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Abstract

In this work, we prove that the universal and maximal abelian covers of a finite
multi-graph have the same eigenvalues. This result strengthens a recent theorem of
Li, Magee, Sabri, and Thomas (2025) and answers one of their questions. Our proof
builds upon their new characterization of the point spectrum of maximal abelian
covers in terms of matching polynomials. It is based on the theory of the matching
polynomial and its Gallai-Edmonds decomposition.

Mathematics Subject Classifications: 05C50, 05C31

1 Introduction

In this article we study the spectrum of the universal and maximal abelian covers of a
finite multi-graph. The spectral theory of these covers has connections with many areas,
among those mathematical physics, analysis, probability and combinatorics. See [2, 4, 5,
6, 7,9, 10, 13, 15, 30, 33] for some recent developments in this area.

We next provide an overview of some known results together with our main contribu-
tions. Precise definitions and statements are deferred to Sections 2 and 3.

Let G = (V(G), E(G)) be a finite weighted multi-graph. Each vertex i € V(G) is
assigned a weight r; € R, and each arc e € E(G) is assigned a weight p. € C, with
pe-1 = Pe # 0, where e~! denotes the reverse of e. For simplicity, we will refer to such
an object as a multi-graph. For every multi-graph G, one can define its universal and
maximal abelian covers, denoted G'™ and G2, respectively, together with their adjacency
operators, spectra, and eigenvalues.

Recently, Banks, Garza-Vargas, and Mukherjee [7], building on the work of Aomoto [1,
2], established a complete characterization of the eigenvalues of the universal cover G™
in terms of the structure of the base multi-graph G.
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Theorem 1 ([7, Cor. 3.4]). A real number 0 is an eigenvalue of G'™ if and only if G has
a 0-Aomoto subset.

An immediate consequence of this result is that every eigenvalue of the universal cover
G"™ is also an eigenvalue of G. Moreover, as noted in [7, Cor. 3.4], Theorem 1 implies
that there is a finite-time algorithm to compute the eigenvalues of G"™.

As observed in [7, Sec. 1.1], Aomoto [2] used Theorem 1 to establish the following
result. For this statement, we say that a multi-graph G is regular if every vertex has the
same number of incident edges, counting self-loops twice.

Theorem 2 ([2, Thm. 2|). If G is regular, then G™ has no eigenvalues.

Recently, Li, Magee, Sabri, and Thomas [30] established analogues of Theorems 1
and 2 for the maximal abelian cover G* of a multi-graph G. To state their results, if H
is a subgraph of G, we write G \ H for the subgraph of G induced by V(G) \ V(H).

Theorem 3 ([30, Thm. 1.1 and Rmk. 3.10]). A real number 0 is an eigenvalue of G* if
and only if it is a zero of the matching polynomial of G\ T for every 2—reqular subgraph
I’ of G. Moreover, the same statement holds if the matching polynomial is replaced by the
characteristic polynomial.

Theorem 4 ([30, Thm. 1.2]). If G is regular, then G* has no eigenvalues.

Theorems 3 and 4 answered Problem 6.11 and Conjecture 6.12 of Higuchi and No-
mura [24], respectively. In the course of establishing these results, Li et al. [30] also
proved the following theorem, which they also claim follows from work of Arizmendi,
Cébron, Speicher, and Yin [3].

Theorem 5 ([30, Prop. A.2]). Every eigenvalue of G™ is an eigenvalue of G*.

These results above suggest that the eigenvalues of the universal and maximal abelian
cover of a multi-graph always coincide. In this direction, Li et al. [30, p. 3] pose the
following question (specifically for multi-graphs with vertex weights 0 and arc weights 1).

Question 6 ([30, p. 3]). Is every eigenvalue of G® an eigenvalue of G"?

Moreover Li et al. [30, p. 3] write: “It would be highly desirable to resolve this matter
one way or the other.”

In this work, our main result is an affirmative solution to Question 6 obtaining the
following statement.

Theorem 7. G™ and G* have the same eigenvalues.

By combining Theorems 2 and 7, we also obtain an alternative proof of Theorem 4,
thereby providing an alternative solution to Conjecture 6.12 of Higuchi and Nomura [24].
We refer the reader to Section 3 for the full characterization of the eigenvalues of G* and
Guni'

Theorem 7 is a consequence of the following result together with Theorems 1,3, and 5.
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Theorem 8. Let G be a multi-graph without a 6—Aomoto subset. Then there exists a
2-reqular subgraph I of G such that 0 is not a zero of the matching polynomial of G\ T".

