of Lemma 26. Since § ¢ A,, if « ¢ A, (rep. o ¢ B,) and  # «, then
we are done. Otherwise, one of the following cases occurs.

x a = (p—1,1). In this case, A/ has p — 1 columns, of which one column
has exactly two cells (and the others have only one cell). The column with
two cells has to be the first column of A/, since A is a hook. Incrementing
its entries by 1 allows us to replace 8 by (p — 2,1, 1).

* o = (2,1P72) with p odd. Then A/ has two columns, having 1 and p — 1
cells respectively. Since A is a hook, the column with one cell must lie in
the first row and the column with p — 1 cells has to be the first column.
Incrementing the entries of the first column by 1 allows us to replace o by
(17).

x o = (17) with p even. All the cells of A/ must lie in the first column. We
may replace 8 by (p—2,1,1) and « by (2,1772) as shown in the following

example.
[P [

EEEIE

2
B

x = (p). Then A= (p+r,p—r)with0<r<p For2<r<p—2 we
may choose a = (p — 2,2) as shown in the example below.

| | [1]t]

Otherwise A must be one of (2p —1,1),(p+ 1,p — 1), (p, p). Suppose that
A = (p,p). The fact that ng > 0 with «, 8 F p implies that o = [ =
(p— k., k) and )5 = 1. Hence, when X = (p,p), no equation in the lemma
is satisfied. Now if A = (2p — 1, 1), then we may choose a = (p —1,1) and
f = (p) for Equations (11) and (13). The other equations are not satisfied
when A = (2p — 1,1).

IfA=(p+1,p—1), then we may choose a = (p—2,2) and 8 = (p— 3,3)
as shown in the example below.
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1[1]1]
2[2]2

— Suppose Ay =1 and \; = p — 1. In other words, A = (p — 1,17!). Replace a
by (p —2,1,1). We could replace 3 by (2,1772) or (1??) depending on parity
of p.

Case 2: Suppose that A D (2,1P72).

If p is odd, then Equations (10) and (11) are invariant under the involution w which takes
sy to sy. Thus, in this case we can conjugate A so that X' contains (p — 1,1). Now we
can use the previous case. Finally, the partitions for which the equations are not satisfied
are conjugate to those partitions for which the equations are not satisfied in the previous
case. Namely, the partitions (2,1%72), (2P), (1?P) for Equations (10), and (2P), (1%?) for
(11).

Now we shall consider the remaining equations (12) and (13); thus, p is even.

e Suppose that Ay > 2. Thus, we can replace « with (2,2,17~*). Choose 3 as in the
proof of Lemma 26. If 5 ¢ B, and [ # «, then we are done. Otherwise, one of the
following cases must arise.

— 8= (p—1,1). Here, the skew shape A/a has p — 1 columns, with exactly one
column containing two cells. The column with two cells has to be one of the
first three columns.

If the first or second column of A/« has two cells, increment the entries of those
two cells by 1 to replace g by (p —2,1,1). Since p > 6, A/« has at least one
cell in the first row, so the reverse row reading word is a lattice permutation.

Suppose the third column of A\/a has two cells. Since A D (2,1P72), the first
column of A/« must have exactly one cell. Changing the entry of this cell from
1 to 3 gives us an LR-tableau of weight (p —2,1,1).

— B = (1?) with p even. In this case, A must be equal to (2,2,1%*~%). One can
easily check that indeed when \ = (2,2,1?P7*) Equations (12) and (13) are not
satisfied.

— B = (2,2,177%). In this case, \/a must have exactly two columns with one
having 2 cells and the other having p — 2 cells. Notice that one of these
columns must be the first column since A/a contains at least one cell in the
first column. If the second column contains p — 2 cells, then A = (27). One can
easily see that when A\ = (27), none of the equations in the lemma are satisfied,
by applying the involution w and our argument for A = (p,p). Therefore, the
first column must contain p — 2 cells. Hence, A = (24,1?77%) or (3,3,1%75). In
both cases the skew shape A/« is a vertical strip, and we may replace 3 by

(17).
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e Suppose Ay = 1 (so that \ is a hook) and \; > 3. Replace a by (3,1773) and choose
{ as in the proof of Lemma 26. Since a ¢ A, U B,, if 5 ¢ A, and 8 # «, then we
are done. Otherwise, one of the following cases must occur.

