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Abstract

The r-color size-Ramsey number of a graph H, denoted by R̂r(H), is the minimum
number of edges in a graph G having the property that every r-coloring of the edges
of G contains a monochromatic copy of H.

Krivelevich (2019) proved that R̂r(Pm+1) = Ω(r2m) where Pm+1 is the path on
m edges. He explains that his proof actually applies to any connected graph H
with m edges and vertex cover number larger than

√
m. He also notes that some

restriction on the vertex cover number is necessary since the star with m edges, K1,m,

has vertex cover number 1 and satisfies R̂r(K1,m) = r(m− 1) + 1. We prove that

the star is actually the only exception; that is, R̂r(H) = Ω(r2m) for every non-star
connected graph H with m edges.

We also prove a strengthening of this result for trees. It follows from results of
Beck (1990) and Dellamonica (2012) that R̂2(T ) = Θ(β(T )) for every tree T with
bipartition {V1, V2} and β(T ) = |V1|max{d(v) : v ∈ V1}+ |V2|max{d(v) : v ∈ V2}.
We prove that R̂r(T ) = Ω(r2β(T )) for every tree T , again with the exception
of the star. Additionally, we prove that for the family of non-star trees T with
β(T ) = Ω(n1n2) (which includes all non-star trees of linear maximum degree and all
trees of radius 2 for example) we have R̂r(T ) = Θ(r2β(T )).

Mathematics Subject Classifications: 05C55, 05C05

1 Introduction

The r-color size-Ramsey number of a graph H, denoted by R̂r(H), is the minimum number
of edges in a graph G having the property that every r-coloring of the edges of G contains
a monochromatic copy of H. When r = 2 we drop the subscript.

In his study of the 2-color size-Ramsey number of trees, Beck introduced [3] the
following parameter β(·) (and conjectured that the 2-color size-Ramsey number of every
tree T is essentially determined by β(T )). First, we call H an (n1, n2,∆1,∆2)-bipartite
graph if H is a connected bipartite graph with unique bipartition {V1, V2} with |Vi| = ni
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and ∆i = max{d(v) : v ∈ Vi} for all i ∈ [2]. Given an (n1, n2,∆1,∆2)-bipartite graph H
let

β(H) = n1∆1 + n2∆2.

It is known that for every tree T ,

β(T )

4
6 R̂(T ) = O(β(T ))

where the lower bound is due to Beck [3], and the upper bound is due to Dellamonica [6].
In fact, Dellamonica’s result [6] actually implies that for all r > 2,

R̂r(T ) = Or(β(T )). (1)

For further discussion regarding the dependence of the hidden constant on r in (1), see
Section 6.

While the 2-color size-Ramsey number of trees has been studied extensively (see [9],
[13], [15] in addition to the results mentioned above), much less is known about the r-color
size-Ramsey number of trees (aside from the special cases of paths and stars). First note

that for stars with m edges, it is trivial to see that R̂r(K1,m) = r(m− 1) + 1.

For the path on m edges Pm+1, Krivelevich [17] proved that for all r > 2, R̂r(Pm+1) =

O(r2(log r)m) (the constant was later improved by Dudek and Pra lat [8] to give R̂r(Pm+1) <
600r2(log r)m). However, with just a few modifications, Krivelevich’s proof can be gener-
alized to show (see Appendix) that for all r,∆ > 2 there exists m0 such that if T is a tree

with m > m0 edges and maximum degree at most ∆, then R̂r(T ) = O(∆3r2(log(r∆))m.

Regarding lower bounds, Dudek and Pra lat [7] proved that for all r > 2, R̂r(Pm+1) >
r2

4
m. Soon after, Krivelevich [17] gave a different proof based on affine planes which

showed that R̂r(Pm+1) > (r − 2− or(1))2m (later, Bal and the author [1] slightly refined

Krivelevich’s proof to show that R̂r(Pm+1) > (r − 1− or(1))2m and also gave yet another

different proof to show that for all r > 2, R̂r(Pm+1) > (r−1)r
2

m). A noteworthy aspect of
Krivelevich’s result is that he explains how his proof actually applies to any connected
graph H with m edges and vertex cover number τ(H) significantly larger than

√
m. He

also notes that some restriction on the vertex cover number is necessary since τ(K1,m) = 1

and R̂r(K1,m) = r(m− 1) + 1.
This raises two questions: for which connected graphs H with m edges is it true that

R̂r(H) = Ω(r2m), and for which trees T is it true that R̂r(T ) = Ω(r2β(T ))? We answer
both questions, showing that in both cases stars are the only exception. In fact, we answer
the second question more generally in terms of connected bipartite graphs.

Theorem 1.1. For all integers r > 2 there exists m0 := m0(r) such that if H is a

connected graph with m > m0 edges and H is not a star, then R̂r(H) > r2

72
m.

Theorem 1.2. For all integers r > 6, there exists n0 := n0(r) such that if H is a connected

bipartite graph on n > n0 vertices and H is not a star, then R̂r(H) > r2

2304
β(H).
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We remark that it should be possible to modify our proof of Theorem 1.2 to remove
the restriction that r > 6 at the expense of having an absolute constant smaller than 1

2304
,

and (more importantly) an additional step in the proof to separately deal with the case
when 2 6 r 6 5. However, since we are only interested in the long term behavior in terms
of r, we choose to keep the proof as simple as possible. Also we make no serious attempt
to optimize the values of m0, n0 or the absolute constants 1

72
, 1

2304
appearing in the lower

bounds, but we point out that m0 and n0 are polynomial in r.
The double star Sn,m is the tree on n+m+ 2 vertices obtained by joining the centers of

K1,n and K1,m. We determine the correct order of magnitude (in terms of r) of R̂r(Sn,m).

Theorem 1.3. For all integers r > 2 and n > m > 1 such that n+m+ 2 > (dr/2e+1)2

2
, we

have
1
2
(m+ 1)(n+m+ 2) r = 2

r2−1
16
m(n+m+ 2) r > 3

}
6 R̂r(Sn,m) 6 4r2nm+ 2r(n+m) + 1.

In the process of proving the above result, we realized that we were able to determine
the correct order of magnitude (in terms of r) of the r-color size-Ramsey numbers of a much
larger family of trees. Note that given an (n1, n2,∆1,∆2)-bipartite graph H, the largest
possible value of β(H) = ∆1n1 + ∆2n2 is 2n1n2 which is achieved by Sn1−1,n2−1 as well as
Kn1,n2 for instance. Given 0 < α 6 2, we say that a connected bipartite graph H is α-full
if β(H) > αn1n2. Note that all (n1, n2,∆1,∆2)-trees (or more generally (n1, n2,∆1,∆2)-
bipartite graphs) of radius 2 – which includes non-trivial double stars – are α-full for some
α > 1 (since there is necessarily a vertex in the part of size ni which is adjacent to every
vertex in the part of size n3−i for some i ∈ [2]). Also all (n1, n2,∆1,∆2)-trees (or more
generally (n1, n2,∆1,∆2)-bipartite graphs) with maximum degree α(n1 + n2) are α′-full
for some α′ > α.