To prove Theorem 8, we use techniques originally developed in the study of the Gallai—
Edmonds decomposition for the matching polynomial. This decomposition was introduced
by Godsil [17] and further developed by Ku and Chen [26], Ku and Wong [27, 28, 29],
Bencs and Mészdros [8], and the author [34, 35]. We work with the matching polynomial
rather than the characteristic polynomial precisely because this decomposition is available
for it.

It would be interesting to obtain a proof of Theorem 7 without using the Gallai-
Edmonds decomposition for the matching polynomial. One could attempt this by working
directly with covers or with the characteristic polynomial instead.

The remainder of the paper is organized as follows. In Section 2, we set up the
definitions and present previous work on this subject. In Section 3, we state Theorems 7
and 8 in their final form. In Section 4, we present new results about the Gallai-Edmonds
decomposition for the matching polynomial. In Section 5, we complete the proof of
Theorem 8.

2 Preliminaries

In this section, and in the remainder of the paper, we let G = (V(G), E(G)) be a finite
weighted multi-graph. For an arc e € E(G), its origin and terminus are denoted as o(e)
and t(e), respectively. Each vertex i € V(G) is assigned a weight 7, € R, and each arc
e € E(G) is assigned a weight p. € C, with p.-1 = p, # 0, where e~! denotes the reverse
of e. For simplicity, we will refer to such an object as a multi-graph.

In this case, the corresponding adjacency matriz of G, denoted by A%, is the Hermitian
matrix defined by

A?j = 1;0i5 + Z Pe; for all i,j € V(G).
ecE(G)
o(e)=i,t(e)=j
Note that AZ-G]- = 0 whenever i # j and 7 ~ j.
We define the characteristic polynomial of G to be

gbG(x) = det(x! — AG).

A multi-graph without self-loops or multiple edges is called a graph. Note that sub-
graphs of a multi-graph are not required to be graphs and may themselves be multi-graphs.
If S is a subset of the vertices of the multi-graph G, we write G \ S for the subgraph of
G induced by V(G) \ S, and G[S] for the subgraph induced by S. The frontier of S
in GG, denoted by 0S = 0g.S, is the set of vertices outside S that have a neighbor in S.
Analogously, if H is a (directed) subgraph of G, we write G\ H for G\ V(H), define 0H
as OV (H), and let cc(H) denote the number of components of H. A multi-graph is called
reqular if every vertex has the same number of incident edges, counting self-loops twice.
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Note that two distinct parallel edges of G form a cycle of length 2, and a loop forms
a cycle of length 1. A 2-regular subgraph of GG is a disjoint union of cycles of G, which
may include cycles of length 1 or 2. A matching of the multi-graph G is a subset of edges
forming a 1-regular subgraph of G. A multi-graph without cycles is called a forest. In
particular, a forest has no self-loops or multiple edges and is therefore a graph. A tree is
a connected forest.

2.1 Matching polynomial

We begin with an overview of the theory of the matching polynomial and its Gallai—
Edmonds decomposition, as developed in [34, 35]. Although this theory was originally
developed for graphs rather than multi-graphs, the results extend directly to multi-graphs
with virtually no modifications. For this reason, we state the results for multi-graphs,
indicating explicitly when the graph assumption is needed.

Let Mg be the set of all matchings of G. For simplicity, we write ¢ ¢ M if the vertex
i is not saturated by the matching M. For an edge e € E(G), we set \. :== —|pz|?, where
€' is any of the arcs corresponding to the edge e.

The matching polynomial of GG is then defined as

Z H(x—m) H Ae-

MeMg i¢M eeM

Note that the loop weights of G do not contribute to the matching polynomial of G.

The following result, due to Godsil and Gutman [18], establishes a connection between
the matching and characteristic polynomials of a graph. We note that this result does
not hold in general for multi-graphs that are not graphs.

Theorem 9 ([18, Cor. 2.1]). Let G be a graph. Then the matching and characteristic
polynomials of G are equal if and only if G is a forest.

For each vertex ¢ of G, we also define the graph continued fraction of G rooted at 7 as

a;' () = %(m)

This definition is motivated by a result of Viennot [36, p. 149], which establishes a
connection between matching polynomials and branched continued fractions. The follow-
ing two lemmas illustrate part of this connection. For further details, we refer the reader
to [35].

