Degree-Similar Graphs and Cospectral Graphs

Yi-Zheng Fan®  Ruo-Jie Xing®  Yi-Liu Zhang®  Wei Wang’

Submitted: Oct 4, 2025; Accepted: May 7, 2026; Published: Jun 19, 2026
(©) The authors. Released under the CC BY-ND license (International 4.0).

Abstract

Let G be a graph with adjacency matrix A(G) and degree matrix D(G), and let
L,(G) := A(G) — nD(G). Two graphs G1 and Go are called degree-similar if there
exists an invertible matrix M such that M1 A(G1)M = A(G2) and M~1D(G1)M =
D(G2). In this paper, we address three problems concerning degree-similar graphs
proposed by Godsil and Sun. First, we present a new characterization of degree-
similar graphs using degree partition, from which we derive methods and examples
for constructing cospectral graphs and degree-similar graphs. Second, we construct
infinite pairs of non-degree-similar trees G and G» such that ¢t/ — L,(G1) and
tI — L,(G2) have the same Smith normal form over Q(u)[t], which provides a neg-
ative answer to a problem posed by Godsil and Sun. Third, we establish several
invariants of degree-similar graphs and obtain results on unicyclic graphs that are
degree-similar determined. Lastly we prove that for a strongly regular graph G
and any two edges e and f of G, G\e and G\ f have identical py-polynomial, i.e.,
det(t] — L,(G\e)) = det(t] — L,(G\f)), which enables the construction of pairs of
non-isomorphic graphs with the same p-polynomial, where G\e denotes the graph
obtained from G by deleting the edge e.

Mathematics Subject Classifications: 05C50

1 Introduction

Let G = (V(G), E(G)) be a graph with vertex set V(G) and edge set E(G), and let
A(G) and D(G) be respectively the adjacency matrix and degree matrix of G. Godsil and
Sun [6] introduced the notion of degree similar graphs. Two graphs G; and G5 are called
degree-similar if there exists an invertible matrix M such that

MYA(G)M = A(Gy), M~'D(Gy)M = D(Gy). (1)
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Clearly, if G; and G9 are degree-similar, then their adjacency matrices A, Laplacian
matrices L := D — A, signless Laplacians () := D + A, and normalized Laplacians N :=
D=2, D=1/2 are all similar, and hence cospectral with respect to the above matrices. As
noted in [6] or [16], if Gy and G, are degree-similar and have no isolated vertices, then
their Thara zeta functions are equal. For more on Thara zeta functions, see [12].

Degree-similar graphs have a stronger condition than some earlier versions of cospectral
graphs. The generalized a-adjacency matriz of a graph G is defined to be

A(G) = A(G) + aJ,

where o € R and J is an all-one matrix. The generalized a-characteristic polynomial (or
a-polynomial for short) of G is defined to be

&(G.t,a) = det(t] — Ay (G)).

Here, we use the prefix ‘a-’ to distinguish it from another generalized adjacency matrix or
polynomial to be introduced below. Johnson and Newman proved the following interesting
theorem (see [2, 3]). For further details on the generalized a-adjacency matrix or the
generalized a-characteristic polynomial, refer to [13, 9, 2, 8, 3].

Theorem 1. The following statements are equivalent.

(1) Two graphs G and Go are cospectral with respect to generalized a-adjacency matrix
for all c.

(2) Au(Gy) and AL(G2) are cospectral for two distinct values of .

(3) Gy and Gy are cospectral with respect to the adjacency matriz, and so are their
complements.

(4) There exists an orthogonal matriz Q such that QT A(G1)Q = A(G3) and Q1 =1,

where 1 denotes the all-one vector.

Wang and Xu [17] called the union of the spectrum of A(G) of a graph G and the
spectrum of A(G°) the generalized spectrum of G, where G¢ denotes the complement of
the graph GG. Wang and his coauthors investigated the problem of graphs determined by
generalized spectrum (or equivalently, determined by a-polynomial) in a series of papers
(17, 18, 14, 15] by using walk-matrices and Smith normal forms over the ring of integers.

The generalized p-adjacency matriz of a graph G is defined by

L,(G) = A(G) - uD(G),

and the generalized p-characteristic polynomial (or p-polynomial for short) of G is defined
by Wang et al. [16] as follows:

P(G,t, p) = det(t] — L,(Q)).

If G; and G5 have the same p-polynomial, then they are cospectral with respect to
the adjacency matrix, the Laplacian matrix, the signless Laplacian matrix and the nor-
malized Laplacian matrix. Wang et al. [16] proved that if G; and Gy have the same

THE ELECTRONIC JOURNAL OF COMBINATORICS 33(2) (2026), #P2.62 2



p-polynomial, then they have the same degree sequence. The authors also constructed
two non-isomorphic degree-similar graphs which are surely cospectral graphs with respect
to generalized p-adjacency matrix for all y. There is no similar result for generalized
p-adjacency matrices as Theorem 1 for generalized a-adjacency matrices. For example,
there exist two cospectral graphs with respect to A and L but not with respect to @ (|2,
Fig. 4]), also two cospectral graphs with respect to A and @ but not with respect to D
(namely they have different degree sequences) ([4, Table 4, third pair]).

By Lemma 4.4 of [6] (see Lemma 6), if G; and G5 are degree-similar, and one of them
is connected, then their complements are also degree similar. So, in this case, G; and G,
have the same generalized spectra, and hence have the same a-polynomials by Theorem
1, which are called A,-cospectral.

In general, if Gy and G, are degree-similar over R, surely L,(G:) and L,(G,) are
similar over R(u), the latter of which is equivalent to that tI — L,(G;) and tI — L,(G2)
have the same Smith normal forms (abbreviated as SNFs) over R(u)[t]. By Lemma 9.2
of [6], L,(G1) and L, (G>) are similar over R(y) if and only if they are similar over Q(u),
which implies that ¢t/ — L,(G;) and tI — L, (G2) have the same SNF over Q(u)[t] if G; and
Gy are degree-similar. Clearly, if ¢t/ — L,(G1) and tI — L, (G3) have the same SNF over
Q(w)[t], then Gy and G, have the same p-polynomials by considering the last invariant
divisors, which are called L,,-cospectral.

By the above discussion, we have the following implication relations listed in Fig.
1, where the implication under * means an additional condition of ‘connectedness’, and
(A, A°)-cospectral means cospectral with respect to the adjacency matrix A of a graph
and the adjacency matrix of the complement of the graph, and (A, L, @, N)-cospectral
means cospectral with respect to the djacency matrix A, the Laplacian L, the signless
Laplacian @), and the normalized Laplacian N.

Agq-cospectral |«—|(A, A)-cospectral

*
_l_, Same SNFs o ol
wrt. tI—L, p-cospectra

Degree-similar

(Aa La Q7 N)_
cospectral

A
\4

Figure 1: The implication relations among degree-similarity, SNFs and different versions of
cospectral properties

Wang et al. [16] proposed the following problem: Suppose that two graphs G; and G
have the same p-polynomials, i.e., they are L, -cospectral. Does there exist an orthogonal
matriz ) such that

QTA(G1)Q = A(Gs), Q"D(G1)Q = D(Gy)? (2)

Godsil and Sun [6] give an example of infinite pairs of graphs that share the common
p-polynomials but are not degree-similar, which gives a negative answer to the above
problem. In the same paper [6], Godsil and Sun presented three interesting problems on
degree-similar graphs as follows.
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Problem 2. [6] Find more degree-similar graphs. In particular, are there non-isomorphic
degree-similar unicyclic graphs?