Theorem 1.4. For all integers r > 6 there exists n0 such that for all 0 < α 6 2, if T is
an α-full (n1, n2,∆1,∆2)-tree with n1 + n2 > n0 and T is not a star, then

αr2

2304
n1n2 6 R̂r(T ) 6 4r2n1n2 + 4r(n1 + n2) + 1;

i.e. R̂r(T ) = Θ(r2β(T )).

2 Notation and Preliminary material

2.1 Notation

Given a graph G and a set S ⊆ V (G), let ∆(S) = max{d(v) : v ∈ S} and let G[S] be
the subgraph induced by S. We write e(G) to mean |E(G)|. Given disjoint non-empty
sets X, Y ⊆ V (G), we let G[X, Y ] be the bipartite graph on X ∪ Y induced by the edges
between X and Y . For a subgraph G′ ⊆ G, a set S ⊆ V (G′), and a vertex v ∈ V (G′), we
write NG′(v) = {u : {u, v} ∈ E(G′)}, NG′(S) =

⋃
v∈S NG′(v), and dG′(v, S) = |NG′(v)∩ S|.

If G′ = G, we drop the subscripts.
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The vertex cover number of a graph G, denoted by τ(G), is the smallest positive integer
t such that there exists a set T ⊆ V (G) with |T | = t having the property that every edge
is incident with a vertex in T . Given a connected graph G and vertices u, v ∈ V (G), the
distance between u and v, denoted by dist(u, v), is the length of the shortest path between
u and v. The radius of a graph is defined as minu∈V (G) maxv∈V (G) dist(u, v). Note that a
tree T has radius 1 if and only if T is a star. If a tree T has radius 2, then there exists
u ∈ V (T ) such that for all v ∈ V (T ), the distance from u to v is at most 2 (and for every
vertex u ∈ V (T ), there exists a vertex v ∈ V (T ) such that the distance from u to v is at
least 2).

Given a positive integer n, we write [n] = {1, 2, . . . , n}. We write log to denote the
natural logarithm. We write G(n, p) for the binomial random graph on n vertices with
edge probability p. We use the standard O(·), Ω(·), and Θ(·) notation. When the hidden
constant term may depend on a variable `, we write O`(·) for example.

2.2 Preliminary material

Let q be an integer with q > 2. For our purposes, an affine plane of order q is a q-uniform
hypergraph Aq = (V,E) with |V | = q2 and |E| = q(q + 1) having the property that for
all distinct u, v ∈ V , there exists a unique e ∈ E such that {u, v} ⊆ e and that E can be
decomposed into q + 1 many perfect matchings, called parallel classes. It is known that an
affine plane of order q exists whenever q is a prime power (and it is an open problem to
determine if there exists any affine plane of order q where q is not a prime power). Using
affine planes, it is well-known (see [10] for instance) that if H is a connected graph on n
vertices, r− 1 is a prime power, and (r− 1)2 divides n− 1, then Rr(H) > (r− 1)(n− 1) + 1
(where Rr(H) is the ordinary r-color Ramsey number of H). However, we would like to
have a potentially weaker lower bound which holds for all r > 2 and sufficiently large n.
To do this, the idea is simply to use an affine plane corresponding to the largest prime
power q such that q 6 r − 1. However, to make everything quantitatively precise, we first
state Bertrand’s postulate (see [11] for instance) and then we describe the standard affine
plane coloring suited to our particular application.

Theorem 2.1. For all integers r > 3, there exists a prime q such that r+1
2

6 q 6 r − 1.

Lemma 2.2 (Affine plane coloring). For all integers r > 2 and n > (r+1)2

2
, if H is a

connected graph on n vertices, then Rr(H) > r
2
n.

Proof. When r = 2, the statement is trivial; so suppose r > 3. Since r > 3, there exists
a prime, and thus a prime power, q such that r+1

2
6 q 6 r − 1 by Theorem 2.1. Let Aq

be an affine plane of order q, with vertices a1, . . . , aq2 , and parallel classes E1, . . . , Eq+1

where for all i ∈ [q + 1], Ei consists of pairwise disjoint hyperedges ei1, . . . , e
i
q.

Let N = q2bn−1
q
c. Now we use Aq to describe a (q + 1)-coloring of KN such that every

monochromatic connected component has at most n− 1 vertices. Let {V1, . . . , Vq2} be a
partition of V (KN) such that for all i ∈ [q2], |Vi| = bn−1

q
c. We color the edges inside the

sets arbitrarily (for instance, for all i ∈ [q2], color every edge inside Vi with color 1). Now
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for distinct i, j ∈ [q2], we color every edge between Vi and Vj with color k where Ek is the
unique parallel class which contains an edge ek` such that {ai, aj} ⊆ ek` .

Now for all k ∈ [q + 1], we have q many pairwise disjoint connected components
of color k, each having exactly qbn−1

q
c 6 n − 1 vertices. Since q + 1 6 r, we have

Rr(H) > N > q2
(
n−1−(q−1)

q

)
= q(n − q) > r

2
n (where the last inequality holds since

r+1
2

6 q 6 r − 1 and n > (r+1)2

2
).

The following lemma will be used a few times when determining a lower bound on the
size-Ramsey number of bipartite graphs.

Lemma 2.3. Let r, k > 1, let G be a graph, and let X = {v ∈ V (G) : d(v) 6 rk − 1}.
There exists an r-coloring of the edges incident with X such that every vertex in X is
incident with at most k edges of each color.

Proof. By Vizing’s theorem, we can color the edges in G[X] with rk many colors such that
no two incident edges in G[X] receive the same color. For each vertex v ∈ X, we note that
d(v, V (G) \X) 6 rk − 1− d(v,X) < rk − d(v,X) and since there are rk colors available
and exactly d(v,X) colors already used on edges incident with v, we can assign unused
colors from [rk] to the edges from v to V (G) \X. Now we have a coloring of the edges
incident with X with rk colors so that if two edges intersect in X, they receive different
colors. Now we partition [rk] into r many sets A1, . . . , Ar each of order k and we recolor
the edges incident with X such that if an edge receives a color from the set Ai we recolor
it with i. This gives us an r-coloring of the edges incident with X such that every vertex
in X has degree at most k in every color.

The following simple observation will be used often when determining a lower bound
on the size-Ramsey number of bipartite graphs.