To state the next result, we denote by Fq(i, ) the set of edges connecting the vertices
7 and j in the multi-graph G.

Lemma 10 ([35, p. 4]). Let i be a vertez of G. Then
G _
of @) =o—ri+) > T'
j~i eeBgl(ig) @ ()
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For a rooted multi-graph G with root i, the rooted path tree TS is the rooted tree
whose vertices correspond to paths in G starting at ¢, where two vertices are adjacent if
one path is a maximal sub-path of the other. The root of T is the trivial path consisting
of the single vertex 1.

The weights of 7. are inherited from the weights of G as follows:

e Each vertex of T\ corresponding to a path ending at j is assigned the vertex weight

’I“j;

o If P:i — jis a maximal sub-path of f’ . i — k, then the edge PP of T connecting
the vertices corresponding to P and P has weight A,z 1= Aj;.

In this context, we have the following fundamental result of Godsil [16], which estab-
lishes a connection between the graph continued fraction of GG at a vertex ¢ and that of
its rooted path tree T

Lemma 11 ([16, Thm. 2.5]). Let G' be a multi-graph and i a vertex of G. Then

af(2) =a" (2).

Using Lemmas 10 and 11, one can deduce the following classical result of Heilmann
and Lieb [23, Thm. 4.2]. For this result, and throughout the paper, we denote by my(G)
the multiplicity of 6 as a zero of u®(z).

Theorem 12 (23, Thm. 4.2]). Let G be a multi-graph and i one of its vertices. Then all
zeros of u©(x) are real. Moreover, the polynomials u®(x) and pu®\i(z) interlace, that is,
between any two zeros of u&(x) there is a zero of p&\(x), and vice versa. In particular,
for every real number 0,

me(G \ i) € {mp(G), me(G) £1}.

It is in fact possible to provide a more precise location for the zeros of u%(x) in
terms of the weights of G (see, for example, [34, Cor. 10]). Such estimates were originally
established by Heilmann and Lieb [23] and played a key role in the construction of bipartite
Ramanujan graphs of all degrees in [32].

Using Theorem 12, one can also show (see [35, Cor. 12]) that all zeros and poles of
af(x) are simple, real, and interlace. Moreover, the function af : R — R is increasing
and bijective on each of its branches.

We now turn to the #-Gallai-Edmonds decomposition of G, defined for each real
number #. The vertices of G are partitioned into three sets according to the value of the
graph continued fraction af (6):

i €05 if a(0) =0, i€ oofif al(f) =00, i€ +§ otherwise.
This yields the partition V(G) = £§ U 0§ U oo§. By Theorem 12:
ic05 o me(G\i)=me(G) -1,
ic+y o me(G\i) =my(Q), (1)

i€oo§ & me(G\i)=my(G)+1.

o
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Godsil [17] observed that when the multi-graph is a graph, the vertex and arc weights
are 0 and 1, respectively, and 6 = 0, the 6—Gallai-Edmonds decomposition reduces to
the classical Gallai-Edmonds decomposition, as presented in [12, 14, 31]. The 6-Gallai-
Edmonds decomposition for forests has also been extensively studied under the name
Parter—Wiener theory, as detailed by Johnson and Saiago [25].

One of the motivations for introducing the §-Gallai-Edmonds decomposition was to
prove that the matching polynomials of vertex-transitive graphs (with vertex and arc
weights 0 and 1, respectively) have simple zeros. This was accomplished by Ku and Chen
in [26].

We now describe some results obtained by Ku and Chen in [26], and later refined by
Ku and Wong in [29]. Following Godsil [17], a multi-graph G is said to be 0—critical if
V(G) = 0§. The f-critical components of G are the components of the subgraph induced
by 05

In this context, we recall the following result, known as Gallai’s Lemma [26, Thm.
1.7], proved by Ku and Wong [29].

Theorem 13 ([29, Thm. 4.13]). If G is a connected O—critical multi-graph, then my(G) =
1.

It was shown by Ku and Wong [29, Lem. 4.1] (or [34, Prop. 26]) that 905 C o0of'.
The two sets 05 and 90§ play a central role in the #—Gallai-Edmonds decomposition. In
particular, these sets determine the multiplicity my(G), as proved by Ku and Wong [29,
Cor. 4.14] (see also [34, Cor. 31]), and are related as described in [35, Cor. 32].