We give a new characterization of degree-similar graphs by using degree partition,
from which we derive some methods for constructing new pairs of degree-similar graphs
from known ones. It is known that two trees are degree-similar if and only if they are
isomorphic. Therefore, unicyclic graphs are the first candidates for finding non-isomorphic
degree-similar graphs. By using SAGEMATH, we could not find non-isomorphic degree-
similar unicyclic graphs with at most 20 vertices. A graph G is called degree-similar
determined if any graph that is degree-similar to G must be isomorphic to G. We give
some invariants for degree-similar graphs, and prove some classes of unicyclic graphs are
degree-similar determined.

Problem 3. [6] Let G; and G5 be two graphs such that tI — L,(G;) and ¢t/ — L,(G2)
have the same SNF over Q(u)[t]. Are Gy and G; are degree similar?

Godsil and Sun [6] show that if ¢/ — L,(G4) and ¢t/ — L,(G5) have the same SNF over
Q(p)[t], then A(G;) and A(G2) are similar over Q, as are D(G;) and D(G3). We give a
negative answer to Problem 3 by constructing an infinite family of tree pairs.

For a graph G and an edge e of GG, denote by G\e the graph obtained from G by
deleting the edge e. In [7] the authors proved that if G is a strongly regular graph, then
for any two edges e and f of G, the graphs G\e and G\ f are (A, L,Q, N)-cospectral.
In this paper, we prove that G\e and G\f have the same p-polynomials, or they are
L,-cospectal, which generalizes Godsil-Sun’s result and pushes Problem 4 a step forward
if the answer to Problem 4 is positive.

Problem 4. Let G be a strongly regular graph with two different edges e and f. Are
G\e and G\ f degree similar?

The paper is organized as follows. In Section 2, we present a new characterization
of degree-similar graphs by using degree partition, from which we derive some methods
and examples for constructing degree-similar graphs or cospectral graphs. In Section 3,
we construct an infinite family of pairs of non-degree-similar trees G; and G4 such that
tI — L,(Gy) and tI — L,(G>) share the same SNF, and hence give a negative answer to
Problem 3. In Section 4, we give some invariants for degree-similar graphs, and prove some
classes of unicyclic graphs are degree-similar determined, pushing the study of Problem
2. In Section 5, we prove that for a strongly regular graph G and any two edges ¢, f of G,
G\e and G\ f have the same p-polynomials, or they are L,-cospectral, pushing the study
of Problem 4. Finally we introduce orthogonally degree-similar graphs and some remarks
for the notion.

2 Degree partitions

In this section we will use degree partition to give a new characterization of degree-
similar graphs, from which we present some methods for constructing cospectral graphs
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and degree similar graphs. We also give some examples of constructions at the end of this
section.

We first introduce some concepts and notations. Let G be a graph with vertex set
V(G), and let u € V(G). We use Ng(u) to denote the set of neighbors of w in G. The
degree of u, denoted by degq(u), is defined to be the cardinality of the set Ng(u). Suppose
that G has t distinct degrees dy, .. .,d;. The degree partition of G, denoted by 7(G), is a
partition of the vertex set V(G) of G, which consists of subsets

Vi={v e V(G) : degg(v) = di}

for i € [t] :={1,...,t}, namely, 7(G) = {V1,..., V;}.

Let M be a matrix with rows and columns indexed by the vertices of G. Let Uy, U,
be the subsets of V(G). Denote by M|[U;|Us] the submatrix of M with rows indexed by
U; and columns indexed by Us, and by M (U;|Us) the submatrix of M with rows indexed
by V(G)\U; and columns indexed by V(G)\Us. We simply write M[U;|U;| as M [U;] and
M(U,|Uy) as M(Uy).

By Lemma 4.1 of [6], the invertible matrix M in Definition 1 of degree-similar graphs
is block diagonal. Here we give a more detailed statement by using degree partition.

Lemma 5. Let Gy, Gy be two graphs with the same vertex set. Then G1 and Gy are degree
similar if and only if, by reordering the vertices of G1 and Go, G1 and Go have the same

degree partition, say m = {Vi, ..., Vi}, and there exist invertible matrices My, ..., M; with
rows and columns indexed by Vi, ..., V; respectively, such that
M;TA(GY) My = A(Ga)ij, i, =1,...,t, (3)
where
A(Gy)ij = AGK)ViIV;], k=1,2; i,5=1,... L. (4)

Proof. Suppose that Gy, Gy are degree-similar graphs with the same vertex set V. Then
there exists an invertible matrix M such that

M'D(G)M = D(Gs), M A(G1)M = A(GS).

Let dy,...,d; be all distinct degrees of G, and let U; = {v € V(G) : degg, (v) = d;} for
i € [t]. Since M~'D(G,)M = D(G5), the graph G5 has the same degree sequences as Gj.
Let W; = {v € V(Gs) : degg, (v) = d;} for i € [t]. Note that |U;| = [W;| for i € [t].

Now, by reordering the vertices of GGy, for some permutation matrix P, we have

PD(G)PT = diag (di]j|, -+ »didy,)) = D.
Similarly, by reordering the vertices of Gg, for some permutation matrix P,
P'D(Go)P'" = diag (diLjwy,- -+, diIjwy) = D.

So, after the above reordering of the vertices, GG; and G, have the same degree partition,
say m = {Vi,...,V;}. The matrices A(G1) = PA(G,)P" and A(G5) = P'A(Gy)P'" are
respectively the adjacency matrices of G; and G after the reordering of vertices.

ot
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Let M = PMP'". We have
DN = D, NA(G) N = A(Gy).
Partition M conformable with 7, and let M;; := M[V;|V;] for i, € [t]. Since DM = MD,

we have ) )
diM;; = Mi;d;, 4,5 € [t],
which implies that M;; = 0 for 7 # j. Hence M = diag{ M : i € [t]}, a block diagonal
compatible with w. Let A(Gy)i; = A(Gy)[VilVj],k = 1,2,4,j = 1,...,t. From the fact
M~A(G)M = A(G), we have
M A(Gh)iyMj; = A(Ga)ij, 4,5 € [t].

The necessity now follows by taking M; = Mj; for i € [t] and noting A(G}) is the adjacency
matrix of Gy after reordering of vertices for k =1, 2.

Conversely, if G; and G5 have the same degree partition 7, then by reordering the
vertices, we can write the degree matrices D(G) and D(G») in the following form:

D(Gy) = D(G) = diag (diljvy), - -+, dedjvy) -
Let M = diag (M, ..., M,;). It is easy to verify that
M™'D(G))M = D(Gy), M*A(G1)M = A(G>).
So, G1 and G4 are degree-similar. O

Lemma 6. [6] If G1,Gy are degree-similar and one of them is connected, then their
complements are degree-similar.