— B =(p—1,1). In this case, X has p — 1 columns, one having two cells and the
other having only one cell. Since A is a hook, only the first column of A/« can
have two cells. Incrementing the entries in these cells by one will allow us to
change § to (p —2,1,1).

— B = (17). In this case, A must be (3,1??73). One can easily see that when
A = (3,1?P73) Equations (13) and (12) are not satisfied.

— B =(3,1773). In this case A\/a has exactly three columns with one having p — 2

cells and the other two columns having one cell respectively. Since A is a hook,
thus A = (5,1%7°). We may replace 3 by (17).

e Suppose Ay = 1 and \; = 2. In this case A must be (2,1*72), for which both
Equations (12) and (13) are unsatisfied.

Finally, let us consider the case when A does not contain both (p — 1,1) and (2,1772).
Equivalently, A\;,\] < p — 1. Note that we have assumed X\ # (2p), (1?7). Thus, [()\) > 2
and A\; > 2. Let o be a partition of p contained in A which is maximal in the dominance
order. Clearly, @ ¢ A, U B,,. Let us choose 3 as in the proof of Lemma 26. If 8 # «, then
we are done since ¢ A.

Otherwise, o = 3. Let us replace « using the following procedure.

1. Choose all the cells in the first row of \.

2. Since A\; < p — 1, we need to choose more cells to construct a partition o of p. In
this step, we choose cells in the first column from the top.

3. Choose the rest of the cells for o in any manner the reader wishes if required.

Now we have constructed our . Let us choose 3 as in the proof of Lemma 26.

If step 3 of the algorithm was used to construct «, then clearly $; < a; which implies
a # . Thus, we are done.

Otherwise, a = (A, 1777). If A3 > 2, then clearly f, > 1. Therefore, a # 3 and we
are done. Hence, we may assume that \3 < 2.

Suppose that A3 = 2. We also have \; = )y since a; = (5;. Note that the first
column of A/a contains exactly one cell due to oy = 1, aa = 1 and A3 = 2. Since
a = f = (A, 1P"M), we must have A = (A, A\,2P"*). In this case we may choose
a= A\ — 1,172 ) and = (A, — 1,22, 17~%%3) as shown in the example below. Note
that o, 8 ¢ {(p), (p — 1,1),(2,1772),(17)} due to A\;, N < p.

N ]
1]11 1)1
2

113 3
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Finally let A3 = 1 and hence A\ = (A, Ay, 1??72M). We may choose o = (\; — 1, 1P~ +1)
and 8 = (\1,2,17"272) as shown in the example below.

o

e[ ]

1]
|

This completes the proof. 0
Lemma 29. Let p > 7 be a positive odd integer. Then

Z Soy Z Sg = S (14)

alk2p Brp
a¢(2p),(2p71,1),(p,p) 676(p_1’1)7(271p72)
a#(2),(2,17P72),(1°P)

for all partitions X of 3p except when X\ = (3p), (3p — 1,1), (2, 1%772), (1%), and

z Sa Z S = S\ (15)

al2p BFp
0175(2[)),([),])) ﬁ#(p7171)7(2’1p_2)
a(2P),(1%P)

for all partitions \ of 3p except when X = (3p), (1°P).

Proof. We shall prove the first statement of the lemma. The latter statement follows from
the former statement and the fact that (15) holds when A = (3p — 1,1), (2, 1%72).

Let H := {(2p),(2p — 1,1),(p,p), (27), (2,1?P7%),(1?P)}. For A = (3p) or (1°7), the
lemma is obvious. We may assume that A F 3p and A # (3p), (1°?). We can choose
a b 2p, B+ psuch that s,s5 > s\ with 8 # (p—1,1),(2,172) by Lemma 27. If « ¢ H,
then we are done. Otherwise, one of the following cases must occur.

e o= (2p) or (2p—1,1). Suppose that \| > 2. Then we may replace a by (2p—2,1, 1)
and choose (3 as in the proof of Lemma 26. If 8 # (p — 1,1),(2,1772), then we are
done. Otherwise, one of the following cases must occur.