Observation 2.4. Let H be an (n1, n2,∆1,∆2)-bipartite graph and let G be a bipartite
graph with bipartition X, Y . If

1. min{|X|, |Y |} < min{n1, n2} or max{|X|, |Y |} < max{n1, n2}, or

2. min{∆(X),∆(Y )} < min{∆1,∆2} or max{∆(X),∆(Y )} < max{∆1,∆2},

then H is not a subgraph of G.

Proof. Let V1, V2 be the bipartition of H such that for all i ∈ [2], |Vi| = ni. If H is a
subgraph of G, then since H is connected we must have Vi ⊆ X and V3−i ⊆ Y for some
i ∈ [2]. Thus we have min{|X|, |Y |} > min{n1, n2} and max{|X|, |Y |} > max{n1, n2}
and min{∆(X),∆(Y )} > min{∆1,∆2} and max{∆(X),∆(Y )} > max{∆1,∆2}.

The following observation gives a simple characterization of which (n1, n2,∆1,∆2)-
bipartite graphs are stars.

Observation 2.5. Let H be an (n1, n2,∆1,∆2)-bipartite graph. H is a star if and only if
∆1 = 1 or ∆2 = 1 or n1 = 1 or n2 = 1.
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Proof. If H is a star, then clearly n1 = 1 and ∆2 = 1, or n2 = 1 and ∆1 = 1.
If n1 = 1 or n2 = 1, then clearly H is a star. Now without loss of generality, suppose

∆1 = 1 and suppose for contradiction that H is not a star, which by the previous sentence
implies that n2 > 2. However, since H is connected, we have a path connecting distinct
vertices from V2 which implies that there is a vertex of degree at least 2 in V1, contradicting
our assumption that ∆1 = 1.

Beck [3] proved the following lower bound on the size-Ramsey number of trees. While
it is not stated in this way, Beck’s proof actually applies to all connected bipartite graphs.
Since we will apply his result in this more general form, we give the proof below.

Proposition 2.6. For every connected bipartite graph H, R̂(H) > β(H)
4

.

Proof. Let H be an (n1, n2,∆1,∆2)-bipartite graph and set n := n1 +n2. Suppose without
loss of generality that n1∆1 > n2∆2. Let G = (V,E) be a graph having the property that
every 2-coloring of G contains a monochromatic copy of H. Let X = {v ∈ V (G) : d(v) <
∆1} and let Y = V (G) \ X. Color all edges inside X and inside Y blue and all edges
between X and Y red.

Case 1 (∆1 6 ∆2): There can be no red copy of H since every vertex in X has degree
less than ∆1 6 ∆2. Likewise, there can be no blue copy of H inside X. So if there is a
blue copy of H, it must be in Y , which implies |Y | > n. Using this, together with fact
that vertices in Y have degree at least ∆1 and the assumption that ∆1n1 > ∆2n2, we have

e(G) >
1

2
|Y |∆1 >

1

2
n∆1 >

1

2
n1∆1 >

1

4
(n1∆1 + n2∆2) =

β(H)

4
.

Case 2 (∆1 > ∆2): Since every vertex in X has blue degree less than ∆1, there can
be no blue copy of H inside X. If there is a blue copy of H inside Y , then |Y | > n and
since the vertices in Y have degree at least ∆1 we have

e(G) >
1

2
|Y |∆1 >

1

2
n∆1 >

β(H)

2
.

Finally, if there is a red copy of H, it must be the case that the part of size n1 is embedded
into Y (since every vertex in X has degree less than ∆1) and thus |Y | > n1 which,
together with the fact that vertices in Y have degree at least ∆1 and the assumption that
∆1n1 > ∆2n2, implies

e(G) >
1

2
|Y |∆1 >

1

2
n1∆1 >

1

4
(n1∆1 + n2∆2) =

β(H)

4
.

We will use the following concentration inequality of McDiarmid [18] (see [19, Theorem
3.1]).

Lemma 2.7 (McDiarmid’s inequality). Given a finite probability space, let N be a positive
integer, let c1, . . . , cN be non-negative reals, let A1, . . . , An be subsets of R, and let X =
(X1, . . . , XN ) where for all i ∈ [N ], Xi is a random variable with range Ai, and X1, . . . , XN

the electronic journal of combinatorics 33(2) (2026), #P2.57 6



are mutually independent. Let Z :
∏

i∈[N ] Ai → R such that for all x,x′ ∈ X, if x and x′

differ only in coordinate i, then |Z(x)− Z(x′)| 6 ci. Then for all t > 0 we have

P [Z > E[Z] + t] 6 exp
(
− 2t2∑

i∈[N ] c
2
i

)
.

We will also use the following specific instance of Chernoff’s inequality [5] (see [14,
Theorem 2.1]).

Lemma 2.8 (Chernoff’s inequality). If X is a random variable with binomial distribution,
then for all t > 0, P(X > E[X] + t) 6 exp

(
− t2

2(E[X]+t/3)

)
.

3 A lower bound on the size-Ramsey number of connected
graphs with m edges

In this section we prove Theorem 1.1. We split the proof into two cases depending on
whether H is bipartite or not.

3.1 Non-bipartite case

Proposition 3.1. For all r > 2, there exists m0 := m0(r) such that if H is a connected

graph with m > m0 edges and chromatic number at least 3, then R̂r(H) > r2

36
m.

Proof. Let G = (V,E) be a graph with |E| < 1
4
r2m. We first show that for all r > 2, G

can be colored with 2r colors such that there is no monochromatic copy of H (then we
will apply this with br/2c in place of r to get the desired result).

Let V0 := {v ∈ V (G) : d(v) > r
√
m}. Then 1

2
|V0|r
√
m < |E| < 1

4
r2m implies that

|V0| < r
2

√
m. Also note that m 6

(|V (H)|
2

)
6 |V (H)|2

2
and thus |V (H)| >

√
2m. Note that

since |V0| < r
2

√
m < r

2
|V (H)|, Lemma 2.2 implies that we can color the edges inside V0

with colors from [r] such that there is no monochromatic copy of H in V0. We use color 2r
for all of the edges between V0 and V \ V0 and we note that since H has chromatic number
at least 3, there is no monochromatic copy of H between V0 and V \V0. We now show how
to color the edges inside V \ V0 with colors from [2r − 1] so there is no monochromatic
copy of H. Note that while we are using colors from [r] for edges inside V0 and inside
V \ V0, there can be no monochromatic copy of H which uses edges from both because H
is connected.