In Lemma 5, if replacing all M;’s by kM;’s for any nonzero k, or equivalently replacing
M by kM, the Eq. (3) still holds, where M = diag{M, : i € [t]}. If, in addition, one of
G1 and G4 is connected, from the proof of Lemma 6, the matrix M satisfies

M™YJM = J.
So M has constant row sum and constant column sum, implying that
MJ=JM =cJ
for some nonzero c. By taking ¢ = 1 we have the following result.

Corollary 7. Let G and Gy be two graphs on the same vertex set, where G is connected.
Then Gy and Go are degree-similar if and only if, by reordering the vertices of G1 and G,
G1 and Gy have the same degree partition, say m = {Vi, ..., Vi}, and there exist invertible
matrices My, ..., M; with rows and columns indexed by Vi, ..., V; respectively, such that

MlilA(Gl)UMj - A(Gg) MlT]_ — MZ]_ — 1, Z,j - 1, e ,t, (5)

K
where A(Gy,)i; is defined as in (4).
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We give the following result for construction of degree-similar graphs from a known
pair of degree-similar graphs. Let G be a graph with vertex set V(G), and let U, W be
two disjoint subsets of V(G). Denote by G[U] the subgraph of G induced by the vertices
of U, and G[U, W] the bipartite subgraph of G’ with vertex sets U U W whose edges are
those of G connecting U and W.

Theorem 8. Let Gy, Gy be degree-similar graphs on the same vertex set, which have the
same degree partition T = {Vi,...,Vi}, where Gy is connected. Let Gy,G5 be obtained
from G, Gy respectively by applying some of following operations simultaneously:

(1) replacing some Gi[Vi]’s with their complements,

(2) replacing some Gi[V;]’s with empty graphs,

(3) replacing some Gi[V;, Vi]’s for i # j with their complements in complete bipartite
graph with bipartition {V;, V;},

(4) replacing some G[V;, V;]’s with empty graphs,

Then, with respect to adjacency matriz, Gy is cospectral with Go with cospectral comple-
ments.

Furthermore, if both G1 and G have the same degree partition as 7, then Gy is degree
similar to Gy. In particular, taking operation (1) if each vertex of V; has degree (|V;|—1)/2
in the graph Gi[V;], and (or) taking operation (3) if each vertex of V; has degree |V;|/2
and each vertex of V; has degree |V;|/2 in the graph Gi[Vi, Vj], then Gy is degree-similar
to GQ.

Proof. By Corollary 7, there exist invertible matrices M; with rows and columns indexed
by V; for i € [t], such that

M7PA(GY)igM; = A(Gy)ij, M'1 =M1 =1,i,5=1,...,1,

where (Ay); is defined as in (4).
Let A(Gy)ij := A(Go)[ViV;] for k=1,2 and i,j = 1,2,...,t. Let M = diag{M; :
[t]}. To verify G is cospectral with Gy, it suffices to prove M LA(G))M = A(Gg)
equivalently, ) 3
M A(Gh)iMy = A(Ga)ij, 4,5 =1, L. (6)
Observe that if taking operation (1), A(Gy)i = J — I — A(Gy)y; and if taking operation
(3), A(Gp)ij = J — A(Gy)y5. Since M;'1 = M;1 = 1, we have

M7PA(GY) My = M7 (T =T — A(Gy)i) M = J — T — A(Ga)ii = A(Ga)u,

and

MVA(G) My = M (T = A(Gr)i) My = J = A(G)ij = A(Ga)iy.

Similarly, if taking operation (2), A(G); = O; and if taking operation (3), A(G})i; = O,
where O denotes a zero matrix of appropriate size. Obviously, M, *OM; = O, Mi_lOMj =
O. So, Eq. (6) holds, and G, is cospectral with G5. Using the fact MT™ = M1=1 and
noting A(G°) = J — I — A(G) for a graph G, we have

MTTA(GHM = A(GS),
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implying that G1 and G5 have cospectral complements.

If Gy and G, have the same degree partition as m, surely M~ ID(G1)M = D(Gs).
Combing with the proved Eq. (6), we get G, is degree-similar to Gs. If each vertex of V;
has degree (|V;| — 1)/2 in the graph Gi[V;], taking the operation (1) in G} will preserve
the degree of each vertex of Gy. Similarly, if each vertex of V; has degree |V;|/2 and each
vertex of V; has degree |V;|/2 in the graph G.[V;, Vj], taking operation (3) in Gy also
preserves the degree of cach vertex of Gj. So, Gy and G have the same degree partition
as m, and hence they are degree-similar. O]

By Theorem 8, we will produce 3t.30) pairs of cospectral graphs from a pair of degree-
similar graphs GG; and G5, where t is the number of parts in the degree partition of G or
G5. It is possible that some of these pairs of graphs are isomorphic. Next we give some
examples of cospectral graphs and degree-similar graphs by using Theorem 8.

Example 9. The first pair of non-isomorphic degree-similar graphs X; ; and X, 5 in Fig.
2 were introduced by Wang et al. [16]. We use three kinds of colored vertices for degree
partition, and denote by V;,V,, V4 the set of red vertices of degree 4, the set of green
vertices of degree 3 and the set of blue vertices of degree 2, respectively.

S22, SR

Figure 2: Degree-similar graphs X ; and X2 ([18])

By taking the complements of X; ;[V;], we get a pair of cospectral graphs X, with
cospectral complements for k = 1, 2; see Fig. 3.

=== =s sk

Xo1 Xoo

Figure 3: Cospectral graphs X1 and X2 with cospectral complements

By replacing X, x[V;] with empty graphs, we get a pair of cospectral graphs X3 with
cospectral complements for k = 1, 2; see Fig. 4.
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pFEX D]

X3 X3
Figure 4: Cospectral graphs X3 and X392 with cospectral complements

By taking complements of X; ;[V,,V,] in the complete bipartite graph with two parts
V, and V,, we get a pair of cospectral graphs X} , with cospectral complements for k = 1, 2;
see Fig. 5.

X4 Xu2

Figure 5: Cospectral graphs X4 ; and X4 2 with cospectral complements

If replacing X x[V;, V;] by empty graphs, we get a pair of cospectral graphs X5 with
cospectral complements for & = 1, 2; see Fig. 6. By deleting the isolated green vertices, we
have two cospectral tricyclic graphs which are isomorphic. This means that the operations
in Theorem 8 may yield pairs of isomorphic graphs.

X5.1 X529

Figure 6: Cospectral graphs X5 1 and X592 with cospectral complements

If replacing X4 x[V;, V3] by empty graphs, we will get two cospectral graphs Xg; with
cospectral complements; see Fig. 7. By deleting the blue vertices, we get two non-
isomorphic cospectral bicyclic graphs.

Example 10. The second pair of non-isomorphic degree-similar graphs Y7 ; and Y75 in
Fig. 8 were introduced by Godsil and Sun [6].
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Figure 8: Degree-similar graphs Y; ; and Y; 2 ([6])

By Lemma 6.2 of [6], for any graph Y, adding all possible edges between Y and C (or
Y and C, or Y and C'U () in Fig. 8, the resulting two graphs are also degree-similar. If
letting Y = P5, we get a pair of degree similar graphs Y5; and Y5, in Fig. 9; see Example
6.3 of [6].