— B =(p—1,1). Then A/« has exactly p — 1 columns with one of them having
two cells. Either the first column or the second column can have two cells. If
the first column has two cells, then we may increment the entries in the first
column by 1, and we replace 5 by (p — 2,1,1). If the second column has two
cells, then we can increment the last entry 1 in the second row. Thus, we can
replace 5 by (p — 2,1,1) as shown in the example below.

N N LT A1)

—
—_
—
—
—
[\
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— B =(2,1772). In this case A/« has exactly two columns with one having p — 2
cells and the other having a single cell. Since A/« contains at least one cell in
its first row, we conclude that A = (2p, 1?). We shall replace § by (17).

Suppose that A} = 2, i.e., A is a two-row partition (2p+r,p —r) with 1 <r < p. If
r=p—1, then A = (3p — 1,1). In this case we can easily see that Equation (14)
does not hold. For 1 < r < p — 1 we may replace a by (2p — 2,2) and 8 by (p).

e a = (p,p). Suppose that \] > 3. We replace a by (p,p — 1,1) and choose /3 as in
the proof of Lemma 26. If 3 # (p — 1,1), (2, 1772), then there is nothing to prove.
Otherwise, one of the following cases occurs.

— B =(p—1,1). In this case, \/a has p — 2 columns with p — 1 columns having
a single cell and one column having two cells. Then one of the first, second,
pth or p 4 1th column has two cells. If the first column has two cells, then we
may replace § by (p — 2,1,1) as shown in the example below.

I, 1]

1 121
2 3

If the second column has two cells, then we may replace 5 by (p — 2,2) as
shown in the example below.

I, 1]

1(1]1 1111
if2 m:

If the pth column has two cells, then we may replace a by (p —1,p — 1,2) and
g by (p—2,1,1) as shown in the example below.

N 1
I 2
T[T|T|T[1[2 T[1[1[1]3

If the p + 1th column has two cells, then we may replace § by (p — 2,2) if
(4,1)th cell lies in A\/av as shown in the example below.

—

T[T 1]
1|2 112

1)1 1)1

1] 2]
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Otherwise, we may replace a by (p+ 1,p — 1) and 5 by (p) as shown in the
example below.

—

I, 1]

— B =(2,1772). In this case, A/« has exactly two columns, with one having p —1
cells and the other having a single cell. Since A/« has a cell in its second row,
thus A = (p, p, 1?). We may replace 5 = (17) since A/« is a vertical strip.

Note that the LHS of Equation (14) is invariant under the involution w. Thus, for
the other cases a = (27), (2,1%772), (1?P) we use the above cases and the involution
w to prove the lemma.

0

Lemma 30. Let p > 7 be a positive odd integer. Then

J
< > 85) > Sa = 5» (16)
Bp abF2p
B#(p_lle(z’]ﬁ*?) a#(zp)7(2p7171)7(p7p)
a#(2P),(2,1%P72),(1%7)

for all j > 1 and for all partitions X of n (= (j +2)p), except possibly when A = (n), (n —
1,1),(2,1"2),(1") and

J
( > 56) Y Sa=sy (17)
BEp ak2p
ﬂ#(p_171)7(271p72) a#(2p)7(p7p)
a#(29),(1%7)

for alli > 1 and for all partitions X of n (= (j + 2)p), except when X\ = (n), (1").
Proof. The proof follows by applying Lemma 29 iteratively. O

Proof of Theorem 9. We prove the theorem by induction on n. We can easily verify the
theorem when n < 26 by using Sage for example. So assume that n > 26. Let us also
assume that the theorem holds for £ < n by induction. We prove the theorem when
k=n.