Set V ′ = V \ V0, E
′ = E ∩

(
V ′

2

)
, G′ = (V ′, E ′), N := |V ′|, and let v1, . . . , vN be an

enumeration of V ′. Let q be the smallest prime power such that q > r > 2 and note that
by Theorem 2.1 (with r in place of r+1

2
), we have q 6 2r − 2. Assign the vertices in V ′

independently and uniformly at random to the sets V1, . . . , Vq2 . Let L be a hyperedge of
the affine plane Aq on vertex set [q2] (where we recall that |L| = q), let VL =

⋃
i∈L Vi,

and define the random variable ZL := e(G′[VL]). The probability that uv ∈ E ′ satisfies

uv ⊆ VL is exactly
(
|L|
q2

)2

= 1
q2 . Thus we have

E [ZL] =
1

q2
|E ′| < 1

q2
· 1

4
r2m 6

m

4
. (2)
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Note that by changing the assignment of the vertex vi, we can change the value of
ZL by at most dG′(vi), so we will be in a position to apply Lemma 2.7 (McDiarmid)
with ci = dG′(vi). To say this a bit more formally, for all i ∈ [N ], let Xi be a random
variable which equals ` if and only if vi ∈ V`. Note that if x and x′ are two output
vectors of (X1, . . . , XN) which differ in exactly in the ith coordinate (that is x and x′

correspond to two different assignments where the only difference is the location of vi),
then |ZL(x)− ZL(x′)| 6 dG′(vi).

In order to estimate the sum
∑

i∈[N ] c
2
i =

∑
v∈V \V0

dG′(v)2, first let V1 = {v ∈ V \
V0 : dG′(v) > (r2m)1/3} and V2 = {v ∈ V \ V0 : 0 < dG′(v) 6 (r2m)1/3}. Note that
1
2
(r2m)1/3|V1| < |E| < 1

4
r2m and thus |V1| < 1

2
(r2m)2/3. Also we trivially have |V2| 6

2|E| < 1
2
r2m. So we have∑

v∈V \V0

dG′(v)2 =
∑
v∈V1

dG′(v)2 +
∑
v∈V2

dG′(v)2 6 |V1|(r
√
m)2 + |V2|((r2m)1/3)2

<
1

2
(r2m)2/3r2m+

1

2
r2m(r2m)2/3

= (r2m)5/3 (3)

Now using Lemma 2.7 (McDiarmid) we have

P [ZL > m]
(2)

6 P
[
ZL > E [ZL] +

3m

4

]
(3)

6 exp

(
−2(3m/4)2

(r2m)5/3

)
= exp

(
−9m1/3

8r10/3

)
<

1

q(q + 1)
,

where the last inequality holds since m is sufficiently large in terms of r and r 6 q 6 2r−2.
Thus by taking a union bound over all q(q + 1) hyperedges of Aq, we conclude that

there exists a partition of V ′ such that at most m− 1 edges lie inside VL for all L ∈ E(Aq).
Suppose V1, . . . , Vq2 is such a partition. Note that there are q + 1 parallel classes and
q + 1 6 2r − 1. These parallel classes will correspond to colors from [q + 1] ⊆ [2r − 1].
For every edge e ∈ E ′, we assign color k to e if the endpoints of e are in distinct sets Vi
and Vj where the unique hyperedge containing i and j in Aq is in the kth parallel class of
Aq. We color e with color 1 if both of its endpoints are in Vi for some i ∈ [q2]. Note that
there is no monochromatic copy of H since each VL contains at most m− 1 edges, and
if L and L′ are in the same parallel class k of Aq, then the edges of color k in G′[VL] are
disconnected from the edges of color k in G′[VL′ ].

Now we apply the above result with b r
2
c in place of r to get R̂r(H) > 1

4
b r

2
c2m > r2

36
m,

where we used the fact that r > 2 to get b r
2
c > r

3
.

3.2 Bipartite case

Now we deal with the case where H is an (n1, n2,∆1,∆2)-bipartite graph. Note that the
lower bound isn’t explicitly written in terms of m := e(H), but as we will see in the next
subsection, we can use this to derive a lower bound in terms of m.
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Proposition 3.2. Let H be an (n1, n2,∆1,∆2)-bipartite graph. If ∆1 > ∆2 > 2, then for

all r > 2, R̂r(H) > r2

36
(∆2 − 1)(n1 + n2).

Proof. Let G = (V,E) be a graph with |E| < 1
4
r2(∆2 − 1)(n1 + n2). We first show that

for all r > 2, G can be colored with at most 2r colors so there is no monochromatic copy
of H (then we will apply this with br/2c in place of r to get the desired result).

Let X = {v ∈ V (G) : dG(v) 6 r(∆2− 1)− 1} and let Y = V \X. By Lemma 2.3 there
is an r-coloring of the edges inside X with colors in [r] such that every vertex in X has
degree at most ∆2 − 1 to X in every color. Clearly there can be no monochromatic copy
of H inside X since ∆2 − 1 6 ∆1 − 1.

Again, by Lemma 2.3 there is an r-coloring of the edges between X and Y with colors
in [2r] \ [r] such that every vertex in X has degree at most ∆2 − 1 to Y in every color. So
by Observation 2.4 there can be no monochromatic copy of H between X and Y .

Since every vertex in Y has degree at least r(∆2 − 1), we have 1
2
r(∆2 − 1)|Y | 6 |E| <

1
4
r2(∆2 − 1)(n1 + n2) and thus |Y | < r

2
(n1 + n2) 6 Rr(H), where the last inequality holds

by Lemma 2.2. So we may r-color the edges inside Y with colors from [r] so there is no
monochromatic copy of H. Note that while we have used the colors from [r] for edges
inside X and edges inside Y , there can be no monochromatic copy of H which uses edges
from X and edges from Y (because H is connected).

Now by applying the above result with b r
2
c in place of r, we get R̂r(H) >

b r
2
c2

4
(∆2 −

1)(n1 + n2) > r2

36
(∆2 − 1)(n1 + n2), where the last inequality holds since r > 2 and thus

b r
2
c > r

3
.

3.3 Putting the cases together

Proof of Theorem 1.1. Let H be a connected graph with m edges such that H is not a
star.

If H has chromatic number at least 3, then the result follows from Proposition 3.1. So
suppose H is an (n1, n2,∆1,∆2)-bipartite graph and without loss of generality ∆1 > ∆2.
Let {V1, V2} be the bipartition of V (H) with |Vi| = ni for all i ∈ [2]. Since H is not a star,
Observation 2.5 implies that ∆1 > ∆2 > 2. Note that ∆2 > 2 implies that ∆2 − 1 > ∆2

2
.

So by Proposition 3.2 we have

R̂r(H) >
r2

36
(∆2 − 1)(n1 + n2) >

r2

72
∆2(n1 + n2) >

r2

72
∆2n2 >

r2

72
m,

where the last inequality holds since m =
∑

v∈V2
d(v) 6 ∆2n2.

