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Abstract

The somewhere-to-below shuffles are the elements

by i=CyCp+CyCqpy1 +CYCrpr1 042 T " T CYCro41, 0

(for £ € {1,2,...,n}) in the group algebra k[S,] of the n-th symmetric group S,,.
Their linear combinations are called the one-sided cycle shuffles. We determine the
eigenvalues of the action of any one-sided cycle shuffle on any Specht module S* of
Sh.
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1 Introduction

This paper is a continuation of [13] with other means. Specifically, our goal here is to
answer some natural representation-theoretical questions around the somewhere-to-below
shuffles in the symmetric group algebra (including [13, Question 16.12]).

We recall that the somewhere-to-below shuffles are n special elements ty,t,,...,t, of
the group algebra k [S,,] of a symmetric group S,, over an arbitrary commutative ring k;
they are defined by

te 1= CyC+CYCppry TCYCopp1 40T+ CYCr o1 € K[Sh],

where cyc, .  denotes the cycle that sends £+ £ + 1+ £ +2 > --- = k — £ (and
leaves all remaining elements of [n] = {1,2,...,n} unchanged). Together with their linear
combinations (called the one-sided cycle shuffles), they have been introduced and studied
in the paper [13]' by Grinberg and Lafreniére. One of the main results is [13, Theorem
11.1], which constructs a basis (ay),cg, of k [Sn] on which each of the shuffles ¢y, 25, ... 1,
acts (by right multiplication) triangularly — i.e., which satisfies

ayte € spania, | v < w} for all w € S, and ¢ € {1,2,...,n}

(for an appropriate total order < on S,,). This entails that the shuffles ¢;,ts,...,¢, and
their linear combinations have integer eigenvalues; these eigenvalues have indeed been
found ([13, §12]) along with their multiplicities ([13, §13]). As a further consequence,
the k-subalgebra of k [S,] generated by ¢y, ts, ..., ¢, is isomorphic to an algebra of upper-
triangular matrices, and the commutators [¢;, ;] := t;t; — t;; are nilpotent; a followup
work [8] proves even stronger claims.

However, like any elements of the group algebra k[S,|, the shuffles ¢,ts,... ¢, act
not just on the whole algebra k [S,,], but on any of its modules, i.e., on any representation
of S,,. Thus, the question about eigenvalues can be asked for each representation of 5,
in particular for the Specht modules (which are the irreducible representations of S, at
least in characteristic 0).

!Note that [13] is a slight abridgement of [11]. The numbering of results in [11] and in [13] is identical
except for Section 9, so the reader can consult either version.
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The main goal of this paper is to answer this latter question. Let us give a quick
outline of the answer (which was announced in [12, §11])2:

We shall use some basic notions from the representation theory of S,, and from sym-
metric functions; the reader can find all prerequisites in [6, Chapters 6 and 7]. For any
partition A of n, a Specht module &* is defined, which is a representation of S, with a
basis indexed by standard tableaux of shape A. (In [6], it is called S*.) This S,-module
S* is irreducible when k has characteristic 0. Each u € k[S,] acts (on the left) on this
Specht module S*; we let Ly (u) denote this action (viewed as a k-module endomorphism
of &*).

We let A denote the ring of symmetric functions over Z (defined in [6, §6.2]). We recall
that it has a basis (51), i a partition ©f Schur functions sy.

For each m € N, we let h,, € A denote the m-th complete homogeneous symmetric
function. For each m > 1, we let z,, € A denote the Schur function

Zm = S(mfl,l) = hm—lhl - hm e A.

A set of integers is called lacunar if it contains no two consecutive integers. For each
lacunar subset I of [n — 1], we define a symmetric function

m
21 ‘= h1‘171 H’Zij*ijfl € A,
=2

where i1, 49, ..., %, are the elements of I U{n + 1} in increasing order (so that i,, = n+1
and [ = {iy < iy < -+ <ip_1}). When this symmetric function z; is expanded in the
basis (51)y is a partition ©f s the coefficient of a given Schur function sy shall be called ;.
This coefficient ¢} is actually a Littlewood—Richardson coefficient (since z; is a skew Schur
function), hence a nonnegative integer.

We now claim the following;:

Theorem 1 (part of Theorem 21). Let A be a partition. Let wy,ws,...,w, € k. Then,
the eigenvalues of the operator Ly (wity + wats + - -+ + wyty,) on the Specht module S are
the linear combinations

wimy g + wemyrg + -+ + wympy, for I C [n—1] lacunar satisfying ¢} # 0,

where the myy are certain nonnegative integers defined combinatorially (namely, my
is the distance between k and the smallest element of I U {n+ 1} that is > k). The
algebraic multiplicities of these eigenvalues are the ¢} in the generic case (i.e., if no two I’s
produce the same linear combination; otherwise the multiplicities of colliding eigenvalues
should be added together). Moreover, if all these linear combinations are distinct, then
Ly (wity + waty + - -+ + wyty,) is diagonalizable.

2The formulation in [12, §11] uses the Frobenius characteristic map, but this has turned out to be a red
herring.
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The proof of this theorem will rely on the filtration 0 = Fy, C F; C F, C --- C
Fy.., = k[S,] of k[5,] introduced in [13, §8.1]. We call this the Fibonacci filtration of
k [S,], as its length f,.; is the (n + 1)-st Fibonacci number. We note that this filtration
is not completely canonical, as it depends on the choice of a listing Q1,Q2,...,Qy,,, of
all lacunar subsets of [n — 1] in the order of increasing sum of elements (the ties can be
broken arbitrarily, whence the non-canonicity). Much about this filtration was said in [13],
but we will need some additional information about the action of S, on its subquotients
E/ Fi_q:

Let A be the k-algebra k [S,,], and let 7 be its k-subalgebra generated by t1, s, ..., t,.
Then, each F; is a left ideal of A but is also fixed under right multiplication by each t,;
therefore, each F; is an (A, T )-subbimodule of A. Thus, each subquotient F;/F;_; of the
Fibonacci filtration is an (A, T )-bimodule. As a right 7T-module, it is scalar (meaning
that each ¢, acts on it by a scalar, which is in fact the integer mg, ; from [13, Theorem 8.1
(c)]). As a left A-module (i.e., as a representation of S,), we describe it explicitly here:

Theorem 2 (part of Theorem 8). Let i € [f,11].

Consider the lacunar subset Q; of [n — 1] (from the above listing Q1,Q2, ..., Qf...)-
Write the set Q; U{n+ 1} as {i; < iy < -+ <'in}, so that i, =n+ 1. Furthermore, set
ip := 1. Set jy := i, —ix_1 for each k € [m]. Note that j; = 0 and ja, js, ..., jm > 1 and
jl +]2++]mzlm_202n

For each p € N, we let H,, denote the trivial 1-dimensional representation of S, (that
is, the k-module k on which S, acts trivially), and we let Z, denote the reflection quotient
representation of S, (that is, the free k-module kP on which S, acts by permuting the
coordinates, divided by the submodule consisting of all vectors of the form (a,a, ..., a) €

k?). Then,

Fi/Fioi 2Indg" s woxs;, Hpn @2, ® 25 @--® Z,)

the first tensorand is an H,
while all others are Z’s

as Sy-representations. Here, we embed S; x Sj, x ---x S;, into S, by the usual parabolic
embedding (since ji1 + jo + -+ + jm = n).

This theorem will be a crucial stepping stone on our way to Theorem 1. Indeed, we
will obtain Theorem 1 from it via a rather generalizable argument that requires little of
the specifics of our situation; much of this argument will be abstracted in Proposition 26.

We note that neither of our two main results requires any assumption about the char-
acteristic of k. However, in positive characteristic, care must be taken to distinguish
between the reflection quotient representation Z, in Theorem 2 and the reflection sub-
representation R, (which consists of the zero-sum vectors in k?); the two representations
have the same dimension p — 1 (for p > 1), but are not isomorphic unless chark # p or
p < 2.

We suspect that our results can be generalized (“g-deformed”) from the symmetric
group algebra to the Hecke algebra H, (S,). Most results from [13] can definitely be
generalized this way, as will be detailed in forthcoming work.
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The first somewhere-to-below shuffle ¢ is the illustrious top-to-random shuffle studied
by Wallach [23, Appendix], Lusztig [17], Diaconis, Fill and Pitman [3], Reizenstein [19,
Lemma 29| and several others, for at least three completely different purposes. In a
sense, all the somewhere-to-below shuffles ¢, can be regarded as top-to-random shuffles,
evaluated over the parabolic subgroups Sy 41, ny of S,. However, while each of these
shuffles is well-understood, their interaction is nontrivial and novel. In particular, while
the eigenvalues of ¢; are known since [3, Theorem 4.1]?, and even the eigenvalues on each
Specht module can be recovered from the theory of the descent algebra [18, Proposition
4.2], we do not see a way to extend these classical methods to the linear combinations of
the t;; note that the latter combinations can have as many as f,,; distinct eigenvalues
(see [13, Corollary 12.2]) and can fail to act diagonalizably (even over Q), while each
single t, is diagonalizable (over Q) with at most n — £ + 1 distinct eigenvalues.

Note on versions You are reading the journal version of the present paper. The arXiv
version [10] includes more details and some proofs that were omitted from the journal
version.

Acknowledgements The author would like to thank Sarah Brauner, Nadia Lafreniere,
Martin Lorenz, Victor Reiner, Sheila Sundaram and Mark Wildon for inspiring discus-
sions, as well as two referees for helpful commentary (in particular the suggestion of
Example 14).

2 Definitions and notations

2.1 Basics

We recall some notations from [13].

Let k be any commutative ring. (We don’t require that k is a field or a Q-algebra,
but the reader can think of k = Q as a standing example.)

Let N:={0,1,2,...} be the set of all nonnegative integers.

For any integers a and b, we set

[a,b] :={k€Z | a<k<b}={a,a+1,...,b}.

This is an empty set if @ > b. In general, [a, b] is called an integer interval.

For each n € Z, let [n] :=[1,n] = {1,2,...,n}.

Fix an integer n € N. Let S, be the n-th symmetric group, i.e., the group of
all permutations of [n]. We multiply permutations in the “continental” way: that is,
(ro) (i) =7 (0 (1)) for all 7,0 € S, and i € [n].

For any k distinct elements 4y, 4y, . .., i) of [n], we let cyc,, ;, ;. be the permutation in
S, that sends iy, %9,...,4k_1, % t0O 19,13, ..., 1, i1, respectively while leaving all remaining
3Namely: these eigenvalues are the integers i € {0,1,...,n} with respective multiplicities equal to the

number of permutations in .S,, having exactly ¢ fixed points.

o
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elements of [n] unchanged. This permutation is known as a cycle. Note that cyc, = id for
any single i € [n].
For any i € [n — 1], we denote the cycle cyc, ;. ; by s; and call it a simple transposition.