If n is a prime, then a small calculation yields the theorem. One such calculation
would be the following. Consider the matrix py(w(,y). When X is not a hook partition, we
have that xx(wn)) = trace(pa(w(m))) = 0 by the Murnaghan-Nakayama rule. Recall that
the characteristic polynomial of py(w(,)) is in Z[z]. Since the sum of all the eigenvalues
of px(wey) is 0 and the only possible eigenvalues are pth roots of unity, we have that
all pth roots of unity occur as eigenvalues of px(wg,)). When A is a hook partition (#
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(n), (n — 1,1),(2,1"72), (1)), we notice that xx(ww) = trace(pr(wgy)) = (=1)" .
Since dim(Vy) > n — 1 and sum of non-trivial pth roots of unity is —1, we conclude that
all pth roots of unity occurs as an eigenvalue of p)(w(,)). When A is equal to one of
(n), (n —1,1),(2,1"72), or (1), one can easily verify the theorem.

Now we may assume that n is a composite number.

Suppose that n is odd. Write n = mp where p is the smallest prime divisor of n. Since
n > 26, we have that m is an odd positive integer greater than or equal to 7. Let A Fn. If
A is equal to one of (n), (n—1,1),(2,1%72), (1"), then one can easily verify the theorem by
direct computation. Otherwise, using Lemma 30 and Proposition 23, the theorem follows.

Suppose that n is even. We write n = mp where m = n/2 and p = 2. Note that m >
10. Let A F n and not equal to any of (n), (n—1, 1), (n/2,n/2), (3,1"73), (2"/?), (2,2, 1"4),
(2,1"7%), (1"). Then using Lemma 28 and Proposition 23, the theorem follows.

Finally, if \ is equal to any of (n), (n — 1,1), (n/2,n/2), (3,1773), (27/2),(2,2,1"7%),
(2,1"72),(1™), one can directly compute (for example, the inner product of characters) to
prove the theorem except maybe when \ = (n/2,n/2) or (27/2).

Suppose that A = (n/2,n/2). If n is divisible by 4, then n = 4m (note that m > 6) and
we may choose ' = (m,m), > = (m+1,m—1), p*> = (m+2,m—2), p* = (m+1,m—1)
in Corollary 24, to get the theorem.

Otherwise, n = mp where p is the least prlme dividing n other than 2. If m > 6, then
we may choose ! = (m —2,2) and p?> = p® = ... = p? = (m) in Proposition 23, and
we are done. Otherwise, m = 2 since m is even and not divisible by 4. Now the theorem
follows from Corollary 25.

Since X(n/2,n/2) @ X(1n) = X (2772 and we have shown that p(,/2./2) (wy,,) has minimal
polynomial 2 — 1, it follows that the theorem is true when \ = (2/2).

This completes the proof.

5 Proof of Theorem 1

Let us recall that f, = ch Indgz 1. From Theorem 9, we have that f, > a,, where a,, is
defined in Equation (9). The following are the necessary lemmas to prove Theorem 1.

Lemma 31. Let v = (p,q) be a partition of n with p > 3 and ¢ = 1. Then
chIndf ¢ x 1> s (18)

for all partitions X\ = n except when A = (n), (1™), where ¢ is ' any non- real one dimensional
character of C,, 1 denotes the trivial character of C, and ( x 1 := Res XC"C x 1.

Proof. Clearly,

IndZ? ¢x 1 =Indf,q, Indg? % ¢ x 1> Ind o, ¢ x 1, (19)
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where the last inequality > means that the RHS is a subrepresentation of LHS. Using
Theorem 9 and induction in stages, we obtain

chIndd o ¢ x T =chIndd, s dZ5 Cx L > Y sasp > s (20)
abp,B-q
a#(p),(17)
fq?sﬁ

Let A F n be different from (n) and (1"). For almost all partitions A, we provide a pair
of partitions «, # such that o # (p), (17), f, = sz and s,s3 > sy. Hence, the following
equation holds for almost all \:

> Sasg = s (21)
akp,Bq
a#(p),(17)

fa=sp

Using Equations (19), (20), and (21) we obtain that ch Indg’;p " C/;/]l > s,. For the
remaining partitions A\, we shall do the direct computation, as we will see.

