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Abstract

Let G be a graph with adjacency matrix A(G) and degree matrix D(G), and let
Lµ(G) := A(G)− µD(G). Two graphs G1 and G2 are called degree-similar if there
exists an invertible matrix M such that M−1A(G1)M = A(G2) and M−1D(G1)M =
D(G2). In this paper, we address three problems concerning degree-similar graphs
proposed by Godsil and Sun. First, we present a new characterization of degree-
similar graphs using degree partition, from which we derive methods and examples
for constructing cospectral graphs and degree-similar graphs. Second, we construct
infinite pairs of non-degree-similar trees G1 and G2 such that tI − Lµ(G1) and
tI − Lµ(G2) have the same Smith normal form over Q(µ)[t], which provides a neg-
ative answer to a problem posed by Godsil and Sun. Third, we establish several
invariants of degree-similar graphs and obtain results on unicyclic graphs that are
degree-similar determined. Lastly we prove that for a strongly regular graph G
and any two edges e and f of G, G\e and G\f have identical µ-polynomial, i.e.,
det(tI − Lµ(G\e)) = det(tI − Lµ(G\f)), which enables the construction of pairs of
non-isomorphic graphs with the same µ-polynomial, where G\e denotes the graph
obtained from G by deleting the edge e.

Mathematics Subject Classifications: 05C50

1 Introduction

Let G = (V (G), E(G)) be a graph with vertex set V (G) and edge set E(G), and let
A(G) and D(G) be respectively the adjacency matrix and degree matrix of G. Godsil and
Sun [6] introduced the notion of degree similar graphs. Two graphs G1 and G2 are called
degree-similar if there exists an invertible matrix M such that

M−1A(G1)M = A(G2), M
−1D(G1)M = D(G2). (1)
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Clearly, if G1 and G2 are degree-similar, then their adjacency matrices A, Laplacian
matrices L := D − A, signless Laplacians Q := D + A, and normalized Laplacians N :=
D−1/2LD−1/2 are all similar, and hence cospectral with respect to the above matrices. As
noted in [6] or [16], if G1 and G2 are degree-similar and have no isolated vertices, then
their Ihara zeta functions are equal. For more on Ihara zeta functions, see [12].

Degree-similar graphs have a stronger condition than some earlier versions of cospectral
graphs. The generalized α-adjacency matrix of a graph G is defined to be

Aα(G) := A(G) + αJ,

where α ∈ R and J is an all-one matrix. The generalized α-characteristic polynomial (or
α-polynomial for short) of G is defined to be

φ(G, t, α) = det(tI − Aα(G)).

Here, we use the prefix ‘α-’ to distinguish it from another generalized adjacency matrix or
polynomial to be introduced below. Johnson and Newman proved the following interesting
theorem (see [2, 3]). For further details on the generalized α-adjacency matrix or the
generalized α-characteristic polynomial, refer to [13, 9, 2, 8, 3].

Theorem 1. The following statements are equivalent.
(1) Two graphs G1 and G2 are cospectral with respect to generalized α-adjacency matrix

for all α.
(2) Aα(G1) and Aα(G2) are cospectral for two distinct values of α.
(3) G1 and G2 are cospectral with respect to the adjacency matrix, and so are their

complements.
(4) There exists an orthogonal matrix Q such that Q>A(G1)Q = A(G2) and Q1 = 1,

where 1 denotes the all-one vector.

Wang and Xu [17] called the union of the spectrum of A(G) of a graph G and the
spectrum of A(Gc) the generalized spectrum of G, where Gc denotes the complement of
the graph G. Wang and his coauthors investigated the problem of graphs determined by
generalized spectrum (or equivalently, determined by α-polynomial) in a series of papers
[17, 18, 14, 15] by using walk-matrices and Smith normal forms over the ring of integers.

The generalized µ-adjacency matrix of a graph G is defined by

Lµ(G) := A(G)− µD(G),

and the generalized µ-characteristic polynomial (or µ-polynomial for short) of G is defined
by Wang et al. [16] as follows:

ψ(G, t, µ) := det(tI − Lµ(G)).

If G1 and G2 have the same µ-polynomial, then they are cospectral with respect to
the adjacency matrix, the Laplacian matrix, the signless Laplacian matrix and the nor-
malized Laplacian matrix. Wang et al. [16] proved that if G1 and G2 have the same
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µ-polynomial, then they have the same degree sequence. The authors also constructed
two non-isomorphic degree-similar graphs which are surely cospectral graphs with respect
to generalized µ-adjacency matrix for all µ. There is no similar result for generalized
µ-adjacency matrices as Theorem 1 for generalized α-adjacency matrices. For example,
there exist two cospectral graphs with respect to A and L but not with respect to Q ([2,
Fig. 4]), also two cospectral graphs with respect to A and Q but not with respect to D
(namely they have different degree sequences) ([4, Table 4, third pair]).

By Lemma 4.4 of [6] (see Lemma 6), if G1 and G2 are degree-similar, and one of them
is connected, then their complements are also degree similar. So, in this case, G1 and G2

have the same generalized spectra, and hence have the same α-polynomials by Theorem
1, which are called Aα-cospectral.

In general, if G1 and G2 are degree-similar over R, surely Lµ(G1) and Lµ(G2) are
similar over R(µ), the latter of which is equivalent to that tI − Lµ(G1) and tI − Lµ(G2)
have the same Smith normal forms (abbreviated as SNFs) over R(µ)[t]. By Lemma 9.2
of [6], Lµ(G1) and Lµ(G2) are similar over R(µ) if and only if they are similar over Q(µ),
which implies that tI−Lµ(G1) and tI−Lµ(G2) have the same SNF over Q(µ)[t] if G1 and
G2 are degree-similar. Clearly, if tI − Lµ(G1) and tI − Lµ(G2) have the same SNF over
Q(µ)[t], then G1 and G2 have the same µ-polynomials by considering the last invariant
divisors, which are called Lµ-cospectral.

By the above discussion, we have the following implication relations listed in Fig.
1, where the implication under * means an additional condition of ‘connectedness’, and
(A,Ac)-cospectral means cospectral with respect to the adjacency matrix A of a graph
and the adjacency matrix of the complement of the graph, and (A,L,Q,N)-cospectral
means cospectral with respect to the djacency matrix A, the Laplacian L, the signless
Laplacian Q, and the normalized Laplacian N .

Degree-similar

Aα-cospectral

Same SNFs
Lµ-cospectral

(A,L,Q,N)-

(A,Ac)-cospectral*

w.r.t. tI − Lµ cospectral

Figure 1: The implication relations among degree-similarity, SNFs and different versions of
cospectral properties

Wang et al. [16] proposed the following problem: Suppose that two graphs G1 and G2

have the same µ-polynomials, i.e., they are Lµ-cospectral. Does there exist an orthogonal
matrix Q such that

Q>A(G1)Q = A(G2), Q
>D(G1)Q = D(G2)? (2)

Godsil and Sun [6] give an example of infinite pairs of graphs that share the common
µ-polynomials but are not degree-similar, which gives a negative answer to the above
problem. In the same paper [6], Godsil and Sun presented three interesting problems on
degree-similar graphs as follows.
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Problem 2. [6] Find more degree-similar graphs. In particular, are there non-isomorphic
degree-similar unicyclic graphs?

We give a new characterization of degree-similar graphs by using degree partition,
from which we derive some methods for constructing new pairs of degree-similar graphs
from known ones. It is known that two trees are degree-similar if and only if they are
isomorphic. Therefore, unicyclic graphs are the first candidates for finding non-isomorphic
degree-similar graphs. By using SageMath, we could not find non-isomorphic degree-
similar unicyclic graphs with at most 20 vertices. A graph G is called degree-similar
determined if any graph that is degree-similar to G must be isomorphic to G. We give
some invariants for degree-similar graphs, and prove some classes of unicyclic graphs are
degree-similar determined.

