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A poset is Macaulay if its partial order and an additional total order interact
well. Analogously, a ring is Macaulay if the partial order defined on its monomials by
division interacts nicely with any total monomial order. We investigate methods of
obtaining new structures through combining Macaulay rings and posets by means of
certain operations inspired by topology. We examine whether these new structures
retain the Macaulay property, identifying new classes of posets and rings for which
the operations preserve the Macaulay property.

Mathematics Subject Classifications: 05E40, 06A07, 06A11, 05D05, 13F55

1 Introduction

A poset is Macaulay if there exists an additional total order such that initial segments on
rank n have a minimum upper shadow which is itself an initial segment at rank n + 1.
This notion is rigorously formulated in Theorem 2.12. Named after the mathematician
Francis S. Macaulay, these posets generalize a property satisfied by the monomials in a
polynomial ring, partially ordered by divisibility, to a purely combinatorial setting. A
Macaulay poset is characterized by a ranked structure and a total order that interacts
with the partial order in a favorable way, allowing to establish bounds on the sizes of
subsets of a given rank in an order ideal of the poset.

Macaulay posets serve as a powerful tool in understanding the interplay between alge-
braic invariants of graded rings, such as Hilbert functions, and their combinatorial struc-
ture. Indeed, their seminal application devised by Macaulay in [Mac] was to determine
all Hilbert function of homogeneous ideals of the polynomial ring. Nowadays, applica-
tions of Macaulay posets span both commutative algebra and enumerative combinatorics,
making them a rich subject of study in modern mathematics. In extremal combinatorics,
Macaulay posets are featured in the study of isoperimetric problems with celebrated re-
sults due to Katona [Kat], Kruskal [Kru], and Clements—Lindstrom [CL]. In commutative
algebra there is an emerging theory of Macaulay rings, that is, rings whose monomial
poset is a Macaulay poset; see [Mer, MP1, MP2, Kuz|. Surveys on Macaulay posets can
be found in [BL] as well as in [Eng, Chapter 8. Important examples of Macaulay posets
include the poset of monomials in a polynomial ring in any number of variables with the
lexicographic order, as shown by Macaulay [Mac|; any product of chains with respect to
an appropriate lexicographic order, as shown by Clements—Lindstrém [CL] — we refer to
these as Clements-Lindstrom posets throughout — and any product of isomorphic spider
posets with legs of equal lengths, as shown by Bezrukov-Elséasser [BE].

In this paper we consider how the Macaulay property interacts with poset operations.
Certain instances of this question have been studied before, primarily for Cartesian prod-
ucts of posets. Iterated Cartesian products of a poset with itself have been studied with
respect to the lexicographic total order in [BPS]. Special cases of the ring-theoretic ana-
logue construction, which entails taking a tensor product of two algebras over a common
subfield, can be found in [MP1, Theorem 4.1]. See also [BL, Theorem 10] for related
investigations.

The novel aspect of this paper is considering poset operations that are inspired by
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topological constructions. Specifically, in topology, the fiber product of topological spaces
is a construction that combines two spaces over a common base space in a way that
respects certain maps between them and the connected sum of two topological spaces
is a new space formed by removing an open neighborhood from each space and gluing
the resulting boundaries together. Inspired by these considerations, we introduce and
study poset analogues which we term wedge product (Theorem 3.2), diamond product
(Theorem 3.4), and fiber product (Theorem 3.6), respectively. The fiber product of two
posets combines two posets which contain copies of the same sub-poset by taking the
union of the posets with the two copies of the subposet identified. The special case of the
fiber product where unique minimal elements of two posets are identified is termed wedge
product. When unique minimal elements and unique maximal elements of two posets are
respectively identified the cnstruction is termed diamond product. This is a special case
of a more general connected sum operation, described in [BKLS], which we shall not make
use of in this paper.

Ring-theoretic constructions which match both these topological and poset operations
are available in commutative algebra. The fiber product is the pullback in the category
of rings, defined in (3.1). The connected sum of rings is an operation defined in [AAM].
When these operations act upon the cohomology rings of topological spaces H®*(X) and
H*(Y), the fiber product of these rings recovers the cohomology algebra of the fiber
product of the topological spaces, that is H*(X) xx H*(Y) = H*(X x Y). Likewise the
connected sum of the rings gives the cohomology algebra of the topological connected
sum. These analogies provide the names for the ring theoretic constructions. Our insight
is that if we consider monomial posets M 4, M g of rings A, B instead of topological spaces,
analogous relationships hold, for example My, p = My Xx Mp (see Theorem 3.12).
Since the monomial posets of graded rings are closed under these new poset operations,
they are well-suited to study the Macaulay property for rings. This feature is absent from
other poset operations such as the disjoint union.

Our main objective is to determine under which conditions the Macaulay property
is preserved under the operations we introduce on posets, deducing consequences on the
Macaulay property for some new classes of commutative rings. This is a fruitful endeavor
as few classes of commutative rings are known to be Macaulay beyond the classical set-
ting of Clements—Lindstrom rings; this includes colored square-free rings [MM], Chong’s
rings [Chol, certain rings of embedding dimension two [Abd], and the rings discussed by
Kuzmanovski in [Kuz].

From their respective constructions, it is apparent that the wedge and diamond prod-
uct are most akin to the disjoint union of posets. Thus in studying these two operations
we first relate them to disjoint unions so that we may utilize results of Clements [Cle2]
on the Macaulay property for disjoint unions of copies of a Macaulay poset endowed with
an additional property called additivity. Our first result is the following.

Theorem A (Theorem 4.4, Theorem 4.10). Let Py, ..., P, be posets of the same rank
having unique minimal and mazximal elements. Then the disjoint union being Macaulay
implies the wedge product is Macaulay which tmplies the diamond product is Macaulay.
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In symbols,

|_| P; is Macaulay = \/ P; is Macaulay = <> P; is Macaulay.
i=1

i=1 =1

Moreover if all P; are isomomorphic to the same Macaulay poset P satisfying a mild
condition, then any of the three posets above are Macaulay for n = 2 if and only if P s
additive.

Surprisingly, we find that the situation is very different when taking wedge and dia-
mond products of posets that are additive, but not isomorphic, in that the resulting posets
are rarely Macaulay. To illustrate this we focus our attention on operations between
Clements—Lindstrom posets, which are Macaulay by a celebrated theorem of Clements-
Lindstrom [CL] and satisfy the additivity property by [Clel]. Our second series of results
characterizes when operations on Clements—Lindstrom posets result in Macaulay posets.

Theorem B (Theorem 5.14, Theorem 5.4, Theorem 5.5 ). Let P and Q be Clements—
Lindstrom posets.

1. The diamond product of P and Q is Macaulay if and only if either the two posets
are isomorphic or one of them is a path and the other is two-dimensional, with a
side of length two.

2. If P and Q are two-dimensional of sizes m X n and m’ x n’, respectively, such that
m<n, m <n', and m,m’ > 1, then the wedge product of P and Q is Macaulay if
and only if m < m' and n < n' or vice versa.

While it is a generalization of wedge product, fiber product proves to be simultaneously
more flexible and more challenging to analyze. In this paper we commence a full analysis
by studying fiber products of two-dimensional Clements—Lindstrom posets. We term the
resulting posets heart-shaped posets (see Figure 2 for an illustration). We characterize
the Macaulay property in the family of heart-shaped posets. A surprising feature of
our result is that different members of this family require different total orders for the
Macaulay property to be satisfied. This indicates that additional flexibility with total
orders will prove crucial in analyzing more complicated constructions.

Theorem C (Theorem 6.6). The fiber product of ag X a; and by x by Clements—Lindstrém
posets over a ¢y X ¢; Clements—Lindstrom poset, where ¢; = min{a;,b;}, is Macaulay if
and only if any of the following hold:

1. ag < by and a; < by,
2. by < ag and by < ay,

3. by < ag and a1 < by and
(a) ag = by or (b) by < ag and by +by < ag+ay or (¢) ag < by and ag+a; < bg+ by,
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4. condition (3) holds with a; replaced by b; and vice versa.

Utilizing a correspondence between ring operations and poset operations developed in
Theorem 3.12, Proposition B and Proposition C lead to the following algebraic corollaries:

Theorem D. 1. For integers a;,b; > 2 such that > a; —n =Y. b; —m the ring

K[xlv" . 7xn7y17"'>ym]
an a;—1 an—1

(..., oy ,yll’l,...,yf,;”)—l—(xiyj c1<i<n, 1<j<m)+ (a7t -2y —yll’r1

o e y%”_l)
1s Macaulay if and only if any of the following conditions are satisfied

(a) n =1 and m =2 and min{by, by} = 2

(b) n=2 and m =1 and min{ay,as} = 2.

(¢) n=m and the multisets {ay,...,a,} and {b1,..., by} are equal.

2. For integers a;,b; = 2 such that a; < ag and by < by the ring

K[%, T2,Y1, 1/2]

al as by bo
(131 y Lo Y1 5 Ys ,$1y1;$1y2,$2917$292)

is Macaulay if and only if either (a) ay < by and ay < by or (b) by < ay and by < as.
3. For integers a;,b; = 1 the ring

K|z, y]
(290, yo1) N (xbo, yh)

1s Macaulay if and only if any of the conditions in Proposition C hold.

Our paper is organized as follows: in Section 2 we recall the necessary background
on posets and in Section 3 we introduce the poset and ring operations we are interested
in. We study iterated disjoint unions, wedge, and diamond products in Section 4. In
Section 5 we analyze wedge and diamond products of Clements—Lindstrom posets and
in Section 6 we study fiber products of Clements—Lindstrom posets. We end the paper
with Section 7 containing conjectures, examples and counterexamples related to taking
Cartesian products of Macaulay posets. While this operation has been more extensively
studied, it continues to afford open questions for future investigation (cf. Theorem 7.4).

Acknowledgements. Computations leading to several results in this paper were per-
formed using the computer algebra system Macaulay2 [M2], specifically the package
MacaulayPosets developed by some of the authors of this paper [BKLS|. The software
tool [BD] was also used for computer-assisted verifications.

We acknowledge the support of NSF DMS-2341670 for the Polymath Jr.program,
which facilitated our collaboration. Seceleanu was partially supported by NSFE grant
DMS—-2401482.
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2 Background

In this paper N denotes the set of nonnegative integers.

Definition 2.1. A partially ordered set (poset) is a set P which has an order relation
on it, that is, a binary relation denoted by < which satisfies

e a<aforallaeP
e if for some a,b € P we have a < b and b < a, thena =05
e if for some a,b,c € P we have a < b and b < ¢, then a < c.