Figure 9: Degree-similar graphs Y and Y52 ([6])

By taking complements of the subgraphs induced on green vertices, we get a pair of
degree-similar graphs Y3 ; and Y39 by Theorem 8; see Fig. 10. In fact, replacing the path
Psin Vs (for k = 1,2) by any nontrivial connected graph Y and adding all possible edges
between Y and C (the red vertices), the resulting two graphs are still degree-similar.

THE ELECTRONIC JOURNAL OF COMBINATORICS 33(2) (2026), #P2.62 10



Figure 10: Degree-similar graphs Y31 and Y39

3 Trees

In this section, we will construct an infinite family of tree pairs G; and G5 such that
tI — L,(G;) and tI — L,(G>) have the same Smith normal form over Q(u)[¢] but G; and
(G5 are not degree-similar, and hence give a negative answer to Problem 3 asked by Godsil
and Sun [6].

Let G; and G5 be two graphs with roots u and v respectively. The coalescence of G,
and Gsq, denoted by G1(u) ® G2(v), is the graph formed by identifying the root u of Gy
and the root v of Gy. The following tree T in Fig. 11 was appeared in [10] for constructing
non-isomorphism cospectral graphs. McKay [10] showed that for any nontrivial tree T’
with root r, T'(r) ® T(4) is not isomorphic to T'(r) ® T(7), but they are cospectral with
respect to adjacency matrix, Laplacian matrix and signless Laplacian matrix, and also
normalized Laplacian matrix [11].

015
12 014
11 013 T16
O O O @ O O ® O O O
1 2 3 4 ) 6 7 8 9 10

Figure 11: A tree T on 16 vertices

Let G be a general nontrivial graph with root r. Let Gy := G(r) ® T(4) and G :=
G(r) ® T(7). Godsil and Sun [6] proved that G and Gy have the same p-polynomial,
namely, ¥(Gq,t, 1) = ¥(Ga,t, ), but Gy is not degree-similar to G when G is any
nontrivial tree, which answered a problem proposed by Wang et al. [16]. In the following
we will prove that ¢t/ — L,(G4) and tI — L,(G3) have the same Smith normal form when
G is a path.
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Lemma 11. let T be the tree in Fig. 11, and let P11 be a path on m + 1 vertices with
one endpoint r, where m > 0. Let Gy := Py11(r)©T(4) and Gy := P, 1(r)©T(7). Then
tI — L,(G1) and tI — L,(G2) have the same Smith normal form over Q(u)[t].

Proof. Let n := m + 16 be the number of vertices of G; or G,. Along the path P,
starting from the root r, label other vertices of P, as 17,18,...,n, where n is the
another endpoint of P, 1. Denote dj,;(G;) := det(tI—L,(G;)(k|l)) and di(G;) := det(tI—
L,(G;)(k)) for i =1,2.

We first investigate the (n — 1)th determinant divisor of ¢t/ — L,(G1), denoted by
D,,_1(Gy). By direct calculation,

dp17(G1) = det(t] — L, (G1)[V(T)]), dna(G1) = det(t] — L, (G1)[V(T)\{4}]),

and
ng(dn,U(Gl)’ dn,4<G1)) = Oé(t M)ﬁ(t /L)")/(t, ,u)a (7)
where
a(t,p) = (t+p), Bt p) = (* + 3ut + 2> — 1), ®
y(t, ) = (% 4 6ut* + (11p® — 3)t + 6> — 5p).
So

anl(G1> | Oé(t, :U’)B(tv ,U,)"}/(t, :U’)

Also by direct calculation,
dn17(G2) = det(tl — Ly (G2)[V(T)]) = det(t] — Lu(G1)[V(T)]) = dna7(G),
dn,7(G2) = det(t] — L(G2)[V(T)\{T}]) = det(t] — L,(G1)[V(T)\{4}]) = dna(Gh).
So, by (7) we have
gcd(dn,17(Ga), dn7(G2)) = alt, w) B(E, 1) ¥(t, ),

which implies that the (n—1)th determinant divisor of ¢t/ — L, (G2), denoted by D,,_1(G3),
also satisfies that

Dy1(G2) | a(t, p)B(L, )y (2, ).

In the following, by Claims 1-3, we will prove that for i = 1,2, none of a(t, u), B(t, 1)
and (¢, u) divides D,,_1(G;), which implies that D,,_(G;) = 1.

Claim 12. «a(t, ) 1 Dy—1(G;) fori=1,2.

Proof. We first show that a(t, ) 1 D,—1(Gy). Otherwise, a(t, ) | dio(G1). Expanding
d190(G1) at the vertex 16, we have

dio(G1) = (t + p) det(t — L,,(G1)(10,16)) — det (¢t — L,(G1)(10,16,9)).
Noting that a(t, u) =t + u, we have

(t+ ) | det(tI — L,(G4)(10,16,9)).
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Similarly, expanding the above determinant at the vertices 15,12,1,n successively, if
n 2> 18,
(t+p) | det(¢ — L,(G1)(10,16,9,15,14,12,11,1,2,n,n — 1));

and if n = 17,
(t+ 1) | det(tI — L,(G1)(10,16,9,15,14,12,11,1,2,17, 4)).

Let

 [{10,16,9,15,14,12,11,1,2,n,n — 1}, if n > 18,
~1{10,16,9,15,14,12,11,1,2, 17, 4}, ifn=17.

So we get
(t+ ) | det(t] — L, (G1)(U).

Now taking ¢t = —u, we have
det(—ul — L,(G1)(U)) = det(u(D" = I) — A") = 0,

where D', A" are the principal submatrices of D(G;) and A(G4) indexed by the vertices
of V(G1)\U, respectively. As all the vertices of V/(G1)\U have degree greater than 1,
each diagonal entry of D’ — I is positive. So, for sufficiently large p, u(D’ — I) — A’ is
strictly diagonally dominant, and hence u(D’ — I) — A’ is nonsingular, which yields a
contradiction.

Next we show that «(t, ) ¥ Dy,—1(G2). Otherwise, by expanding dio(G2) at the vertex
16, we have

a(t,p) | det(tI — L,(G>2)(10,16,9)),

and successively expanding determinants at the vertex 15,12, 1, n, we have
(t + p) [ det(t] — L (G2)(U)),

where U is defined as in (9). We will get a contradiction by taking ¢ = —pu and applying
a similar discussion as above. [

Claim 13. S(t,u) 1 Dp—1(G;) fori=1,2.