2.2 Somewhere-to-below shuffles, A and T

Let A be the group algebra k[S,]. In this algebra, define n elements t,t,...,t, by
setting®
ty = CyCy+CyCppp1 +CYCr oyt pp0 T FCYC 1, € K[S)]

for each ¢ € [n|. Thus, in particular, ¢, = cyc, = id = 1 (where 1 means the unity of
k[S,]). The n elements ty,1s,...,t, are known as the somewhere-to-below shuffies.

We let T be the k-subalgebra of A generated by these n somewhere-to-below shuffles
t1,ta,...,t,. Clearly, A is an (A, 7T )-bimodule (with A acting from the left by multipli-
cation, and 7 acting from the right by multiplication).

2.3 Some S, -representation theory

We recall that the representations of the symmetric group S, (over k) are precisely the
left k[S,]-modules, i.e., the left A-modules. We will use the following four classes of
Sp-representations in particular:

1. The Specht modules S*: If X is any partition of n, then the Specht module S is
a representation of S, constructed using the Young diagram of shape \. For its
definition, see [9, Definition 5.4.1 (b)] (where it is called S¥™) or [6, §7.2] (where
it is called S*). If k is a field of characteristic 0, then the Specht module S* is
irreducible.

2. The trivial representation H,: We let H, denote the k-module k, equipped with
a trivial S,-action (that is, o - v = v for all ¢ € S,, and v € k). This is called the
trivial representation of S,. It is isomorphic to the Specht module S™.

3. The natural representation N,,: We let N,, denote the free k-module
k"™ = {(v1,vq,...,v,) | all v; € k}, on which S,, acts by permuting the coordinates:

o (V1,02 ., 0) = (Vom1(1), Vom1(2)s - - - Vg1 (n)) for all o € S,,.
This is called the natural representation of S,,.

4. The reflection quotient representation Z,: If n > 0, then the natural representation
N, has a 1-dimensional subrepresentation

D,, :={(v1,vq,...,v,) | all v; are equal} = {(a,a,...,a) | a €k}.

The quotient
Z,:=N,/D,

1We view S, as a subset of k [S,] in the obvious way.
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is thus another representation of S,,. This Z, is called the reflection quotient repre-
sentation of S,. As a k-module, it is free of rank n — 1 (with basis (€7, e3,...,¢,-1),
where ey, €9, ..., e, are the standard basis vectors of k™). Here and in the following,
the notation v denotes the residue class of a vector v modulo some submodule (the
submodule is to be inferred from the context).

If V is any k-module, then V* shall denote its dual k-module Homy (V) k). If V is an
Sp-representation, then its dual V* becomes an S,,-representation as well (see [9, §5.19.3]).
The following proposition situates Z,, in the world of Specht modules:

Proposition 3. Let n > 1 be an integer. Then:

(a) The reflection quotient representation Z, is isomorphic (as an S,-representation)
to the dual (S™V)" of the Specht module SV,

(b) If n is invertible in k, then 2, is isomorphic (as an S,-representation) to the Specht
module SV,

This proposition is clearly part of the folklore, but finding a reference is surprisingly
difficult. Thus, we have given a complete proof in the arXiv version of the present note
[10, §A.1]. Here, we restrict ourselves to a hint:

Hint to the proof of Proposition 3. (a) Let (ej,ea,...,e,) be the standard basis of the
natural representation N,, = k™. The definitions of Young modules and Specht modules
(see [9, §5.3 and specifically Example 5.3.16 and Example 5.4.2]) allow us to identify the
Young module M ™~ with the natural representation N, = k™ (where each basis vector
e; of N, corresponds to the unique n-tabloid of shape (n — 1,1) that has the entry ¢ in
its second row). The Specht module S~V then becomes its subrepresentation

R, :=span {ex —e; | k# L} ={(a,a9,...,a,) €K" | a1 +az+---+a, =0}.

Thus, we must show that Z, = R as S,-representations. For this purpose, we define a
k-bilinear form f: R, x Z, — k by

B((araz . van), b b)) = D andy
k=1

(this is well-defined, since (ay,as,...,a,) € R, entails a; + ay + -+ + a, = 0, and thus
the sum » ayby is unchanged if we add a vector in D,, to (by, b, ..., b,)). This form f is

k=1
clearly S,-invariant. Now consider the k-linear map

6R:Zn_>R:w
v B(70),

where 3 (7,v) denotes the linear map R,, — k sending each w to 5 (w,v). The k-linear
map [g is invertible (since it sends the basis vectors ey, €, . . ., €,_1 of Z,, to the restrictions
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of the coordinate forms ej, e}, ...,e5_; € N} to R, but the latter restrictions form a
basis of R}) and S,-equivariant (since the form 3 is S,-invariant). Hence, this map is an
isomorphism of S,,-representations, and we get Z,, = R, as desired.

(b) If n is invertible in k, then simple linear algebra shows that N,, = R,,®D,, (where
R, is as in the proof of part (a)), so that R,, = N,,/D,, = Z,. Hence, Z, ¥ R, = S~LD
in this case. O

2.4 Tensor products, induction and induction products

We shall now discuss certain ways to produce new representations from old.

The symbol “®” shall always mean a tensor product over k, unless a different base
ring is provided as a subscript.

It is well-known that if A and B are two k-algebras, then the tensor product U @ V
of any left A-module U and any left B-module V' is canonically a left A ® B-module.
An analogous construction exists for tensor products of k left modules. Thus, if U is a
representation of a group G, and if V is a representation of a group H, then U ® V is a
representation of G x H, and a similar fact holds for tensor products of k representations.

We recall the notion of an induced representation: If GG is a group, and if H is a
subgroup of G, then any H-representation V' gives rise to a G-representation IndgV
defined by

Ind$ V = k[G] @ V. &

where we view k [G] as a (k [G],k [H])-bimodule while viewing V" as a left k [H]-module
(so that the tensor product over k [H] becomes a left k [G]-module). This G-representation
Ind% V is called the induced representation of V to G.

We furthermore recall the notion of an induction product ([6, §7.3]):

Definition 4. Let n and m be two nonnegative integers. Then, the direct product
Sp X S, can be canonically embedded as a subgroup into S,,1,,, by the group morphism
that sends each pair (o,7) € S,, X S,, to the permutation o *x 7 € S, ,,, that applies o
to the first n elements while applying 7 (appropriately shifted) to the last m elements of
[n 4+ m]. (To be fully precise: o * 7 is the permutation of [n + m| that sends 1,2,...,n to
o(1),0(2),...,0(n) while sending n+1,n+2,....,n+mton+7(1),n+7(2),...,n+
7 (m).) This is called the parabolic embedding of S,, X S, into Sy, -

Now, if U is an S,-representation and if V' is an 5,,-representation, then the tensor
product U ® V is an S,, X S,,-representation, and thus (by the embedding of S,, x S, into
Sp+m We just explained) we can construct the induced representation

UV :=Indg"ts (U@ V)

of S, 1m. This induced representation U * V' is called the induction product of U and V.

More generally, if nq,ng,...,n, are any k nonnegative integers, and if U; is an S,,,-
representation for each i € [k], then the induction product Uy x Uy * - - - x Uy, is defined to
be the Sy, 1ny+.+n,-Tepresentation

U xUy*---x U = Indsnl+n2+m+nk U100, ®---@Uy),

Snq X Sng XX Sny
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where we embed S,,, X S, X -+ X S, into Sy, 4nyt-in, i the obvious way (having each
S,, act on an appropriate interval®). The latter embedding is again called the parabolic
embedding of Sy, X Sy, X -+ X Sy, N0 Sy, fnytetny-

These induction products satisfy associativity up to isomorphism: e.g., we have iso-
morphisms (U« V)« W Z U« V« W = U % (V « W) for all U, V, W. More generally:

Proposition 5. Let ny,ng,...,n, be any k nonnegative integers, and let U; be an Sy, -
representation for each i € [k]. Let i € [0,k]. Then,

UI*UQ**ng<UI*U2**Ul)*(Uz+1*U7,+2**Uk)

This is again a folklore result. We give a proof in the arXiv version of the present
paper [10, §A.2].

2.5 Lacunar sets and the submodules F' (I)

Next, we recall some more concepts from [13].

If I is a finite set of integers, then we let sum I denote the sum of all elements of I.
For instance, sum {3,7} =3+ 7 = 10.

Let (fo, f1, f2,...) be the Fibonacci sequence. This is the sequence of integers defined
recursively by

fo=0, fi=1, and fm = fm-1+ fin_o for all m > 2.

We shall say that a set I C Z is lacunar if it contains no two consecutive integers (i.e.,
there exists no i € I such that i + 1 € I). For instance, the set {1,4,6} is lacunar, while
the set {1,4,5} is not.

The number of lacunar subsets of [n — 1] is the Fibonacci number f,,1. Let
Q1,Q2,...,Qy,,, be all these f,41 lacunar subsets of [n — 1], listed in an order that
satisfies

sum (Qq) < sum (Q2) < -+ < sum (Qy,.,) - (2)

We fix this order once and for all®. Many of our constructions will formally (though rather
shallowly) depend on this order.
For any subset I of [n], we define the following:

e We let I — 1 denote theset {i—1 | i€} ={j€Z | j+ 1€ I}. For instance,
{2,4,5} —1={1,3,4}. Note that [ is lacunar if and only if I N (I — 1) = @.

5To make this precise: Let m; := ni + ng + --- + n; for each i € [0,k]. Then, the integer interval
[n1 + no + - -+ + ng] is partitioned into the intervals [m;_1 + 1, m;] for all ¢ € [k]. The embedding of
Spy X Spy X o+ X Sy, into Sy, fnytetn, sends each k-tuple (o1, 02,...,0k) € Spy, X Spy X -+ - X Sy, to

the permutation o1 % g9 * - -+ % 0 € Sy, 4nyt-.tn, defined by

(o1 %09 % - x0) (M1 + @) 1= m4i—1 + 05 () for each i € [k] and each x € [n,].

5For n < 3, this order is uniquely defined. For n > 3, we need to make a choice.
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e We let I be the set [n — 1]\ (/ U (I — 1)). This is the set of all i € [n — 1] satisfying
i¢landi+1¢ I. We shall refer to I’ as the non-shadow of 1.

For example, if n = 5, then {2,3} = [4]\ {1,2,3} = {4}.

o We let
F(I):={qek]S,] | gsi=qforalliel}.

We can rewrite this equality as

F(I)={tek[S,] | ts;=tforall jelI'}
={te A | tsj=tforaljel} (3)

(since k [S,] = A).

3 The first main theorem: the Fibonacci filtration

3.1 The theorem

For each i € [0, f,,+1], we define a k-submodule
F,=F(Q)+F(Q)+ -+ F(Q) of k [S,]

(so that Fy = 0). In [13, Theorem 8.1], the following is shown:

Theorem 6.

(a) We have
0:F0§F1§F2§“'§anH:k[Sn]-

In other words, the k-submodules Fy, F, ..., Fy, ., form a k-module filtration of
k[S,].

(b) We have F; -t, C F; for each i € [0, fr+1] and £ € [n].
(c) For each i € [f,11] and ¢ € [n], we have
F; - (te —mq,r) € Fioa.