Suppose that ¢ > 6; then one can easily use the proof of the statements corresponding
to Equations (11) and (13) in Lemma 28 to get the results where the partitions which do
not satisfy Equations (11) and (13) in Lemma 28 can be easily checked in the statement
of the lemma separately. Suppose that ¢ < 5 and p < 14. For these finitely many
cases, one can directly verify that Equation (21) holds for all A - n except when \ =
(2,1),(3,3),(2,2,2) and possibly when A\ € B, where B = {(n), (2,1"7?), (1")}. In these
cases, we may verify Equation (18) directly.

Suppose that ¢ < 5 and p > 15. Let us choose o - p and I ¢ such that f, > sz and
SaSg = sy using Lemma 27. If a # (p), (17), then we are done.

Case 1: a = (p).

Since A # (n), we may replace a by (p — 1, 1) and choose § as in the proof of Lemma 26.
If f, > sg, then we are done. Otherwise, one of the following cases must occur.

e Suppose that f = (¢ — 1,1). Then A/« contains ¢ — 1 columns, of which precisely
one column contains two cells. The column of A/« which contains two cells can be
either the first or the second since p > 15 and ¢ < 5. If the first column contains
two cells, then incrementing the entries in the first column of A/« by 1 allows us to
replace 3 by (¢ — 2,1, 1) as shown below. Note that ¢ > 3 in this case is due to the
existence of at least one cell in the first row of \/a.

[ [ [ [ [1]

L] 2
4 3

If the second column contains two cells, then incrementing the entry in the first
column of A/« allows us to replace 3 by (¢ — 2,2) as shown below except when
q=3.
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[ [

—_
—_

—_

If ¢ = 3, then we may replace a by (p — 2,2) and 3 by (3).

e Suppose that 8 = (2,1972) and ¢ odd. Then X = (p, 17). We may replace 3 by (19)

since A/« is a vertical strip.

e Suppose that § = (17) and ¢q even. Then A/a must be contained in the pth column
but ¢ > 2 since ¢ is even. Hence, this case cannot occur.

Case 2: a = (17).

Since A # (1™), we may replace « by (2,1772) and choose 3 as in the proof of Lemma 26.
If f, > sa, then we are done. Otherwise, one of the cases below must occur.

e Suppose that f = (¢—1,1). Then the Young diagram of A/« contains ¢—1 columns,
of which precisely one column contains two cells. The column of A/« which contains
two cells can be either the first, second or third column.

If the first column contains two cells, then incrementing the entries in the first
column by 1 allows us to replace 8 by (¢ — 2,1,1) as shown in the example below

except when ¢ < 2.

1],

1]1]

L
2]

2
3]

If ¢ <2, then A = (2,1"!) and in this case one can compute directly to show that

Equation (18) holds.

If the second column contains two cells or the third column contains two cells,
then incrementing the entry in the first column by 1 (since the first column of A/«
contains precisely one cell), allows us to replace 3 by (¢ — 2,1,1) as shown in the
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examples below. Note that in this case ¢ > 3.

1), [ ] 171

[u—
—_

T, 1]

—
—
—
[\)
—
[\)

e Suppose that B = (2,1972) and ¢ odd. Then X\ = (3,1"72),(2,2,1"%), (29, 1P79).
Since A/« is vertical strip in all these cases (using p > 15 and ¢ < 5 in the last
case), we may replace 8 by (17). This completes the proof for this case.

e Suppose that = (19) and ¢ even. Then A must be equal to (2,1"72). In this case,
one can simply check directly, for example using the inner product of characters.

For the remaining, finitely many pairs (p, ¢), one can directly compute using Sage for
example. O

We have a nice corollary which follows from the proof of Lemma 31.

Corollary 32. Let i = (p,q) be a partition of n with p >3 and g > 1. Then

> Sasp = S (22)
akp,Bkq
a#(p),(17)
fa=sp
holds for all partitions A b n except when A = (3,3),(2,2,2) with p = ¢ = 3 and possibly
when A € {(n), (2,1"7?), (1")}.

Lemma 33. Let (p,q) be a partition of n with w,q) having even order and p > 6,q > 1.
Then ch Indg?p » 1 > sy for all partitions \ of n except when X\ equal to (n) and possibly

(1").
Proof. Suppose that w,q) is an odd permutation. Then the theorem follows from Corol-
lary 22. So we may assume that w,,) is an even permutation, and thus both p,q and

P+ q = n are even.