4 A lower bound on the size-Ramsey number of connected bi-
partite graphs H in terms of β(H)

Proof of Theorem 1.2. Let H be an (n1, n2,∆1,∆2)-bipartite graph which is not a star.
Thus by Observation 2.5, we have n1, n2,∆1,∆2 > 2. Without loss of generality, suppose
∆1n1 > ∆2n2.
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Let G = (V,E) be a graph with |E| < 1
4
r2(∆1 − 1)n1. We first show that for all r > 2,

G can be colored with at most 6r many colors so there is no monochromatic copy of H
(then we will apply this with b r

6
c in place of r to get the desired result).

Let X = {v ∈ V : d(v) 6 r(∆1 − 1)− 1} and Y = V \X. By Lemma 2.3 there is an
r-coloring of the edges in G[X] with color set [r] such that every vertex in X has degree
at most ∆1 − 1 to X in every color. Thus there is no monochromatic copy of H inside X.

Since every vertex in Y has degree at least r(∆1 − 1), we have 1
2
r(∆1 − 1)|Y | 6 |E| <

r2

4
(∆1 − 1)n1, which implies

|Y | < r

2
n1. (4)

By Lemma 2.2, we have |Y | < r
2
n1 6 Rr(H) and thus we can color the edges inside

Y with colors from [r] such that there is no monochromatic copy of H in Y . Since H is
connected, there can be no monochromatic copy of H which uses edges from both inside
X and inside Y .

What remains is to color the edges between X and Y using colors from [6r] \ [r].
Case 1 (∆1 6 ∆2). Since every vertex in X has degree at most r(∆1 − 1)− 1, by Lemma
2.3 there is an r-coloring of the edges between X and Y with color set [2r] \ [r] such that
every vertex in X has degree at most ∆1− 1 6 ∆2− 1 in every color. Thus by Observation
2.4 there is no monochromatic copy of H between X and Y . In this case we have colored
all the edges of G with colors from [2r] such that there is no monochromatic copy of H.
Case 2 (n1 6 n2). Let Y1, . . . , Yr be a partition of Y into parts each of order at most
n1 − 1 < min{n1, n2}. Now for all i ∈ [r] color every edge from Yi to X with color r + i
and note that by Observation 2.4 there is no monochromatic copy of H between X and Y .
In this case we have colored all the edges of G with colors from [2r] such that there is no
monochromatic copy of H.
Case 3 (∆1 > ∆2 and n1 > n2). In what follows, we split into two subcases depending on
whether ∆1 is sufficiently large in terms of n1.

Subcase 3.1 (∆1 >
√
n1

4r2 ). Assign each vertex of Y independently and uniformly at
random to one of the sets Y1, . . . , Y2r. For all i ∈ [2r], we have

E[|Yi|] =
1

2r
|Y |

(4)
<
n1

4
(5)

and for all v ∈ X and i ∈ [2r],

E[d(x, Yi)] 6
r(∆1 − 1)− 1

2r
<

1

2
(∆1 − 1). (6)

So by Lemma 2.8 (Chernoff), for all i ∈ [2r] we have

P
[
|Yi| >

n1

2

] (5)

6 P
[
|Yi| > E[|Yi|] +

n1

4

] (5)

6 exp

(
−

(n1

4
)2

2(n1

4
+ n1

12
)

)
= exp

(
−3n1

32

)
<

1

4r
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and for all v ∈ X and i ∈ [2r], we have

P [d(v, Yi) > ∆1]
(6)

6 P
[
d(v, Yi) > E[d(x, Yi)] +

∆1

2

]
(6)
< exp

(
−

(∆1

2
)2

2(∆1

2
+ ∆1

6
)

)

6 exp

(
−

3
√
n1

64r2

)
<

1

2r3(∆1 − 1)n1

<
1

4r|X|
,

where the last three inequalities hold since ∆1 >
√
n1

4r2 by the case, n1 > n
2

is sufficiently

large in terms of r (and ∆1 6 n2 < n1), and |X| 6 2|E| < r2

2
(∆1 − 1)n1 respectively.

Now by the union bound, the probability that there exists a partition {Y1, . . . , Y2r}
of Y such that for all i ∈ [2r], |Yi| 6 n1

2
is greater than 1/2, and the probability that

there exists a partition {Y1, . . . , Y2r} of Y such that for all i ∈ [2r] every vertex in X has
degree at most ∆1 − 1 to Yi is greater than 1/2. So with positive probability, there exists
a partition {Y1, . . . , Y2r} of Y satisfying both. Now for all i ∈ [2r] color all edges from X
to Yi with color r + i. If there was a monochromatic copy of H between X and Yi, then
since |Yi| < n1, we must have that the part of size n2 is embedded in Yi and the part of
size n1 is embedded in X, but every vertex in X has degree less than ∆1 to Yi, so this is
impossible. In this case we have succeeded in coloring all of the edges of G with color set
[3r] such that there is no monochromatic copy of H.

Subcase 3.2 (2 6 ∆1 <
√
n1

4r2 ). Note that in this case we have

n1

n2

6
n1 + n2 − 1

n2

6
e(H)

n2

6 ∆2 < ∆1 <

√
n1

4r2
. (7)

Let Y0 = {v ∈ Y : d(v,X) > r
2
∆1

n1

n2
} and Y ′ = Y \ Y0. We have

r

2
∆1

n1

n2

|Y0| 6 e(X, Y ) 6 |E| < 1

4
r2∆1n1

and thus |Y0| < r
2
n2. As in Case 2, we can r-color the edges between Y0 and X using color

set [2r] \ [r] such that there is no monochromatic copy of H (by partitioning Y0 into r
parts Y1, . . . , Yr each of order less than n2 = min{n1, n2} and using color r + i on every
edge from Yi to X).

It remains to deal with the edges between X and Y ′. Let G′ = G[X, Y ′], N1 = |X|,
N2 = |Y ′|, N = N1 + N2, and let v1, . . . , vN be an enumeration of V \ Y0 such that
X = {v1, . . . , vN1} and Y = {vN1+1, . . . , vN2}. We assign each vertex of X independently
and uniformly at random to one of the sets X1, . . . , X2r and assign each vertex of Y ′

independently and uniformly at random to one of the sets Y ′1 , . . . , Y
′

2r. For all i, j ∈ [2r],
let Zi,j = e(Xi, Y

′
j ). We have

E [Zi,j] =
1

(2r)2
|E(G′)| <

1
4
r2(∆1 − 1)n1

(2r)2
<

∆1n1

16
. (8)
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Note that every vertex in X has degree at most r(∆1− 1)− 1 < r∆1 to Y ′, and by the
upper bound on ∆1 in this case together with (7), every vertex in Y ′ has degree at most

r

2
∆1

n1

n2

<
r

2

√
n1

4r2

√
n1

4r2
=

n1

32r3

to X. Thus by changing the assignment of x ∈ X, we can change the value of Zi,j by
less than r∆1 and by changing the assignment of y ∈ Y ′, we can change the value of Zi,j
by less than n1

32r3 . So we will be in a position to apply Lemma 2.7 (McDiarmid) with∑
i∈[N ] c

2
i =

∑
v∈X d(v, Y ′)2 +

∑
v∈Y ′ d(v,X)2. To say this a bit more formally, for all

k ∈ [N ], let Sk be a random variable which equals ` if and only if k ∈ [N1] and vk ∈ X`,
or k ∈ [N ] \ [N1] and vk ∈ Y ′` . Note that if s and s′ are two output vectors of (S1, . . . , SN )
which differ in exactly in the kth coordinate, then |Zi,j(s)− Zi,j(s′)| 6 dG′(vk).