Theorem 14 ([29, Cor. 4.14]). The multiplicity of 6 as a zero of u® is equal to the number
of O—critical components of G minus the number of vertices in 005, that is, mg(G) =

ce(G[0g]) — |00F].

Theorem 15 ([35, Cor. 32]). Every nonempty subset U C 905 is adjacent to least |U|+1
O—critical components of G.

We also note that Bencs and Mészaros [8, Lem. 1.9 and Thm.1.11] established versions
of Theorems 13 and 15 for infinite graphs with vertex and arc weights 0 and 1, respectively.

The key result used to prove Theorems 13, 14, and 15 is the following stability result,
presented in its final form in [35].

Theorem 16 ([35, Thm. 29]). If i € 905, then Osz\i(G) = af(0) for every vertex j # i.

Note that Theorem 16 provides a satisfactory description of how the —Gallai-Edmonds
decomposition changes when a vertex in 905 is deleted.

The next lemma is one of the main tools used in [35] to prove Theorem 16. In order
to state this result, for two vertices ¢ and j of G we denote by [i — j] the set of paths
starting at ¢« and ending at 5. We also write A\p for the product of —\. over the edges of
the path P.
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Lemma 17 ([35, Lem. 9]). Given a multi-graph G and two distinct vertices i and j, we

have N (@)
af(z) = oV (@) + 55—,
a; V()

J
where

3 . §G\P 2
/\i~j($) = >‘j~z‘(x) = Z Ap (MG\{i»j} (x)> '

Peli—j]

For precise statements on the consequences of Lemma 17, see [35, Prop. 20-24 and
Fig. 5]. For the convenience of the reader, we reproduce the figure from [35, Fig. 5] in
Figure 1, which summarizes the mentioned consequences of Lemma 17. We also note that
an analogue of Lemma 17 for the characteristic polynomial has recently been used in [11].

(+oc —oa)  (Oog, o00g) (—u.6:o0.6) (0g.6, +a.) (+0.6y 2Ca.c) (Ong, =0c)  (ocag.o006)  (0n60ne) (+o.0:406)  (—oe —os)
L ]

(+ocy —acw) (Dagyo0oney) (—oeu neu) (Oscu Focu) (Fecy el (Oneys —o.) (9086 %ne) (0,65, Op.c0i) (Ha.cgs Hoi) (o —oc)

Figure 1: The nodes represent possible signs for the pair of distinct vertices (4, j), both
in G and in G\ j and G \ i. The edges join signs configurations that can occur simultane-
ously. The green, black and yellow edges represent \;.; in [—00, 0], (=00, 0] and (—o0, 0),
respectively. The red and blue edges represent \;.; equal to —oo and 0, respectively.

To prove Theorem 8, we also need to analyze how deleting vertices in 05, as well as
paths and cycles of G, affects the f—Gallai-Edmonds decomposition. For this reason, we
now study the effect of removing a path or cycle from G on my(G), the multiplicity of ¢
as a zero of u%(x).

We recall the following result of Godsil [17, Cor. 2.5] (see also [35, Lem. 16]), along
with a simple consequence.

Lemma 18 ([17, Cor. 2.5] ). Let P : i — j be a path in G. Then me(G\ P) = my(G) —1,
with equality only if both i and j are in 05.

Corollary 19. Let C be a cycle in G. Then my(G \ C) = my(G) — 1, with equality only
if C'is contained in a @—critical component of G.

Proof. Every vertex of C'is the starting point of a path in G that uses the same vertices
as C'. The claim follows from Lemma 18. O

We call a path or cycle that attains equality in Lemma 18 or Corollary 19 a 6-critical
path or @-critical cycle of G, respectively.

THE ELECTRONIC JOURNAL OF COMBINATORICS 33(2) (2026), #P2.63 7



The next result establishes the existence of f—critical paths under certain circum-
stances. While it can be proved using the same strategy as in [17, Lem. 3.8|, we present
here an alternative proof based on the results of [35].

Lemma 20 ([17, Lem. 3.8]). Assume that mg(G) = 1, and let i,j € 05. Then there
exists a @—critical path P : i — j in G.

Proof. Since 1 € 'OQG and my(G) = 1, it follows that my(G \ i) = 0. As a consequence,
OQG\Z = () and ajG\l(G) # 0. By Lemma 17 (or [35, Prop. 21]), this implies A7 ;(6) # 0.