As per usual, we write a < b to denote that a < b and a # b.
A total order on a set P is a binary relation that satisfies the three conditions in
Theorem 2.1 but for which every pair of elements of P is comparable.

A poset P is sometimes pictured as a graph, called the Hasse graph of P. In this
graph, an edge connects two elements a,b € P so that b covers a, that is, a < b and
there is no ¢ that satisfies a < ¢ < b. In the Hasse graph a will be placed lower than b.
All other inequalities can be inferred from this information.

Definition 2.2. A poset P is ranked if there is a function r : P — N called a rank
function for which the following conditions hold:

e There is a minimum element = € P such that r(z) = 0.
e If b covers a in P then r(b) = r(a) + 1.

The rank of P is the largest rank of an element of P. For d € N, the d-th level of P is
Py ={x € P |r(z)=d}.

The following are examples of ranked posets with level numbers increasing consec-
utively from 0 for the lowest pictured element. We reverse the order more standardly
used for some of these posets to render the correspondence with algebraic posets more
transparent.

Example 2.3. A path poset of length d is a poset on d+ 1 vertices 0, . .., d which is totally
ordered by the ordering of 0,...,d as real numbers. The Hasse graph for d = 2 is

Algebraic structures provide an important source of examples for posets.
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Example 2.4. Let R = K|[xy,...,x,] be the polynomial ring on variables z1, ..., z, with
coefficients in a field K. Then the set of all monomials in R equipped with the divisibility

relation, that is, the relation x® = z{'25? - - - 29 | xP = ahabe .. -2 if and only if a < b,
that is, a; < b; for 1 <7 < n, is a partial order. We identify monomials with their exponent
vectors throughout, namely identifying x* = x{'x5? - - - 2% with a = (a4, as, ..., a,) and

thus identifying the monomial poset with N™. The rank function is given by the degree
deg(x?) =ay +as + -+ + ay.

More generally, one can associate a monomial poset to any quotient of the polynomial
ring by an ideal. If R denotes the polynomial ring and [ is an ideal of R, a monomial of
S = R/I is the coset @ of a monomial ;1 € R such that p ¢ I. Divisibility is defined by
71 divides 7 if there exists a monomial # such that 7 = Ji - 6. For the technical details of
this paradigm see [Kuz]. In this paper we restrict our attention to a single type of such
posets.

Definition 2.5. The d; x ... x d,, Clements-Lindstrém poset is the poset of nonzero
monomials in the quotient ring

o Klzq,. .., x,]

(9, ... xdn)

Identifying monomials with their exponent vectors, the Clements—Lindstrém poset is iden-
tified with the set

{a=(a1,...,a,) eN"|0<a; <d; forall 1 <i<n}

with the partial order given by componentwise inequality a < bifa; < b; forall 1 < i < n.
Thus a d; x ... x d, Clements—Lindstrom poset is the Cartesian product of n paths of
with dy,ds, ..., d, vertices, respectively. Picturing the element a of this poset as a unit
cube having the corner closest to origin at the lattice point a yields the following figures
representing 3 X 4, 2 X 2 X 2 and 2 x 3 x 4 Clements—Lindstrom posets.

(0,3)|(1, 3)[(2, 3)
(0,2)[(1,2)[(2,2) ™
D|(1,1)](2,1 \\
(0,1)(1,1)|(2,1) L
(0,0)[(1,0)/(2,0)
3 x4 2X2x%x2 2x3x4
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X123

N

T1T2 13 Tol3

<
7

Figure 1: The Hasse diagram of a 2 x 2 x 2 Clements—Lindstrém poset displayed as a
distributive lattice.

xy €3

1

2.1 Macaulay posets

In this section we consider posets endowed with both their partial order, add an additional
total order and impose a condition on the interaction between the two. In practice we
will not need to refer to inequalities with respect to the poset order, thus we utilize the
notation < for the total order.

Definition 2.6. For a subset A of a poset P we define the upper shadow of A as
VpA ={be€ P :thereis an a € A such that b covers a}

and the lower shadow of A as
ApA = {b € P :thereis an a € A such that a covers b}.

Example 2.7. Consider the poset of monomials in K|z, y] ordered by divisibility. In the
figure below the set A = {22, xy} is shown in red, its lower shadow AA = {x,y} is shown
in green and its upper shadow VA = {z%y, zy? 3>} is shown in blue.

$3y2
NN/
.1'33./ x2y2
AN N
# 2ty oy

N/

Definition 2.8. Suppose that P is ranked poset with an additional total order > on it.
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A set A consisting of elements of the same rank is called a segment, if for any a,b € A
and any ¢ € P of the same rank such that a > ¢ > b, we must have c € A.
The initial segment of size ¢ in the d-th level Py is

Seg, q = {the largest ¢ elements with respect to < in Pig}.

The final segment of size ¢ in the d-th level Pjg is the set of smallest ¢ elements with
respect to < of Pg.

We define a total order which is often considered when analyzing the poset of mono-
mials in a polynomial ring.

Definition 2.9. Let x® = {1232 - - - g0 xP = 2252 ... 257 be monomials with exponent
vectors a = (ay,...,a,),b = (by,...,b,). We say that x* precedes x® in the lexicographic

order and write x® >, xP if the leftmost nonzero entry of the vector a — b is positive.
We call this the lexicographic order (lex order for short).

We use this order to illustrate some of the notions introduced above.

Example 2.10. Suppose that we consider the poset of monomials of K[z, y| with the lex
order. The set {z%y?*, 25y3, 25¢y%} is a segment (neither initial not final), but {z*y*, 25¢%}
is not a segment.

Example 2.11. The monomials of degree 2 in K|[z,y,z| are ordered with respect to
the lexicographic order by o2 >iex TY >Siex T2 >lex Y2 Slex Y2 >lex 22. Thus we have
Seg24 = {ZE271’y, $Z,y2}-

Definition 2.12. A poset P is Macaulay if there exists an additional total order on P
such that the following hold for any subset A C Pjg:

1. Initial segments have the smallest upper shadows:

Ve Segy |All < [Va(A)];

2. The upper shadow of an initial segment is an initial segment:

Vp Segy | Al = Segqiy [Vp Segy |All.

The notion of Macaulay poset translates algebraically as follows. A quotient of a
polynomial ring by a homogeneous ideal is a Macaulay ring if its poset of monomials is
a Macaulay poset.

Example 2.13. We work in the poset P of monomials in K[z, y| with the partial order
given by divisibility and the total order the lexicographic order. On the left below the
set A = {22 y?} is pictured in red and its upper shadow is pictured in blue. We have
|A] =2 and |V(A)| = 4. On the right below we take a set B = {x? xy} consisting of the
two lexicographically largest monomials of degree two in P. The upper shadow of B is
also shown in blue. Note that |V(B)| =3 < |V(A4)| = 4 and also that V(B) is itself an
initial segment with respect to the lexicographic order, that is, V(B) consists of the three
lexicographically largest monomials of degree three in P.
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AN / N / N\ / N /
x3y2 x2y3 .. x3y2 x2y3
\ / \ / \ / \ / \ / \ /
xdy x2y2 xy3 . x3y x2y2 xy‘s
\ / \ / \ / \ / \ / \ / \ / \ /
2 2y xy? Y3 2 2ty ay? y°
\ Vi N/ \ / AN / N / \ /
2 Ty y? 72 Ty 2
N /N N/ N\
T Y x Yy
N/ N/
1 1

We end the discussion with a more refined notion of shadow that incorporates the
total order.

Definition 2.14. Suppose that P is ranked poset with an additional total order on it.
Let A be a segment of some rank and B be all the elements of the same rank that are
larger than all the elements of A. The new shadow of A is defined to be

Vaew(4) = V(A) \ V(B).

This leads to defining a property of posets termed additivity, which will help strengthen
our results. The formal concept of additivity was introduced in [Cle3] to abstract the
combinatorial properties of Clements-Lindstrom posets established earlier in [Clel].

Definition 2.15. Suppose that P is a Macaulay poset. We say that P is additive if the
following hold:

1. If A is an initial segment and B is a segment such that |A| = | B| then

[View(A)] 2 [View(B)]

2. If B is a segment and C'is a final segment such that |B| = |C| then

[View(B)| 2 [View(C)]-

3 Poset operations and algebraic counterparts

In this section we collect a number of poset operations we will use in the rest of the paper.
The disjoint union operation is well-known, but the other operations in this section are
either being introduced or given formal names here for the first time.
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3.1 Disjoint union, wedge product, and diamond product

Definition 3.1. Suppose that for 1 < ¢ <t we have posets P;. Their disjoint union is

the set ,
|_| Pi>
i=1

meaning that we take the disjoint union of the sets P;, with the induced partial order
a < bif and only if a,b € P; and a < b in P; for some 1.

Definition 3.2. Suppose that for 1 < i < ¢ we have posets P; with unique least element
¢;. Their wedge product is the poset denoted \/;‘f:l P;or Py VPyV--- VP given by

t

PLVP V- VP = <|_|H>/(61:£2:---:£t).

i=1
Above we take the disjoint union of the sets P; in which we identify all the ¢; into one
element, with the partial order a < b if and only if @ < b in P; for some 1.

Example 3.3. A spider poset with legs of length d, ..., d; is the wedge product of ¢ path
posets of lengths dy, ds, ..., d; respectively. Here are some Hasse graphs of spider posets:

O

Definition 3.4. Suppose that for 1 < ¢ < t we have ranked posets P; with unique least
element ¢; and unique largest element L; such that the posets P; have the same maximum

t
rank. Their diamond product is the poset denoted <> - P; or PyoPyo---oP; is given
by .

t
7)107320--'07),5: (|_|7%> /(61262:"':&5,[/1:LQZ"':Lt).
=1

Above we take the disjoint union of the sets P; in which we identify all the ¢; into one
element and all the L; elements into another element, with the partial order a < b if and
only if a < b in P; for some 1.

Example 3.5. Here are some Hasse graphs of diamond products of path posets:

U

Diamond products of two path posets of the same length such as the leftmost three posets
above are called discrete tori. The rightmost poset above is called a diamond poset, which
inspired the name for the operation described above.
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3.2 Fiber product

One can construct fiber product posets as an operation that generalizes the wedge product,
meaning that instead of identifying the least element in the respective posets we identify
a set of elements given by a common subposet Pe¢.

Definition 3.6. Suppose there are rank-preserving inclusions of posets 14 : Po — Py
and tg : Pc — Ppg. The fiber product poset is the set

Paxp.Pg=PcU{a:a€Ps\ta(Pe)fU{b:be P\ ts(Pc)}
with order relation
e a>ciff a>u(c) fora € Py\ ta(Pe) and ¢ € Pe and
e b>ciff b>up(c) for b€ P\ tp(Pc) and ¢ € Pe.