Here, mq, ¢ is a certain integer whose definition we will give in Subsection 4.1 (as
we will not use it until then).

The filtration 0 = F, C F; C F, C --- C Fy, ., = k[S,] will be called the Fibonacci
filtration of A. We can easily see that it is a filtration of (A, T')-bimodules:

Proposition 7. Let i € [0, f,11]. Then, F; is an (A, T)-subbimodule of A.
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Proof. For any I C [n], the set F' (I) is closed under addition and left action of A (by its
very definition), hence is a left A-submodule of A. Thus, F; (being defined as a sum of
such sets F'(I)) is also a left .A-submodule of A. Moreover, F; is also closed under right
multiplication by each ¢, (by Theorem 6 (b)), and hence under the right action of 7 (since
T is the subalgebra generated by tq,ts,...,t,). Thus, F; is also a right 7-submodule of
A. Altogether, we conclude that F; is an (A, T )-subbimodule of A. O

Proposition 7 shows that the subquotients F;/F;_; are (A, T )-bimodules as well. In
particular, they are therefore left A-modules, i.e., representations of S,,. Our second main
theorem characterizes these representations:

Theorem 8. Let i € [fn41]. Consider the lacunar subset Q; of [n—1]. Write the set

Q:U{n+1} as {iy <iy <+ <ip}, so that i, = n+ 1. Furthermore, set iy = 1.

Set jx = iy — ix—1 for each k € |[m|. (Note that j; = 0 and jo,js3,...,Jm > 1 and

J1+ g2+ 4 Jm = n; this follows from Lemma 9 below (applied to I = Q;).) Then,
FifFiy = My« Zjy % Zjy %% 25,

~
the first factor is an H,
while all others are Z’s

as S,-representations.”

We will spend the rest of this section proving this theorem, then restating it (in the
characteristic-0 case) using Littlewood—Richardson coefficients.

3.2 Lemmas on F (Q;)

First, let us show some lemmas about lacunar sets I and the corresponding k-modules
F(I):

Lemma 9. Let I be a lacunar subset of [n — 1]. Write the set I U {n + 1} as

{i1 <iy < -+ <ip}, sothat i, =n+ 1. Furthermore, setig:= 1. Set jj := iy — ix_1 for
each k € [m]. Then, j; =0 and ja, js, ..., Jjm > 1 and j1 + jo + -+ + jm = 0.

Proof. By definition, we have j; = i1 —ig > 0, since 1; > 1 = 1g.

Next, we recall that the set I is lacunar. This lacunarity is preserved even when we
insert the new element n + 1 into this set, since all existing elements of I are < n — 1
(since I C [n — 1]) and thus cannot be consecutive with n+ 1. That is, the set TU{n + 1}
is again lacunar. Since we have written this set as {i; < iy < --+ < i,,}, this yields that
any k € [2,m] satisfies iy, —ix_1 > 1. In other words, any k € [2, m]| satisfies j, > 1 (since
Jk =i —ik—1). In other words, jo, j3, ..., Jm > 1.

It remains to prove that j; + jo + -+ + j,, = n. But recall that j, = i, — ix_1 for each
k € [m]. Hence,

m m
Jr = (i —ig—1) = im — fo (by the telescope principle)
2 & Ll

"Note that the factor ‘H;, can be omitted when j; = 0, since Ho = k with the trivial Sp-action.

THE ELECTRONIC JOURNAL OF COMBINATORICS 33(2) (2026), #P2.55 11



In other words, 71 + jo + - -+ + j;m = n. Thus, Lemma 9 is fully proved. [

Lemma 10. Let i € [f,41]. Consider the lacunar subset Q; of [n — 1]. Write the set
Q:U{n+1} as {iy <iy < --- <in}. Furthermore, set ig :== 1. Set ji := ix — ix_1 for
each k € [m]. Then, the k-module F;/F;_ is free of rank

m

LN )

T P )
Juges s ms

Proof. We have Q); C [n — 1]. Hence, n + 1 is the largest element of ; U{n + 1}. Thus,
from Q; U{n+ 1} = {i; <iy < --- <y}, we obtain

m=n-+1 and Qi={i1 <ig < - <ipm_1}.

Lemma 9 (applied to I = @;) shows that j; + jo + -+ + j,, = n. Let ( o " , )
J1, 72, y Jm

denote the multinomial coefficient ﬁ We know from [13, Theorem 13.1 (a)

Jij2s s Jme
and (c)] (applied to p = m — 1) that the k-module F;/F;_; is free of rank
n m
=1_. . ) Jr —1).
(]1a]27-"7]m) ’g(k )

|
In view of ( o " , ) = n—, this is precisely the claim of Lemma 10. [
gz dm/) o il !

Lemma 11. Let I be a subset of [n]. Let j € I. Then, there exists a lacunar subset J of
[n — 1] such that sum J < sum I and J' C I'"U{j}.

Proof. Set K := (I \ {j})U{j—1}if 7 > 1, and otherwise set K := I\ {j}. Then, K is
a subset of [n] and satisfies sum K < sum [ (since K is obtained from I by removing the
element j and possibly inserting the smaller element j —1). Furthermore, [13, Proposition
8.6 (a)] says that K/ C I'U {j}.

Now, [13, Corollary 8.8] (applied to K instead of I) shows that there exists a lacunar
subset J of [n — 1] such that sum J < sum K and J' C K’. Consider this J.

The set J is a lacunar subset of [n — 1] and satisfies sum J < sum [ (since sumJ <
sum K < sum/) and J' C I"U{j} (since J' C K’ C I' U{j}). Hence, such a J exists.
This proves Lemma 11. O

Lemma 12. Let i € [f,11]. Consider the lacunar subset Q; of [n —1]. Write the set
Q:U{n+1} as {iy <iy <--- <iy}. Let k € [m —1]. Then,
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Proof. As in the proof of Lemma 10, we find Q; = {i; < iy < -+ <iy,_1}. Thus, i, € Q;
(since k € [m — 1]). Hence, Lemma 11 (applied to I = @; and j = i;) shows that there
exists a lacunar subset J of [n — 1] such that sumJ < sum (Q;) and J" C @} U {ix}.
Consider this J. Since J is lacunar, we have J = ), for some s € [f,41]. Consider
this s. Thus, Qs = J, so that sum (Qs) = sumJ < sum (Q;) and therefore s < i (by
(2)). Hence, s < i — 1, so that F'(Qs) C F;_; (since the definition of F; ; says that
Fi=F(Q)+F(Qs)+- -+ F(Q;_1)). In view of Qs = J, we can rewrite this as

F(J)C Fiy.
Now, (3) (applied to Q; instead of I') shows that

F(Q)={te A | ts;=tforall j€Q},

so that
{t € F(Qi) | tsy, =1}
={te A | ts; =t forall j € Q}, and also ts;, =t}
={te A | ts;=tforall j € Q,U{ix}}
C{te A | ts;j=tforall jeJ} (since J' C QU {ir})
=F(J) (by (3), applied to J instead of I)
C Fi1.
Thus, Lemma 12 follows. O]

3.3 The elements V

Lemma 13. Let i € [f,41]. Consider the lacunar subset Q; of [n —1|. Write the set
Q:U{n+1} as {iy <iy <--- <iy}. Furthermore, setig:= 1.

For each k € [m], let Ji denote the integer interval [ip_1, i — 1]. Note that the
intervals Jy, Ja, ..., Jy are disjoint and — except possibly for J; — nonempty (Jy is empty
if and only if 1 € Q;), and their union is [n]. Thus, we can view the direct product
Sy xSy, x -+ xSy as a subgroup of S,, in the obvious way (each factor Sy, acts on the
elements of Jy while leaving all remaining elements of [n| unchanged).

For each (m — 1)-tuple p = (p2, 3, -+, Pm) € Jo X J3 X -+ X Jy, (that is, with py, € Jy
for each k € [2,m]), we define an element

Vp = Z oge A

O’GSn;
o(Jg)=Jy for each k€[m];
o(ig—1)=pk for each kE[2,m)]

(Note that this also depends on i, not just on p.)
Then:
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(a) For any 7 = (71,72, ..., Tm) € Sp X Sy, X -+ x Sy and p = (p2,p3y---,Dm) €
Jo X J3 X -+ X Jp,, we have
TVp = Vip,

where
™= (12 (p2) 73 (P3) -+ T (D)) = (7 (P2) , T (P3), .-+, T (D)) -

(b) The left A-module F (Q;) is generated (as a left A-module) by any single element
of the form Vy, (with p € Jo X J5 X -+ X Jp, ).

(¢) Let l € [2,m]. For each k € [2,m]\ {¢}, let px € Ji be an element. Then,

Z V(pz,ps ,,,,, pm) € Fi .

pe€Je

(Note that the elements pa, D3, ... De—1,De+1, Pet2y - - - > Pm 0 this sum are fized,
whereas py runs through the set Jy.)

Example 14. Let n = 7 and Q; = {3,6} (clearly a lacunar subset of [n — 1] = [6]). Then,
following the notations of Lemma 13, we have {i; <is < -+ <i,} = @Q; U{n+1} =
{3,6,8}, so that i = 3 and i;, = 6 and i3 = 8 and iy = 1. Thus, the integer intervals
Jp = ig_1, ix — 1] are

J1=[1,2], Jo = [3,5], Js =1[6,7].

Taking p to be the 2-tuple (p2,ps) = (4,7) € Jo X J3, we then have

Vp = Z o= Z o

gESy; oESh;
o (Ji)=Jx for each ke[m]; o([1,2))=[1,2]; o([3,5])=[3,5]; o([6,7])=[6,7];
o(ix—1)=py for each k€[2,m] o(3)=4; o(6)=T7

— [1243576] + [1245376] + [2143576] + [2145376)

(writing permutations in one-line notation). Lemma 13 (b) says that this element V,
generates the left A-module F'(Q;). Applying Lemma 13 (c) to £ = 2 and p; = 7, we
obtain

Z Vips,) € Fi, that is, Vi +Var + Ve € Fiog
p2€J2

Proof of Lemma 13. As in the proof of Lemma 10, we find i,, = n + 1 and Q; =
{i1 <ig <+ <ldp1}.