Problem 3. [6] Let G1 and G2 be two graphs such that tI − Lµ(G1) and tI − Lµ(G2)
have the same SNF over Q(µ)[t]. Are G1 and G2 are degree similar?

Godsil and Sun [6] show that if tI −Lµ(G1) and tI −Lµ(G2) have the same SNF over
Q(µ)[t], then A(G1) and A(G2) are similar over Q, as are D(G1) and D(G2). We give a
negative answer to Problem 3 by constructing an infinite family of tree pairs.

For a graph G and an edge e of G, denote by G\e the graph obtained from G by
deleting the edge e. In [7] the authors proved that if G is a strongly regular graph, then
for any two edges e and f of G, the graphs G\e and G\f are (A,L,Q,N)-cospectral.
In this paper, we prove that G\e and G\f have the same µ-polynomials, or they are
Lµ-cospectal, which generalizes Godsil-Sun’s result and pushes Problem 4 a step forward
if the answer to Problem 4 is positive.

Problem 4. Let G be a strongly regular graph with two different edges e and f . Are
G\e and G\f degree similar?

The paper is organized as follows. In Section 2, we present a new characterization
of degree-similar graphs by using degree partition, from which we derive some methods
and examples for constructing degree-similar graphs or cospectral graphs. In Section 3,
we construct an infinite family of pairs of non-degree-similar trees G1 and G2 such that
tI − Lµ(G1) and tI − Lµ(G2) share the same SNF, and hence give a negative answer to
Problem 3. In Section 4, we give some invariants for degree-similar graphs, and prove some
classes of unicyclic graphs are degree-similar determined, pushing the study of Problem
2. In Section 5, we prove that for a strongly regular graph G and any two edges e, f of G,
G\e and G\f have the same µ-polynomials, or they are Lµ-cospectral, pushing the study
of Problem 4. Finally we introduce orthogonally degree-similar graphs and some remarks
for the notion.

2 Degree partitions

In this section we will use degree partition to give a new characterization of degree-
similar graphs, from which we present some methods for constructing cospectral graphs
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and degree similar graphs. We also give some examples of constructions at the end of this
section.

We first introduce some concepts and notations. Let G be a graph with vertex set
V (G), and let u ∈ V (G). We use NG(u) to denote the set of neighbors of u in G. The
degree of u, denoted by degG(u), is defined to be the cardinality of the set NG(u). Suppose
that G has t distinct degrees d1, . . . , dt. The degree partition of G, denoted by π(G), is a
partition of the vertex set V (G) of G, which consists of subsets

Vi = {v ∈ V (G) : degG(v) = di}

for i ∈ [t] := {1, . . . , t}, namely, π(G) = {V1, . . . , Vt}.
Let M be a matrix with rows and columns indexed by the vertices of G. Let U1, U2

be the subsets of V (G). Denote by M [U1|U2] the submatrix of M with rows indexed by
U1 and columns indexed by U2, and by M(U1|U2) the submatrix of M with rows indexed
by V (G)\U1 and columns indexed by V (G)\U2. We simply write M [U1|U1] as M [U1] and
M(U1|U1) as M(U1).

By Lemma 4.1 of [6], the invertible matrix M in Definition 1 of degree-similar graphs
is block diagonal. Here we give a more detailed statement by using degree partition.

Lemma 5. Let G1, G2 be two graphs with the same vertex set. Then G1 and G2 are degree
similar if and only if, by reordering the vertices of G1 and G2, G1 and G2 have the same
degree partition, say π = {V1, . . . , Vt}, and there exist invertible matrices M1, . . . ,Mt with
rows and columns indexed by V1, . . . , Vt respectively, such that

M−1
i A(G1)ijMj = A(G2)ij, i, j = 1, . . . , t, (3)

where
A(Gk)ij := A(Gk)[Vi|Vj], k = 1, 2; i, j = 1, . . . , t. (4)

Proof. Suppose that G1, G2 are degree-similar graphs with the same vertex set V . Then
there exists an invertible matrix M such that

M−1D(G1)M = D(G2),M
−1A(G1)M = A(G2).

Let d1, . . . , dt be all distinct degrees of G1, and let Ui = {v ∈ V (G1) : degG1
(v) = di} for

i ∈ [t]. Since M−1D(G1)M = D(G2), the graph G2 has the same degree sequences as G1.
Let Wi = {v ∈ V (G2) : degG2

(v) = di} for i ∈ [t]. Note that |Ui| = |Wi| for i ∈ [t].
Now, by reordering the vertices of G1, for some permutation matrix P , we have

PD(G1)P
> = diag

(
d1I|U1|, · · · , dtI|Ut|

)
=: D̃.

Similarly, by reordering the vertices of G2, for some permutation matrix P ′,

P ′D(G2)P
′> = diag

(
d1I|W1|, · · · , dtI|Wt|

)
= D̃.

So, after the above reordering of the vertices, G1 and G2 have the same degree partition,
say π = {V1, . . . , Vt}. The matrices Ã(G1) = PA(G1)P

> and Ã(G2) = P ′A(G2)P
′> are

respectively the adjacency matrices of G1 and G2 after the reordering of vertices.
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Let M̃ = PMP ′>. We have

M̃−1D̃M̃ = D̃, M̃−1Ã(G1)M̃ = Ã(G2).

Partition M̃ conformable with π, and let M̃ij := M̃ [Vi|Vj] for i, j ∈ [t]. Since D̃M̃ = M̃D̃,
we have

diM̃ij = M̃ijdj, i, j ∈ [t],

which implies that M̃ij = 0 for i 6= j. Hence M̃ = diag{M̃ii : i ∈ [t]}, a block diagonal
compatible with π. Let Ã(Gk)ij = Ã(Gk)[Vi|Vj], k = 1, 2, i, j = 1, . . . , t. From the fact
M̃−1Ã(G1)M̃ = Ã(G1), we have

M̃−1
ii Ã(G1)ijM̃jj = Ã(G2)ij, i, j ∈ [t].

The necessity now follows by taking Mi = M̃ii for i ∈ [t] and noting Ã(Gk) is the adjacency
matrix of Gk after reordering of vertices for k = 1, 2.

Conversely, if G1 and G2 have the same degree partition π, then by reordering the
vertices, we can write the degree matrices D(G1) and D(G2) in the following form:

D(G1) = D(G2) = diag
(
d1I|V1|, · · · , dtI|Vt|

)
.

Let M = diag (M1, . . . ,Mt). It is easy to verify that

M−1D(G1)M = D(G2), M
−1A(G1)M = A(G2).

So, G1 and G2 are degree-similar.

Lemma 6. [6] If G1, G2 are degree-similar and one of them is connected, then their
complements are degree-similar.

In Lemma 5, if replacing all Mi’s by kMi’s for any nonzero k, or equivalently replacing
M by kM , the Eq. (3) still holds, where M = diag{Mi : i ∈ [t]}. If, in addition, one of
G1 and G2 is connected, from the proof of Lemma 6, the matrix M satisfies

M−1JM = J.

So M has constant row sum and constant column sum, implying that

MJ = JM = cJ

for some nonzero c. By taking c = 1 we have the following result.