The wedge product of posets P4 and Pp can be recovered as P4V Pg = Pa X, Pg,
where * is the singleton set with inclusions ¢4 : ¥ — P4 and tp : * — Pp mapping * to
the least element of P4 and Pp, respectively.

Example 3.7. If P4 and Pp are both path posets of length 2 and P¢ is a sub-path of
length 1 containing the least element of P4 and Pp, the resulting fiber product is

The next construction gives a more elaborate example of a fiber product poset.

Definition 3.8. Suppose P is an ag x a; Clements—Lindstrom poset and Q is a by X by
Clements—Lindstrom poset, with a common sub-poset £ that is a ¢y x ¢; Clements—
Lindstrom poset where ¢; = min{a;, b;}. A heart-shaped poset is the set

PXLQ)

meaning that we take the fiber product of the two 2-dimensional Clements-Lindstrom
posets over their intersection, with the partial order induced by the fiber product defini-
tion.

The poset introduced in Theorem 3.8 is depicted in Figure 2, which indicates the origin
of its name.

The name of the fiber product operation is justified by the following algebraic con-
struction: given rings A, B, C' and homomorphisms f: A — C and g : B — C, the fiber
product ring is the set

AxeB={(a,b) |ac A be B, f(a) =g(b)} (3.1)
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xaofl a1—1

‘ xbo—lyln—l
ao—]. * ’
b1—1

xboflyalfl

X y
1
Figure 2: A heart-shaped poset

with operations defined componentwise.
The following examples are pertinent to the wedge product and the heart poset, re-
spectively.

Example 3.9 ([IMS, Proposition 3.12]). For ideals I <C Klz,...,2,] and
J C Klyi,...,Ym) one has

K[xla"'axn]x K[ylaaym]: K[$17"'7$n7y17-"7ym]
I " J T+J+ (my 1<i<ml<j<m)

Example 3.10. For a ring R and ideals I, J of R one has
R R R

X _R = —.
I =1 J InJ

This follows by comparing the exact sequence characterizing the fiber product [IMS, (3)]

To explain the connection between the examples above and poset operations we must
first consider how maps of rings induce maps between monomial posets.

Lemma 3.11. Suppose R = P/I and S = P/J are quotients of a polynomial ring P by
monomial ideals I C J and denote the respective monomial posets Mp and Mg. The
canonical surjection m : R — S gives rise to an injective and rank-preserving poset map

LZMS—>MR.
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Proof. By the definition of S, every monomial 7 = u+ [ € S is the image of a unique
monomial y = p+ J € R via . We thus set «(z) = p. It is easy to see that this map
preserves ranks. If @, 77, b are monomials in S satisfying @ = fib, then a = pb must hold
in P as otherwise it must be the case that a — ub € J with J a monomial ideal would
imply a, ub € J, leading to the contradiction @ = 0. Since a = ub holds in P, it also holds
in R. We have thus proved that b | @ implies ¢(b) | +(a@), indicating that ¢ preserves the
divisibility order. O

Proposition 3.12. 1. If A and B are graded quotients of polynomial rings which have
coefficient field K, then
MAXKB = M4sV Msp.

2. If 1, J are monomial ideals of a polynomial ring R, then

MBIy 0y R1T = MERjangy = MR X Mgy Mey-

Proof. Set A = R/I and B = S/J. From the presentation of A xx B in Theorem 3.9
we observe that the monomials of A X B are 1, the non-constant monomials of A and
the non-constant monomials of B, with divisibility relations induced from the posets M4
and Mp. Thus the first claim follows from Theorem 3.6.

The first equality in assertion (2) follows from Theorem 3.10. Now

MEg/insy = {m monomial in R | m & INJ} = {m monomial in R |m & [ or m & J}.
By Theorem 3.6 we have

Me/r X Muyain Mrzg = (Mer \ tMeyin)) U (Meps \ eMgyaan)) U Meyagn
= {m monomial in R |m e J\ I}
L{m monomial in R|me I\ J}
L{m monomial in R |m &I + J}
{m monomial in R |m &I or m ¢ J}

Mg/

The third equality above follows since I, J are monomial ideals, therefore the monomials
in I + J are the monomials in I U J. Having identified the second and third posets in
claim (2) with the same sub-poset of Mp, the claim is established. O

From part (1) of Theorem 3.12 it follows that the monomial poset of the ring in
Theorem 3.9 is the wedge product of the monomial posets of the factors. We apply
Theorem 3.12 in settings where the monomial posets involved are Clements—Lindstrom
posets in Proposition D to describe the rings corresponding to wedge products and heart-
shaped posets.
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4 The Macaulay property for disjoint unions, wedge, and dia-
mond products

We now begin our study of how the Macaulay property of a poset transfers under the
poset operations introduced in the previous section.

4.1 The relationship between disjoint union, wedge and diamond product

In this section we show that one can study three poset operations with respect to the

Macaulay property simultaneously: disjoint union, wedge product and diamond product.

The principle which makes this possible is the main result of this subsection, Theorem 4.4.
We will use the following notation in the rest of the document:

Notation 4.1. Let P be a poset. When applying P, we assume P has a unique smallest
element. When applying P, we assume P has a unique largest element.

e P := the poset obtained after removing the smallest element in P.
e P := the poset obtained after removing the largest element in P.

:= the poset obtained by adding a largest element to P.

Y M 9

e P := the poset obtained by adding a smallest element to P.

The following observations relate the notations described above.

Lemma 4.2. 1. If P is a poset, then P = P. If P is a poset with a unique maximal
element, then P = P.

2. Letn € N. For eachi € {1,...,n}, let P; be a poset with a unique minimal element.

Then O™, P, = Vi, P

The proof of the lemma is omitted as it allows for a straightforward verification. The
proof of item (2) is illustrated by Figure 3.

Proposition 4.3. Let r € N, and let P be a ranked poset in which every mazimal element
has rank r. Then P is Macaulay if and only if P is Macaulay.

Proof. For the backward direction consult [BL, Proposition 6]. Conversely, suppose <p is
a total ordering of P with respect to which P is Macaulay. Let L be the maximal element
of P. Let <3 be the total ordering of P such that, for p,q € P, we have p <p ¢ if and

only if p <5 ¢, and for p € P, we have p < L. Then for any d < r and A C P,

[V SegglAll = [Vp Segy| Al| < [Vp(A)] = [V5(A)]
Vi Segy|Al = Vp Segy|A] = Seg, 1 |Vp(A)| = Segy11|Vp(A)].
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Figure 3: An illustration of Theorem 4.2

If AC 7/5[T+1], then

V5 Seg,. 1 All = 2] = [Va(A)
Vs Seg, 1Al = @ = Seg, 1o V().

If & # A C Py, then

Vg Seg, | All = [{a}] = [Va(4)]

We have
V5 Seg, |2]| = 2] = [V5(2)]
Vs Seg 2] = @ = Seg, 1| V(2)].
Hence P is Macaulay. O
Theorem 4.4. Let Py,..., P, be ranked posets. Whenever the respective constructions

are defined, the following are equivalent:
1. ", Pi is Macaulay,
2. \i_, Pi is Macaulay,
3. <>:.L:1 732 15 Macaulay.
Moreover, the list of properties below are related by implications (1') = (2') = (3/)

(1) LI, Pi is Macaulay,
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(2°) \/?:1 P; is Macaulay,
(3) <>?:1 Pi is Macaulay.

Proof. (3)<(2) Observe that O™, P; is Macaulay if and only if 0?117% is Macaulay by
Theorem 4.3 since the two posets are related in view of Theorem 4.2 (1) by

—

0P\ P = O, P,

The isomorphism (}?:115@- = \/!_, P;, which is a consequence of Theorem 4.2 (2) completes
the argument.

(2)<(1) By the dual of Theorem 4.3, the posets \/;_, P; and \/}_, P; are simultaneously
Macaulay. It remains to observe that \/_, P; = | [, P;.

Since there is an isomorphism | |\, P; = | |, P;, we see that (1) = (1) & (2) = (2).
We also see that (2') = (2) < (1) < (3). Finally, we claim that (3) = (3'). Towards this

end, note that 0?11731- and O], P; differ only in the top level. Assuming the poset 0?21731
is Macaulay, endow the poset O ,P; with the total obtained by identifying the elements
that are not part of its top level with elements of the former poset, extended arbitrarily
to incorporate the unique largest element. To check that ¢} ;P; is a Macaulay poset one
only needs to check the shadows of elements in level d — 1, where d is the top rank of
O, P;. But all nonempty sets of elements of rank d — 1 have an upper shadow of size one

in this poset. This concludes the proof. O

Example 4.5. Since spider posets are Macaulay by [BE], it follows using Theorem 4.4
that diamond products of paths of the same length are Macaulay.

One should note that the implications (1') = (2) and (2') = (3') in Theorem 4.3
cannot be reversed.

Example 4.6. If P is the wedge product of a length 1 path with a length 2 path, then
P VP is Macaulay and P LU P is not Macaulay.
Example 4.7. If P is the 2 x 2 Clements-Lindstrom poset, then 73073 is Macaulay with
respect to the union simplicial order (see Theorem 4.8), but PV P is not Macaulay.

In the next subsection we give conditions which ensure that the posets U ,P;, VI ;P;
and O ,P; are simultaneously Macaulay. Specifically, we will see that if the P; are

isomorphic additive posets, then the converse holds. See Theorem 4.10 for a detailed
statement.

4.2 Additivity and iterated poset operations

The following definition makes the disjoint union of two posets into a new poset.
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Definition 4.8. Let P; and P, be two ranked posets with total order <; and <s. Let
Q be the disjoint union poset of P; and P,. Endow Q with the union simplicial order
<ys such that:

1. If a,b € Q such that the rank of a is smaller than the rank of b, then a <, b.
2. If a € P; and b € P, such that a and b have the same rank, then a <, b.

3. If a,b € Py such that a and b have the same rank and a <; b, then a <, b.
4. If a,b € Py such that a and b have the same rank and a <, b, then a <, b.

Notice that if the respective operations are defined, the union simplicial order induces a
total order on P; V Py and on P; ¢ Py, which we refer to as the union simplicial order as
well.

Remark 4.1. The union simplicial order on | |}, P;, Vi, Pi, or 07, P; induced by total
orders on Py, Py, ..., P, is defined inductively based on Theorem 4.8.

The following proposition, in a form that allows taking the disjoint union of an ar-
bitrary number of copies of a poset is due to Clements [Cle2, Theorem 1] who calls the
disjoin union a copy poset. In the cited paper, Clements attributes the last statement
to personal communication with Bezrukov, without proof. We include a proof here for
completeness.