Proof. We first prove (t, 1) t D,,—1(G1). Otherwise, B(t, p) | di(G1). Expanding det (¢t —
L,(G)) at the vertex 1, we have

det(tI — L,(G1)) = (t + p)di(Gy) — det(t — L,(G1)(1,2)). (10)
As B(t,p) | det(t — L,(Gr)), we have

Bt p) [ det(tl = L (G1)(1,2)).
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Again, expanding det(t/ — L,(G1)(1,2)) at the vertex 3, we have

det(t] — Lo(G1)(1,2)) = (t + 3u) det(t] — L,(T)[11,12])
x det(t] — L,(G1)(1,2,3,11,12))
— (t+ p) det(t] — L,(G1)(1,2,3,11,12))
— det(tI — L, (T)[11,12])) det(t] — L,(G1)(1,2,3,11,12,4)).
(11)

As B(t, p) = det(tI — L,(T)[11,12]) by direct calculation, we have
B(t,p) | det(t — L,(G1)(1,2,3,11,12)).
Expanding det(t] — L,(G1)(1,2,3,11,12)) at the vertex 13, we have

det(t] — L, (G1)(1,2,3,11,12)) = (¢ + 2) det(tT — L,(T)[14,15])
x det(tI — L,(G1)(1,2,3,11,12,13, 14, 15))
— (t+ p) det(t] — L,(G1)(1,2,3,11,12,13,14, 15))
— det(t] — L,(T)[14,15))
x det(tI — L,(G1)(1,2,3,11,12,13, 14, 15, 6)).

(12)
As B(t, u) = det(tI — L,(T)[14, 15]) also by direct calculation, we have
At p) | det(tl — Ly (Gh)(W)),
where
W= {1,2,3,11,12,13,14, 15}, (13)

If taking u = 0, then B(£,0) = t*> — 1 is a factor of det(tI — A(G;)(W)). So, 1 is
an eigenvalue of A(G1)(W). Note that A(G1)(W) = A(G1(W)), the adjacency matrix of
the subgraph G1(W) which is obtained from G; by deleting all vertices of W together
with their incident edges. Let z be an eigenvector of A(G1(W)) corresponding to the
eigenvalue 1. By eigenvector equation, for each vertex u € V(G1)\W,

T, = Z Ty (14)

'UGNGI(W) (u)

So, if letting x,, = a, then z, 1 = a and z,,_s = 0, and along the path P from the vertex
n to the vertex 9, the values of some vertices of G1(W) given by z are listed in Fig. 12.

Therefore, xg has one of the following values: a,0, —a. If 29 = a, then x19 = 216 = a
by eigenvector equation, and hence xg = x9 —x19 — x16 = —a, which yields a contradiction
as a vertex of P with value a can not be adjacent to a vertex of P with value —a. If
x9 = 0, then x190 = 214 = 0, and hence zg = 0, also yielding a contradiction. Similarly, if
r9 = —a, we also get a contradiction as discussed in the case of xg = a.
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Figure 12: The graph G;(WW) and some entries of eigenvector x

Next we prove B(t, 1) { Dy,—1(G3). Otherwise, expanding det(¢/ — L, (G2) at the vertex
1, we have

5(15,/0 | det<t[ - L#(G2)(17 2)7
expanding det(t] — L,(G2)(1,2) at the vertex 3, we have

B(t,p) | det(t] — L,(Go)(1,2,3,11,12),
and expanding det(t/ — L,(G2)(1,2,3,11,12) at the vertex 13, we have
B(t, p) | det(t] — L (G2)(W)),

where W is defined as in (13).

Now taking u = 0, 8(t,0) = t> — 1 is a factor of the determinant det(t] — A(Ga(W)),
which implies that the adjacency matrix A(G2(W)) has an eigenvalue 1. Let = be an
eigenvector of A(Gy(W)) corresponding to the eigenvalue 1. If 21 := a, then 29 = x16 = a,
rg = —a, and x7 = —2a. If x4 := b, then x5 = b, x4 = 0 and 27 = —b. So 2a = b, and
hence x17 = —a. The values of = of some vertices of Go(W) are listed in Fig. 13. However,
Tn_1 = X, by eigenvector equation, implying a = 0 and hence x = 0; a contradiction. []

a 016
20 2a 0 —2a¢a —a a a
O O O O O O
4 5 6 7 8 9 10
—a a 2a a —a —2a -—a
........... O O O O O OO
17 n

Figure 13: The graph G3(WW) and some entries of the eigenvector x

Claim 14. v(t, ) t Dp_1(G;) fori=1,2.

Proof. We first prove y(t,u) 1 D,—1(Gy1). Otherwise, v(¢t, 1) | di016(G1). By direct
calculation,

dio,16(G1) = det(t] — L,(G1))(9, 10, 16).
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So,
Y(t, ) | det(t! — L,(G1))(9, 10, 16).

Expanding det(t] — L,(G1)) at the vertex 9,
det(t] — L,(G1)) = (t + 3p)(t + p)* det(tI — L,(G1))(9, 10, 16)

— 2(t + p) det(tT — L,(G1))(9, 10, 16) (15)
— (t+ p)?det(t] — L,(G1))(8,9,10,16),

which implies
At 1) | det(t] — L, (Gh))(8,9, 10, 16).

Again, expanding det(t — L,(G1))(9, 10, 16) at the vertex 8, we have
y(t, 1) | det(tT — L,(G1))(7,8,9,10,16);
and expanding det(t/ — L,(G1))(8,9, 10, 16) at the vertex 7, we have
y(t, p) | det(tf — L,(G1))(6,7,8,9,10,16).
Note that

det(tI — L,(G1))(6,7,8,9,10,16) = det(tI — L,(T)[13, 14, 15))
x det(t] — L, (G1)[{1,2,3,4,5,11,12} UV (P,,))),

and ~y(t,p) is coprime to det(tI — L,(T)[13,14,15]), where P,, is a subpath of P,
obtained by removing the root r. So

At 1) | det(t] — L(G1)[{1,2,3,4,5,11,12} UV(P))).
Expanding the above determinant at the vertex 4, we have

det(tI — L,(G1)[{1,2,3,4,5,11,12} UV (Py,)])

= (t + 3p)(t + 2p) det(tI — L, (T)[1,2,3,11,12]) det(t] — L,(G1)[V(Pn-1)])
— det(tI — L,(T)[1,2,3,11,12])) det(t — L,(G1)[V (Pn)])
— (t+2p) det(t] — L, (T)[1,2])*det(t] — L, (G1)[V(Pn)])
— (t+2u)det(t] — L,(T)[1,2,3,11,12]) det(t] — L, (G1)[V (Pm-1)]),

where P,,_; is the subpath of P, by removing the endpoint 17. By direct calculation,
v(t, ) divides det(t1—L,,(T)[1, 2, 3,11, 12]) and is coprime to (t+2p) det(¢1—L,(T)[1, 2])>.
We have

Yt ) [ det(tl — L (G)[V (Ba)))- (16)

As (t, i) has degree 3 in ¢, we can assume m > 3; otherwise we would have a contradic-
tion.
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If taking ¢ = p, then y(u, ) = 8u(3p? — 1) will divide
(1) = det(ul — L (G[V(Po)]) = det(u(D' + ) — A').

where D’ is a degree diagonal matrix on the vertices P, with entries D], = 2 for all u # n
and D), =1, and A’ is the adjacency matrix of P,,. So

0,m(1/V3) = det(1/V3 - (D' + 1) — A') = 0.