Corollary 7. Let G1 and G2 be two graphs on the same vertex set, where G1 is connected.
Then G1 and G2 are degree-similar if and only if, by reordering the vertices of G1 and G2,
G1 and G2 have the same degree partition, say π = {V1, . . . , Vt}, and there exist invertible
matrices M1, . . . ,Mt with rows and columns indexed by V1, . . . , Vt respectively, such that

M−1
i A(G1)ijMj = A(G2)ij, M

>
i 1 = Mi1 = 1, i, j = 1, . . . , t, (5)

where A(Gk)ij is defined as in (4).
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We give the following result for construction of degree-similar graphs from a known
pair of degree-similar graphs. Let G be a graph with vertex set V (G), and let U,W be
two disjoint subsets of V (G). Denote by G[U ] the subgraph of G induced by the vertices
of U , and G[U,W ] the bipartite subgraph of G with vertex sets U ∪W whose edges are
those of G connecting U and W .

Theorem 8. Let G1, G2 be degree-similar graphs on the same vertex set, which have the
same degree partition π = {V1, . . . , Vt}, where G1 is connected. Let G̃1, G̃2 be obtained
from G1, G2 respectively by applying some of following operations simultaneously:

(1) replacing some Gk[Vi]’s with their complements,
(2) replacing some Gk[Vi]’s with empty graphs,
(3) replacing some Gk[Vi, Vj]’s for i 6= j with their complements in complete bipartite

graph with bipartition {Vi, Vj},
(4) replacing some Gk[Vi, Vj]’s with empty graphs,

Then, with respect to adjacency matrix, G̃1 is cospectral with G̃2 with cospectral comple-
ments.

Furthermore, if both G̃1 and G̃2 have the same degree partition as π, then G̃1 is degree
similar to G̃2. In particular, taking operation (1) if each vertex of Vi has degree (|Vi|−1)/2
in the graph Gk[Vi], and (or) taking operation (3) if each vertex of Vi has degree |Vj|/2
and each vertex of Vj has degree |Vi|/2 in the graph Gk[Vi, Vj], then G̃1 is degree-similar
to G̃2.

Proof. By Corollary 7, there exist invertible matrices Mi with rows and columns indexed
by Vi for i ∈ [t], such that

M−1
i A(G1)ijMj = A(G2)ij, M

>
i 1 = Mi1 = 1, i, j = 1, . . . , t,

where (Ak)ij is defined as in (4).
Let A(G̃k)ij := A(G̃k)[Vi|Vj] for k = 1, 2 and i, j = 1, 2, . . . , t. Let M = diag{Mi : i ∈

[t]}. To verify G̃1 is cospectral with G̃2, it suffices to prove M−1A(G̃1)M = A(G̃2), or
equivalently,

M−1
i A(G̃1)ijMj = A(G̃2)ij, i, j = 1, . . . , t. (6)

Observe that if taking operation (1), A(G̃k)ii = J − I − A(Gk)ii; and if taking operation
(3), A(G̃k)ij = J − A(Gk)ij. Since M>

i 1 = Mi1 = 1, we have

M−1
i A(G̃1)iiMi = M−1

i (J − I − A(G1)ii)Mi = J − I − A(G2)ii = A(G̃2)ii,

and
M−1

i A(G̃1)ijMj = M−1
i (J − A(Gk)ij)Mj = J − A(Gk)ij = A(G̃2)ij.

Similarly, if taking operation (2), A(G̃k)ii = O; and if taking operation (3), A(G̃k)ij = O,
where O denotes a zero matrix of appropriate size. Obviously, M−1

i OMi = O, M−1
i OMj =

O. So, Eq. (6) holds, and G̃1 is cospectral with G̃2. Using the fact M>1 = M1 = 1 and
noting A(Gc) = J − I − A(G) for a graph G, we have

M−1A(G̃c
1)M = A(G̃c

2),
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implying that G̃1 and G̃2 have cospectral complements.
If G̃1 and G̃2 have the same degree partition as π, surely M−1D(G̃1)M = D(G̃2).

Combing with the proved Eq. (6), we get G̃1 is degree-similar to G̃2. If each vertex of Vi
has degree (|Vi| − 1)/2 in the graph Gk[Vi], taking the operation (1) in Gk will preserve
the degree of each vertex of Gk. Similarly, if each vertex of Vi has degree |Vj|/2 and each
vertex of Vj has degree |Vi|/2 in the graph Gk[Vi, Vj], taking operation (3) in Gk also
preserves the degree of each vertex of Gk. So, G̃1 and G̃2 have the same degree partition
as π, and hence they are degree-similar.

By Theorem 8, we will produce 3t ·3(t
2) pairs of cospectral graphs from a pair of degree-

similar graphs G1 and G2, where t is the number of parts in the degree partition of G1 or
G2. It is possible that some of these pairs of graphs are isomorphic. Next we give some
examples of cospectral graphs and degree-similar graphs by using Theorem 8.

Example 9. The first pair of non-isomorphic degree-similar graphs X1,1 and X1,2 in Fig.
2 were introduced by Wang et al. [16]. We use three kinds of colored vertices for degree
partition, and denote by Vr, Vg, Vb the set of red vertices of degree 4, the set of green
vertices of degree 3 and the set of blue vertices of degree 2, respectively.

X1,1 X1,2

Figure 2: Degree-similar graphs X1,1 and X1,2 ([18])

By taking the complements of X1,k[Vr], we get a pair of cospectral graphs X2,k with
cospectral complements for k = 1, 2; see Fig. 3.

X2,1 X2,2

Figure 3: Cospectral graphs X2,1 and X2,2 with cospectral complements

By replacing X1,k[Vr] with empty graphs, we get a pair of cospectral graphs X3,k with
cospectral complements for k = 1, 2; see Fig. 4.
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X3,1 X3,2

Figure 4: Cospectral graphs X3,1 and X3,2 with cospectral complements

By taking complements of X1,k[Vr, Vg] in the complete bipartite graph with two parts
Vr and Vg, we get a pair of cospectral graphs X4,k with cospectral complements for k = 1, 2;
see Fig. 5.

X4,1 X4,2

Figure 5: Cospectral graphs X4,1 and X4,2 with cospectral complements

If replacing X1,k[Vr, Vg] by empty graphs, we get a pair of cospectral graphs X5,k with
cospectral complements for k = 1, 2; see Fig. 6. By deleting the isolated green vertices, we
have two cospectral tricyclic graphs which are isomorphic. This means that the operations
in Theorem 8 may yield pairs of isomorphic graphs.

X5,1 X5,2

Figure 6: Cospectral graphs X5,1 and X5,2 with cospectral complements

If replacing X4,k[Vr, Vb] by empty graphs, we will get two cospectral graphs X6,k with
cospectral complements; see Fig. 7. By deleting the blue vertices, we get two non-
isomorphic cospectral bicyclic graphs.

Example 10. The second pair of non-isomorphic degree-similar graphs Y1,1 and Y1,2 in
Fig. 8 were introduced by Godsil and Sun [6].
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X6,1 X6,2

Figure 7: Cospectral graphs X6,1 and X6,2 with cospectral complements

C1

C

C1

C

Y1,1 Y1,2

Figure 8: Degree-similar graphs Y1,1 and Y1,2 ([6])

By Lemma 6.2 of [6], for any graph Y , adding all possible edges between Y and C1 (or
Y and C, or Y and C ∪C1) in Fig. 8, the resulting two graphs are also degree-similar. If
letting Y = P3, we get a pair of degree similar graphs Y2,1 and Y2,2 in Fig. 9; see Example
6.3 of [6].