Proposition 4.9 (Clements, [Cle2, Theorem 1]). Let P be an additive Macaulay poset
that satisfies V(Ppy)) = Pygq) for all integers r > 0 and let Py, ..., P, denote posets
isomorphic to P. Then Py U ... U P, s Macaulay with respect to the union simplicial
order.

Conversely, if Py, Py are posets isomorphic to P such that Py U Py is Macaulay with
the union simplicial order, then P s additive.

Proof. We show that if P; LI P, is Macaulay with the union simplicial order then P must
be additive. Let S5 be a segment and let S; be an initial segment of the same size in P.
Let By = S be an initial segment in Py, Let B, be the initial segment that consists of
all elements that come after Sy in Py. Let C' = (B \ S1) U (B2 U Sy). Since Py U Py is
Macaulay, |V(C)| = |V(B1 U B2)| 4 |View(S2)| = |View(S1)| < |V(B1 U By)l. It follows
that |View(51)| 2 |View(S2)|. This shows the first condition required for additivity.
Now, let S; be any segment and S5 be a final segment in P, with B; a final segment
that consists of all elements that come before S in P;. Let Bo=955 be the final segment in
P,. But then again if we construct C in the same way as above, we have |V(C)| = |V(B;U
Bo)| + [View(S2)| = [Vaew(S1)| < [V(By U By)l|, and again it follows that |View(S1)| =
|View(S2)|. This shows the second condition for being additive and completes the proof
that P is additive. O

Summing everything up, we arrive at the equivalence of seven statements listed in
Theorem 4.10. The following diagram is used to prove that these statements are equivalent
below.
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(2) Theorem 4.9

—~
Ot
~—

Them"eﬂ%

(1)

¥ WeloayJ,
¥ § WweloayJ,

6'F we109yJ,
—~
w -
N—
—
(=)
N—

(2)

Theoremk
(4) Theorem 4.10 <7>

Theorem 4.10. Let P be a Macaulay poset that satisfies V(Ppy)) = Ppa) for all integers
r > 0. The following statements are equivalent, where the products in (5), (6), and (7)
each have an arbitrary number (at least two) of factors:

' Weloay J,
¥ Wolody T,

1. P is additive.

2. PUP is Macaulay with respect to the union simplicial order.

3. PV P is Macaulay with respect to the union simplicial order.

4. P o P is Macaulay with respect to the union simplicial order.
(5) PUPU---UP is Macaulay with respect to the union simplicial order.
(6) PVPV---VP is Macaulay with respect to the union simplicial order.
(7) PoPo---oP is Macaulay with respect to the union simplicial order.

Proof. Note that in the proof of Theorem 4.4, if the given order on the factors is union
simplicial, then the new order is union simplicial. The diagram below shows the overall
structure of the proof.

(7) = (4) Restrict the total order on PoPo---oP to a total order on the product of
the last two factors P ¢ P. The initial segments of P ¢ P are exactly the initial segments
of PoPo---oP that are contained in PoP. If A CPoP, then VpspA = Vpope.opA.
So, P o P with this order is Macaulay.

(4) = (2) Suppose PoP is Macaulay with respect to a union simplicial order induced
by a total order on P. This total order induces a union simplicial order on P LIP. Let r
be the rank of P, and let m be the number of elements in level r — 1 of P. If r < 0, then
everything is Macaulay. So, assume r > 0.

Suppose A is a subset of level 7 — 1 of PUP. Then |V Seg,_,|A|| € {0,1,2}. Suppose
|V Seg, _,|A|| = 2. Then m < |A] because the total order on P LU P is union simplicial.
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Using the pigeonhole principle, it follows that |[VA| = 2. In particular, |V Seg,_;|4]|| <
VA

Observe that the remaining conditions for P UP being Macaulay also can be satisfied.

O

Remark 4.2. The proof of (4) = (2) in Theorem 4.10 can be extended to a product of
two different posets P o Q instead of P <o P, provided that P and Q have the same number
of elements in level r — 1.

In Theorem 4.10 we highlighted conditions under which the Macaulay property of a
poset P can be transferred to the wedge product PV P. We now investigate conditions
under which the Macaulay property passes conversely from a wedge product to its factors.

Proposition 4.11. Suppose that P, Q are ranked posets having smallest elements such
that

1. PV Q is Macaulay with respect to the total order O.
2. All elements of rank 1 of @ form an initial segment of PV Q.
Then, both P and Q are Macaulay with respect to the total orders Olp and O|g.

Proof. Since upper shadows of initial segments are initial segments, it follows by induction
on rank that the elements of Q of each rank form an initial segment of PV Q. Thus in
every rank the elements of Q are larger with respect to the total order than the elements
of P. This means that the initial segments of Q with respect to O|g are also initial
segments of PV Q with respect to the order O, whence it follows that O is Macaulay
with the restricted total order. To see that P is Macaulay, let d > 0, A C Pjg and set
A= Qg UA. We deduce

IVevoSegy Al < [Vpvo(A')
[Vpvo(Qa USegy |A| < [Qurn UVe(A)
| Qa1 U Vp(Segy |A])| < [Quasy U Va(A))
Q1] + [Vp(Segy [AN] < | Q| + Ve (4)]
[Vp(Segy|AD] < [Vp(A)].

[]

Corollary 4.12. Suppose that S = R[xy,...,x,]/] such that I is a homogeneous ideal
whose generators have degree at least three. If S X S is Macaulay, then so is S.

Proof. Let 8" = R[z1,...,2,])/I' and S” = Rlyi, ..., y,]/I" be two copies of S with mono-
mial posets M’ and M”| respectively. If we can show that {z1,...,2,} and {y1,...,yn}
are the only possible initial segments of rank 1 of n elements of M’V M”, then the claim
is obtained by applying Theorem 4.11 and Theorem 3.12.

Indeed, suppose that the initial segment has d elements from M’ and n — d elements
of M"” where 0 < d < n. One can compute that the upper shadow for these sets contains
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(’21) +d+d(n —d) and (";d) + (n —d) 4+ (n — d)d elements in M’ and M" respectively.

Thus, to reach a contradiction with the fact that M’V M” is Macaulay it suffices to check

(O rersnm (3 - io-ais ()

which is a straightforward computation. O

5 The Macaulay property for wedge and diamond products of
Clements-Lindstrom posets

Recall that a Clements-Lindstrom poset is a standard example of a finite, Macaulay poset.
The dimension of a Clements—Lindstrom poset is defined to be the number of elements
of rank one in the poset.

5.1 Wedge product of Clements-Lindstrom posets

The main goal of this section is to give a classification for when the wedge product of
2-dimensional Clements-Lindstrom posets is Macaulay. Theorem 5.5 and Theorem 5.6
achieve this goal.

The following lemma formalizes the observation that except for the two ranks at the
top of a two-dimensional Clements-Lindstrom poset, every other monomial has upper
shadow 2. The proof is evident.

Lemma 5.1. Consider the Clements-Lindstrom poset of monomials in the ring
Klz,y]/(z%,y®), then we have the following formula for the size of upper shadow of a
monomial t = x™y™.
2 m<a—1l,n<b-—1
V) =40 m=a—1,n=>b-1

1 otherwise

Lemma 5.2. Consider the ring K|x,y]/(z% y°) equipped with the lezicographic order.
Then we have the following formula for the size of the upper shadow of a segment S in
the monomial poset. Let k = |S|. Letty,ts, ..., 1t be the monomials in the segment. Then
the size of the upper shadow is given by

V(S = (Z \V(ti)\> —k+1

Proof. The proof is by induction on k. The base case is trivial. Let S = {ti,..., tx}.
Suppose the formula is true for segments of length up to £k — 1. Then we have

V(- ) = IVt e DI V@) = [V{E - e d) 0V ()]

— <Z V(h)) — (k=1 +1—|V({ts, - te1}) N V(L)
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To finish the proof we show |V ({t1,...,tx—1}) N V(tx)| = 1. Suppose tx_; = x™y™ and
m+1<an+2 <b, then t, = 2™ y"*! since we are taking segments with the lex
order. The upper shadow of #;_; is {z™™y" x™y"™'} and the upper shadow of ¢, is
{xmy™ Tt am=1yn 21 5o the size of their intersection is 1. Similarly we can argue for the
cases for other values for m and n, and also show that V({t1,...,tx—2}) N V(tx) = @.
Finally we use the fact that V({t1,...,tx—1}) = V({t1,...,tx—2}) U V(tx—1) to show the

result. O

Lemma 5.3. Consider the ring K|x,y]/(z%,y®) with the lexicographic order, then we have
the following formula for the size of the new shadow of a segment S in its monomial poset.

IV(S)| —1, S isnot an initial segment

vnew(S) = {

IV(S)], S is an initial segment

Proof. 1t follows from similar arguments as in the latter part of the previous proposition.
]

Theorem 5.4. Let P; be a axb Clements-Lindstrom poset and let Py be a ¢ xd Clements-
Lindstrom poset such that a > ¢,b > d. Then Py V Py is Macaulay with respect to the
union simplicial order of the two lexicographic orders.

Proof. The main idea of the proof is to follow the proof for Theorem 4.9, and prove the
inequality that depends on the two posets being the same by brute force. We consider
L = Py U P, under the union simplicial order. Let P],P; denote the elements of rank r
in the respective posets.

Consider some set A C Q with all elements of rank r, and let A, = AN P; and
Ay = ANPy. We will do a sequence of transformations to change A to an initial segment
of the union simplicial order, while not decreasing the shadow at each step. We assume
that A; # @ and A, # @, since otherwise the problem is handled by symmetry.

Now let B; be the initial segment of size |A;| in P; and By be the initial segment of
size |As| in Py. Put B = By U By. We will show that |V(B)| < |[V(A)|. One has,

IV(B)| = |V(By)| + |[V(B2)|, (By definition of L.)
< |\V(AD| + [V(Bsy)], (Since Py is Macaulay.)
< |\V(A) |+ [V(Ag)], (Since P, is Macaulay.)
= |V(4)|. (By definition of L.)

Thus, |B| = |A4| and |V(B)| < |[V(4)|.

Next, we construct a set C' that is an initial segment of the union simplicial order.
Notice that B; and By are initial segments in P; and P, respectively. Let Fy be all the
elements of rank 7 in P, that are not in By. Put ¢ = min{|B|,|Fz|}. Let S; be the first
q elements in By, and let S5 be the last ¢ elements of F5. Construct

C=(Bi\ S1)U(BsUS,).
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Then we have

IV(C)| = |V(B1)] = |Vaew(S1)| + [V(B2)| + |Viaew(S2)|  (Definitions of Q and Vey.)
= ‘V(B)‘ + ‘VHGW(SQ)‘ - |vnew(Sl>|- (Deﬁnition of Q)

We want to show that |View(52)] — |View(51)| < 0.