(a) Let 7 = (11,725, Tm) € Sy X Spy x ---x Sy and p = (p2,P3,...,Pm) €
Joy X J3 x --- x J,,. Recall that

Vp = Z .

oESn;
o(Ji)=Jy for each k€[m];
o(ix_1)=py for each k€[2,m]
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Multiplying this equality by 7 from the left, we obtain

TVp = Z TO = Z TO

TESy; oESh;
o(Jg)=Jy for each ke[m]; 7(o(Jk))=7(Jx) for each k€[m];
o(ix—1)=py for each k€[2,m] T(0(ig—1))=7(px) for each k€[2,m)]

7

here, we have replaced the conditions “o (Ji) = Ji
and “o (ix_1) = px” under the summation sign
by the conditions “7 (o (Jx)) = 7 (Ji)”
and “7 (0 (ig—1)) = 7 (px)” (which are equivalent to
the former two conditions because T is injective)

= Z TO

oESh;
(r0)(Jx)=Jy, for each k€[m];
(70)(ik—1)=7(px) for each kE[2,m]

since each k € [m] satisfies 7 (o (Jx)) = (70) (Jx)
and 7 (0 (ig-1)) = (70) (ig—1) (f k> 1)
and 7 (Jy,) = Ji, (since 7 € Sy, x Sy X - x Sy))

= Z o

oESh;
o(Ji)=J for each k€[m];
o(ix_1)=7(px) for each k€[2,m)]

here, we have substituted o for 7o in the sum,
since the map S,, — S,,, 0+ 70 is a bijection

= VTp

(by the definition of V,p, since 7p = (7 (p2) , 7 (p3) ..., 7 (Pm))). This proves Lemma 13
(a).
(b) The definition of the non-shadow @) yields

Qi=[n -1\ (QiU(Q;—1))

:[n—l]\({21<22<<zm_1}U{21—1<22—1<<zm_1—1})

(since Q; = {i1 <i2 < -+ <ip_1}). In other words, @) consists of all elements of [n — 1]
except for those of the forms i, — 1 and iy for k € [m — 1].

Let I' be the subgroup of S, generated by the simple transpositions s; with j € Q).
Thus, I' is generated by all simple transpositions si, So, ..., S,_1 except for those of the
forms s;, 1 and s;, for k € [m — 1] (by the description of )} in the previous paragraph).
Hence, every permutation w € I' preserves the intervals Jy,Jo, ..., J,, as well as the
elements i1, 49, ..., 0,_1.

Conversely, if some permutation w € S,, preserves the intervals Jy, Jo, ..., J,, as well
as the elements iy, i, ..., %, 1, then w must belong to I' (because such a permutation w
must preserve the intervals J; = [ig, i1 — 1] as well as Ji \ {ixg_1} = [ix_1 + 1, i — 1] for
all k € [2,m] (since it preserves both Ji and ix_;) as well as the length-1 intervals {is_;}
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for all k € [2,m], and thus must be a composition of permutations of these intervals; but
any such permutation belongs to I' (since any permutation of an integer interval [a, b] can
be written as a product of simple transpositions s; with j € [a,b — 1])).

The subgroup I' of S,, acts from the right on S, (simply by right multiplication), and
thus also acts k-linearly from the right on A = k[S,] (by linear extension), making .4
into a permutation module® of I'. Applying (3) to I = Q;, we see that

F(Q)={te A | ts; =t forall j € Qj}
={te A | tw=tforallweTl}

(since I" is the group generated by the s; with j € @}, and therefore the condition “ts; =t
for all j € Q)" is equivalent to “tw =t for all w € ). Thus, F (Q;) is the space of fixed
points? of the right I'-action on A.

However, we know from the basic theory of group actions (see, e.g., [16, §3.3.1, “Invari-
ants of Permutation Representations”] or [14, Proposition A.2]) that when a finite group
G acts on a set X, the space of fixed points of the corresponding permutation module is
spanned by the orbit sums'®. Hence, the k-module F' (Q;) is spanned by the orbit sums
of the right I'-action on S,, (since F' (Q;) is the set of fixed points of the right I-action
on A, which is the permutation module corresponding to the right I'-action on S,,). In
other words, F'(Q;) is spanned by the orbit sums > o for 7 € S, (since each orbit of

cerll

the right ['-action on S, has the form 71" for some 7 € S,). As a left A-module, F'(Q;)

is therefore generated by any one of these orbit sums (since any two orbit sums »_ o
oen I’
and > o can be transformed into each other by left multiplication by 7175, ' € S,, C A,
o€’
and therefore each of them generates the other).
Now, let p = (p2,ps,....Dm) € Jo X J3 x -+ X J,. We shall now show that V, is

one of these orbit sums we just mentioned. Indeed, let €2, be the set of all permutations

8Recall the definition of a permutation module:
Let G be a finite group. Let X be a right G-set. Let k(X) be the free k-module with basis X. Then,
k(X) becomes a right k [G]-module, where the action of k [G] on k(X) is given by bilinearly extending

the action of G on X (that is, by the rule | Y agg ( > 5mx> =Y. > agBggz). This is called
geG zeX geG zeX

the permutation module corresponding to the right G-set X.
In our present setup, we apply this construction to G =T and X = 5,.

9Recall the definition of a space of fixed points: If a k-module V is equipped with a linear right action
of a group G (that is, if V is a right k [G]-module), then its space of fized points is defined to be the
set {a €V | ag =a for all g € G}. This is a k-submodule of V.

10Tn more details:
Let G be a finite group. Let X be a right G-set. Consider the corresponding permutation module
k(X) | with its right G-action.
For each G-orbit O on X, we define the orbit sum zp := Y. x € k(X). Now, the known fact that we

zcO
are citing here is saying that these orbit sums zp (as O ranges over all G-orbits on X) form a basis of

the space of fixed points of k(X) (as a k-module).
In [16, §3.3.1, “Invariants of Permutation Representations”] and in [14, Proposition A.2], this is stated
for left G-actions, but the case of right G-actions is analogous.
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o € S, that satisfy “o (J;) = Ji for each k € [m]” and “o (iy—1) = p for each k € [2,m]".
Then, the definition of V, can be rewritten as

Vp= Y o (4)

o€Qp

We shall now show that €, is an orbit of the right I'-action on S,, (that is, a left coset of
I'in S,).

First, we show that the set (2, is nonempty. Indeed, it is easy to construct some
permutation 7 € {2,: Namely, we pick a permutation 77 € S, arbitrarily. Furthermore,
for each k € [2,m], we pick a permutation 7, € S, that sends ix_1 € Ji to px € Ji. The
m-tuple (71, T2, ..., T,) then belongs to Sy xS, x -+ x S; and — viewed as an element
of S,, via the embedding S;, x Sz, x --- x S;, — S, — belongs to €1,.

Hence, €2, is nonempty. Pick any 7 € Q. Then, 7(J;) = Ji, for each k € [m], and
T (i)_1) = py for each k € [2,m]. Moreover, these equalities remain valid if we replace 7
by Tw for any w € I (because every permutation w € I" preserves the sets Ji, Ja, ..., Jn
as well as the elements 4,149, ...,%,_1). Thus, for each w € I', we have 7w € €, as well.
In other words, 7I" C €25,

Conversely, we claim that (2, C 7I". Indeed, let o € Qp, be arbitrary. Then, each k €
[m] satisfies o (Ji) = Jx = 7 (Ji), whereas each k € [2, m] satisfies 0 (ix_1) = pr = 7 (ix_1).
Set w = 7710 € S,; thus, each k € [m] satisfies w (Jy) = 77 (¢ (Ji)) = Ji (since we just
saw that o (Jy) = 7 (Jy)), and each k € [2,m] satisfies w (ix_1) = 7' (0 (ix_1)) = ir_1
(since we just saw that o (ix—1) = 7 (ix—1)). Thus, the permutation w € S,, preserves the

intervals Jy, Ja, ..., Jy, as well as the elements iy, i, ...,%,—1. Hence, w € I' (because if
some permutation w € S, preserves the intervals Ji, Jo, ..., J,, as well as the elements
01,92, -, %m_1, then w must belong to I'). Now, from w = 7', we obtain ¢ = 7w € 7'

(since w € I'). Forget that we fixed . We thus have proved that o € 7I" for each o € Q.
In other words, 2, C 7T
Combining this with 71" C Q,, we obtain 2, = 7I'. Hence, (2, is an orbit of the right

[-action on S,. Thus, > o is an orbit sum of this action. In view of (4), this means
0€Qp

that V, is an orbit sum of this action. Hence, as a left A-module, F'(Q);) is generated by
Vp (since we have shown that F'(Q);) is generated by any one of the orbit sums). This
proves Lemma 13 (b).

(c) Let
V= Z V (p2.p3,pm) (5)
pe€Jy
We then must show that ¢ € F;_;.
We have
19 - Z v(p27p3,---7pm) € F(Ql)
— ——
pec cF(Q)

(since Lemma 13 (b) shows that Vq€F(Q;)
for any q€Ja2 X J3X X Jm)
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(since F' (Q;) is a k-module). On the other hand,

".9 - Z V(p27p3:-~~7pm)

pe€Jy
=2 > o
pe€Jy 0€Sn;

o(Jg)=J) for each ke[m];
o(ix_1)=py for each k€[2,m]

(by the definition of V(m,p&m,pm))

-y S o

pe€Jp 0ESn;
o(Ji)=Jy for each k€[m];
o(ix—1)=py for each ke[2,m]\{¢};
o(ig—1)=p¢
(here, we have split up the condition “o (ir_1) = py for each k € [2,m]” under the second
summation sign into two: one for k # ¢ and one for k = £). We can rewrite this further

9 = > o (6)

O'ESn;
o(Jg)=J for each k€[m];
o(ig—1)=p for each k€[2,m]\{¢};
a(ig—1)€Jp
(here, we have subsumed the two summation signs into one by removing the variable
pe). The condition “o (i,—y) € J,” under the summation sign in (6) is redundant, since

it follows from the condition “o (Ji) = Ji for each k € [m]” (indeed, the latter condition

implies that o (J;) = J, and therefore o | i,y | € o (J;) = Jy). Hence, we can remove

eJy
this condition. Thus, (6) rewrites as

9= > o. (7)

JESn;
o(Jg)=Jy for each k€[m];
o(ix—1)=pk for each ke[2,m]\{¢}

However, the two conditions “o (J) = Ji for each k € [m|” and “o (ix—1) = pi for each

k € [2,m] \ {¢{}” under the summation sign in (7) remain unchanged if we replace o by
0s;,_, (since this replacement merely swaps the values of o on i,y and i,—; + 1, but this
does not break any of the two conditions'). Hence, the set of the permutations o over
which we sum in (7) is fixed under right multiplication by s;, ,. Therefore, the whole sum
is fixed under right multiplication by s;,_,. Because of (7), this shows that ¥s;, , = v.
Combining this with ¥ € F (Q;), we obtain

VRS {t c F(Qz) | tsiZ—l = t} g Fi—l
(by Lemma 12, applied to k = ¢ — 1). This proves Lemma 13 (c). ]

HHere we use the fact that the two elements i,_; and 4,1 + 1 lie in the same J; (namely, in J, =
[ig—1, t¢ — 1]). This is because Q; is lacunar, so that 4,1 < iy — 1.
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3.4 Linear algebra lemmas

We shall furthermore use two facts from linear algebra over any commutative ring k:

Lemma 15. Let s € N. Let M and N be two free k-modules of rank s. Then, any
surjective k-linear map p : M — N is an isomorphism.

Proof. The k-modules M and N are isomorphic (being free of the same rank). Thus,
we can WLOG assume that M = N. Then, the lemma is saying that any surjective
endomorphism of a free k-module of finite rank is an isomorphism. But this is a well-
known result — one of the simplest forms of Orzech’s theorem — and proofs can be found,
e.g., in [15, Exercise 2.5.18 (a)], or [7, Corollary 0.2]. Alternatively, a self-contained proof
of Lemma 15 is given in the arXiv version of the present paper [10, Lemma 3.9]. ]

Lemma 16. Let Vi, Vs, ..., V,, be any k-modules. For each ¢ € |[m]|, let W, be a k-
submodule of V,. For each € € [m], we consider the k-submodule

Vieghe W@ @V, ofieV,®:-Q V.