Now using the upper bound on ∆1 from this case we have∑
u∈X

d(u, Y ′)2 +
∑
v∈Y ′

d(v,X)2 =
∑

uv∈E(X,Y ′)

(dG′(u) + dG′(v)) <
r2

4
∆1n1(r∆1 +

n1

32r3
)

6
r2

4
∆1n1(

√
n1

4r
+

n1

32r3
)

6
∆1n

2
1

64r
(9)

where we use the fact that n1 is sufficiently large in terms of r to get
√
n1

4r
6 n1

32r3 in the
last inequality.

Now using Lemma 2.7 (McDiarmid) we have

P
[
Zi,j >

∆1n1

8

]
(8)

6 P
[
Zi,j > E[Zi,j] +

∆1n1

16

]
(9)

6 exp

(
−

2(∆1n1

16
)2

∆1n2
1

64r

)

= exp(−r∆1

2
) 6 exp(−r) < 1

(2r)2
,

where the last two inequalities hold since ∆1 > 2 and r > 6.
So by the union bound over the (2r)2 pairs {Xi, Y

′
j } with i, j ∈ [2r], we have a

partition of X into 2r parts X1, . . . , X2r and Y ′ into 2r parts Y ′1 , . . . , Y
′

2r such that

e(Xi, Y
′
j ) <

∆1n1

8
6 β(H)

4
for all i, j ∈ [2r].

We are now ready to color the edges between X and Y ′. For convenience, we let the
set of colors be [2r]× [2] (but note that these 4r colors correspond to colors in [6r] \ [2r]).
Consider a decomposition of K2r,2r (with parts {x1, . . . , x2r} and {y1, . . . , y2r}) into 2r
perfect matchings; in other words, consider a proper 2r-edge coloring of K2r,2r with colors
[2r]. For all i, j ∈ [2r], let ki,j ∈ [2r] be the color of the edge {xi, yj}. Since the number

of edges between Xi and Y ′j is less than β(H)
4

, we can color the edges between Xi and Y ′j
with two colors (ki,j, 1) and (ki,j, 2) such that there is no monochromatic copy of H in
G[Xi, Y

′
j ] by Proposition 2.6. Note that if k := ki1,j1 = ki2,j2 for distinct (i1, j1), (i1, j2),
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then i1 6= i2 and j1 6= j2. Note that we have used the same two colors (k, 1) and (k, 2)
on edges in G[Xi1 , Y

′
j1

] and G[Xi2 , Y
′
j2

]; however, the edges of color (k, 1) and (k, 2) in
G[Xi1 , Y

′
j1

] and G[Xi2 , Y
′
j2

] are disconnected from each other, so there is no monochromatic
copy of H which uses edges from both G′[Xi1 , Y

′
j1

] and G′[Xi2 , Y
′
j2

]. So we have colored the
edges between X and Y ′ with 4r colors such that there is no monochromatic copy of H.
Together with the r colors already used inside X and inside Y , and the r colors between
Y0 and X, we have used a total of 6r colors to color all of the edges of G such that there
is no monochromatic copy of H.

Finally, we apply the above result with b r
6
c in place of r to get

R̂r(H) >
b r

6
c2

4
(∆1 − 1)n1 >

r2

8 · 144
∆1n1 >

r2

16 · 144
β(H) =

r2

2304
β(H),

where we used that fact that r > 6 to get b r
6
c > r

12
, the fact that ∆1 > 2 to get ∆1−1 > ∆1

2
,

and the fact that ∆1n1 > ∆2n2 to get ∆1n1 >
β(H)

2
.

5 Size-Ramsey numbers of α-full trees

5.1 α-full trees

The following lemma and corollary are implicit in [6, Lemma 4.3], but we include the
proofs for the readers convenience.

Lemma 5.1. Let G be a bipartite graph with bipartition {V1, V2} and the average degree
of vertices in Vi is di > 0 for all i ∈ [2]. Then G has a subgraph H such that the minimum
degree in H of vertices in Vi is greater than di

2
for all i ∈ [2].

Note that the average degree condition is equivalent to saying e(G) = d1|V1| = d2|V2|.

Proof. If there is a vertex in Vi of degree at most di/2, delete it. Repeat this process. The
total number of edges deleted is less than d1

2
|V1|+ d2

2
|V2| = e(G). So the process must end

with a non-empty subgraph which satisfies the desired conditions.

Corollary 5.2. For all trees T with n1 vertices in one part and n2 vertices in the other,
R̂r(T ) 6 (2rn1 + 1)(2rn2 + 1) = 4r2n1n2 + 2r(n1 + n2) + 1.

Proof. Let {V1, V2} be the bipartition of K := K2rn1+1,2rn2+1 so that |Vi| = 2rni + 1 for
all i ∈ [2]. In any r-coloring of K, the majority color class, call it G1, has more than
4rn1n2 + 2n1 + 2n2 edges, so for all i ∈ [2], the average degree in G1 of the vertices in Vi is
more than 2n3−i. Now applying Lemma 5.1 to G1, we get a subgraph H ⊆ G1 having the
property that every vertex in Vi has degree greater than n3−i in H. Now we can greedily
embed T in H.

Now we combine Theorem 1.2 and Corollary 5.2 to determine the correct order of
magnitude of the r-color size-Ramsey numbers of α-full trees.
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Proof of Theorem 1.4. Let 0 < α 6 2 and let T be an (n1, n2,∆1,∆2)-tree such that T is
α-full; i.e. β(T ) > αn1n2. By Theorem 1.2 and Corollary 5.2 we have

αr2

2304
n1n2 6

r2

2304
β(T ) 6 R̂r(T ) 6 4r2n1n2 + 2r(n1 + n2) + 1.

5.2 Double stars

For double stars, we can slightly improve the lower bound implied by Theorem 1.2,
Proposition 3.2, or Theorem 1.4.

Proof of Theorem 1.3. Let r > 2 and n > m > 1 be integers such that n + m + 2 >
(dr/2e+1)2

2
.