Since g(pq) = ch Indg’(bp’q) 1>ch Indgzxcq(—]l x 1) and ch Indg’;n) 1 > s, for all parti-

tions of A except when A = (n), (2,1"?) by Theorem 9, we have
Iwa) Z 2. Sa > Sp-
a#(p),(2,1P72)  a#(g—1,1),(19)

Let A be a partition of n and A\ ¢ {(n),(n —1,1),(2,1"72),(1")}. Using Lemmas 26
and 27, we get a pair of partitions a and 3 such that s,sg > sy and f, > sg. If g, > s,,
then there is nothing to prove. Otherwise, one of the following cases must occur.
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Case 1: a = (p).

Since A # (n) we may replace o by (p—1, 1) and choose /3 as in the proof of 26. If f, > sg,
we are done. Otherwise, one of the following cases occurs.

e Suppose that = (¢ —1,1).

Then A/« contains ¢ — 1 columns, of which precisely one column contains two cells.
The column of A\/a which contains two cells can be one of the first, the second, or
the pth column.

If the first column of A/a contains two cells, then incrementing the entries in the
first column by 1 allows us to replace 5 by (¢ — 2,1,1) as shown in the example
below. Note that ¢ > 4.

L[ — [ [ [1]

i 2
2] El

If the second column of A/« contains two cells, then incrementing the entry in the
first column by 1 allows us to replace 3 by (¢—2,2) as shown in the example below.

L[ — [ [ [1]

—_
—_
[S—
—

If the pth column of A/« contains two cells, then we may replace a by (p—2,2) and
B by (p— 2,2) as shown in the example below.

I,
1)11(1(1(1|1]2 1111

Note that in this case, p must be equal to q.

e Suppose that f = (19) and ¢ even. Then A/a has exactly one column and there
exists a cell in the pth column of A\/a. This implies there is no possible Young
diagram except when ¢ = 1. Since ¢ is even, this case is also excluded.

Case 2: a = (2,1772).
Now we shall consider the following cases.

e Suppose Ay > 2. We shall replace a by (2,2,177%). Choose 3 as in the proof of
Lemma 26. If f, > sg, then we are done. Otherwise, one of the following cases must
occur.
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— B =1(q—1,1). In this case, A\/a has ¢ — 1 columns, with one column having
two cells. The column with two cells has to be one of the first three columns.

If the first or second column of A/« has two cells, increment the entries of those
two cells by 1 to replace 8 by (¢ —2,1,1). Since p > 4, A/« has at least one
cell in the first row, the resulting skew-tableau is an LR-tableau.

I, [ 2] 1), [ 201

1 2] 1] 1]
2] 3]

Suppose the third column of A/« has two cells. Since A D (2,1772), the first
column of A/a must have exactly one cell. Changing the entry of this cell from
1 to 3 allows us to replace 8 by (¢ — 2,1,1).

—

T, 1)

2 2

1] 3]

— Suppose that 3 = (19). In this case, A must be equal to (2,2,1"*). Then
we may choose a = (17) and 3 = (2,1972) except when ¢ = 2. In this case,
A= (2,2,1P7%). One can verify that when A = (2,2,17=) the theorem is true.

e Suppose Ay = 1 (so that A is a hook) and \; > 3. Replace a by (3,1773) and choose
B according to the proof of Lemma 26. If f, > s, then we are done. Otherwise,
one of the following cases must occur.

— Suppose that § = (¢ — 1,1). In this case, A\/a has ¢ — 1 columns, one having
two cells and the other having only one cell. Since A is a hook, only the first
column of A/a can have two cells. Incrementing the entries in the first column
by one will allow us to replace 5 to (¢ — 2,1, 1).

— Suppose that 8 = (19). In this case, A must be (3,1"3). We may replace a by
(17) and, B by (2,19°2).

This completes the proof. O

THE ELECTRONIC JOURNAL OF COMBINATORICS 33(2) (2026), #P2.51 29



Proof of Theorem 1. Let p = n > 11 such that all its parts divide ;. We determine the
pair (A, p) for which the degree of the minimal polynomial of py(w,) is not equal to .
It suffices to check whether all p;th roots of unity are eigenvalues of py(w,,).