TV
This means the tensor product V1@Va®---Q@Vi,
in which the £-th factor is replaced by Wy

Then, there is a canonical k-module tsomorphism

Vi@V @V /Y Viehe oW eV,
(=1

= (Vl/Wl) & (V2/W2) - ® (Vm/Wm)'

Proof. We construct both the isomorphism and its inverse using the universal properties
of tensor products and quotients:

e There is a canonical k-linear map
O VI@VL®- @V = (Vi/W1) @ (Va/Wa) @ -+ @ (Vi /W),

sending each pure tensor v; @V ® - - - RV, 10 V1 RV X - - - ®V,,. This k-linear map P

is easily seen to vanish on the submodule > (Vi@ Vo ® - @ W, ®---®V,,), and
=1
thus factors through the quotient module. Hence, we obtain a k-linear map

m

3 (Mehe 8V, /> ehe - aW,0 8V,
(=1

— (Vl/Wl) ® (VZ/W2) - ® (Vm/Wm)

sending each 11 Vs ® -+ RV, 0 V] RV R -+ @ Uy,
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e Conversely, there is a canonical k-linear map
U (VW) @ (Va/Wa) @ -+ @ (Vi /W)

> (Nehe @V, Y Vehe oW, aV,)

/=1

sending each 17 QU3 ® « - @y, t0 V1 ® V9 ® - -+ @ v,. To show that this map is well-
defined, we need to check that v; ® v9 ® - - - ® v,,, depends only on the residue classes
v; rather than on the v; themselves (this is easy: replacing v; by v, with v; — v, € W
only changes v; ® V9 ® - - - @ v,, by an element of V@ Vo ® -+ - @ W; ® ---®V,;,) and
that this dependence is multilinear (this is again easy).

Clearly, the maps ® and ¥ are mutually inverse, hence isomorphisms. Thus, Lemma
16 is proved. O

For our specific needs, we specialize Lemma 16 to the case W7 = 0:

Lemma 17. Let V}, Vs, ..., Vp, be any k-modules with m > 1. For each { € [2,m], let W,
be a k-submodule of Vi. For each { € [2,m], we consider the k-submodule

MiogWhe oW -V, ofVielhe 1V,

~
This means the tensor product V1@Va®---QVi,,
in which the £-th factor is replaced by Wy

Then, there is a canonical k-module isomorphism

Vi@V @Vn) /Y Viohe oW - aV,)

(=2

=V (Va/Wa) @ (Va3/W3) @+ @ (Vin /W) .

Proof. Apply Lemma 16 to W; = 0, and observe that V1 /0 = ]. ]

3.5 Proof of Theorem 8
We can now prove Theorem 8:

Proof of Theorem 8. We shall use the notations of Lemma 13. Note that each k € [m]
satisfies Jy, = [ix_1, iy — 1] and thus

| Jk| = ik — ik—1 = Jk- (8)
Explicitly, there is a bijection
T g —14a (9)
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for each k € [m].

Consider the tensor product H;, @ Nj, @ Nj, @ - @ N, . We recall that the trivial
representation H;, = k has a 1-element basis (1), while each natural representation N,
has basis (€p),c(;,) = (€1, €2,...,¢;,). However, by abuse of notation, we shall rename the
latter basis of NV}, as (ep)pejk = (eikf1 €+l s eik,l) instead (by shifting all subscripts
up by i,_1 — 1, that is, renaming each basis vector e, as e;,_,_14.). Note that this can be
done because jp = i — t5_1-

Having renamed the basis vectors of the k-module N, , let us also replace the symmet-
ric group S, acting on this module accordingly. Namely, we reinterpret the symmetric
group Sj, acting on N, as the symmetric group Sy, using the bijection (9) between
the corresponding sets [j;] and Ji. Thus, the left action of Sj;, on N, becomes a left
action of S, instead; it is still a permutation action (given on our now-renamed basis
by the formula oe, = ey for each p € J, and o € S;,). With these reinterpreta-
tions, the parabolic embedding S;, x Sj, x --- x S; — S,, becomes the usual embedding
Sy xSy x---x8; —S,, which simply combines the m permutations without any need
for shifting (i.e., any m-tuple (o1,09,...,0,) € Sy, X Sy, x -+- x S, is identified with
the permutation o € S,, that sends each element x € Jy to oy (x) for each k € [m]).

For each p = (pa, p3, ..., Pm) € Jo X J3 X -+ + X J,,,, we have

Ve € F(Q)) (by Lemma 13 (b))
CF (since Fy = F'(Q1) + F (Q2) + -+ + F(Qi))

and thus V_p € F;/F;_1 (where V_p denotes the residue class of V, € F; in the quotient
F;/F,_1). Hence, we can define a k-linear map

Q:H;, QN QN ® - QN — F;/Fi_1,
1@ ey, @ep @ ®ep, = Vp
for any p = (pa2,ps, ..., Pm) € Jo X J3 X -+ X Jp.

(This map is defined by linearity, since the pure tensors of the form 1®e,, ®e,, ®---®e,,,
with p = (p2,p3, ..., Dm) € Jo X J3 X -+ X J,, form a basis of the k-module H;, @ N, ®
N, ®---®N,, .) Consider this map ®.

For each ¢ € [2,m], we can consider the k-submodule H;, @ Nj, @ N}, ® -+- @ Dj, ®
QN of Hj N, @ Nj, @ -+ @ N, in which its (-th factor N, is replaced by its
submodule D;, = {(a,a,...,a) | a € k}. We claim that the map ® sends this submodule
to 0. Indeed, this submodule is spanned by sums of the form

D 10en®e® Ve,

pe€Je

(for fixed pa,p3, ..., Pe—1,Pes1,-- -, Pm in the respective intervals J;,) %) and the map ®

12 Proof. The submodule Dj, is spanned by the single vector

(1, ]., ey ].) = 62'[71 —+ 62’[,1+1 + -4 61'5,1 = Z ep[,
pe€Je
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sends such sums to

Z v(pz,P3,~~~,pm) = Z v(m,pa,--.,pm) = OFi/Fi—17

pe€Jy pe€Jp

since Lemma 13 (c) shows that > Vi, po. pm) € Fic1.
pe€dp
Thus, the k-linear map

Q:H, N, QN Q- QN;, — F/Fi4

sends all the k-submodules H;, @ N}, @ N}, ® -+ @ D;, ® --- @ Nj,, for £ € [2,m] to 0.

By linearity, we can thus conclude that ® also sends their sum
m

Y (Hjyy ON}, N, @ ---®@D;, @ --- ®@Nj,,) to 0. Therefore, @ factors through the quo-
(=2
tient k-module

(Hj, @ NG, ONG, @ @N;,) /> (Hy ONj, @NG, @ - @Dj, @+ ®Nj,)
(=2

= HJ& & (/\/}Q/DjQ) ® (A/J?,/Djs) Q- (Mm/Dm)
by Lemma 17, applied to Vi = H;, and V; = N, for £ > 1
and W, =D;, for £ > 1

=H;) RZ,02,0 - Q Z (since N,,/D, = Z, for each p > 0).
Thus, we obtain a k-linear map

PiH;®2,02,0 - ®Z, = F/F,
1®€, ®ey, @ - Q8, + Vp
for any p = (pa2,ps, ..., Pm) € Jo X J3 X -+ X .

Consider this map ®. Using Lemma 13 (a), it is easy to see that this map ® is S}, x Sj, X
--» xS}, -equivariant'®, and thus is a left k [S;, x S}, x -+ x S}, ]-module morphism.

and thus the tensor product H;, @ Nj, N, ® ---®@D;, ® --- @ Nj,, is spanned by the pure tensors
of the form

1®ep, @ep, @ Dep, , @ Y ey | Rep,, @Ry,
pe€Jy

= Z 1® €py ® €ps X ® €prm for fixed P2,DP35 -3 P—1,P¢+15-+-sPm-
pe€Jy

13 Proof. Let T = (71, 72,...,Tm) € Sj, X Sj, x --- x S; be any m-tuple, and let p = (p2,ps3,...,Pm) €
Jo X J3 x ++- x J,,. We shall show that

P(r- (106,06, R Q6 ) =7 2106, ¥, @ QF,).
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But the definition of an induction product yields

Hj * Zj, % Zjy %% 25

_IndS L XS XX S (Hj1®z'2®z'3®'”®zjm)

=k [Sn] ®k[Sj1XSj2X"'XSjm] (Hjl ®Z,0Z2,Q - ij) (by (1))

=A

=A ®k[sj1xsj2xmxsjm] (M ® 25, ® 2, Q- QZ,).
Hence, we can define a left .A-module morphism
\I/ . H]l * ZJQ *ZJB X oo *Z]m — Fi/Fi—la

a ®k[sj1xsj2x---xsjm] v a-®(v)

(this is well-defined, since ® : Hj, ® Z;, ® Z;, ® -+ ® Z;, — F;/F;_; is a left
k[S;, x Sj, x -+ x Sj, ]-module morphism). Explicitly, ¥ is given by
U (a®ys, 5,0 ns,) (185 0T 0 27,))
=a-2(1®6,®6, @ ®F,)
=a-Vp for any a € A and p = (pa,p3,. .., Pm) € Jo X J3 X -+ X Jp,

By linearity, this will entail that the map ® is S;, x Sj, x --+ x S, -equivariant (since elements of the
form 1 ®e,, ®ep, ®--- © &, span H;, @ Z;, © Zj;, © - ®Zam)

Indeed, as we mentioned at the beginning of our proof, we regard each Sj, as Sy, , so that the permu-
tations 71, 7o, ..., Tm act not on the sets [j1],[j2],- .-, [jm] but rather on the sets Ji,Ja, ..., . The
embedding of Sy, x Sy, x -+ x Sy into S, is the usual one, so that our m-tuple 7 = (71,72, ..., 7m)
is equated with the permutation 7 € S,, given by

7 () = 7% () for each k € [m] and x € Jj. (10)
As in Lemma 13 (a), we set
TP = (12 (P2) s 73 (P3) s+ T (Pm)) = (T (P2), 7 (3) 5+, 7 (D)) -
Now, we have 7 = (71, T2, ...,Tm) and thus

T (1R6, e, @ - ®ep, ) =Tl ®ne, QT8 @ @ Tnep,,
= L @€, (pa) © Cra(ps) @ @ Er (pn)-

Therefore,

(T (106, e, @ Q6p,))

=P (1® T, @ Cry(py) @ @, (pr))
=Vp (by the definition of ®, since 7p = (72 (p2), 73 (P3) ;- -+, Tm (pm)))
=7Vp (since Lemma 13 (a) yields V,p = 7Vp)

=7 Vp=7 (108, 06, @ ®,)

(since the definition of @ yields V, = ® (1 ® ), ® &, @ --- ®ep,)). This is precisely what we wanted
to show. Hence, we have proved that the map ® is S;, x S;, x --- xS -equivariant.
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(by the definition of ®). Hence, using Lemma 13 (b), it is easy to see that this map W is
surjective!4
We now know that U is a surjective left A-module morphism from H;, * Zj, ¥ Z;, *
% Z; to F;/F,_y. We shall now show that W is an isomorphism.
From Lemma 10, we know that the k-module F;/F;_; is free of rank

()

]1']2 o
But the k-module
Hjl*ij*st*"'*Zj _IndS 1 XSy XX S (Hj1®ZJ'2®Zj3®"'®ij)

is also free of rank!®

| Sl :
~dim (1), ® 2, ® 2, @ - @ Z;
S X Sjy X -+ X 5, | i (3, © B in)
) ‘7’1! =dim(7-lj1)-kl;[2dim(2jk)
il gl =1 {1 Ge)

(since Hj, is free of rank 1,
whereas each Zj, is free of rank jr—1)

m

2 G-

BRI
JrJzs s Jme

14 Proof. The map ¥ is left A-linear. Hence, its image is a left A-submodule of F;/F;_.
By the definition of F;, we have
Fy=F(@Q1)+F(Q2)+- + F(Q)
=F(Q1)+F(Q2)+ -+ F(Qi1)+F(Qi) = Fio1 + F(Qi).