Y2,1 Y2,2

Figure 9: Degree-similar graphs Y2,1 and Y2,2 ([6])

By taking complements of the subgraphs induced on green vertices, we get a pair of
degree-similar graphs Y3,1 and Y3,2 by Theorem 8; see Fig. 10. In fact, replacing the path
P3 in Y3,k (for k = 1, 2) by any nontrivial connected graph Y and adding all possible edges
between Y and C1 (the red vertices), the resulting two graphs are still degree-similar.
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Y3,1 Y3,2

Figure 10: Degree-similar graphs Y3,1 and Y3,2

3 Trees

In this section, we will construct an infinite family of tree pairs G1 and G2 such that
tI − Lµ(G1) and tI − Lµ(G2) have the same Smith normal form over Q(µ)[t] but G1 and
G2 are not degree-similar, and hence give a negative answer to Problem 3 asked by Godsil
and Sun [6].

Let G1 and G2 be two graphs with roots u and v respectively. The coalescence of G1

and G2, denoted by G1(u) � G2(v), is the graph formed by identifying the root u of G1

and the root v of G2. The following tree T in Fig. 11 was appeared in [10] for constructing
non-isomorphism cospectral graphs. McKay [10] showed that for any nontrivial tree T
with root r, T (r) � T(4) is not isomorphic to T (r) � T(7), but they are cospectral with
respect to adjacency matrix, Laplacian matrix and signless Laplacian matrix, and also
normalized Laplacian matrix [11].

4 71 2 3 5 6 8 9 10

11

12

13

14

15

16

Figure 11: A tree T on 16 vertices

Let G be a general nontrivial graph with root r. Let G1 := G(r) � T(4) and G2 :=
G(r) � T(7). Godsil and Sun [6] proved that G1 and G2 have the same µ-polynomial,
namely, ψ(G1, t, µ) = ψ(G2, t, µ), but G1 is not degree-similar to G2 when G is any
nontrivial tree, which answered a problem proposed by Wang et al. [16]. In the following
we will prove that tI − Lµ(G1) and tI − Lµ(G2) have the same Smith normal form when
G is a path.
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Lemma 11. let T be the tree in Fig. 11, and let Pm+1 be a path on m + 1 vertices with
one endpoint r, where m > 0. Let G1 := Pm+1(r)�T(4) and G2 := Pm+1(r)�T(7). Then
tI − Lµ(G1) and tI − Lµ(G2) have the same Smith normal form over Q(µ)[t].

Proof. Let n := m + 16 be the number of vertices of G1 or G2. Along the path Pm+1

starting from the root r, label other vertices of Pm+1 as 17, 18, . . . , n, where n is the
another endpoint of Pm+1. Denote dk,l(Gi) := det(tI−Lµ(Gi)(k|l)) and dk(Gi) := det(tI−
Lµ(Gi)(k)) for i = 1, 2.

We first investigate the (n − 1)th determinant divisor of tI − Lµ(G1), denoted by
Dn−1(G1). By direct calculation,

dn,17(G1) = det(tI − Lµ(G1)[V (T)]), dn,4(G1) = det(tI − Lµ(G1)[V (T)\{4}]),

and
gcd(dn,17(G1), dn,4(G1)) = α(t, µ)β(t, µ)γ(t, µ), (7)

where

α(t, µ) := (t+ µ), β(t, µ) := (t2 + 3µt+ 2µ2 − 1),

γ(t, µ) := (t3 + 6µt2 + (11µ2 − 3)t+ 6µ3 − 5µ).
(8)

So
Dn−1(G1) | α(t, µ)β(t, µ)γ(t, µ).

Also by direct calculation,

dn,17(G2) = det(tI − Lµ(G2)[V (T)]) = det(tI − Lµ(G1)[V (T)]) = dn,17(G1),

dn,7(G2) = det(tI − Lµ(G2)[V (T)\{7}]) = det(tI − Lµ(G1)[V (T)\{4}]) = dn,4(G1).

So, by (7) we have

gcd(dn,17(G2), dn,7(G2)) = α(t, µ)β(t, µ)γ(t, µ),

which implies that the (n−1)th determinant divisor of tI−Lµ(G2), denoted by Dn−1(G2),
also satisfies that

Dn−1(G2) | α(t, µ)β(t, µ)γ(t, µ).

In the following, by Claims 1-3, we will prove that for i = 1, 2, none of α(t, µ), β(t, µ)
and γ(t, µ) divides Dn−1(Gi), which implies that Dn−1(Gi) = 1.

Claim 12. α(t, µ) - Dn−1(Gi) for i = 1, 2.

Proof. We first show that α(t, µ) - Dn−1(G1). Otherwise, α(t, µ) | d10(G1). Expanding
d10(G1) at the vertex 16, we have

d10(G1) = (t+ µ) det(tI − Lµ(G1)(10, 16))− det(tI − Lµ(G1)(10, 16, 9)).

Noting that α(t, µ) = t+ µ, we have

(t+ µ) | det(tI − Lµ(G1)(10, 16, 9)).
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Similarly, expanding the above determinant at the vertices 15, 12, 1, n successively, if
n > 18,

(t+ µ) | det(tI − Lµ(G1)(10, 16, 9, 15, 14, 12, 11, 1, 2, n, n− 1));

and if n = 17,

(t+ µ) | det(tI − Lµ(G1)(10, 16, 9, 15, 14, 12, 11, 1, 2, 17, 4)).

Let

U =

{
{10, 16, 9, 15, 14, 12, 11, 1, 2, n, n− 1}, if n > 18,

{10, 16, 9, 15, 14, 12, 11, 1, 2, 17, 4}, if n = 17.
(9)

So we get
(t+ µ) | det(tI − Lµ(G1)(U)).

Now taking t = −µ, we have

det(−µI − Lµ(G1)(U)) = det(µ(D′ − I)− A′) = 0,

where D′, A′ are the principal submatrices of D(G1) and A(G1) indexed by the vertices
of V (G1)\U , respectively. As all the vertices of V (G1)\U have degree greater than 1,
each diagonal entry of D′ − I is positive. So, for sufficiently large µ, µ(D′ − I) − A′ is
strictly diagonally dominant, and hence µ(D′ − I) − A′ is nonsingular, which yields a
contradiction.

Next we show that α(t, µ) - Dn−1(G2). Otherwise, by expanding d10(G2) at the vertex
16, we have

α(t, µ) | det(tI − Lµ(G2)(10, 16, 9)),

and successively expanding determinants at the vertex 15, 12, 1, n, we have

(t+ µ) | det(tI − Lµ(G2)(U)),

where U is defined as in (9). We will get a contradiction by taking t = −µ and applying
a similar discussion as above.

Claim 13. β(t, µ) - Dn−1(Gi) for i = 1, 2.

Proof. We first prove β(t, µ) - Dn−1(G1). Otherwise, β(t, µ) | d1(G1). Expanding det(tI−
Lµ(G1)) at the vertex 1, we have

det(tI − Lµ(G1)) = (t+ µ)d1(G1)− det(tI − Lµ(G1)(1, 2)). (10)

As β(t, µ) | det(tI − Lµ(G1)), we have

β(t, µ) | det(tI − Lµ(G1)(1, 2)).
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Again, expanding det(tI − Lµ(G1)(1, 2)) at the vertex 3, we have

det(tI − Lµ(G1)(1, 2)) = (t+ 3µ) det(tI − Lµ(T )[11, 12])

× det(tI − Lµ(G1)(1, 2, 3, 11, 12))

− (t+ µ) det(tI − Lµ(G1)(1, 2, 3, 11, 12))

− det(tI − Lµ(T )[11, 12]) det(tI − Lµ(G1)(1, 2, 3, 11, 12, 4)).

(11)

As β(t, µ) = det(tI − Lµ(T )[11, 12]) by direct calculation, we have

β(t, µ) | det(tI − Lµ(G1)(1, 2, 3, 11, 12)).