We know that py(w,) has eigenvalue 1 except for the pairs (A, i) given in Theorem 11.

If the length of y is 1, then the theorem follows from Theorem 11. So let us assume
that the length of 1 is greater than or equal to 2, and we may also assume that pu # (17).

Let us consider a non-real pith root of unity ¢; thus pu; > 3. Using Lemma 31, we
have that t is an eigenvalue of px(w(,, u,)) except when A = (n), (1").

Now we note that pq + pe > 6 or pu; < 1 for all i > 2 since pg|pu.

In the former case, we can use Corollary 32 with p replaced by u; + uo and g replaced
by w3, and verify for the partitions listed as exceptions in Corollary 32 directly. We
conclude that ¢ is an eigenvalue of px (W, us,pus))- Continuing this process with p replaced
by 3% | s and ¢ replaced by g1 in Corollary 32 and using induction we complete the
proof in this case.

For the latter case, we have p; < 1 for all ¢ > 2. Since puq|ua, we have 3 < g < 5.
Hence, u = (uq,1,1,1,...,1), and we see that py(u1,1,1,1) has minimal polynomial
o173 — 1 for all partitions A of u; + 3 except when A = (1 +3) or (1#173). Now we could
replace p by pu1 + 3 and ¢ by 1 in Corollary 32 and then use induction to complete the
proof as in the previous case.

Finally, let us consider the eigenvalue —1 in the case of p; even. We assumed that
p # (1) and the length of p is greater than or equal to two. If w), is an odd permutation,
then using Corollary 22, we have that —1 is an eigenvalue of py(w,,). Thus, we may assume
that w, is an even permutation, hence wy is an odd permutation where ji = (o, s, .. . ).

Suppose that p; = 2, hence w,, is an involution. Then we can easily see that —1 must be
an eigenvalue for all faithful representations of S,,. The only non-faithful representations
are precisely when A\ € {(n), (1"),(2,2)}. Indeed, if p, is not faithful, then the kernel K
forms a normal subgroup which is not equal to the trivial subgroup {e}. If K = S,,, then
px is the trivial representation. Hence, in this case, A = (n). Otherwise, K is a non-
trivial normal subgroup of S,,. But the only non-trivial normal subgroups of S,, are A,
and, if n = 4 we have one more, namely, the Klein-four subgroup K4 which consists of all
permutations of cycle type equal to (2,2) and identity {e}. Therefore, if K = A,,, then we
have only two possible irreducible representations for S, /A, . In this case, A must be equal
either (n) or (1"). If n = 4 and K = K, then there are only three possible irreducible
representations for S, /K. In this case, A must be equal to one of the elements in the set
{(4),(2,2),(1*)}. One can directly verify the theorem when X € {(n), (1"), (2,2)}.

Therefore, we may assume that py > 4. Suppose that the length of 4 = 2. Then we
may use Lemma 33 and checking the remaining finitely many cases directly will yield the
theorem. Now we may assume that the length of p is at least three. Using Corollary 32
with p replaced by 1 + pe and g replaced by us, we can conclude that the theorem holds
when the length of the partition u is three.

Continuing this process with p replaced by >% | u; and ¢ replaced by . in Corol-
lary 32 and using induction, we complete the proof in this case.

This completes the proof. O
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Finally, we present some applications of the lemmas we have proved.

Proof of Theorem 14. Let n > 11. For n < 11 we verify the theorem by direct computa-
tion. Suppose that w, is an odd permutation. Then the theorem follows from Corollary 22.
Otherwise, at least two parts of i are even, say p;, pt; for some 7 > j.

Suppose that p; > 4. Then we may consider the permutation w, where v = (1, p;)
(or equal to (u1,p;) if i« = 1). We shall work with v = (u1, ), since for the other
case the proof is similar. Using Lemma 33 and direct computation for the finitely many
remaining cases, we get g, > s, for all partitions of A - uy + p; except possibly when

k
A = (pg + p;) or (1#17#). Now we may use Corollary 32 with p replaced by > 1 and ¢
=1

by pr+1. The theorem follows by induction.