=F;_1

Hence, the composition of canonical maps

F(Ql) incllsi;)n F prOJcctlon F/F,L ) (11)

is surjective.

But Lemma 13 (b) shows that the left A-module F (Q;) is generated by a single element of the form
Vp. Hence, the quotient .A-module F;/F;_; is generated by a single element of the form Vp (since
the map (11) is surjective). But any such element of the form V), lies in the image of ¥ (bmce we

have V, = \I/(l B[, x5, X X5, }(1®ep2®6p3®~~®epm)) when p = (p2,p3,...,Pm)). Thus,

the image of ¥ must contaln a generator of F;/F;_1, and thus must be the entire A-module F;/F; 4
(since this image is a left A-submodule of F;/F;_1). In other words, ¥ is surjective.
15Here, we are denoting the rank of a free k-module V by dimV, and we are using the fact that an

G
induced representation Indfl V is free of rank ||| -dimV (as a k-module) whenever V is free (as a

H
k-module). (The latter fact is an easy consequence of the fact that k [G] is a free right k [H]-module
1G]
of rank 2
[H|
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Thus, Lemma 15 (applied to M = Hj, * Zj, * Zj, % ---x Z; and N = F;/F;_; and

|
s=— 2 . [T (Jx — 1) and p = ¥) shows that the surjective k-linear map V¥ :

Jilgals - gm! kZa
M, * 2, % Zjy % -+ % Z;  — F;/F;_1 must be an isomorphism. Since ¥ is a left A-
module morphism, we thus conclude that ¥ is a left A-module isomorphism. Therefore,
FJF 1 =2Hx2Z,«Z,%---xZ; as left A-modules, i.e., as S,,-representations. Hence,
Theorem 8 is proved. 0

3.6 In terms of Littlewood—Richardson coeflicients

In the characteristic-0 case, we can restate the claim of Theorem 8 in terms of Littlewood—
Richardson coefficients. Let us first recount the bare minimum of symmetric function
theory needed to state this.

We will use standard notations for (integer) partitions; in particular, the size of a
partition A will be denoted by |A|. We let Par denote the set of all partitions. We let
A be the ring of symmetric functions over Z (not over k); we refer to [15, §2.1] or [21,
§4.3] for its definition!. To each partition A corresponds a special symmetric function
sy € A called the Schur function; see [15, (2.2.4)] or [21, §4.4] or [4, Definition 5.3] for
its definition. It is well-known (see [21, (4.26) and Theorem 4.9.4] or [15, Definition 2.5.8
and Corollary 2.6.12] or [4, Theorem 10.40]) that a product s,s, of two Schur functions
(for p,v € Par) can always be written as an N-linear combination of Schur functions —
i.e., there exist coefficients c , € N for all A\, u, v € Par such that every two partitions p
and v satisfy

SuSy = cz,ys,\. (12)
AePar

These coeflicients c , are known as the Littlewood-Richardson coefficients. More gener-

ally, if pq, po, . .. ,yk are any k partitions, then we can write the product s, s,, - --s,, in
the form
A
Slu‘l S,uf2 T 8,“4/9 = C,ul,ug,...,uk Sx (13>
AePar
with coefficients ¢ € N. These “k-Littlewood—Richardson coefficients” ¢

H1,42,- Ml 255k
are, in fact, easily computed by recursion using the standard Littlewood—Richardson

coeflicients c;\W: Namely, for k£ = 0, we have

A =0\ (Kronecker delta) ;

for k =1, we have
ci‘ =0\ (Kronecker delta) ;

and for any higher k, we have

_ >\
Nl:,u2 ----- Ml M2 —1 V:,“k
vEPar

6Note that [21, §4.3] uses C as the base ring, but everything works for any base ring.
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(since the product s,, s, - - - s, can be computed as (smsu2 e Suk_l) Sup)-
Note that any Schur function s, is homogeneous of degree |A|. Hence, a Littlewood—

Richardson coefficient ¢ , is always 0 unless [A| = || 4 [v|. Thus, we can rewrite the
equality (12) as
S8y = Z c/’),l,s)\. (14)
AePar;
IAl=[pl+1v]

Likewise, we can rewrite (13) as

_ A
SprSpz " S = E : Cuat iz, SA- (15)

A€Par;
[Al=lpa |+ pal |l

We note that there is a second Littlewood-Richardson rule (|21, Theorem 4.9.2], [15,
(2.6.4)], [4, Theorem 10.40]) that decomposes a skew Schur function sy, into an N-linear
combination of (straight) Schur functions s, as follows:

Sx/p = Z cﬁysy. (16)
vEPar

The formula (13) can also be viewed as a particular case of that second rule, since the
product s, 5., - -5, can be written as the skew Schur function s,,.,y«..xy, correspond-
ing to the skew shape gy * pg * - -+ % . obtained by attaching the Young diagrams of
[, fi2, - - - g to each other along their northeastern/southwestern corners (see [20, §1]
for the precise definition; this claim follows from [4, Proposition 5.9]; cf. also [22, Figure
7.2]). Thus, a k-Littlewood-Richardson coefficient ¢ can actually be rewritten

K142,k
as a (regular) Littlewood—Richardson coefficient using (16): If we write the skew shape

[y g * -+ - % fy as «/ B, then
C#h#%mv#k = CgvA. <17)
The same Littlewood—Richardson coefficients govern the decomposition of induction
products of Specht modules into Specht modules in characteristic 0. Namely, if k is a
field of characteristic 0, and if p and v are two partitions of respective sizes ¢ and j, then

srest = @ (81 (18)

AePar;

[A|=i+j
as S;;j-modules'”. Indeed, this follows from the Schur function equality (14) using the
Frobenius characteristic map [21, Theorem 4.7.4] (in fact, this map — or, rather, its inverse
— sends Schur functions sy to Specht modules S*, while sending products of symmetric

functions to induction products of representations'®). Likewise, if k is a field of charac-

teristic 0, and if pq, po, ..., pp are k partitions of respective sizes i1, io, .. ., i, then
SH1 o SF2 5o x SHE X @ (SA)@CQLNQ ,,,,, Rk (19)
A€Par;

[M=i14i2+4-+ig

17The notation V®* means the direct sum V@V & --- &V of k copies of V.
8For products with two factors, this is proved in [21, Theorem 4.7.4] (using characters and Frobenius
reciprocity). For products with k factors, it follows from the two-factor case using Proposition 5.
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as i, +ig+-+i,-modules. When k is a field of characteristic # 0, or, more generally, just
any commutative ring, then the isomorphisms (18) and (19) still hold in a weaker form,
where the direct sums are replaced by filtrations whose subquotients are Specht modules of
the form S* (see [2, Theorem 9.7] for the more general problem of finding such filtrations
of skew Specht modules'?).

Now, Theorem 8 gives rise to the following decomposition of F;/F;_i:

Corollary 18. Assume that k is a field of characteristic 0.

Let i € [fny1]. Consider the lacunar subset Q; of [n — 1]. Write the set Q; U{n + 1}
as {iy < iy < -+ <ip}, so that i, =n+ 1. Furthermore, set iy := 1. Set jj 1= i — i1
for each k € [m]. (Note that j; = 0 and ja, 53, ..., jm > 1 and j1 + jo+ -+ - + jm = n; this
follows from Lemma 9 (applied to I = Q;).)

Let Par, be the set of all partitions of n. Then,

A
FJFq (SA)EBC(A), U2=L1), G3=L1), oy Gm—1,1)
AePary,

(where the subscripts in C(Am, (a—1,1), (js—1,1),

the partitions (j, — 1,1) for all k € [2,m]).

(jm—1,1) @€ the partition (j1) followed by

N

Proof. The set Q;U{n + 1} is lacunar (since @); is lacunar, and since @; C [n — 1] ensures
that n + 1 is larger than any element of @; by at least 2). In other words, every k > 1
satisfies i > ix_1 + 1. Hence, every k > 1 satisfies jp > 1 (since jp = i — ix_1) and
therefore
Z;, = SUL (20)
(by Proposition 3 (b), since jj is invertible in k).
Also, we have H, = S® for each p € N (since both H, and S®) are trivial 1-
dimensional representations of S,). Thus, H;, = SUY.
Now, Theorem 8 yields
Fi/Fifl & z—[jl * Zj2 * ng LI ij

4

~
the first factor is an H,
while all others are Z’s

~~ QU1) y SU2=11) y GUs=11) 4 ... 4 SUm—11)
since H;, = SUV, and since Z;, =2 SU+~1Y for each k > 1
( (by (20)) )
@ (SA)@C&), G2=1L1), (G3=1,1), - Gm—11) (by (19))

A€Par;
[A=71+7j24+im

A
_ @ (SA)@C(m, (G2—1.1), (G3—=1,1), oy (Gm—1,1)

AePar,

I

19Indeed, the induction product St % SH2 x ... x SP** is easily seen to be isomorphic to the skew Specht
module S*/#, where afB = py * pg * -+ * pp. Thus, [2, Theorem 9.7] (applied to this skew diagram
a/B) yields a Specht series (i.e., a filtration whose subquotients are Specht modules of the form S*)
for S#1 % SH2 x ... % Sk,
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(since the set of all A € Par satisfying || = j1 + jo + -+ - + Jm i precisely Par, (because
J1+J2+ -+ jm =mn)). This proves Corollary 18. O

4 The Specht module spectrum

4.1 The theorem

We need a few more notations from [13]. For any subset I of [n], we define the following:

o We let I be the set {0} UTU {n+ 1}. We shall refer to I as the enclosure of I.
For example, if n = 5, then @3\} ={0,2,3,6}.

e For any ¢ € [n], we let m, be the number

<smallest element of 7 that is > E) —le0,n+1—(C[0,n].