Expanding det(tI − Lµ(G1)(1, 2, 3, 11, 12)) at the vertex 13, we have

det(tI − Lµ(G1)(1, 2, 3, 11, 12)) = (t+ 2µ) det(tI − Lµ(T )[14, 15])

× det(tI − Lµ(G1)(1, 2, 3, 11, 12, 13, 14, 15))

− (t+ µ) det(tI − Lµ(G1)(1, 2, 3, 11, 12, 13, 14, 15))

− det(tI − Lµ(T )[14, 15])

× det(tI − Lµ(G1)(1, 2, 3, 11, 12, 13, 14, 15, 6)).

(12)

As β(t, µ) = det(tI − Lµ(T )[14, 15]) also by direct calculation, we have

β(t, µ) | det(tI − Lµ(G1)(W )),

where
W := {1, 2, 3, 11, 12, 13, 14, 15}. (13)

If taking µ = 0, then β(t, 0) = t2 − 1 is a factor of det(tI − A(G1)(W )). So, 1 is
an eigenvalue of A(G1)(W ). Note that A(G1)(W ) = A(G1(W )), the adjacency matrix of
the subgraph G1(W ) which is obtained from G1 by deleting all vertices of W together
with their incident edges. Let x be an eigenvector of A(G1(W )) corresponding to the
eigenvalue 1. By eigenvector equation, for each vertex u ∈ V (G1)\W ,

xu =
∑

v∈NG1(W )(u)

xv. (14)

So, if letting xn = a, then xn−1 = a and xn−2 = 0, and along the path P from the vertex
n to the vertex 9, the values of some vertices of G1(W ) given by x are listed in Fig. 12.

Therefore, x9 has one of the following values: a, 0,−a. If x9 = a, then x10 = x16 = a
by eigenvector equation, and hence x8 = x9−x10−x16 = −a, which yields a contradiction
as a vertex of P with value a can not be adjacent to a vertex of P with value −a. If
x9 = 0, then x10 = x16 = 0, and hence x8 = 0, also yielding a contradiction. Similarly, if
x9 = −a, we also get a contradiction as discussed in the case of x9 = a.
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n− 1 n17

aa0−a −a0a

Figure 12: The graph G1(W ) and some entries of eigenvector x

Next we prove β(t, µ) - Dn−1(G2). Otherwise, expanding det(tI−Lµ(G2) at the vertex
1, we have

β(t, µ) | det(tI − Lµ(G2)(1, 2),

expanding det(tI − Lµ(G2)(1, 2) at the vertex 3, we have

β(t, µ) | det(tI − Lµ(G2)(1, 2, 3, 11, 12),

and expanding det(tI − Lµ(G2)(1, 2, 3, 11, 12) at the vertex 13, we have

β(t, µ) | det(tI − Lµ(G2)(W )),

where W is defined as in (13).
Now taking µ = 0, β(t, 0) = t2 − 1 is a factor of the determinant det(tI −A(G2(W )),

which implies that the adjacency matrix A(G2(W )) has an eigenvalue 1. Let x be an
eigenvector of A(G2(W )) corresponding to the eigenvalue 1. If x10 := a, then x9 = x16 = a,
x8 = −a, and x7 = −2a. If x4 := b, then x5 = b, x6 = 0 and x7 = −b. So 2a = b, and
hence x17 = −a. The values of x of some vertices of G2(W ) are listed in Fig. 13. However,
xn−1 = xn by eigenvector equation, implying a = 0 and hence x = 0; a contradiction.

4 75 6 8 9 10

16

n17

−aa −a2aa

a

a

a−a−2a02a2a

−a −2a

Figure 13: The graph G2(W ) and some entries of the eigenvector x

Claim 14. γ(t, µ) - Dn−1(Gi) for i = 1, 2.

Proof. We first prove γ(t, µ) - Dn−1(G1). Otherwise, γ(t, µ) | d10,16(G1). By direct
calculation,

d10,16(G1) = det(tI − Lµ(G1))(9, 10, 16).
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So,
γ(t, µ) | det(tI − Lµ(G1))(9, 10, 16).

Expanding det(tI − Lµ(G1)) at the vertex 9,

det(tI − Lµ(G1)) = (t+ 3µ)(t+ µ)2 det(tI − Lµ(G1))(9, 10, 16)

− 2(t+ µ) det(tI − Lµ(G1))(9, 10, 16)

− (t+ µ)2 det(tI − Lµ(G1))(8, 9, 10, 16),

(15)

which implies
γ(t, µ) | det(tI − Lµ(G1))(8, 9, 10, 16).

Again, expanding det(tI − Lµ(G1))(9, 10, 16) at the vertex 8, we have

γ(t, µ) | det(tI − Lµ(G1))(7, 8, 9, 10, 16);

and expanding det(tI − Lµ(G1))(8, 9, 10, 16) at the vertex 7, we have

γ(t, µ) | det(tI − Lµ(G1))(6, 7, 8, 9, 10, 16).

Note that

det(tI − Lµ(G1))(6, 7, 8, 9, 10, 16) = det(tI − Lµ(T )[13, 14, 15])

× det(tI − Lµ(G1)[{1, 2, 3, 4, 5, 11, 12} ∪ V (Pm)]),

and γ(t, µ) is coprime to det(tI − Lµ(T )[13, 14, 15]), where Pm is a subpath of Pm+1

obtained by removing the root r. So

γ(t, µ) | det(tI − Lµ(G1)[{1, 2, 3, 4, 5, 11, 12} ∪ V (Pm)]).

Expanding the above determinant at the vertex 4, we have

det(tI − Lµ(G1)[{1, 2, 3, 4, 5, 11, 12} ∪ V (Pm)])

= (t+ 3µ)(t+ 2µ) det(tI − Lµ(T )[1, 2, 3, 11, 12]) det(tI − Lµ(G1)[V (Pm−1)])

− det(tI − Lµ(T )[1, 2, 3, 11, 12]) det(tI − Lµ(G1)[V (Pm)])

− (t+ 2µ) det(tI − Lµ(T )[1, 2])2 det(tI − Lµ(G1)[V (Pm)])

− (t+ 2µ) det(tI − Lµ(T )[1, 2, 3, 11, 12]) det(tI − Lµ(G1)[V (Pm−1)]),

where Pm−1 is the subpath of Pm by removing the endpoint 17. By direct calculation,
γ(t, µ) divides det(tI−Lµ(T )[1, 2, 3, 11, 12]) and is coprime to (t+2µ) det(tI−Lµ(T )[1, 2])2.
We have

γ(t, µ) | det(tI − Lµ(G1)[V (Pm)]). (16)

As γ(t, µ) has degree 3 in t, we can assume m > 3; otherwise we would have a contradic-
tion.
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If taking t = µ, then γ(µ, µ) = 8µ(3µ2 − 1) will divide

δm(µ) := det(µI − Lµ(G1)[V (Pm)]) = det(µ(D′ + I)− A′),

where D′ is a degree diagonal matrix on the vertices Pm with entries D′uu = 2 for all u 6= n
and D′nn = 1, and A′ is the adjacency matrix of Pm. So

δm(1/
√

3) = det(1/
√

3 · (D′ + I)− A′) = 0.

This implies that the matrix 1/
√

3 · (D′ + I)− A′ has an eigenvector x corresponding to
the zero eigenvalue. By eigenvector equation, for all the vertices u of Pm other than n,

√
3xu =

∑
v∈NPm (u)

xv,

and for the last vertex n,
2/
√

3 · xn = xn−1.

So, if letting x17 = a, then x18 =
√

3a and x19 = 2a. Along the path Pm starting from
the vertex 17, the values of some vertices of Pm given by x are listed in Fig. 14.