Suppose that p; < 3 and hence p = (3%,2!,1%) with [ > 2. If k = 0, then the theorem
follows from Theorem 1. Assume that £ > 1. Since g(322) > sy for all partitions A = 7
except when A = (7), (17), we can use Corollary 32 with p replaced by 7 and ¢ replaced
by any part of p other than p; = 3, ugpr1 = 2, pigao = 2. Now the theorem follows by
iterating this process using Corollary 32. This completes the proof. O

6 Proof of theorems on alternating groups

Proof of Theorem 15. Let V be a non-trivial irreducible representation of A,,. If V.=V,
with A # V', then py(w,) has eigenvalue —1 from Theorem 14. Otherwise, V = Vi with
xa(w),)

A = ). In this case, we have Xf(wz) = =5, Computing the inner product of the

characters Resé;” X3, 6 where § € Trr(C),) yields that w), has eigenvalue —1 in Vy" and V;
if and only if it has eigenvalue —1 in V). Now the theorem follows from Theorem 14. [J

Proof of Theorem 13. One can prove this theorem independently by arguments similar to
those of the proof of Theorem 9 for the symmetric group. But for the sake of completeness,
we shall give a short proof that uses Theorem 9.

We verify the theorem for n < 25 by direct computation or using Sage. Now we
assume that n > 27 is an odd positive integer. Let (p, V') be an irreducible representation
of the alternating group A,,. If V' is not equal to both V(J{L 41 n1. and V(:L 1 noty; then the

2 2 R
theorem follows from Theorem 9. Because the character value is p(wj,) = xa(w;,) for all i

or p(wL) = M for all 7. In either case, the inner product of the characters yields that

t is an eigenvalue for wF in V if and only if ¢ is an eigenvalue for w, in V). The theorem
follows from Theorem 9 in this case.

Finally, let V = V(ﬂ; 41 n-1- Suppose that p is prime. Then one can easily verify that
the minimal polynomiad2 of ,g(wn) is 2" — 1. Otherwise, let us write n = mp where p is the
smallest prime dividing n, and hence m > 5. Note that C,, 1 C, C A,,. We may choose
pt=(m—2,1,1)and p? = p® = ... = u? = (m). Then we see that Indizp Xt X+ X Xpp =

X5. Now the theorem follows using induction and Proposition 23. O

THE ELECTRONIC JOURNAL OF COMBINATORICS 33(2) (2026), #P2.51 31



Proof of Theorem 2. Let pu be a partition of n > 26 with all its parts dividing p; such
that w, is an even permutation. If the length of ;v is one, then the theorem follows
from Theorem 13. If u ¢ DOP,,, then the theorem follows from Theorem 1. Otherwise,
w € DOP,. Recall that for p = (2my + 1,2mo + 1,...,2my + 1), we defined ¢(pu) =
(my,ma,...,myg | my,ma,...,my). If X # ¢(u), then the result follows from Theorem 1.
Hence, let A = ¢(u). We have

n Apg X Apg XX Apy
g X X Ay Cly XCpg X xCpyp

Indg 6 > Indé:l X oy XX Co, 6= Indﬁzl A
where § is any linear character of C,, and § = § x 1 x --- x 1 with S(wzl) = §(w;,) for all
i. Let ' = ¢(p;) for i = 1,2,...,k where k is the number of parts of p. If 3 or 5 is not a
part of u, then we are done, since

Apg X Apg XX Apy S

An
ndAMxA IndCuGC’MXMXC%

I pg Xt X Apy,
I A

ndAZ1><Au2><”'><Auk Xpt X oo X Xk

In particular, Indé:‘ 0> X&u) and Indé;L o> Xo(u)- Ve are done.

So let us assume that 3 or 5 is a part, say p;, of u. Note that either 3 or 5 is a part of
) _ Hj+1—5 )
. Then we may choose /! = (“”Tlﬂ, 2,1 o) and if p; = 3, then 17 = (3), otherwise

v = (4,1). We let v* = ¢(u;) for all t # j,j + 1. Similarly, we have, Indéz § > xi and
Ind‘éz 0 > X, . This completes the proof. O
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