For example, if n = 6 and I = {2,5}, then
(ml,la Mpr2, M3, M4, Mjs, mI,G) =(1,0,2, 1,0, 1).

We note that an ¢ € [n] satisfies my, = 0 if and only if ¢ € 7 (or, equivalently,
tel).

We recall that any partition A of n gives rise to an S,,-representation called the Specht
module S*. If ) is a partition of n, and if a € A, then the action of a on & (that is, the
k-linear map S* — S*, w + aw) will be denoted by L, (a).

Definition 19. Let A be a partition of n. Let I be a lacunar subset of [n — 1]. Write
the set TU{n+ 1} as {i; < iy < -+ < iy}, so that i,, = n+ 1. Furthermore, set ig := 1.
Set j := i — ix_1 for each k € [m]. (Note that Lemma 9 shows that j; > 0 and
J2, 93y - -5 Jm > 1, hence jo, js, ..., jm = 2.)

The m-Littlewood—Richardson coefficient 0@1)7 (2=1,1), Gs—1,1), s GGm—1,1) (
(13), where the subscripts are the partition (j;) followed by the partitions (j; — 1,1) for
all k € [2,m]) will then be denoted by ¢;.

as defined in

As we recall from Corollary 18, if I = @Q; for some i € [f, 1], then this coefficient ¢} is
the multiplicity of the Specht module S* in the left A-module F;/F;_; when k is a field
of characteristic 0. Indeed, we can rewrite Corollary 18 as follows using Definition 19:

Corollary 20. Assume that k is a field of characteristic 0.
Let i € [fny1]. Let Par, be the set of all partitions of n. Then,

E/Eflg @ (S)\)@Cai.

AePary,
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We shall now state our first main theorem:

Theorem 21. Let k be any field. Let X be a partition of n. Let wy,wo,...,w, € k. For
each subset I of [n], we set

wr:i=wimyr1 +woMmyro + -+ + WMy € k.
Then:

(a) The eigenvalues of the operator Ly (w1t + waty + - -+ + wyt,) on the Specht module
S* are the elements

wy for all lacunar subsets I C [n — 1] satisfying ¢} # 0,

and their respective algebraic multiplicities are the ¢} in the generic case (i.e., if
no two I’s produce the same wy; otherwise the multiplicities of colliding eigenvalues

should be added together).

(b) If all these wy (for all lacunar subsets I C [n — 1] satisfying ¢} # 0) are distinct,
then Ly (w1t + waty + + -+ + wyty) is diagonalizable.

(¢) We have

H (L/\ (w1t1+w2t2+---+wntn) —wlid‘gx) = 0.

IC[n—1] is lacunar;
c}\7£0

To prove this theorem, we will need a further theorem, which “maps” the Fibonacci

filtration from A to a given Specht module S*:

Theorem 22. Let k be any field of characteristic 0. Let A be a partition of n. Then,
there exists a filtration

A A A A A A QA
O—an+1gan+1_1gan+1_2g"'gF2 gFI gFO —S

(note the “backward” indexing!) of the Specht module S* by left T -submodules with the
following four properties:

1. Each subquotient F},/F} (for i € [fus1]) has dimension ¢y, as a k-vector space
(see Definition 19 for the meaning of c}).

2. In particular, an i € [fni1] satisfies F* | = F if and only if ¢y, = 0.

3. On each subquotient FY | /F? (fori € [fn11]), each element t, € T (for £ € [n]) acts
as multiplication by the scalar mg, 4.

4. More generally, on each subquotient F} | /F? (fori € [fai1]), each element
P (ty,ta,...,t,) € T (where P is a polynomial in n noncommuting indeterminates
over k) acts as multiplication by the scalar P (mg,1,mQ, 2, -, MO, n)-
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4.2 Lemmas about S,,-representations

In order to prove Theorem 21 and Theorem 22, we need a few lemmas about left A-
modules (i.e., representations of S,). We begin with something basic and well-known
(see, e.g., [5, last paragraph of §5.13] or the arXiv version of the present paper [10, §A.3]):

Proposition 23. Assume thatk is a field of characteristic 0. Let A and p be two partitions
of n. Then, the Specht modules S* and S* satisfy

k, if A=
0, fAF#p

(Here and in the following, ‘Homy” always stands for the set of left A-module morphisms.
This is always a k-vector space, but usually not an A-module on any side.)

as k-vector spaces.

Hom 4 (8%, S*) = {

The next lemma is again an easy consequence of known facts:

Lemma 24. Assume that k is a field of characteristic 0. Let X\ be a partition of n.
Define the contravariant functor Hom 4 (—, S)‘) from the category of left A-modules to the
category of k-vector spaces that is given by

X — Homy (X, SA) on objects

and likewise on morphisms. (This is a contravariant Hom functor.)
This contravariant functor Hom 4 (—,SA) is exact (i.e., respects exact sequences).

Proof. The k-algebra A = k[5,] is semisimple (by Maschke’s theorem, since k is a field
of characteristic 0). Hence, every short exact sequence of left .A-modules is split. Conse-
quently, any Hom functor from the category of left .A-modules is exact (since Hom functors
respect finite direct sums and thus are exact on split exact sequences; see the arXiv ver-
sion of the present paper [10, proof of Lemma 4.6] for details). Thus, the contravariant
Hom functor Hom 4 (—, S ’\) is exact. This proves Lemma 24. O

Note that the Specht module S* in Lemma 24 could be replaced by any left A-module,
but we will use S* only. The same applies to the following lemma:

Lemma 25. Let \ be a partition of n. Let J be a left A-submodule of A (that is, a left
ideal of A). Then, there is a canonical k-vector space isomorphism

Hom4 (A/J, S)‘) — {UESA | Ju=0},
fe ().

Proof. The left A-module morphisms from A/J to S* can be identified with the left A-
module morphisms from A to S* that vanish on J. Thus, we obtain a k-vector space
isomorphism

® : Homy (.A/J, S)‘) — {gGHomA (.,4, S)‘) | g(J) :0},
feA—=8Y am f(a).
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However, recall the well-known k-vector space isomorphism Homy4 (A, M) = M that
holds for any k-algebra A and any left A-module M. Thus, in particular, the left A-module
morphisms from A to S can be identified with the elements of S* via the k-vector space
isomorphism

U : Homy (.A, S)‘) — S,
g g(la).

This latter isomorphism W has the property that an arbitrary left A-module morphism

g € Homy (A, SA) satisfies g (J) = 0 if and only if its image W (g) satisfies J - ¥ (g) =0

(since g(J) =g (J-14)=J-g(14) = J-¥(g)). Thus, ¥ can be restricted to a k-vector
——

=¥(g)
space isomorphism

U {geHomy (A, §Y) | g(J)=0} = {veS | Ju=0},
grrg(la).
The composition ¥’ o ® is thus a k-vector space isomorphism

Homy (A/J, 8*) = {ve S | Juv=0},
fef(La)-

This is clearly canonical in .J, so that Lemma 25 is proved. O

4.3 The proofs

We are now ready to prove Theorem 22 and Theorem 21, in this order.
Proof of Theorem 22. For each i € [0, f,41], we define a subset F of S* by
Fr={ves8 | Fuv=0}.

This subset F?* is actually a left T-submodule of S* (since Proposition 7 shows that Fj is
a right T-submodule of A, and therefore any t € T and v € F} satisfy Fjt v C Fyo =0

CF;
and thus Fjtv = 0, so that tv € F}}). Moreover, because of

0=FRCHCFKC---CF  =k[S]=A4,

we have
A A A A A
S*=F; D F D Fy Q"'QanH:O-

This is a left 7T-module filtration of S*, albeit written backwards. We can rewrite it as

_ A A A A A A CA
O_an+1gan+1*1gan+172g”'gF2 gle g170 =S
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Our goal is to show that this filtration satisfies the four properties 1, 2, 3 and 4 claimed
in Theorem 22.

For this purpose, we fix ¢ € [f,41]. First, we shall show property 3. We must show
that each element t, € T acts on F,/F? as multiplication by the scalar mg, ;. So we let
(€ [n] and v € F},/F} (with v € F} ) be arbitrary. We must show that ¢,0 = mg, /0
in I, /1.

We have v € F?* . In other words, v € S* and F;_;v = 0 (by the definition of F ).

Theorem 6 (c) yields F; - (t, — mg,¢) C F;—1. Hence,

Fi - (te—mq,e)v C Fiqjv =0,

J/

-~

CFi1

so that F} - (t; — mg,¢)v = 0. In other words, (t, — mg,¢)v € F}* (by the definition of
F?). In other words, t;v — mg, v € F}. In other words, {,v = Mg, v in F},/F}. In
other words, t,0 = mg, v in F*,/F?}. Thus, the proof of property 3 is complete.

Property 4 follows immediately from property 3.

Let us now prove property 1.

Note that F; is a left A-submodule of A (by Proposition 7). Lemma 25 shows that
whenever J is a left A-submodule of A (that is, a left ideal of A), there is a canonical
k-vector space isomorphism

Hom 4 (A/J, S’\) — {UES)\ | Ju=0},
fr=f(1a).

Thus, we have

{ve& | Ju=0} = Homyu (A/J, S (21)
canonically for each left A-submodule J of A. Now, the definition of F}* yields

FA = {U €S | Fo= O} =~ Homy (A/E-, S’\) (22)
canonically (by (21)) and similarly
F, = Homy (-A/Fz‘—h S)\) . (23)

However, Lemma 24 shows that the contravariant functor Hom 4 (—,SA) from the
category of left A-modules to the category of k-vector spaces is exact. Hence, applying
this contravariant functor to the exact sequence

0= F/F1— A/F,_1 = A/F;, =0
of left A-modules, we obtain an exact sequence
0 — Homy (A/Fi, S)‘) — Hom 4 (A/E—l, S)‘) — Hom 4 (Fi/F,-_l, S’\) —0
of k-vector spaces. In view of (23) and (22), we can rewrite this latter exact sequence as
0— F} = F), — Homy (E;/Fi_1, &) = 0.
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The arrow F} — F | here is the canonical inclusion (since the isomorphisms in (23) and
(22) are the canonical ones), and thus we obtain

Homy (F/Fio1, 8Y) = F)/F) (24)

from the exactness of our sequence.
However, Corollary 20 says that

FfFa 2 @ (87 (25)
vEPary,

Hence,

Hom 4 (E/E—l, 5')‘> =~ Homy ( @ (SV)@Céi’ SA>

vEPary,

~ (P (Homy (8%,8%)) " (26)

vePary,

(since Hom functors respect finite direct sums).
But each v € Par,, satisfies

k, ifv=A\

0. ifv A (by Proposition 23) .

Hom 4 (S”,S)‘) = {

Thus, we can rewrite (26) as
Homy (Fi/F;_1, S’\) = 1 PQ;
Comparing this with (24), we see that
PR = K,

Thus, the k-vector space F}* | /F? has dimension cé‘gi. This proves property 1.