This implies that the matrix 1/4/3 - (D’ + I) — A’ has an eigenvector = corresponding to
the zero eigenvalue. By eigenvector equation, for all the vertices u of P, other than n,

\/gwu = Z Lo,

vENp,, (u)

and for the last vertex n,

2/\/5 Ty — Tp-1-

So, if letting x17 = a, then x5 = V3a and z19 = 2a. Along the path P, starting from
the vertex 17, the values of some vertices of P, given by z are listed in Fig. 14.
Therefore, the value x,_; belongs to the set S := {+£a, ++/3a, +2a, 0}. It suffices to
consider the cases of x,_; having values among a,/3a,2a,0. If x, ; = a, then z, =
V/3a/2, and hence z,_y = v/3a/2, yielding a contradiction as z,_, € S. Similarly, if
Tpo1 = \/ga, then z, = x, 2 = 3a/2; and if z, ; = 0, then z, = z, » = 0 and
then x = 0; which also yields a contradiction. For the last case, if z,_; = 2a, then

Tp = Tn_s = V3a, and

Tp3=0,Tpq=0,2, 5= —a.
So, in this case, we have
m =4 mod 12. (17)
a V3a 2a V3a a 0 —a —V3a —2a —/3a —a 0 a 3a
O O O O O O O O O O O O O O (O IR o—=O
17 18 19 20 n—1 n

Figure 14: The path P,, and some entries of the eigenvector x
If taking ¢ = —pu, then v(—pu, u) = —2u divides the following determinant
det(—ul — L,(G)[V(Pn)]) = det(u(D" — I) = A') =t (1),
where D' and A" are defined as in the above. By recursive formula,

D (1) = pm—1 (1) — Nm—2 (1)

So, if g | D), so does ny—o(p). As m is even by Eq. (17), then u | no(pn). However,
n2(p) = —1, which yields a contradiction.
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Next we prove (¢, ) { Dy,—1(G2). Otherwise, y(t, 1) | dio,16(G2). Note that
d10,16(Ga) = det(tI — L,(G2)(9,10,16)),

implying that (¢, ) | det(t/ — L,(G2)(9,10,16)). Now, expanding det(t/ — L,(G2)) at
the vertex 9 in a similar way as (15), we have

P)/(ta :u) | det(t[ - LN(GQ)(87 9,10, 16))
Expanding det(t] — L,(G2)(8,9,10,16)) at the vertex 4, we have

det(t] — L,(G2)(8,9,10,16))

= (t + 2u) det(tI — L,(T)[1,2,3,11,12]) det(t] — L,(G2)[{5,6,7,13,14,15} U V(P,)])
—det(tI — L,(T)[1,2])*det(tI — L,(G2)[{5,6,7,13,14,15} U V(P,)])
—det(t] — L,(T)[1,2,3,11,12]) det(t] — L,(G2)[{6,7,13,14,15} UV (P,)]).

As ~(t, ) divides det(t] — L,(T)[1,2,3,11,12]) and is coprime to det(t] — L,(T)[1,2])?,
At 1) | det(t] — L(G)[{5,6,7,13,14,15} U V(P,)]).
Expanding the above determinant at the vertex 7, we have

det(t] — L, (G2)[{5,6,7,13,14,15} UV (P,,)])
= (t+ 3p) det(t] — L, (T)[5,6,13, 14, 15]) det(t] — L (G2)[V(Pn)])
— det(t] — L,(T)[5,13,14, 15)) det(t — L,(Go)[V (P)])
— det(t] — L,(T)[5,6,13,14,15)) det(tI — L,(G)[V (Pr_1)])-

By direct calculation, (¢, ) divides det(tI — L,(T)[5,6,13,14,15]) and is coprime to
det(tI — L,(T)[5,13,14,15]). We have

Yt p) [ det(t] — Lu(Ga)[V(En))).

We will get a contradiction by the same discussion to (16). O]
By Claims 12,13 and 14, we have D,,_1(Gy) = D,,_1(G3) = 1. By [6, Lemma 3.1],
det(t] — L,(G1)) = det(t] — L, (G)) = (¢, ).

So tI — L,(G4) and tI — L,(G2) have the same Smith normal form over Q(u) as follows:
..., 1,9(t ),
with 1 appears n — 1 times. So the lemma follows. n

By a similar discussion, we can show that Lemma 11 also holds if P, is replaced by
a star with its center as root. However, due to the length of paper, we omit the result and
its proof here. We believe that Lemma 11 holds when P, is replaced by any nontrivial
tree.
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Conjecture 15. let T be the tree in Fig. 11, and let T" be any nontrivial tree with root
r. Let Gy =T(r)©T(4) and Gy =T(r) © T(7). Then tI — L,(G4) and tI — L,(G2) have
the same Smith normal forms over Q(u)[t].

We give a negative answer to Problem 3 asked by Godsil and Sun [6] by the fact that
two trees are degree similar if and only if they are isomorphic [10].

Corollary 16. let T be the tree in Fig. 11, and let P, 1 be a path on at least 2 vertices
with an endpoint r as root. Let G1 = Pp1(r) ©® T(4) and Gy = Py11(r) © T(7). Then
tI —L,(G1) and tI — L, (G2) have the same Smith normal forms over Q(u)[t], but Gy and
G are not degree similar.

4 Unicyclic graphs

Recall that a graph is called unicyclic if it is connected and contains only one cycle. In
this section we first give some invariants for degree-similar graphs, and then prove some
results on degree-similar determined unicyclic graphs. If two graphs are degree-similar,
then they have the same spectra with respect to adjacency matrix, Laplacian matrix,
signless Laplacian matrix and normalized Laplaican matrix (if there exist no isolated
vertices), respectively. So we have many invariants for degree-similar graphs, some of
which are listed below.

Lemma 17. Let Gy and G5 be a pair of degree-similar graphs. Then the following state-
ments hold.

(1) Gy and G have the same numbers of vertices, isolated vertices, edges, connected
components, and bipartite connected components, respectively.

(2) If G1 and Go are connected, then they have the same number of spanning trees.

(3) If Gy and Gy are connected, then they have the same number of walks of any given
length.

Proof. By definition, G; and G5 have the same number of vertices. Surely, they have the
same degree sequence, implying that they have the same number of isolated vertices, and
also the same number of edges. Also by definition, G; and G5 have the same spectra
with respect to Laplacian matrix and signless Laplacian matrix, respectively. It is well
known that the multiplicity of zero as a Laplacian eigenvalue (respectively, as a signless
Laplacian eigenvalue) of a graph equals the number of its connected components (respec-
tively, the number of bipartite connected components); see Propositions 1.3.7 and 1.3.9 in
[1]. Therefore, G; and G5 have the same number of connected components and bipartite
connected components, respectively.

By Matrix-Tree Theorem (or see Propositions 1.3.4 in [1]), the number of spanning
trees of a graph equals the product of nontrivial Laplacian eigenvalues divided by the
number of vertices of the graph. So, G; and G5 have the same number of spanning trees
if they are connected.

By Corollary 7, there exists an invertible matrix M such that

MA(G)M = A(Gy), M1 = M1 =1.
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Thus, for any positive integer k,
1TA(GY) 1 =1TM P A(G)FM1 = 1T A(Gy)F1,
which implies that G; and G5 have the same number of walks of length k. m

Recall that the girth of a graph is the minimum length of the cycles in the graph.