The upper bound follows directly from Corollary 5.2. For the lower bound, we split
into two cases.

Case 1 (r > 3). Let G = (V,E) be a graph with |E| < br/2cdr/2e
4

m(n + m + 2). Let
X = {v ∈ V : dG(v) 6 b r

2
cm− 1} and let Y = V \X.

By Lemma 2.3, we can color all of the edges incident with X with b r
2
c colors so that

every vertex in X has degree at most m in every color. There is no monochromatic copy of
Sn,m incident with X because the central edge would have to be adjacent to X, but every
vertex in X has degree at most m 6 n (whereas the central edge of Sn,m has a vertex of
degree m+ 1 and a vertex of degree n+ 1).

Since every vertex in Y has degree at least b r
2
cm, we have 1

2
b r

2
cm|Y | 6 |E| <

br/2cdr/2e
4

m(n + m + 2) and thus |Y | < dr/2e
2

(n + m + 2) 6 Rdr/2e(Sn,m) (where the last

inequality holds by Lemma 2.2 since n+m+ 2 > (dr/2e+1)2

2
). So there is a coloring of the

edges in G[Y ] with the other dr/2e colors so that there is no monochromatic copy of Sn,m
in G[Y ].

Thus we have R̂r(Sn,m) > br/2cdr/2e
4

m(n+m+ 2) > r2−1
16
m(n+m+ 2).

Case 2 (r = 2). Let G = (V,E) be a graph with |E| < 1
2
(m + 1)(n + m + 2). Let

X = {v ∈ V : d(v) 6 m} and Y = V \ X. Color all edges incident with X red and
all of the remaining edges (i.e. the edges inside of Y ) blue. As before, there is no red
copy of Sn,m because the central edge must be incident with X, but every vertex in X
has degree at most m. Now since every vertex in Y has degree at least m + 1 we have
1
2
(m+ 1)|Y | 6 |E| < 1

2
(m+ 1)(n+m+ 2) and thus |Y | < n+m+ 2. So there is no blue

copy of Sn,m.

Note that the lower bound in Theorem 1.3 can be improved by a factor of 2 whenever
there exists an affine plane of order d r

2
e − 1 (see the discussion preceding Lemma 2.2).

In the case n = m, the upper bound can be improved a bit further using the best upper
bounds on the r-color Ramsey number of Sn,n or the r-color bipartite Ramsey numbers
of Sn,n (which is defined to be the smallest integer N such that in every r-coloring of
KN,N , there is a monochromatic copy of Sn,n). In particular, it follows from results in [2]

that R̂r(Sn,n) 6 min{ (2r−1)2

2
(n + 1)2,

(
2r − 3 + 2

r
+ O( 1

r2 )
)2
n2}. In the very special case

when r = 2 and n = m, it follows from Theorem 1.3 (for the lower bound) and [2, 12] (for
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the upper bound) that (n+ 1)2 6 R̂(Sn,n) 6 (2n+ 1)2. It would be interesting to see if

the upper bounds on R̂r(Sn,m) can be improved further by using something other than a
complete or complete bipartite host graph.

Problem 5.3. For all r > 2, improve the bounds on R̂r(Sn,m); in particular, when n = m.

6 Conclusion and open problems

Theorem 1.2 combined with (1) implies that for all non-star trees T , we have Ω(r2β(T )) =

R̂r(T ) = Or(β(T )). It would be interesting to determine a more explicit upper bound

on R̂r(T ). As mentioned in the introduction, Dellamonica’s upper bound on the 2-color
size-Ramsey numbers of trees is actually a consequence of a stronger result which just as
easily gives an upper bound on the r-color size-Ramsey number of trees. What he proves
is that for all (n1, n2,∆1,∆2)-trees T and 0 < γ 6 1, there exists a graph G with at most
Oγ(β(T )) edges such that every subgraph G′ ⊆ G with e(G′) > γe(G) contains a copy of
T . So if one applies this result with γ = 1

r
, the upper bound follows. While it may be

possible to go through Dellamonica’s paper and determine an explicit constant depending
on γ (and thus on r), it does not seem like a trivial matter to do so.

Problem 6.1.

1. Is it true that for all r > 2 and all trees T , we have R̂r(T ) = O(r2(log r)β(T ))? If so,
this would match the best known upper bound for paths and bounded degree trees.

2. Is it true that for all r > 2 and all trees T we have R̂r(T ) = O(r2β(T ))? If so, this
would match the lower bound for all non-star trees and match the upper bound for
α-full trees.

Note added in paper: Shortly before the final revision of the paper, Beke, Li, and
Sahasrabudhe [4] proved that R̂r(Pn) = Θ(r2(log r)n). This is a major breakthrough which
drastically alters the picture regarding the r-color size-Ramsey numbers of trees. As it
relates to this paper, their result in particular implies that Problem 6.1(ii) has a negative
answer. It also implies that the lower bounds in Theorem 1.1 and Theorem 1.2 can be
improved by a factor of log r in certain cases (at the moment, the only such case we know
of is paths, but it seems likely that their result can be generalized to bounded degree
trees). However, this state of affairs is perhaps more intriguing because it means that for

certain trees Pn, their result implies R̂r(Pn) = Θ(r2(log r)β(Pn)), but on the other hand,

for α-full trees T (where T is not a star), Theorem 1.4 implies R̂r(T ) = Θ(r2β(T )). So it
would be interesting to understand what properties of trees T (other than β(T )) influence
the r-color size-Ramsey number of T .
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As part of the final revision, I essentially used Gemini as an additional referee. During
this process, Gemini discovered an error in the original version of Proposition 7.3 (basically,
the upper bound on d′ wasn’t depending on ∆ in any way) which had a major impact on
the statement of Theorem 7.4. I was originally claiming that Krivelevich’s upper bound
on the r-color size Ramsey number of paths could be generalized to say that n-vertex
trees T with maximum degree ∆ satisfy R̂r(T ) = O(∆r2(log r)n)); however, after fixing

the error, the bound becomes R̂r(T ) = O(∆3r2 log(∆r)n). I would like to reiterate that
this error was purely my fault; that is, there is no such error in Krivelevich’s paper, nor
does Krivelevich make any claims regarding generalizations to bounded degree trees.
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[10] A. Gyárfás. Large monochromatic components in edge colorings of graphs: a survey.
Ramsey Theory: Yesterday, Today, and Tomorrow, pages 77–96, 2011.

[11] G. H. Hardy and E. M. Wright. An introduction to the theory of numbers. Oxford
university press, 1979.

[12] J. H. Hattingh and E. J. Joubert. Some bistar bipartite Ramsey numbers. Graphs
and Combinatorics, 30(5):1175–1181, 2014.