Property 2 follows immediately from property 1 (since F?, = F} is equivalent to
dim (£}, /F}) = 0). Hence, our proof of Theorem 22 is complete. O

Proof of Theorem 21. In the following, the symbol dim will always refer to the dimension
of a k-vector space, even if some other module structures are present. Thus, in particular,
if X is a T-module, then dim X will mean the dimension of X as a k-vector space.

(a) Let us first assume that k is a field of characteristic 0. We shall later extend this
to the general case.
Theorem 22 shows that there exists a filtration

A A A A A A A
O:an+1 CanH*l ganﬂ*Qg Sy CIT C Ey =S (27)
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of the Specht module S* by left T-submodules with the four properties 1, 2, 3 and 4
stated in Theorem 22. Consider this filtration. Fix any basis (v1, vy, ..., v,) of S* that
conforms with this filtration (i.e., a basis that begins with a basis of F’ f\nﬂ_p then extends
it to a basis of Ff\n+1—27 then extends it to a basis of F]z\n+1_3, and so on), so that each F}
is spanned by vy, va, ..., v;q) for some j (i) € [0, s]. Note that the inclusions in (27) yield

0=7(for1) SJ(far1 = 1) <J(fog1 —2)<---<J(2)<j(1) <j(0) =s.

Note that each i € [f,41] satisfies j (i) = dim (F}) and j (i — 1) = dim (F} ;) and thus

1

j(i—1) = j (i) = dim (F2,) — dim (F) = dim (F),/F?)
= ¢}, (28)
(by property 1 of our filtration).
The operator Ly (witq + wats + - - - + wyty,) preserves the filtration (27) (since this fil-
tration is a filtration by left 7-submodules, but wit; + wate + -+ + wpt, € T). Hence,

the matrix M that represents this operator with respect to the basis (vy,vq,...,vs) is
block-upper-triangular with blocks of sizes

ji—1) () for all i € [f1]

(because, e.g., the fact that the operator preserves F* means that the first j (i) columns
of the matrix M have zeroes everywhere below the j (i)-th row). Moreover, property 4 of
our filtration shows that the element wit; + wots + - -+ + wyt, € T acts as multiplication
by the scalar

WM, 1 + wamg, 2 + -+ -+ + WpMQ, n = WQ, (by the definition of wg,)

on each subquotient F?*,/F?. In other words, for each v € F?,, the vector v € F | /F
satisfies
(w1t1 + (,dgtg + -+ wntn) -V = LUQi@, (29)

and therefore
(Lx (wity + waty + -+ - + wyty)) (v)
= (w1t + waty + -+ - +wpty) - v
= wg,v + (some element of FZ’\) (by (29))

= wQ,V + (Some linear combination of vy, vg, ... ,vj(i))

(since F} is spanned by vy, vs, ... ,Vj))- We can apply this in particular to v = v for
each k € [j (i — 1)] (since F}*, is spanned by vy, vs,. .., v;i-1)), and conclude that

(L)\ (w1t1 + WQtQ + -+ Wntn)) (Uk)

= wQ,Vk + (some linear combination of vy, vs, ... ,vj(l-))
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for each k € [j (1 — 1)].

Thus, the matrix M that represents the operator Ly (wity + wate + -+ - + wyt,) with
respect to the basis (vy,vs,...,vs) is not only block-upper-triangular, but also has the
property that its i-th diagonal block (for each ¢ € [f, 1], counted from the end) is the
scalar matrix wg, - [ji—1)—ju) = W, Loy (by (28)). Consequently, the matrix M is upper-
triangular, and its diagonal entries are the elements wg, for all i € [f,41], with each wg,
appearing cé?i times (this means that if cgi = 0, then wg, does not appear at all).

Of course, this allows us to read off the eigenvalues of this matrix M, and thus of the
operator Ly (w1t + wats + - - - + wyty,) (since the eigenvalues of a triangular matrix are just
its diagonal entries). We conclude that the eigenvalues of Ly (wit; + wats + - -+ + wyty)
are the elements wq, for all i € [f,,41], with each wg, appearing with algebraic multiplicity
cg Since Q1,Q2,...,Qy, ., are just the lacunar subsets of [n — 1], we can rewrite this
as follows: The eigenvalues of Ly (wit; + waty + -+ 4+ wyt,) are the elements w; for all
lacunar subsets I C [n — 1], with each w; appearing with algebraic multiplicity ¢;. We
can restrict this list to those lacunar subsets I C [n — 1] that satisfy ¢} # 0 (since an
eigenvalue w; that appears with algebraic multiplicity ¢} = 0 simply does not appear at
all).

This proves Theorem 21 (a) in the case when k is a field of characteristic 0. It remains
to extend the proof to the case when k is an arbitrary field. But there is a standard trick
for this: We recast our result as a polynomial identity. Namely, Theorem 21 (a) is saying
that R

iiet (xidgr — Ly (wity + wate + + -+ + wyty)) = H (x —wp)

~
This is the characteristic polynomial of the
endomorphism Ly (w1t1+wata+-+wntyn) of S*

IC[n—1] lacunar

in the polynomial ring k [x]. This is a polynomial identity in the n 4+ 1 indeterminates
T, Wi, W, .. .,w, (since the Specht module S* has a basis consisting of the standard poly-
tabloids, and the action of S,, on this basis is independent of the base field k). Thus,
knowing that this identity holds whenever k is a field of characteristic 0, we can imme-
diately conclude that it holds for all fields k (and even all commutative rings k). This
proves Theorem 21 (a) in the general case.

(c) Again, let us first assume that k is a field of characteristic 0. Recall the filtration
(27) constructed in the proof of part (a). As we saw in that proof, the element w;t; +
wato 4+ +wpt, € T acts as multiplication by the scalar wg, on each subquotient F | /F
of that filtration. In other words, for each i € [f,.1], we have

(Wit + wats + -+ + Wytn) T = wo,T for each v € F} |/ F},
that is,
(wity + waty + -+ +wpty) v — wo,v € F for each v € F .
In other words, for each i € [f,1], we have
(L (wity +wats + - - + wyty) — wg, idsr) F), CFM
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Hence, the operator

H (L>\ (w1t1 + w2t2 + -+ wntn) — Wg; idSA) S Endk (SA)

ie[frH—l]

2V sends the whole S* to 0 (because its first factor sends S* = Fj} down to F}, then its
second factor sends F} further down to F3', then its third factor sends F3 onward to F3,
and so on, until the last factor sends F ]?n -1 down to F }HH = 0). Moreover, for this to
hold, we do not actually need all the f,.; factors of this product, but rather only those
factors that correspond to the numbers i € [f,11] satisfying ¢, # 0 (because if ¢y, = 0,
then property 2 of our filtration shows that F* | = F?, and thus we don’t need to apply
the Ly (wity + waty + - - + wnly) — wo, idsx factor to send us from F; down into F}).
Hence, the operator

H (L,\ (w1t1 + w2t2 + -+ wntn) — W, idS/\) S Endk (SA)

i€ fnt1];
cgﬁéo

sends the whole S* to 0 as well. In other words,

H (L)\ (wltl + w2t2 + -+ wntn) — WQ; id‘gx) =0.

ie[)\fn-‘rl]?
CQi#O

Since @1, Q2, ..., Qy,,, are just the lacunar subsets of [n — 1], we can rewrite this as

H (L)\ (w1t1 +Lu2t2+---+wntn) —w;idsx) =0.
IC[n—1] is lacunar;
c}\7£0

This proves Theorem 21 (c) in the case when k is a field of characteristic 0. Just as in our
proof of part (a), we can derive the general case from this case by a polynomial identity
argument (treating wi,ws,...,w, as indeterminates, and now considering polynomials
with values in Endy (S’\), which can be encoded as tuples of usual polynomials).

(b) Theorem 21 (c) shows that the endomorphism Ly (wit) + wate + -+ + wyty) €

Endy (8*) is annihilated by the polynomial I (x —wy) € k[z] (meaning that
IC[n 12;\1;é (l)acunar,
the polynomial vanishes when we substitute the endomorphism for z). But it is well-
known that a linear endomorphism (of a finite-dimensional k-vector space) that is anni-
hilated by a polynomial of the form [] (x — r) with pairwise distinct scalars r is always
diagonalizable. Hence, if the w; in the above polynomial are pairwise distinct, then the
endomorphism Ly (wit; + waty + -+ + wpt,) is diagonalizable. This proves Theorem 21
(b). m
20This product is well-defined (and does not depend on the order of its factors), since all its factors
(being polynomials in Ly (w1t + wats + - - - + wyty,)) commute.
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5 Final remarks

Thus we have computed the eigenvalues — and their algebraic multiplicities — for the action
of any one-sided cycle shuffle wit; + waty + - - - 4+ wyt, on any Specht module S*. With a
trivial amount of work, we could extend this analysis to the action of any element of T
(that is, of any noncommutative polynomial in ¢q,ts,...,¢,). This automatically allows
us to identify the eigenvalues of such elements on any S,,-representation V', as long as the
decomposition of V' into Specht modules is known.

The proof of our result was achieved in a rather roundabout way: We did no work
in the Specht modules S* themselves. Instead, we used a filtration of A (the Fibonacci
filtration) whose subquotients F;/F;_; we were able to decompose into Specht modules
(Theorem 8). Then, we “projected” this filtration onto each Specht module S* (Theorem
22) and used the semisimplicity of A (actually, the complete reducibility of $* would have
sufficed) to triangularize the action of 7 on S*. This is in contrast to other instances of
similar questions, such as the recent [1], where the solution requires significant exploration
of the inner life of S*.

Our above method for proving Theorems 22 and 21 — in which we used the Fibonacci
filtration to triangularize Ly (w1t + wats + - -+ + wyt,) — is partly generalizable:

Proposition 26. Let A be a k-algebra®', and let T be a k-subalgebra of A. Let
0= CHCFKC.---CF,=A4A (30)

be a filtration of A by (A,T)-subbimodules. Let V be any left A-module. If B is any
(A, T')-subbimodule of A, then we can define a left T-submodule

VB .={veV | Buv=0}
of V.. Then, we have a filtration
0=VimCcylmacylmzcC...Ccyh =V (31)
of V' by left T-submodules.

(a) Its subquotients V¥i-1 /VEi can be canonically embedded into Homa (F;/F;_y, V) as
left T-modules. Thus, if some element t € T acts triangularly from the right on the
filtration (30) (meaning that it acts as a scalar on each subquotient F;/F;_), then
it also acts triangularly from the left on the filtration (31).

(b) Ifk is a field and the algebra A is semisimple, then these embeddings V-1 /VEi —
Homy (F;/F;_1, V) are isomorphisms. Thus, in this case, knowing the dimensions
of the Hom-spaces Homa (F;, V') allows us to compute the multiplicities of eigen-
values for a triangulart € T acting on V.

Proof. This is implicit in our above proofs of Theorems 22 and 21 (where A, T" and V
were taken to be A, 7 and 8*, and where the submodules Vi were called F}). O

21Recall that k is an arbitrary commutative ring.
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