Lemma 18. Let U; and Us be two degree-similar unicyclic graphs. Then they have the
same girth.

Proof. The result follows by Lemma 17 (2), since the girth of a unicyclic graph is exactly
the number of its spanning trees. O

Theorem 19. Let U be a unicyclic graph on n vertices with girth g € {n,n — 1,n — 2}.
Then U 1is degree-similar determined, namely, any graph G that is degree-similar to U
must be isomorphic to U.

Proof. Let G be a graph that is degree-similar to U. By Lemma 17 (1), G is connected
with n vertices and n edges, which implies that G is also unicyclic. By Lemma 18, G is a
unicyclic graph with the same girth g as U. Thus, if g =n or ¢ = n — 1, G is isomorphic
to U obviously.

Now we consider the case of g equal to n — 2. In this case, U has exactly 2 vertices
outside its cycle C of length n — 2. Thus, U is one of the following graphs: C(r) ® Ps(u),
C(r) ® Ps(w), and C(r1,72,d), where Py is a path on 3 vertices with an endpoint v and
a non-endpoint w, C(ry,r2,d) is obtained from C by attaching one pendent edge at the
vertex r; of C' and another pendent edge at ro of C', and the distance between r; and 7
is d > 1. Since G shares the same degree sequence with U, if U = C(r) ® Ps(u) with only
one vertex of degree 3, surely G = U. Similarly, if U = C(r) ® Ps(w) with one vertex of
maximum degree 4, we also have G = U.

If U = C(ry,r2,d), then G = C(r],ry,d") for some vertices 7,75 of C with distance
d'" by considering the degree sequence. We assert d = d’ and then G = U. Otherwise,
without loss of generality, assume that d < d'. Let wy12(U) and wgy2(G) be the numbers

of walks of length d 4 2 in the graph U and G, respectively, and let wﬁQ(U ) and wC(QQ(G)
be the numbers of walks of length d 4+ 2 in the graph U and G that contain exactly i

distinct pendent vertices, respectively, where ¢ = 0, 1, 2. It is easily verified that
0 0 1 1
i (U) = wPh(@), wily(U) = wiy(G).

Observe that the distance between two pendent vertices of U is exactly d + 2, while the
distance between two pendent vertices of G is d' + 2. Since d < d’ < (n — 2)/2, we have

Wi (U) =1>wi,(G) =0,

Therefore,
2 2
wira(U) = 3 wila(U) > 3 wiity(G) = wana(G),
i=0 i=0
which yields a contradiction to Lemma 17 (3). O
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Finally in this section we give another class of degree-similar determined unicyclic
graphs by using Lemma 5.

Theorem 20. Let T be a tree with root v, where T contains no vertices of degree 2 and
v 18 the unique vertex of T with mazximum degree. Let C, be a cycle of length g with root
r. Then the unicyclic graph U = Cy(r) ® T'(v) is degree-similar determined.

Proof. Let G be a graph that is degree-similar to U. By Lemma 17(1) and Lemma 18, G is
a unicyclic graph with girth g. By Corollary 7, we can assume that G and U have the same
vertex set, and the same degree partition, say 7 = {V;, V4, ..., V;}. By the assumption on
U, we can assume V; = V/(C,)\{r}, the set of vertices of U with degree 2; and V, = {r}
(or {v}), the set of the unique vertex of U with maximum degree 2 + deg;(v). Also, we
can write G = Cy(r) ® T"(w). By Lemma 5, there exist invertible matrices My, ..., M;
such that

M;PAU);M; = A(G)s4, 0,7 € [t], (18)

where A(U);; = A(U)[V;|V;] and A(G);; = A(G)[Vi|V;] for i, 5 € [t].

Observe that T' and T” share the same degree partition 7" = {V5,...,V;}, which is
obtained from 7 only by removing V;. By (18) for i,j = 2,...,t and using Lemma 5, T is
degree-similar to 7. By Lemma 17(1), 7" is also a tree, and hence T'= T" ([4]). As v is
the unique vertex of 7' with the maximum degree, w is the unique vertex of 7" with the
same maximum degree, and then we have G = U. O]

5 Strongly regular graphs

Recall that a graph G is called strongly regular with parameters (n,d;a,c) if it has n
vertices and is regular of degree d, any two adjacent vertices share exactly a common
neighbors, and any non-adjacency vertices share exactly ¢ common vertices. Godsil, Sun
and Zhang [7] proved that if G is a strongly regular graph, then for any two edges e
and f of G, the graphs G\e and G\ f are (A, L,Q, N)-cospectral. In [6] the authors
proposed Problem 4, namely, are G\e and G\ f degree similar? In this section, we will
prove that G\e and G\ f are L,-cospectral, which generalized Godsil-Sun-Zhang’s result
([7, Theorem 1]) and push the Problem 4 a step forward.

A graph G is called walk regular if for any positive integer k, the number of closed
walks of length £ is the same at all vertices. If further, the number of walks from vertex
u to v of length £ is the same for all adjacent vertex pairs u, v, then we say G is 1-walk
reqular. Surely, a 1-walk regular graph is regular and also strongly regular.

Let G be a 1-walk regular graph. By Lemma 2.2 of [7], for any function f defined on
the eigenvalues of A := A(G), there exist ay and S such that

f(A)o[:afI’ f(A)OA:ﬁfA’ (19>

where o denotes Schur product. Let G be a graph and let u, v be vertices of G. Denote
by 6y, the Kronecker notation, i.e., d,, = 1 if v = v and d,,, = 0 otherwise, and denote
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by e, the column vector with rows indexed by the vertices of G whose entries are given
by e,(v) = 0y. Denote €,, = —pidyp + (1 — dy0)-

We first give a general result by using a similar technique in [7]. We need the following
matrix results for preparation.

Theorem 21 (Sherman-Morrison). Suppose B is an n X n invertible real matriz and u, v
are n-dimensional real vectors. Then B +wv' is invertible if and only if 1 +v' B~ u # 0.
In this case,

B luv" B!
1+v"B
Lemma 22. [5] Assume that C and D" are both matrices of size m x n. Then

det(l,, — CD) = det(l, — DC).

(B + uvT)fl = B!

Lemma 23. Let G be a 1-walk reqular graph with adjacency matriz A and degree matriz

D. Let uy,vy,...,u.,v, be vertices in the same clique of G. Then the value of
~1
611 (tI - A+ :uD + (6u1,vleu161—;r1 ot 6ur—1,vr—1eur—1eq—;rr_1)) Cu, (20)

1s independent on the choice of the clique and on the ordering of vertices of the chosen
clique.