Case 1: Suppose ¢ = |By|. Then S is an initial segment, but not Sy. Since |F3| <
|(P2)p] < [(P1)pl, so if ¢ = |(P2)p], then |Fa| > |(P2)p| which cannot be since |Bs|
is nonempty. So we have that there is at least one element in (7)) that is not in B;.
It follows that there is at most one element in S; which has an upper shadow size of
1, the remaining elements have an upper shadow size of 2 (Theorem 5.1). Then from
Theorem 5.2 we have

V(5] = (Dvw) —q+1

>(1+2(q—1)—q+1
=

()

From Theorem 5.3, we get |Vyew(S1)| = ¢. Similarly for S, we get by Theorem 5.2 and
Theorem 5.3 that |V,ew(52)| < g

Case 2: Suppose q = |Fy|, then S; is a final segment and S; is a segment. Now, we
use a similar technique and try to show again that |View(S1)| = |View(S2)]. Observe S;
is a segment, but not a final segment nor an initial segment. Therefore, each element of
Sy will individually contribute to 2 upper shadows (i.e., |V(¢;)| =2 for all i € {1,...,q}).
This means

VR (Z\ww) —q+1

>2q—q+1
Zq+1

Now, by Theorem 5.3, we have
Voo (1) = [V(S1)| — 1> (g+ 1)~ 1=¢

Since S5 is a final segment, in the worst case scenario, we have that |V (Ss)| < g+1, as
for any g-element segment, the upper shadow in our Clements-Lindstrom poset has size
at most ¢ + 1. Then by Theorem 5.3, we have

‘vneW(SQ)‘ < (q + 1) —1l=gq

Thus, we again have
|vnew(Sl)| 2 q 2 |vnew(S2)|-
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Checking that C' is an initial segment of the union simplicial order and that the
shadow of an initial segment of the union simplicial order is an initial segment of the
union simplicial order are standard verifications left as an exercise for the interested
reader. After these exercises are completed we get that Q is Macaulay with the union
simplicial order.

Since the disjoint union is Macaulay, the wedge product is Macaulay by Theorem 4.4.

O

The converse of Theorem 5.4 is not true due to the following counterexample.

Proposition 5.5. Let P; be a m x n Clements-Lindstrom poset and let Py be a m' x n'
Clements-Lindstrém poset such that m < n, m’ < n', m,m’ > 1. Then Py V Py is
Macaulay if and only if m < m' and n < n’ or vice versa.

Proof. Let Py be the poset of monomials of K[z, zs]/(2}", 2%) and let Py be the poset
of monomials of poset K[y1, 4]/ (y7",v3 ). Without loss of generality, let m < m/. The
forward implication follows from Theorem 5.4. We show that if m < m’ and n > n’ then
P1 V Py is not Macaulay. Suppose it is Macaulay. Since m < m’,n,n’, we must have
that 27! is the largest element of rank m — 1 as every other element of that rank has
an upper shadow of size 2, while z7"~! has an upper shadow of size 1. There is only one
element of rank m — 2 that has 2J""! in its upper shadow, which is 272, It follows that
this is the largest element of rank m — 2. By repeating this argument we see that x; is
the largest element of rank 2. Tt follows that Seg, 2 = {x1, 22} by comparing the size
of upper shadows of all subsets of size 2 containing x;. Hence the total order must be
the union simplical order with elements of P; larger than elements of P,. Now consider
the upper shadow of the m’ rank n’ — 1 elements of P,. It is easy to see that it has
m’ — 1 elements (Theorem 5.1 and Theorem 5.2). But the initial segment of length m/
has upper shadow of size m’. To see this first notice that the size of the upper shadow
will be the sum of the sizes of upper shadow of it’s two disjoint subsets from P; and Ps.
Again from Theorem 5.1 and Theorem 5.2, we see that the size of the upper shadow is
m+ (m' —m) =m’ > m’ — 1. This is a contradiction, since initial segments have the
smallest upper shadows. O

Proposition 5.6. Let My be a path poset of rank n—1 and let My be a m’ xn' Clements-
Lindstrom poset with m' < n'. Then My V My is Macaulay if and only if n < n' or
m =1,2.

Proof. (<) If n < n/ we are done with the help of Theorem 5.4. If m’ = 1 we get a spider
poset which is Macaulay by [BE]. If m’ = 2 there are at most 3 elements in each rank
and their upper shadows are calculated easily so the claim can be checked.

(=) Suppose n > n’ and m’ > 2. If n > m/ 4+ n’/, that is, the path has higher rank,
then at the highest rank of My the maximal element of M5 must form an initial segment.
This implies that every element of M, is larger than every element of M; (at each rank),
but this is a contradiction since at rank 2 in My every element has an upper shadow of
size 2 but in M the element has an upper shadow of size 1. If n < m/+n’ then by similar
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arguments every element of M; must be larger than every element of M,. At rank n’ —1
we observe that the set consisting of every element of rank n’ — 1 in My has an upper
shadow of size m’ — 1. The size of this subset is m’. Now we estimate the size of the upper
shadow of an initial segment. The initial segment has m’ — 1 elements coming from Ms,
we have two possible cases here. The first is when the elements in M, are two smaller
segments of Ms. In this case the size of the upper shadow is (m' —1—k)+k+1=m".
The second is when the elements in My are one segment. Again here the size of the
upper shadow is (m’ — 1) +1 = m’. This is a contradiction. If n = m' +n’ we can
take cases and proceed as above. This case is also equivalent to the poset considered in
Theorem 5.13. [

Example 5.7. Theorem 5.6 is not true for disjoint unions. Consider the following exam-

Suppose a Macaulay order did exist. Then node 0 must come first at rank 0. This forces
node 1 to come first at rank 1, node 2 at rank 2, node 3 at rank 3, and node 4 at rank 4.
However, we should choose node 10 to come first at rank 3 since it has a smaller upper
shadow. This is a contradiction.

Proof of Proposition D (2). By Theorem 3.9 the ring in the statement can be written as
a fiber product

Ky, 1] Ky1,yo]

(a1 23) ™ ()
and by Theorem 3.12 the monomial poset of this ring is a wedge product of a a; X as
Clements—Lindstrom poset and a b; x by Clements—Lindstrom poset. The claim follows
from Theorem 5.5 and Theorem 5.6.

O

5.2 Diamond product of Clements-Lindstrom posets

In this section we classify the Macaulay property for diamond products of Clements—
Lindstrom posets. We explain the steps towards the proof of this result. We begin with
the case when P and Q have the same dimension which we settle in Theorem 5.9. Then
we rule out most of the cases when the dimensions of P and Q differ.
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Proposition 5.8. Let P and Q be k-dimensional Clements-Lindstrom posets of the same
rank s with no side length of 1. Let n < s —1, A be the set of all monomials in P of rank
n, and B be the set of all monomials in Q of rank n. If |A| < |B| and |[VA| > |VB]| or
vice versa, then P o Q is not Macaulay.

Proof. Assume for the sake of contradiction that P ¢ Q is Macaulay. Choose n to be the
minimum value that satisfies this condition. Because P and Q have dimension k, then at
rank 1, P and Q both contain k elements. If a set S contains i elements from P and j
elements from Q, where i + j = k, then |VS|=(k+(k—1)+ -+ (k—14)) + (k+ (k —
1)+ .-+ (k—j)). Then, the minimum upper shadow of S occurs when either ¢ = k, or
Jj = k. Thus Seg, k is either all elements of P of rank 1, or all elements of Q of rank 1. By
taking repeated upper shadows of these sets, at some rank m < n must be the minimal
value in which A,,, the set of all elements in P of rank m, must have less elements then
By, the set of all elements in Q of rank m. This implies that Seg,, | |An_1] = Am_1
as it has the minimal upper shadow of sets containing |A,, 1| elements by the argument
above. Because upper shadows of initial segments are initial segments it follows that
Seg, |A| = A. If [VA| > |VB]|, then there exists some subset of B, B’, containing |A]
elements, and |VB'| < |VB| < |VA| which contradicts that P ¢ Q is Macaulay. Thus
|IVA| = |VB|. The set Seg,,(|A|+1) = AU{b} = A’ for some b € B. Note that |A'| < |B],
and because V(b) is disjoint from VA, it implies that |[VA'| > |VA| = |VB|. We deduce
that |V Seg, (|A| + 1)| > |V B, which contradicts that P ¢ Q is Macaulay. O

Theorem 5.9. If P and P’ are n-dimensional Clements-Lindstrom posets then P o P’ is
Macaulay if and only if P is isomorphic to P’.

!/

Proof. Let P be an my X - - - X m,, Clements-Lindstrém poset and let P’ be a m) x - - - xm/,

Clements-Lindstrom poset such that P and P’ are of the same rank s.

If P =P’ then by Theorem 4.10 P ¢ P’ is Macaulay.

For the converse consider the contrapositive. Let P 2 P’, then there must exist some
m; # m;. Choose i such that m; # m; and for all j < 4, m; = m}. Without loss of
generality, let m; < m;. The set A,,,, of all monomials in P of rank m;, must contain less
elements then B,,,, the set of all monomials in P’ of rank m;. Also, |As_1| = |Bs—1] = n
because P and P’ are n-dimensional. Suppose there is some index k so that m; < k < s—1
and |Ag| = | Bg|, then picking the least k with this property gives that Aj_; satisfies the
requirements of Theorem 5.8. On the other hand, if there is no such k, then A,_, satisfies
the requirements of Theorem 5.8. Therefore P ¢ P’ is not Macaulay. m

Next we consider the case of diamond products of Clements-Lindstrém posets of dif-
ferent dimensions.

Lemma 5.10. Let P be an n-dimensional Clements-Lindstrom poset and O an
m-dimensional Clements-Lindstrom poset where m < n—2. Then, PoQ is not Macaulay.

Proof. Let P be the monomial poset of k[zy, ..., x,]/] where I = (z,... zd). Also, let

Q be the monomial poset of k[yi,...,ym|/J where J = (yi*,...,yS). Assume without
loss of generality that 1 < d; < ... < d,,and 1 < ¢ < ... < ¢,. Assume for the sake

THE ELECTRONIC JOURNAL OF COMBINATORICS 33(2) (2026), #P2.52 26



of contradiction that P ¢ Q is Macaulay. First, note that |[V{y1,...,yn}| < m+ (m —
1)+ --- 4+ 1. Also, for any subset of m of the variables z;, the upper shadow of that set
must contain at minimum (n — 1)+ (n —2) + - - - + 2 elements. Furthermore, any set of m
among the z; and y; has more elements in its upper shadow than |V{y, ...,y }|. Thus,
Seg;m = {y1,...,Ym}- Let s be the rank of the maximal element of both P and Q. By
repeatedly taking upper shadows we get that the ¢ elements of rank s — 2 of Q form an
initial segment in P ¢ Q whose upper shadow has size m.