[13] P. E. Haxell and Y. Kohayakawa. The size-Ramsey number of trees. Israel Journal
of Mathematics, 89(1):261–274, 1995.

the electronic journal of combinatorics 33(2) (2026), #P2.57 16

https://arxiv.org/abs/2511.16656


[14] S. Janson, T. Luczak, and A. Rucinski. Random graphs. John Wiley & Sons, 2011.

[15] X. Ke. The size Ramsey number of trees with bounded degree. Random Structures &
Algorithms, 4(1):85–97, 1993.

[16] M. Krivelevich. Expanders—how to find them, and what to find in them. In Surveys
in Combinatorics 2019, volume 456 of London Math. Soc. Lecture Note Ser., pages
115–142. Cambridge Univ. Press, Cambridge, 2019.

[17] M. Krivelevich. Long cycles in locally expanding graphs, with applications. Combina-
torica, 39(1):135–151, 2019.

[18] C. McDiarmid. On the method of bounded differences. Surveys in Combinatorics,
141(1):148–188, 1989.

[19] C. McDiarmid. Concentration. In Probabilistic methods for algorithmic discrete
mathematics, pages 195–248. Springer, 1998.

the electronic journal of combinatorics 33(2) (2026), #P2.57 17



7 Appendix: An upper bound on the size-Ramsey numbers of
bounded degree trees

As mentioned in the introduction, Krivelevich [16] proved that R̂r(Pn) = O(r2(log r)n).
However, his method of proof is more general and (after an appropriate modification of
the calculations) yields an explicit upper bound of the same type for all bounded degree
trees. To make this result concrete, we will do the calculations in this appendix.

We begin with a classic result of Friedman and Pippenger [9].

Theorem 7.1 (Friedman, Pippenger). Let ∆ and n be positive integers and let G be a
graph. If for all X ⊆ V (G) with |X| 6 2n − 2 we have |N(X) \ X| > ∆|X|, then G
contains every tree with n vertices and maximum degree at most ∆.

The following is exactly [16, Proposition 3] and [17, Proposition 6.2].

Proposition 7.2 (Krivelevich). Let c1 > c2 > 1 be reals and let δ = ( c2
5c1

)
c2

c2−1 . If
G = G(n, c1

n
), then w.h.p. every set of k 6 δn vertices of G spans fewer than c2k edges.

The following is a slight generalization of [16, Proposition 7.2].

Proposition 7.3 (Krivelevich). Let d, d′, r,∆ be positive reals such that d′ 6 d
4r(∆+1)

and

let G = (V,E) be a graph with average degree at least d. If every subset W ⊆ V with

|W | < (2∆ + 2)n spans fewer than d′|W | edges, then for all E ′ ⊆ E with |E ′| > |E|
r

, there

exists V ′ ⊆ V such that G′ = (V ′, E ′ ∩
(
V ′

2

)
) has the property that every set X ⊆ V ′ with

|X| 6 2n satisfies |NG′(X) \X| > ∆|X|.

Proof. Let E ′ ⊆ E with |E ′| > |E|
r

and let G′ = (V,E ′). Since G′ has average degree at
least d/r, there exists V ′ ⊆ V such that G′[V ′] has minimum degree at least d

2r
. Now

let X ⊆ V ′ with |X| 6 2n. If |X ∪NG′(X)| > (2∆ + 2)n, then since |X| 6 2n, we have
|NG′(X) \X| > 2∆n > ∆|X| as desired; so suppose |X ∪NG′(X)| < (2∆ + 2)n.

In this case we have

d′(|X|+ ∆|X|) > d′|X ∪NG′(X)| > eG′(X ∪NG′(X)) >
1

2
|X|δ(G′) > d

4r
|X|,

where the second inequality holds by the assumption that the number of edges spanned by
X ∪NG′(X) is less than d′|X ∪NG′(X)|. But this implies d′ > d

4r(∆+1)
, a contradiction.

Finally, we have the desired strengthening of [17, Theorem 5.1] from paths to bounded
degree trees.

Theorem 7.4 (Krivelevich). For all ∆ > 2 and r > 2 there exists n0 such that if T is a

tree on n > n0 vertices with maximum degree at most ∆, then R̂r(T ) 6 5600∆3r2 log(r∆)n.

Proof. Let ∆ > 2 and r > 2. Let n0 be a constant whose value will be determined later but
only depends on ∆ and r. Let T be a tree on n > n0 vertices with maximum degree at most
∆. Let N = 180r∆2n and p = 1.0160r∆ log(r∆)

N
. Set c1 := 60r∆ log(r∆), c2 := 10 log(r∆),
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δ = ( c2
5c1

)
c2

c2−1 , and note that1 60r∆
(

1
30r∆

)1+ 1
10 log(r∆)−1 = 2

(
1

30r∆

) 1
10 log(r∆)−1 > 1 for all

r∆ > 4. So we have

δN = 180r∆2n

(
1

30r∆

)1+ 1
10 log(r∆)−1

> 3∆n > (2∆ + 2)n. (10)

Note that since n0 is sufficiently large we have that w.h.p. G = G(N, p) has at most
1.01pN

2

2
6 1.012 · 5400r2∆3 log(r∆)n 6 5600r2∆3 log(r∆)n edges and average degree at

least 1
1.01

pN = 60r∆ log(r∆). Furthermore by (10) and Proposition 7.2 and the fact that
n0 is sufficiently large we have that w.h.p. G = G(N, p) has the property that every set
X ⊆ V (G) with |X| 6 (2∆ + 2)n spans fewer than 10 log(r∆)|X| edges. Consider an
r-coloring of the edges of G and let G1 be the subgraph induced by the edges in the
majority color class (so that e(G1) > 1

r
e(G)). Since ∆ > 2, we have ∆ + 1 6 3

2
∆, which

implies c1 = 6r∆c2 > 4r(∆ + 1)c2. Thus by Proposition 7.3 (with d = c1 and d′ = c2), we
have that G1 contains a subgraph G′1 with the property that every set X ⊆ V (G′1) with
|X| 6 2n satisfies |NG′1

(X) \X| > ∆|X|. Thus by Theorem 7.1, G′1 contains a copy of
T .

For trees T of maximum degree ∆ it would be very interesting to determine the exact
role of ∆ in the upper bound on R̂r(T ). Is it possible that R̂r(T ) = O(∆r2(log r)n)?
If so, then can the result of Beke, Li, and Sahasrabudhe [4] be generalized to show

R̂r(T ) = Θ(∆r2(log r)n)?

1After rearranging, this amounts to checking that e
log(30r∆)

10 log(r∆)−1 6 2 which can be confirmed when r∆ = 4

and it can easily be shown that e
log(30x)

10 log x−1 is decreasing for all x > 4.
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