Therefore, the value xn−1 belongs to the set S := {±a,±
√

3a,±2a, 0}. It suffices to
consider the cases of xn−1 having values among a,

√
3a, 2a, 0. If xn−1 = a, then xn =√

3a/2, and hence xn−2 =
√

3a/2, yielding a contradiction as xn−2 ∈ S. Similarly, if
xn−1 =

√
3a, then xn = xn−2 = 3a/2; and if xn−1 = 0, then xn = xn−2 = 0 and

then x = 0; which also yields a contradiction. For the last case, if xn−1 = 2a, then
xn = xn−2 =

√
3a, and

xn−3 = a, xn−4 = 0, xn−5 = −a.

So, in this case, we have
m ≡ 4 mod 12. (17)

17

−a0a2aa

18

√
3a

√
3a −

√
3a −a−2a −

√
3a

19 20 n− 1 n

a0
√
3a

Figure 14: The path Pm and some entries of the eigenvector x

If taking t = −µ, then γ(−µ, µ) = −2µ divides the following determinant

det(−µI − Lµ(G1)[V (Pm)]) = det(µ(D′ − I)− A′) =: ηm(µ),

where D′ and A′ are defined as in the above. By recursive formula,

ηm(µ) = µηm−1(µ)− ηm−2(µ).

So, if µ | ηm(µ), so does ηm−2(µ). As m is even by Eq. (17), then µ | η2(µ). However,
η2(µ) = −1, which yields a contradiction.
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Next we prove γ(t, µ) - Dn−1(G2). Otherwise, γ(t, µ) | d10,16(G2). Note that

d10,16(G2) = det(tI − Lµ(G2)(9, 10, 16)),

implying that γ(t, µ) | det(tI − Lµ(G2)(9, 10, 16)). Now, expanding det(tI − Lµ(G2)) at
the vertex 9 in a similar way as (15), we have

γ(t, µ) | det(tI − Lµ(G2)(8, 9, 10, 16)).

Expanding det(tI − Lµ(G2)(8, 9, 10, 16)) at the vertex 4, we have

det(tI − Lµ(G2)(8, 9, 10, 16))

= (t+ 2µ) det(tI − Lµ(T )[1, 2, 3, 11, 12]) det(tI − Lµ(G2)[{5, 6, 7, 13, 14, 15} ∪ V (Pm)])

− det(tI − Lµ(T )[1, 2])2 det(tI − Lµ(G2)[{5, 6, 7, 13, 14, 15} ∪ V (Pm)])

− det(tI − Lµ(T )[1, 2, 3, 11, 12]) det(tI − Lµ(G2)[{6, 7, 13, 14, 15} ∪ V (Pm)]).

As γ(t, µ) divides det(tI − Lµ(T )[1, 2, 3, 11, 12]) and is coprime to det(tI − Lµ(T )[1, 2])2,

γ(t, µ) | det(tI − Lµ(G2)[{5, 6, 7, 13, 14, 15} ∪ V (Pm)]).

Expanding the above determinant at the vertex 7, we have

det(tI − Lµ(G2)[{5, 6, 7, 13, 14, 15} ∪ V (Pm)])

= (t+ 3µ) det(tI − Lµ(T )[5, 6, 13, 14, 15]) det(tI − Lµ(G2)[V (Pm)])

− det(tI − Lµ(T )[5, 13, 14, 15]) det(tI − Lµ(G2)[V (Pm)])

− det(tI − Lµ(T )[5, 6, 13, 14, 15]) det(tI − Lµ(G2)[V (Pm−1)]).

By direct calculation, γ(t, µ) divides det(tI − Lµ(T )[5, 6, 13, 14, 15]) and is coprime to
det(tI − Lµ(T )[5, 13, 14, 15]). We have

γ(t, µ) | det(tI − Lµ(G2)[V (Pm)]).

We will get a contradiction by the same discussion to (16).

By Claims 12,13 and 14, we have Dn−1(G1) = Dn−1(G2) = 1. By [6, Lemma 3.1],

det(tI − Lµ(G1)) = det(tI − Lµ(G2)) =: ψ(t, µ).

So tI − Lµ(G1) and tI − Lµ(G2) have the same Smith normal form over Q(µ) as follows:

1, . . . , 1, ψ(t, µ),

with 1 appears n− 1 times. So the lemma follows.

By a similar discussion, we can show that Lemma 11 also holds if Pm+1 is replaced by
a star with its center as root. However, due to the length of paper, we omit the result and
its proof here. We believe that Lemma 11 holds when Pm+1 is replaced by any nontrivial
tree.
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Conjecture 15. let T be the tree in Fig. 11, and let T be any nontrivial tree with root
r. Let G1 = T (r)�T(4) and G2 = T (r)�T(7). Then tI −Lµ(G1) and tI −Lµ(G2) have
the same Smith normal forms over Q(µ)[t].

We give a negative answer to Problem 3 asked by Godsil and Sun [6] by the fact that
two trees are degree similar if and only if they are isomorphic [10].

Corollary 16. let T be the tree in Fig. 11, and let Pm+1 be a path on at least 2 vertices
with an endpoint r as root. Let G1 = Pm+1(r) � T(4) and G2 = Pm+1(r) � T(7). Then
tI−Lµ(G1) and tI−Lµ(G2) have the same Smith normal forms over Q(µ)[t], but G1 and
G2 are not degree similar.

4 Unicyclic graphs

Recall that a graph is called unicyclic if it is connected and contains only one cycle. In
this section we first give some invariants for degree-similar graphs, and then prove some
results on degree-similar determined unicyclic graphs. If two graphs are degree-similar,
then they have the same spectra with respect to adjacency matrix, Laplacian matrix,
signless Laplacian matrix and normalized Laplaican matrix (if there exist no isolated
vertices), respectively. So we have many invariants for degree-similar graphs, some of
which are listed below.

Lemma 17. Let G1 and G2 be a pair of degree-similar graphs. Then the following state-
ments hold.

(1) G1 and G2 have the same numbers of vertices, isolated vertices, edges, connected
components, and bipartite connected components, respectively.

(2) If G1 and G2 are connected, then they have the same number of spanning trees.
(3) If G1 and G2 are connected, then they have the same number of walks of any given

length.

Proof. By definition, G1 and G2 have the same number of vertices. Surely, they have the
same degree sequence, implying that they have the same number of isolated vertices, and
also the same number of edges. Also by definition, G1 and G2 have the same spectra
with respect to Laplacian matrix and signless Laplacian matrix, respectively. It is well
known that the multiplicity of zero as a Laplacian eigenvalue (respectively, as a signless
Laplacian eigenvalue) of a graph equals the number of its connected components (respec-
tively, the number of bipartite connected components); see Propositions 1.3.7 and 1.3.9 in
[1]. Therefore, G1 and G2 have the same number of connected components and bipartite
connected components, respectively.

By Matrix-Tree Theorem (or see Propositions 1.3.4 in [1]), the number of spanning
trees of a graph equals the product of nontrivial Laplacian eigenvalues divided by the
number of vertices of the graph. So, G1 and G2 have the same number of spanning trees
if they are connected.

By Corollary 7, there exists an invertible matrix M such that

M−1A(G1)M = A(G2), M
>1 = M1 = 1.
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Thus, for any positive integer k,

1>A(G2)
k1 = 1>M−1A(G1)

kM1 = 1>A(G1)
k1,

which implies that G1 and G2 have the same number of walks of length k.

Recall that the girth of a graph is the minimum length of the cycles in the graph.

Lemma 18. Let U1 and U2 be two degree-similar unicyclic graphs. Then they have the
same girth.

Proof. The result follows by Lemma 17 (2), since the girth of a unicyclic graph is exactly
the number of its spanning trees.