Now consider the set A of all elements of rank s — 2 in P. Suppose this set contains r
elements. Note that » > (n — 1) 4+ (n —2) +--- 4+ 1 and also that |[VA| = n. Notice that
ifm=n—2,thenr>n—1+m.

If equality holds, that is » = n — 1 + m, then it follows that all d; = 2 and since
m is a positive integer, it follows that n > 3. In this case, when all d; = 2, then
the upper shadow of any collection of 2 elements in P must contain at least 3 distinct
elements from V Seg, ,t. Thus it follows that |V Seg, o(t + 2)] = m + 3 > n. Since
V Seg,_,(t+2) C V Seg,_,r, we deduce that |V Seg,_, 7| > n = VP[,_y. This contradicts
that P o Q is Macaulay.

From the arguments above, the remaining possibilities are that either m < n — 2, or
there exists some d; # 2. Either way, it follows that r > n 4 t. Note that Seg,(m + 1) =
Seg; m U {x;} for some i. Then by taking repeated upper shadows, we get that

_ dy—2 di—2 dn—1 dy—1 di—2 dp—2
Seg, o(t+n)=Seg, tU{x “ - af ™ xir Tt a ainT

Notably, then |V Seg, o(t +n)| = m + n > n. Thus, by a similar argument as before, we
deduce |V Seg,_, 7| > n = VP[_gy. This contradicts that P o Q is Macaulay. O

Lemma 5.11. Let P be an n-dimensional Clements-Lindstrém poset, and Q a (n — 1)-
dimensional Clements-Lindstrom poset for n > 2. If P o Q 1is Macaulay, then P has
exactly n — 1 sides of length 2 and Q has no sides of length 2.

Proof. Let P be the monomial poset of k[z1,...,z,]/I where I = (2%*,... a%). Also,
let Q be the monomial poset of k[yy,...,yn—1]/J where J = (y7*, ..., y5) where for all
d; > 1, and ¢; > 1. Assume for the sake of contradiction that P Q is Macaulay with total
order such that the largest element of rank 1 is in Q. As in the proof of Theorem 5.10
it follows that Seg,(n — 1) = {y1,...,yn—1}. Let the maximal element of both P and Q
be rank s. Then, by taking repeated upper shadows of the initial segment, we get that
Seg, ot is the initial segment with ¢ elements where ¢ is the number of elements in Q of
rank s — 2. Let A C (P o Q)[,—9 be the set of all elements of rank s — 2 in P. Suppose
A contains r elements. Note that t <n—1+---+ 1, andthat r > n—1+---+ 1.
While this is true, if r =n — 1+ --- 41, then for all j, d; = 2. Because P and Q have a
maximal element of the same rank, then d; +---+d, — 1 =c¢; + -+ + ¢,_1, and because
all ¢; > 1, and n > 2, then there exists some ¢; = 2. Thus, t<n—-24+n—-2+---+ 1.
Therefore, ¢ +1 < r whenever all d; = 2. Whenever all d; = 2, then for any element
of rank s — 2 in P the upper shadow of that element has 2 elements distinct from the
VSeg, ,t. Thus, |VSeg, o(t + 1)] = n+ 1. Thus, because Seg, ,(t + 1) C Seg, T,
we have |Seg,_o7| > n + 1, but [VA| = n. This contradicts that P ¢ Q is Macaulay.
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Thus, at least one d; # 2. If there are at least 2 values of j such that d; # 2, then
r>n+n—14n—34+---+1. Thus, t <r+ 2. Also, because any 2 elements in P must
have an upper shadow of at least 2 elements which are distinct of V Seg, ,t we deduce
|V Seg,_o(t +2)| > n+ 1. Thus, by similar logic as before, |V Seg,_,7r| > n + 1 which
contradicts that P ¢ Q is Macaulay.

Alternatively, assume for the sake of contradiction that P ¢ Q is Macaulay with total
order such that the largest element of rank 1 is in P. Let the maximal element in rank 1
be xj. Note that if for all ¢, d; # 2, then it follows that |V{xy}| = n, but |[V{y:}| =n—1.
Thus, d, = 2. If any ¢; = 2, then |V{y;}| = n — 2, which would contradict that P ¢ Q
is Macaulay. Thus, for all j we have ¢; # 2. Note that if there exists ¢ such that d; = 2,
and if m <n — 1, then it follows that

[VSegi(m+1)] = n—1+--+n—-1-m+n-1-m
IV{yt,  Ymsr}] = n—14--4+n—1—-m+n—-2—m.

This contradicts that Po Q is Macaulay. This same logic does not hold for if m =n—1. If
for all 7, d; = 2, then because P and Q are the same rank, it follows that dy+---+d,,—1 =
c1 + -+ cp—1. Thus, for all n > 2, there must exist a ¢; = 2, which would contradict
that P o Q is Macaulay. O

Lemma 5.12. Let P be a n-dimensional Clements-Lindstrom poset and Q a (n — 1)-
dimensional Clements-Lindstrom poset for n > 2. Then, P ¢ Q is not Macaulay.

Proof. Let P be the monomial poset of k[zy, ..., x,]/I where I = (2%, ... 2%) forn > 5.
Also, let Q be the monomial poset of k[yy,...,y,_1]/J where J = (yi*,...,y:"7") where
for all d; # 1, and ¢; # 1, and P and Q are both of rank s.

Case 1: n > 5. Assume for the sake of contradiction that P ¢ Q is Macaulay. Note
that by Theorem 5.11, n — 1 of dy, ..., d, must be 2, and also ¢; # 2 for all j. Without
loss of generality, let dy = -+ = d,_; = 2, and d, # 2. Assume that the maximal
element of rank 1 is y;. Then, it follows as in the proof of Theorem 5.12 that Seg; n—1 =
{y1,...,Yn-1}. Note that Seg, n = Seg,(n—1)U{z;} for some i. Because of the definition
of a diamond product, V{z;} must be distinct from V Seg,(n — 1). Thus, we get that
|IVSegyn|=n—14---+1+n— 1. Notably, if we take the set A = {x1,...,z,} we get
that [VA| =n — 14 ---+ 1. This contradicts that y; is the largest elements of rank 1.

Now, assume that x; is the largest element of rank 1. Then we get that Seg,n =
{z1,...,2,} by a similar argument as above. Now, by taking repeated upper shadows,
we get that Pjg = Seggt = {w12o23,..., 23}, where ¢ is the number of elements of rank
3 in P. Using the hypothesis n > 5, we define a function f : Q) — Pjg by f(y;ur) =
Fi) fur) for j # k, f(y;) = x5, f(y7) = 252, and f(y}) = x;27 with the exception that
f(WPye) =23, f(y3y;) = x;22, and f(yays) = z322. Note that f is surjective, and because
f(y1y3) = f(yiya), then fis not injective. Thus, |Q| > |Pyg|. Also, because |Pp_1j| = n,
and |Q[;_1j| = n — 1, there must exist some k where |Pyy| < [Qpy|, but [Ppqq| = | Qs
Note that Py = Segy, [Pjy|. Also, A = Seg,.(|Pyy| + 1) must contain some element in Q
of rank k. Because all elements of O have a distinct upper shadow from the elements in
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P, it follows that
|VA| > |V7D[k]| = |P[k+1]| > |Q[k+1]| 2 |VQ[k]|-

Thus, |V Seg; |Qu|| = |V Seg,(|Pwl| + 1)| > [VQpy|. This contradicts that P o Q is
Macaulay.

Case 2: 3 <n <4.

Note that the largest element of rank 1 must be in P. Without loss of generality
let the largest element of rank 1 be z7. Assume that n = 3. Then, Seg, 2 = {z1,x2}.
Assume that ¢; = 3, and ¢co = m. Because P and Q are of the same rank we have
34+ m =2+ 2+4+d3 — 1. Thus, d3 = m. Now, by taking repeated upper shadows
of Seg, 2, we get that Seg,, |3 = {z1xo2y ® z125 2 20252}, and that V Seg,, ;3 =
{20282 21281 moxd 1}, Also, if we take the set A = {y2y5" > yiyy 2, y5 '}, then
VA = {2y5 2 y1yy'}. This contradicts that P ¢ @ is Macaulay. Thus, ¢; > 3.

Assume that ¢; > 5, and ¢; < ¢5. Then we get that {yfys, yiv3, vivs, v1v5. v53} C Qp)s
and Pp) = {z12023, 125, 2023, 3 }. Then, because |P_yj| < |Qps—1j] it follows that PoQ is
not Macaulay. Thus, if ¢; = 5, then ¢, = 5. Then, note that Q5 = {y1y2, Yiy3, Uiy, Y13},
and VO = {y1v3, ¥ivs, yiys}. Moreover, because P and Q are both same rank, then
ds = 7. Therefore, it follows that Seg;4 = Pp) = {22003, 1125, xox3, 25} and VP =
{12923, 1125, 2923, 25}, but this contradicts that P o Q is Macaulay. Thus, ¢; = 4. Also,
let ¢ = m. Because 4 + m = 2 + 2 +ds — 1 it follows that ds = m + 1. Then

Pin-1 = Seg,,_14 = {z12025 %, 21252 xoxy %, 2}
VPt = {miwed 2 ziad ™! woad " 2}

Q-1 = (W utvy > s s
VOim—1 = {uivs > uivs 2 mys '}

This contradicts that P ¢ () is Macaulay. If n = 3, then P ¢ () is not Macaulay. Now
assume that n = 4. Note that if ¢35 > 3, then

Qu = {Y1Y2Y3, YiYa, Vi3, Y1Ya, Yols, Y1Y3, Y2Us, Ya
P = {T12973, T1 T2y, T1T3T4, ToT3T 4, xlxi, xgxi, I‘gl‘i}.

Then, because |Q3)| > | P, and |Q—1j| < [Pls—1)| means that P o Q is not Macaulay.
Thus, ¢; = ¢ = ¢3 = 3. Thus, because 3+3+3=2+2+2+dy — 1, then dy = 2 which
contradicts Theorem 5.11. Thus, if n = 4, then P ¢ Q is not Macaulay. Therefore, for
n > 2, P o Q is not Macaulay. O

We have now reduced to the case of Clements-Lindstrom posets of dimension 1 and
at most 2, respectively, which we handle next.