Proof. Suppose that G is d-regular. Then tI — A+ uD = (t + ud)I — A. Let
f(J;) = (t + lu’d - x)_la

which is defined on all eigenvalues of A. As G is 1-walk regular, by (19), there exist a(t, 1)
and S(t, u) such that

f(A> ol = a<t7/~L)Iv f(A) 0oA= ﬁ(tmu)A

We prove the result by induction. When r = 1, as uy, v; are in the same clique of G,

611 <A>€Ul = 6u1,v1a(t7 :U’) =+ (1 - 5“1701)6(t7 :U’)v

which only depends on whether u; and v; are the same or not.
Let My = (t+ pd)I — Aand for s =1,...,r —1,

Mg =t — A+ uD + (€u1,v1eu1€; 4+t eus’vseuseT ). (21)

Vs

Then (20) can be written as €ITMT__11€uT- Assume that the result holds for » = k, where
k > 1. Now, by Theorem 21,

T -1 _ T Ty\-1
€ Mk evk+1 - euk_H(Mk*l + eukﬂ)keukevk) evk+1

-1 T -1
T Mfl Eumkakfleukekakfl
+ Cup,vp, evk k—leuk
T -1 T -1
€u vy, (eukHMk—leuk)(ekak—leka)

T —1
1 + Cuy,vp, evk Mkfleuk

) €ver, (by Theorem 21)

T 1
=e ]\4,6_167,“1 F

Uk4-1 )
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whose value does not depend on which clique the vertices are in, and remains unchanged
if we reorder the vertices inside the clique, since each term satisfies this condition by the
induction hypothesis. O

Theorem 24. Let G be a 1-walk regular graph with clique number w. Then for any graph
H on at most w vertices, removing edges of H from cliques of G results in graphs with
the same p-polynomials.

Proof. Let H be the graph obtained from H by adding [V (G)| — |V (H)| isolated vertices.
Order the vertices of H so that the vertices of H correspond to a clique in G. Assume H
has m edges labelled as e; = {u;, v;} for i € [m]. The p-polynomial of G := G — E(H) is

O(G,t, p) = det(t] — A+ uD + (€ur€y, + €un€y + o+ €uney + ey € )

- 22)
- /’L(euleul _'_ evle’ul + T + eumeum

We will prove that ¢(@,t, 1) is independent of which clique of G the vertex set of H
corresponds to or how the vertices of H are ordered. When m =1,

W(G,t. )

=det (tI — A+ puD + (ey e, + €ne,,) — plew e, +ene,))

= det (t[ — A+ puD + (ey,, €0, ) (€0, — Heu,, €y — uevl)T)

=det(t] — A+ puD)det (I + (tI — A+ pD) (ew,, €p, ) (€r, — Heuy, €y — pEy,) ")

= det(t] — A+ uD)det (]2 + (€4, — ey, €y — ueUI)T(t] — A+ puD) ey, €v))

1+e, 1\40 Cuy — ,ueulM_ €, M_ 61,1 ,ueulMO_ ev1 )
1]\4 €u; — ,uele €y 1+e M0 Cop — JCy, I Mite, )

where the fourth equality follows from Lemma 22 and My := ¢/ — A + pD in the last

equality. In this case, the p-polynomial ¢ (G, ¢, 1) is independent of the choice of the edge

{uy,v1}, since each entry in the 2 x 2 matrix does not by Lemma 23.
Define M, as in (21), we have

My =tI — A+ pD + (e e) +epey, + - +eu,ep +eyen )

T T T T
- /’L(euleul + evlevl + e + eumeum + evme’vm)'

= det M, det (

Then

(eR )

= det (Magn-1) + (€uney +eun€y ) — pleu €y + e € )

= det (Magn-1) + (€upns €om ) (€op — HEups Cury — HEu) )

= det My(m—1) det (I + M4_(71n_1)(eum, Com ) (€0 — ey Cuuy — Mevm)T)

= det My(m—1) det (1'2 + (ey,, — Heu,,, €u,, — uevm)TM (in 1)(eum, evm))

= det Myn—1)

x det (1 e My ayun = 60, Mg yun €0, Mgy o = 1160, M1y ) .

- ~1 1 1
M4(m 1)Cum — ,ueImle(mfl)eum 1 —|— e M, 2(m—1)Cvm — ,ueImM s(m—1)Evm
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Since by induction the first factor, and by Lemma 23 each entry in the 2 x 2 matrix do
not dependent on the choice of the clique in G nor on the ordering of vertices of H, the
result follows. O

Corollary 25. Let G be a strongly reqular graph with cliqgue number w and let H be any
graph on at most w vertices. Remouving edges of H from cliques of G results in graphs
with the same p-polynomials, whose complements also have the same p-polynomials.

Proof. By Theorem 24, removing edges of H from cliques of G results in graphs with the
same p-polynomials. For the function f(z) defined in Lemma 23,

f(A)ol =alt,p)l, f(A)oA=p(t pA.

Furthermore, if G has parameters (n, d; a, ), then A?> = dI +aA+c(J—1—A). So, there
exists y(t, ) such that

J(A)o(J =T = A)=5(t. 1) (J — I - A).

Let G¢ be the complement of GG, which is also strongly regular or 1-walk regular. By a
similar argument in the proof of Theorem 24, adding edges of H inside a coclique of G°
results in graphs with the same p-polynomials. Now, deleting edges of H in a clique of
G corresponds to adding edges of H in the corresponding coclique of G. So, removing
edges of H from cliques of G results in graphs whose complements also have the same
p-polynomials. [

Corollary 26. Let G be a strongly reqular graph. Then for any two edges e and f of G,
the graphs G\e and G\ f have the same p-polynomial, or they are L,,-cospectral.

There are exactly 15 non-isomorphic strongly regular graphs, denoted by X; for ¢ =
0,1,...,14 in [7], with parameters (25,12;5,6). Their adjacency matrices can be found
on Spence’s website: http://www.maths.gla.ac.uk/ es/srgraphs.php. In [7] the authors
give a table that lists the number of pairwise non-isomorphic subgraphs of X; obtained
by deleting edges of 6 small graphs respectively in cliques of X; for « = 0,1,...,14.
For example, removing an edge from X; gives a family of 150 graphs, they are pairwise
non-isomorphic but L ,-cospectral.

6 Orthogonally degree-similar graphs

Motivated by the problem proposed by Wang et al. [16], we introduce orthogonally degree-
similar graphs, which may be viewed as a stronger version of degree-similar graphs.

Definition 27. Two graphs G; and G5 are called orthogonally degree-similar if there
exists an orthogonal matrix @) such that Eq. (2) holds, namely,

QTA(G1)Q = A(G,), QTD(G1)Q = D(Gy).
We have some remarks for the rationality of the definition.
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(1) Two graphs G and G are cospectral if and only if A(G;) and A(Gs) are orthogo-
nally similar.

(2) G1 and Gy are cospectral with cospectral complements if and only if A(G;) and
A(G,) are similar via an orthogonal matrix ¢ with Q1 =1 (Theorem 1).

(3) If G; and Go are degree similar and one of them is connected, then G; and Gs
are cospectral with cospectral complements (Lemma 6). So we have an orthogonal
matrix @) as in (2).

(4) The invertible matrix M in Eq. (1) is not unique, since kM still satisfies Eq. (1)
for any nonzero k.

(5) As the adjacency matrices and degree matrices are symmetric, we have additional
requirements for M in Eq. (1), that is,

MTAG)(M™)T = A(Gy), M"D(G))(M™)T = D(G5).

(6) The matrices M in most examples of degree similar graphs in [6] are orthogonal,
e.g. Example 5.3, Example 6.3, Example 7.3, Example 8.4.
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