Theorem 19. Let U be a unicyclic graph on n vertices with girth g ∈ {n, n− 1, n− 2}.
Then U is degree-similar determined, namely, any graph G that is degree-similar to U
must be isomorphic to U .

Proof. Let G be a graph that is degree-similar to U . By Lemma 17 (1), G is connected
with n vertices and n edges, which implies that G is also unicyclic. By Lemma 18, G is a
unicyclic graph with the same girth g as U . Thus, if g = n or g = n− 1, G is isomorphic
to U obviously.

Now we consider the case of g equal to n − 2. In this case, U has exactly 2 vertices
outside its cycle C of length n− 2. Thus, U is one of the following graphs: C(r)�P3(u),
C(r) � P3(w), and C(r1, r2, d), where P3 is a path on 3 vertices with an endpoint u and
a non-endpoint w, C(r1, r2, d) is obtained from C by attaching one pendent edge at the
vertex r1 of C and another pendent edge at r2 of C, and the distance between r1 and r2
is d > 1. Since G shares the same degree sequence with U , if U = C(r)�P3(u) with only
one vertex of degree 3, surely G ∼= U . Similarly, if U = C(r)� P3(w) with one vertex of
maximum degree 4, we also have G ∼= U .

If U = C(r1, r2, d), then G = C(r′1, r
′
2, d
′) for some vertices r′1, r

′
2 of C with distance

d′ by considering the degree sequence. We assert d = d′ and then G ∼= U . Otherwise,
without loss of generality, assume that d < d′. Let ωd+2(U) and ωd+2(G) be the numbers

of walks of length d+ 2 in the graph U and G, respectively, and let ω
(i)
d+2(U) and ω

(i)
d+2(G)

be the numbers of walks of length d + 2 in the graph U and G that contain exactly i
distinct pendent vertices, respectively, where i = 0, 1, 2. It is easily verified that

ω
(0)
d+2(U) = ω

(0)
d+2(G), ω

(1)
d+2(U) = ω

(1)
d+2(G).

Observe that the distance between two pendent vertices of U is exactly d + 2, while the
distance between two pendent vertices of G is d′ + 2. Since d < d′ 6 (n− 2)/2, we have

ω
(2)
d+2(U) = 1 > ω

(2)
d+2(G) = 0.

Therefore,

ωd+2(U) =
2∑
i=0

ω
(i)
d+2(U) >

2∑
i=0

ω
(i)
d+2(G) = ωd+2(G),

which yields a contradiction to Lemma 17 (3).
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Finally in this section we give another class of degree-similar determined unicyclic
graphs by using Lemma 5.

Theorem 20. Let T be a tree with root v, where T contains no vertices of degree 2 and
v is the unique vertex of T with maximum degree. Let Cg be a cycle of length g with root
r. Then the unicyclic graph U = Cg(r)� T (v) is degree-similar determined.

Proof. Let G be a graph that is degree-similar to U . By Lemma 17(1) and Lemma 18, G is
a unicyclic graph with girth g. By Corollary 7, we can assume that G and U have the same
vertex set, and the same degree partition, say π = {V1, V2, . . . , Vt}. By the assumption on
U , we can assume V1 = V (Cg)\{r}, the set of vertices of U with degree 2; and V2 = {r}
(or {v}), the set of the unique vertex of U with maximum degree 2 + degT (v). Also, we
can write G = Cg(r) � T ′(w). By Lemma 5, there exist invertible matrices M1, . . . ,Mt

such that
M−1

i A(U)ijMj = A(G)ij, i, j ∈ [t], (18)

where A(U)ij = A(U)[Vi|Vj] and A(G)ij = A(G)[Vi|Vj] for i, j ∈ [t].
Observe that T and T ′ share the same degree partition π′ = {V2, . . . , Vt}, which is

obtained from π only by removing V1. By (18) for i, j = 2, . . . , t and using Lemma 5, T is
degree-similar to T ′. By Lemma 17(1), T ′ is also a tree, and hence T ∼= T ′ ([4]). As v is
the unique vertex of T with the maximum degree, w is the unique vertex of T ′ with the
same maximum degree, and then we have G ∼= U .

5 Strongly regular graphs

Recall that a graph G is called strongly regular with parameters (n, d; a, c) if it has n
vertices and is regular of degree d, any two adjacent vertices share exactly a common
neighbors, and any non-adjacency vertices share exactly c common vertices. Godsil, Sun
and Zhang [7] proved that if G is a strongly regular graph, then for any two edges e
and f of G, the graphs G\e and G\f are (A,L,Q,N)-cospectral. In [6] the authors
proposed Problem 4, namely, are G\e and G\f degree similar? In this section, we will
prove that G\e and G\f are Lµ-cospectral, which generalized Godsil-Sun-Zhang’s result
([7, Theorem 1]) and push the Problem 4 a step forward.

A graph G is called walk regular if for any positive integer k, the number of closed
walks of length k is the same at all vertices. If further, the number of walks from vertex
u to v of length k is the same for all adjacent vertex pairs u, v, then we say G is 1-walk
regular. Surely, a 1-walk regular graph is regular and also strongly regular.

Let G be a 1-walk regular graph. By Lemma 2.2 of [7], for any function f defined on
the eigenvalues of A := A(G), there exist αf and βf such that

f(A) ◦ I = αfI, f(A) ◦ A = βfA, (19)

where ◦ denotes Schur product. Let G be a graph and let u, v be vertices of G. Denote
by δu,v the Kronecker notation, i.e., δu,v = 1 if u = v and δu,v = 0 otherwise, and denote
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by eu the column vector with rows indexed by the vertices of G whose entries are given
by eu(v) = δu,v. Denote εu,v = −µδu,v + (1− δu,v).

We first give a general result by using a similar technique in [7]. We need the following
matrix results for preparation.

Theorem 21 (Sherman-Morrison). Suppose B is an n×n invertible real matrix and u, v
are n-dimensional real vectors. Then B+uv> is invertible if and only if 1 + v>B−1u 6= 0.
In this case, (

B + uv>
)−1

= B−1 − B−1uv>B−1

1 + v>B−1u
.

Lemma 22. [5] Assume that C and D> are both matrices of size m× n. Then

det(Im − CD) = det(In −DC).

Lemma 23. Let G be a 1-walk regular graph with adjacency matrix A and degree matrix
D. Let u1, v1, . . . , ur, vr be vertices in the same clique of G. Then the value of

e>ur
(
tI − A+ µD ± (εu1,v1eu1e

>
v1

+ · · ·+ εur−1,vr−1eur−1e
>
vr−1

)
)−1

evr (20)

is independent on the choice of the clique and on the ordering of vertices of the chosen
clique.

Proof. Suppose that G is d-regular. Then tI − A+ µD = (t+ µd)I − A. Let

f(x) = (t+ µd− x)−1,

which is defined on all eigenvalues of A. As G is 1-walk regular, by (19), there exist α(t, µ)
and β(t, µ) such that

f(A) ◦ I = α(t, µ)I, f(A) ◦ A = β(t, µ)A.

We prove the result by induction. When r = 1, as u1, v1 are in the same clique of G,

e>u1f(A)ev1 = δu1,v1α(t, µ) + (1− δu1,v1)β(t, µ),

which only depends on whether u1 and v1 are the same or not.
Let M0 = (t+ µd)I − A and for s = 1, . . . , r − 1,

Ms = tI − A+ µD ± (εu1,v1eu1e
>
v1

+ · · ·+ εus,vseuse
>
vs). (21)

Then (20) can be written as e>urM
−1
r−1eur . Assume that the result holds for r = k, where

k > 1. Now, by Theorem 21,

e>uk+1
M−1

k evk+1
= e>uk+1

(Mk−1 ± εuk,vkeuke>vk)−1evk+1

= e>uk+1

(
M−1

k−1 ∓
εuk,vkM

−1
k−1euke

>
vk
M−1

k−1

1 + εuk,vke
>
vk
M−1

k−1euk

)
evk+1

(by Theorem 21)

= e>uk+1
M−1

k−1evk+1
∓
εuk,vk(e>uk+1

M−1
k−1euk)(e>vkM

−1
k−1evk+1

)

1 + εuk,vke
>
vk
M−1

k−1euk
,
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whose value does not depend on which clique the vertices are in, and remains unchanged
if we reorder the vertices inside the clique, since each term satisfies this condition by the
induction hypothesis.