Lemma 5.13. Let P be a path poset of rank n, and Q be a Clements-Lindstrom poset
with the same rank. Then P o Q is Macaulay if and only if Q is also a path poset or Q
1s 2 X k for some k € N.
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Proof. Let’s first prove the backward implication. If Q is a path poset, then it’s trivial.
Suppose Q has dimension 2 x k for some k£ € N. Then we can show that P¢ Q is Macaulay
with respect to the union simplicial order where the poset elements are larger. With this
order, the property that the shadow of an initial segment is an initial segment is obvious.
Since in P o Q, at each rank 0 < r < n there are only 3 elements with number of shadows
1,1,2, it’s not hard to check manually that remaining condition is satisfied.

Now, let’s prove the forward implication. First, let’s suppose at least three variables
are used to construct Q, or Q is of the dimension s x ¢t where s,¢ > 2, and P o Q is
Macaulay. Then, all elements of rank 1 in Q have at least two upper shadows. Then
Macaulayness of P ¢ Q makes the element of P with rank 1 to be the largest element of
P o Q with the rank 1. Also, Macaulayness of P ¢ Q forces it to have the union simplicial
order. Since all elements of rank 1 in () have at least two upper shadows, self-duality
of Clements-Lindstrom posets implies that for any element of ¢ € Q of degree n — 2,
and for any cover c¢ of ¢, there is a ¢’ € Q of degree n — 2 with ¢’ # ¢ such that ¢ also
covers ¢'. Let ¢* be the smallest element of Q of degree n — 2. Let A be the set of
elements of Q of rank n —2. Since ¢* has only one cover, and this cover covers some other
element of A, we have Vpoo(A) = Vpoo(A — {¢*}). Then it is not hard to observe that
IVroo(A)|] < |Vpoo((A—{q*}) U{p*})|, where p* is the element of P with rank n — 2.
But, this is a contradiction for the Macaulayness. O]

The following is the main result of the section, which encompases the facts proven
above.

Theorem 5.14. Let P be a n-dimensional Clements-Lindstrom poset, Q a m-dimensional
Clements-Lindstrom poset, and suppose P and Q are of the same rank, then P ¢ Q 1is
Macaulay if and only if any of the following conditions is true:

e P=Q
e n=1, and m = 2 where Q has a side length of 2

e m =1, and n =2 where P has a side length of 2

Proof. This result follows from Theorem 5.9, Theorem 5.12, Theorem 5.10, and Theo-
rem 5.13. 0

We next apply Theorem 5.14 to produce Macaulay rings.

Proof of Proposition D (1). We claim that the poset of monomials of the given ring is
My o Mp, where M 4 and Mp are the monomial posets of the rings

K . Ky, ym
A——([fl’ ] andB:—(Ey1 Y ]
(], ..., xdn) (yty ..o ybm)

First, observe that by Theorem 3.12 and Theorem 3.9 M 4V M g is the poset of monomials

of
K[wla--wxn?ylw' 7yn}

(x7',. .,wgn,yll’l,...,g;n)+(xiyj.1<z< 1< <m)
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and the ring in the theorem is obtained by identifying elements x$'~*...zon~!

yll’l L --yPm=1 of the ring displayed above, which correspond to the largest elements of
My, and Mg, respectively. Thus the poset of monomials of the ring in the theorem is

M, o Mp. Now the desired conclusion follows from Theorem 5.14. O

and

6 The Macaulay property for fiber products of
Clements-Lindstrom posets

In this section we study the heart-shaped posets introduced in Theorem 3.8. These are
the fiber product of two 2-dimensional Clements-Lindstrom posets over their intersection
and have the shape in Figure 2. Our heart-shaped posets are the posets of monomials
of certain quotients of K[z,y|]. In [Abd] and [He] the authors classify Macaulay rings
which are quotients of K[z, y| with respect to the total order being the lex order. The
heart-shaped posets are not typically in this list because another order is needed in many
cases. In fact, to our knowledge, the posets described below exemplify the first known
family where showing different members are Macaulay necessitates distinct total orders.

In Theorem 6.6 of this section we characterize the Macaulay heart-shaped posets. The
following example shows that not all such posets are Macaulay.

K [zy] _ Klz,y]

Example 6.1. Consider in view of Theorem 3.10 for C' = By = ST the ring
Klz,yl  Klr,y] Kz, Kz,

(@hy) ~C (@) (ahy) N (et P)  (ah 3 aty)

By Theorem 3.12, the monomial poset of the ring R pictured below is the fiber product
of two Clements-Lindstrom posets corresponding to the monomial posets of each factor
glued along the monomial subposet of C'. The monomials of C' are depicted in purple.
One factor in the fiber product consists of the red and purple nodes and the other of
the blue and purple nodes. The poset below is not Macaulay because y? has the smallest
upper shadow among elements of degree 3. However, if the poset were Macaulay, y? would
be largest in the total order in rank 3. This forces zy? to be the largest element of degree
4 although it has larger upper shadow than 23, leading to a contradiction.

;1323/2
/N
a3 ?y  ay

\/\/\2
i /\/
\/

2
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In the poset M depicted in Figure 2 define sets of nodes My = {z'y/ | j < a1}
and M; = {z'y/ | j > a1}. Assuming that a; < b, M, is equivalently the Clements-
Lindstrom poset made up of the left side of the heart in the graph above, and M the
remaining nodes. In Theorem 6.1 M, consists of the red and purple nodes and M; of
the blue nodes. It is clear that Mo U M; = M, and MyNM; = 2.

Depending on how ag and a;, respectively how by and b, compare, the posets My
and M; are Macaulay with respect to the lexicographic order where either x <o y or
T >1ex ¥. When Mgy and M; are Macaulay with respect to different lexicographic orders,
the next definition provides a total order which glues together the two different orders
and Theorem 6.6 gives compatibility conditions on M; and My which ensure that the
total order introduced below makes the heart poset Macaulay.

Definition 6.2. Define the total order to be used, the twist order, denoted < for a given
lexicographic order <., as follows. Say nodes a and b have equal rank; then,

o If a,b € My, set a < b if and only if a <j b.
o Ifa,b € My, set a < bif and only if b <j, a.
o Ifae My, be My, set a<b.

Example 6.3. Below we can see a heart poset with monomials in each rank arranged
increasing left to right, first in lex order with y > z, and then using the twist order with
Yy >1ex €. The Hasse diagram showing the twist order can be obtained by reflecting that
of the lex order over the vertical line drawn at y**. Theorem 6.6 shows that this poset is
Macaulay with respect to the twist order. The twist order does not respect multiplication:
we have vy < y? but zy -y = 2y = 3 = > - 4.

2y 2yt 2ty !
/ N 4 N / \ / \
w2y vy’ oy o 2y oyt
AN / \ 4 \ ’ \ / \ \ 7 \
2 2y xy? > 2 2ty zy?
NN s NN
72 Ty y? 72 Ty y?
N /N N /N
x Y z Y
N/ N/
1 1
Using lex order Using twist order

To prove Theorem 6.6 we need a series of lemmas. We include the first without proof,
as it is easily deduced.
Klzy]
(z%y°)
total order >. Suppose A is a segment of Mg (either initial, final, or neither). Assume
that either b > a and the total order is the lexicographic order with x >y or a > b and

Lemma 6.4. Consider the monomial poset M of the ring R = equipped with a
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the total order is the lexicographic order with y > x. If A is an initial segment of M|q,

then
Al+1, de0,b—2
vl [MAI+L de-2)
|A], deb—1,a+b—2]

If A is a final segment of Mq), then

Al+1, del|0,a—2
v~ (14 (O
|Al, dela—1,a+b—2]

Lastly, if A is a segment that is neither initial nor a final, we have that
IVMA| = 1Al +1,Vd € [0,a+b—2].

To get the respective values for the case where either b > a andy > x ora > b and x >y,
swap the values for initial and final segments.

Now we prove another claim which will help to show that the first requirement for
M to be Macaulay holds for several of our cases. Notice that the second poset which
corresponds to the ring ﬁl[xyﬁf}) has been twisted, the order being reversed with respect
to the standard by x b; Clements-Lindstréom poset by intrechanging the names of the
variables while keeping the lexicographic order y > .

Lemma 6.5. Say poset M s the disjoint union of the monomial poset P of the ring
= (xf‘f()[zyz]l) and Q of R = (51[21,{(])), where ag > by, b1 > ay, ag = by, and ag+ay = by +b;.

Also suppose d € [ay + by — 1,a0 + a1 — 2| and let A C Pjq such that A = AgU Ay, where
Ao CP and Ay C Q. We will use the lexicographic order with y > . Then,

|V i Segy [All < [Vaa Segy | Aol| + [V Segg | A

Figure 4 shows the top portion of the heart-shaped poset in Figure 2 with monomials
in a rank arranged in increasing order left to right, both for the lex and twist order.

Proof. This claim is, in simpler words, saying that the initial segments in P and Q (shown
in blue) whose sizes sum to the size of some initial segment S in the larger poset M (shown
in red) have an upper shadow that is larger than or equal to that of S. Say

Seng |A1| = ARR,
(Segy|A[\ A"y nQ = A,
Seg, |Al N Segzi) |Ap| = ALR

Segy [Ao| \ A™F = A"

Note that all of these are pairwise disjoint. We need not consider the cases where AR
or AU are empty, as those will not be needed for the proof of the theorem. Assume that
ARR and AP are nonempty. We have
V m Seg, |A| = VMARR U VMARL @) VMALR
Vi Segl |Ag] = VAR UV AL
VumSegd |A)] = VpARE
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Figure 4: An illustration for the proof of Theorem 6.5

Also note that |V ARRNV AR =1, [V AR NV AL =1, and
{VMARR or VMARL} N {VMALR or VMALL} = J.

It is enough to show that |V AL — 1 > |V AR — 1, or equivalently that |V AL >
IV AL,

Note that by definition, A"l is a final segment and AL is a (possibly final) segment.
If we have that a; + by > by, then the range given for d in the statement of the lemma
then implies that d > b; — 1 and thus we are dealing with the left side of the poset in
Figure 4. Thus, by Theorem 6.4, we conclude that |V AL = |ARL|. Since P is in fact
the type of Clements-Lindstrom poset described in Theorem 6.4 (ag = by > a; and P has
dimensions ay x a; with order y > z), we have that in any case, |V, AL > |AF] =
|ARE] = [V AT

Say a1 +by < by. Now, if d > by — 1, we are in the same case as above, so say d < by — 1.
Then, by Theorem 6.4, |V ARE| = |ABE| + 1. Since ag > by, it follows that d < ag — 2,
so we have |V AM| = |[AM| + 1 = |ARE +1 = |V ARE

In all cases we have shown |V ALY | > |V ARE|, as desired. (In fact, the only case
in which we could possibly have that |V ALY | < |VAARE|, by Theorem 6.4, is if for
A d > ay — 2, AP was a final segment, and for A®, d < b; — 2; but by assumption
(ap — 2,b; — 2) is empty, so this cannot happen). O

The following theorem generalizes Theorem 6.1, characterizing Macaulay heart-shaped
posets.

Theorem 6.6. Let P be a ag X a1 Clements-Lindstrom poset, Q a by x by Clements-
Lindstrom poset Q, and L a ¢y X ¢; Clements-Lindstrém poset, where ¢; = min{a;, b;}.
This allows us to identify L with a sub-poset of P and Q respectively via rank-preserving
inclusion. The fiber product poset M = P X, Q s Macaulay if and only if any of the
following hold:

1. ag < by and a; < by, in which case M = Q.
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2. by < ag and by < ay, in which case M = P.

3. if by < ag and ay < by, then
(a) ag = by or (b) by < ag and by +by < ag+ay or (¢) ag < by and ag+a; < bo+b;.

4. if bg > ag and ay > by, the previous case holds with a; and b; interchanged.

Proof. In case (1), £L = P. It follows from the definition of fiber product that M =
P xp Q@ = Q. Since the poset Q is Macaulay, the desired conclusion follows. Case (2)
is analogous. For the rest of the proof we assume without loss of generality that ag > b
and b; > a; as in (3). We claim that this poset M is Macaulay for any of the following
cases:

(a) ag = bl
(b) by < ag and by 4+ by < ap + a1
(C) CLO<b1 and a0+a1<b0+b1

Now notice that if the poset falls into case (c) above, there exists an isomorphism to a
monomial poset which falls into case (b), swapping = and y. Similarly, if we have that
ap = by and a; < by, there exists an isomorphism to a monomial poset such that ag = b,
and a; > by. So, we will assume that ag > b, and ag + a1 = by + b;.

Claim 1. If a; +by > by, the poset is Macaulay with respect to the lex order with y > .
If instead a1 + by < by, the poset is Macaulay with respect to the twist order, also with
Y >ex L-

Note that the largest rank of any monomial z'y’ € M in any of the above cases
for poset M is ag + a; — 2, since otherwise we cannot have that both i < ag — 1 and
J < a; — 1, or equivalently, that 7 < b; — 1 and ¢ < by — 1. Thus, we must prove for all
ranks d € [0, ap + a; — 2] the following two statements, where A C Mg:

L [V Segy [All < [Vm(4)]
2. The upper shadow of every initial segment is an initial segment

First we note that requirement (2) holds for the lex order case by [MP1, Proposition 2.5].
Now we show requirement (2) holds for the twist order case; assume that a; + by < by.
It is easy to see that the order of the monomials in ranks d € [0, a;] is the same as when
using lex order with y > x. Thus, for A C Mg, A is an initial segment w.r.t. the
lex order if and only if it is an initial segment w.r.t. the twist order. Since the twist
order does not affect the content of upper shadows, we can use the above proof for lex
order in this case as well, for d € [0,a; — 1]. Now suppose d € [a1, a9 + a1 — 2], and let
A C My an initial segment. Recall that My = {z'y’|j < a1} and My = {2"y/|j > a1 }.
Let AN My = Ay and AN M; = A;. By definition of the twist order, either Ay = @ or
A = (My). If Ag = @, then A C My, and thus VyA C M;. Since within M, we
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compare nodes using lex order, the earlier proof holds. So, say that Ay # @, and thus
Al = (Ml)[d]- Then, VMA = VMOAO U v/\/llAl = VMOAO U (Ml)[d+1]- By definition of
the twist order, this is an initial segment if and only if VA is an initial segment in
My; we have this statement since the earlier proof holds within My, and Ay is an initial
segment within M.

Let us move on to showing the first requirement for the lex order case; say a; +by > b;.
Then, if A C Mg for d € [0, a;+by—2], we have that the poset consisting of the monomials
of rank < d is isomorphic to that same poset derived from a Clements-Lindstrom poset
with dimensions ag X by, which is known to be Macaulay with respect to the lex order
y > x. So, the requirement holds for this range. Now suppose d € [ag+ b — 1, ag+a; — 2],
and let A C M|q. Since we no longer care about the covering relations at ranks below d,
we can think of M as the disjoint union of two Clements-Lindstrom posets, called P and
Q respectively, of dimensions ag X a; and by x b;. Now, by our assumption a; + by > by
it follows that a; + by — 2 > by — 1, and since d > a; + by — 2 excedes the largest degree
where the two Clements-Lindstrom poset factors in Theorem 6.6 intersect, we are in the
situation of Figure 4. Moreover, we can further assume the second Clements-Lindstrom
poset has dimensions by X by, since if we are concerned with only the subposet consisting
of nodes above rank d, these posets are isomorphic. (This is convenient for the purpose of
the next paragraph, where we are working with the twist order, so that we can conclude
in that case using the same logic.) This poset is Macaulay for order y >ex x, since by > b.
So, if A C Q, we have that requirement (1) holds. Similarly, since ay < ay, P is Macaulay
with respect to the chosen order, and thus if A C P, requirement (1) also holds. So,
instead assume that A = AgU Ay, where Ay C P and A; C Q, and neither are empty. By
the above logic, we have that

IV Segl [Aol] < [Vl
IVarSegd |Al] < |Vad| and
VMAOHVMAl = J.

So, by Theorem 6.5,
IVaA| = [VarAo| + [VmA] = [V Seg] [Aol| + [V Segd | Au]| = [V Seg, Al

Now we proceed to the cases in which the twist order is needed; from this point on,
we are using the twist order with y >, . Again, we can think of poset M now instead
as the disjoint union of posets P and Q, respectively the Clements-Lindstrom posets with
dimensions ag X a; and by X by, where the first poset has the lexicographic order with
Yy >lex © and the second has the lexicographic order with >, y, by definition of the
twist order. In order to think of them together as one poset with one order, we can flip
the second by interchanging x and y, so that the flipped poset has dimensions b; X by,
with order y >« x. Now, exactly as above, we get that by Theorem 6.5 that the second
requirement holds.

Now it remains to show the backward direction along the lines of Theorem 6.1. For
this it is enough to show that if ag > by, by > a1, and ag > by, but ag + a1 < by + by,
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then the resulting poset is not Macaulay. Note that we do not assume that ag > b; since
in the case that ag = b; but ag + a; < by + b; does not hold, we may simply swap the
variables x and y and get a poset in which ag + a1 < by + b1 does hold. Assume towards
a contradiction that M is such a poset and it is Macaulay. Then, |V {y" 1} = 1,
since (z)(y"~!) # 0, but (y)(y*~!) = ¢y = 0. The other elements in rank b; — 1, by
assumption, all have upper shadow of size 2. So, y”*~! must be the greatest in its rank
according to the total order. By contrast z%°~1, which by similar reasoning also has upper
shadow size 1, does not need to be the greatest in its rank, since there are other vertices
in that rank which also have upper shadow size 1, such as % ~%1¢*~!. However, we note
that %~ 1y®~! has empty upper shadow, while all other in its rank do not, so it must be
the greatest in its rank according to the total order. But, it is not a multiple of "1, so
starting at rank b, — 1, if we repeatedly take the upper shadow of the initial segment of
size 1, we see that at rank ag + a; — 2, the resulting subset of M 4,44, 2] is not an initial
segment, since it cannot contain 2%~y =1 Thus, the requirement that upper shadows
of initial segments be initial segments fails. m

Proof of Proposition D (3). It follows by Theorem 3.10 that for ¢; = min{a;, b;} and

O Kz, y] _ Klz,y]
(zoo,ym) + (zbo,ybr) (0, yr)

the ring in the theorem decomposes as

Kz, y] _ Kyl - Kz
(20, y) O (b, ybr) — (200, yo) ~ (abo, y)’
The desired conclusion follows from Theorem 3.12 and Theorem 6.6. O

7 Further conjectures, examples and counterexamples

In this last section we consider Cartesian products of posets
P1 X Py = {(a,b) | a € Pl,be 732}

with partial order (a,b) < (a/,V') if and only if a < o’ and b < V. An exhaustive search
using [BKLS] or [BD] yields the following.

Proposition 7.1. 1. The smallest poset that is not Macaulay but decomposes as a
nontrivial Cartesian products of Macaulay posets is a Cartesian product of a path
poset of length 1 cross with a Y poset. It has 8 elements. See Figure 5.

2. Let R = I(i—[;]c)} be a Macaulay ring with poset Py, S = % be a Macaulay ring
with poset Py. The poset Py X Py is the smallest (in terms of number of elements)
poset that is a nontrivial Cartesian product of two Macaulay posets that come from
rings. It has 10 elements and correponds to the ring R @y S = (Kw See

. $21y2_227y3123)
Figure 6.
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Figure 5: The posets for part (1) of Theorem 7.1

G \\\/\
NS T/
Figure 6: The posets for part (2) of Theorem 7.1

In [MP1] it is shown that the tensor product of a Macaulay ring with respect to the
lexicographic order and a polynomial ring in a single variable is a Macaulay ring. Via the
correspondence between Macaulay rings and posets, this says that the cartesian product
of a Macaulay poset that is the monomial poset of a lex-Macaulay ring and an infinite
path poset is Macaulay. This prompted the following conjecture, which aims to replace
the infinite path with a finite one, as represented by the monomial poset of the ring

Klal]/(2").

Conjecture 7.2 ([Kuz, Conjecture 6.6.]). If S is a Macaulay ring, x is a variable not
appearing in S and n > 0 then S @k Klz|/(z") is a Macaulay ring.

Using our computational tools, we found counterexamples to the above conjecture.

Example 7.3. Theorem 7.2 is false. Let S = KA with monomial poset M, and

(y3.y22,y22,2°)
let T'= g[zz)] with monomial poset P. By the Macaulay Correspondence Theorem [Kuz,
Theorem 2.6.3], since M x P is not Macaulay, then S ®x T is not Macaulay. See Figure 7
for an illustration.

However, we found no counterexamples to the following adjusted version of Theorem 7.2,
which we propose for future investigation.

Conjecture 7.4. If S is a Macaulay ring, x is a variable not appearing in S and n is
strictly larger than the largest degree of any element of S. Then S ® Klx]/(z") is a
Macaulay ring.

THE ELECTRONIC JOURNAL OF COMBINATORICS 33(2) (2026), #P2.52 38



TYz

\/N\/ \\\/\/
NV

Figure 7: A counterexample to [Kuz, Conjecture 6.6.].
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