Theorem 24. Let G be a 1-walk regular graph with clique number ω. Then for any graph
H on at most ω vertices, removing edges of H from cliques of G results in graphs with
the same µ-polynomials.

Proof. Let H̄ be the graph obtained from H by adding |V (G)|− |V (H)| isolated vertices.
Order the vertices of H̄ so that the vertices of H correspond to a clique in G. Assume H
has m edges labelled as ei = {ui, vi} for i ∈ [m]. The µ-polynomial of Ĝ := G− E(H) is

ψ(Ĝ, t, µ) := det(tI − A+ µD + (eu1e
>
v1

+ ev1e
>
u1

+ · · ·+ eume
>
vm + evme

>
um)

− µ(eu1e
>
u1

+ ev1e
>
v1

+ · · ·+ eume
>
um + evme

>
vm)).

(22)

We will prove that ψ(Ĝ, t, µ) is independent of which clique of G the vertex set of H
corresponds to or how the vertices of H are ordered. When m = 1,

ψ(Ĝ, t, µ)

= det
(
tI − A+ µD + (eu1e

>
v1

+ ev1e
>
u1

)− µ(eu1e
>
u1

+ ev1e
>
v1

)
)

= det
(
tI − A+ µD + (eu1 , ev1)(ev1 − µeu1 , eu1 − µev1)>

)
= det(tI − A+ µD) det

(
I + (tI − A+ µD)−1(eu1 , ev1)(ev1 − µeu1 , eu1 − µev1)>

)
= det(tI − A+ µD) det

(
I2 + (ev1 − µeu1 , eu1 − µev1)>(tI − A+ µD)−1(eu1 , ev1)

)
= detM0 det

(
1 + e>v1M

−1
0 eu1 − µe>u1M

−1
0 eu1 e>v1M

−1
0 ev1 − µe>u1M

−1
0 ev1

e>u1M
−1
0 eu1 − µe>v1M

−1
0 eu1 1 + e>u1M

−1
0 ev1 − µe>v1M

−1
0 ev1

)
,

where the fourth equality follows from Lemma 22 and M0 := tI − A + µD in the last
equality. In this case, the µ-polynomial ψ(Ĝ, t, µ) is independent of the choice of the edge
{u1, v1}, since each entry in the 2× 2 matrix does not by Lemma 23.

Define Ms as in (21), we have

M4m = tI − A+ µD + (eu1e
>
v1

+ ev1e
>
u1

+ · · ·+ eume
>
vm + evme

>
um)

− µ(eu1e
>
u1

+ ev1e
>
v1

+ · · ·+ eume
>
um + evme

>
vm).

Then

ψ(Ĝ, t, µ)

= det
(
M4(m−1) + (eume

>
vm + evme

>
um)− µ(eume

>
um + evme

>
vm)
)

= det
(
M4(m−1) + (eum , evm)(evm − µeum , eum − µevm)>

)
= detM4(m−1) det

(
I +M−1

4(m−1)(eum , evm)(evm − µeum , eum − µevm)>
)

= detM4(m−1) det
(
I2 + (evm − µeum , eum − µevm)>M−1

4(m−1)(eum , evm)
)

= detM4(m−1)

× det

(
1 + e>vmM

−1
4(m−1)eum − µe>umM

−1
4(m−1)eum e>vmM

−1
4(m−1)evm − µe>umM

−1
4(m−1)evm

e>umM
−1
4(m−1)eum − µe>vmM

−1
4(m−1)eum 1 + e>umM

−1
4(m−1)evm − µe>vmM

−1
4(m−1)evm

)
.
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Since by induction the first factor, and by Lemma 23 each entry in the 2 × 2 matrix do
not dependent on the choice of the clique in G nor on the ordering of vertices of H, the
result follows.

Corollary 25. Let G be a strongly regular graph with clique number ω and let H be any
graph on at most ω vertices. Removing edges of H from cliques of G results in graphs
with the same µ-polynomials, whose complements also have the same µ-polynomials.

Proof. By Theorem 24, removing edges of H from cliques of G results in graphs with the
same µ-polynomials. For the function f(x) defined in Lemma 23,

f(A) ◦ I = α(t, µ)I, f(A) ◦ A = β(t, µ)A.

Furthermore, if G has parameters (n, d; a, c), then A2 = dI+aA+ c(J − I−A). So, there
exists γ(t, µ) such that

f(A) ◦ (J − I − A) = γ(t, µ)(J − I − A).

Let Gc be the complement of G, which is also strongly regular or 1-walk regular. By a
similar argument in the proof of Theorem 24, adding edges of H inside a coclique of Gc

results in graphs with the same µ-polynomials. Now, deleting edges of H in a clique of
G corresponds to adding edges of H in the corresponding coclique of Ḡ. So, removing
edges of H from cliques of G results in graphs whose complements also have the same
µ-polynomials.

Corollary 26. Let G be a strongly regular graph. Then for any two edges e and f of G,
the graphs G\e and G\f have the same µ-polynomial, or they are Lµ-cospectral.

There are exactly 15 non-isomorphic strongly regular graphs, denoted by Xi for i =
0, 1, . . . , 14 in [7], with parameters (25, 12; 5, 6). Their adjacency matrices can be found
on Spence’s website: http://www.maths.gla.ac.uk/˜es/srgraphs.php. In [7] the authors
give a table that lists the number of pairwise non-isomorphic subgraphs of Xi obtained
by deleting edges of 6 small graphs respectively in cliques of Xi for i = 0, 1, . . . , 14.
For example, removing an edge from X1 gives a family of 150 graphs, they are pairwise
non-isomorphic but Lµ-cospectral.

6 Orthogonally degree-similar graphs

Motivated by the problem proposed by Wang et al. [16], we introduce orthogonally degree-
similar graphs, which may be viewed as a stronger version of degree-similar graphs.

Definition 27. Two graphs G1 and G2 are called orthogonally degree-similar if there
exists an orthogonal matrix Q such that Eq. (2) holds, namely,

Q>A(G1)Q = A(G2), Q
>D(G1)Q = D(G2).

We have some remarks for the rationality of the definition.
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(1) Two graphs G1 and G2 are cospectral if and only if A(G1) and A(G2) are orthogo-
nally similar.

(2) G1 and G2 are cospectral with cospectral complements if and only if A(G1) and
A(G2) are similar via an orthogonal matrix Q with Q1 = 1 (Theorem 1).

(3) If G1 and G2 are degree similar and one of them is connected, then G1 and G2

are cospectral with cospectral complements (Lemma 6). So we have an orthogonal
matrix Q as in (2).

(4) The invertible matrix M in Eq. (1) is not unique, since kM still satisfies Eq. (1)
for any nonzero k.

(5) As the adjacency matrices and degree matrices are symmetric, we have additional
requirements for M in Eq. (1), that is,

M>A(G1)(M
−1)> = A(G2), M

>D(G1)(M
−1)> = D(G2).

(6) The matrices M in most examples of degree similar graphs in [6] are orthogonal,
e.g. Example 5.3, Example 6.3, Example 7.3, Example 8.4.
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