Recall that
G #G\P ’
== 3 e (Lm)
Peli—j]
: . G\i
If A7 ;(0) € (—00,0), then by [35, Prop. 22(f)] (see also Figure 1) we have j ¢ ooe\
and mg(G \ {4,7}) = 0. Since A ;(0) € (—00,0), by the expression above, there exists a
path P € [i — j] with
mg(G\ P) <mg(G\ {i,j}) =0,
so mp(G \ P) =0, and P is a f—critical path in G.
On the other hand, if \{ .(f) = —oo, then by [35, Prop. 20] (see also Figure 1) we

invj
have j € 009 “and mg(G'\ {i,7}) = 1. In this case, as A{ ;(#) = —oo, by the expression
above there exists a path P € [i — j] such that

me(G \ P) <my(G\ {i,j}) =1,
so my(G \ P) =0, and again P is a f—critical path in G. O
We conclude this section with two final results about paths, which will be needed in

the proof of Theorem 36.
For a path P : iy,... 4 in G define

Wo(P) = [{j € [k] | 4; € oog "y = [ {j € [k] [ 4; € 05"y,

As the next result shows, the quantity Wy(P) keeps track of how the multiplicity of
0 as a zero of the matching polynomial changes as the path P is deleted from the graph.
Note that by the definition above, Wy (P) changes by £1 or 0 when considering successive
sub-paths of the given path P.

Lemma 21 ([35, p. 9]). Let P be a path in G. Then
Proof. This result is an immediate consequence of Equation (1). O]

Note that, by Lemmas 18 and 21, we always have Wy(P) > —1, with equality if and
only if P is a f—critical path of G. Furthermore, as explained in [35, Lem. 16|, the
inequality Wy(P) > —1 can also be obtained from the fact that if i; € OG\{%1 """ el , then,
since i; and ;-1 are neighbors, Lemma 10 (see also [35, Lem. 15] or [17, Lem. 3.4])

implies that ¢;_; € OOG\{u ..... ij2}
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Lemma 22. Let P: iy,...,i be a path in G, and assume that iy € 0§ and Wy(P) = 0.

Then there exists a minimal sub-path P : iy,...,i; of P such that Wy(P) = 0. Moreover,

P coincides with P if and only if k is the smallest index such that i), € oog\{il""’i’“‘l}.

Proof. By the definition of Wy(P), since i; € 05 and Wy(P) > 0, there exists some index

J € [k]\{1} such that i; € oog\{il""’ij’l}. Let ¢ € [k]\ {1} be the smallest such index, and

consider the sub-path P : iy, ... 4, Note that, by the discussion above, i; € j:QG\{il""’ij’l}

for any j € [¢ — 1] \ {1}. Therefore, we have Wy(P) = 0 and Wy(P') = —1, for every
sub-path P’ : iy,...,4; of P with j € [¢ —1]. This proves the existence of the minimal
sub-path P.

Note that P coincides with P if and only if £ is equal to k. m

2.2 Covers

Following [19, 30, 7, 4], we define the universal cover G"™ and the maximal abelian cover
G?P of a multi-graph G, together with their adjacency operators, spectra, and eigenvalues.
Our construction of these covers differs slightly from that in [30] and is closer to the
approach of [19], which is based on arc functions. In particular, unlike in [30], we use G*™
to denote the actual universal cover of G.

In this section, and throughout the remainder of the paper, we fix an arbitrary ori-
entation of the edges of G, and denote by E(G) and E_(G) the sets of positive and
negative arcs, respectively. Thus, each edge e € E(G) is represented once in E+(G) and
E_(G), with opposite orientations. Let F F. (¢ be the free group generated by EL(G). We
consider the inverse of a generator as the reverse arc. In this way, the set of generators
together with their inverses can be identified with the set of arcs E(G). Fix a maximal
spanning forest F' of GG, and let S, denote the set of positive arcs of G not contained in
F. We note that different choices of positive arcs E+(G) and maximal spanning forest F
will lead to equivalent constructions. For further details we refer the reader to [19].

For a group G and a homomorphism ¢ : Fi(c) — G, we call ¢ normalized if every
edge in F' is mapped to the identity. Now, given a group G and a normalized surjective
homomorphism ¢ : FE+(G) — G, we define the cover G? of G as follows. The vertex set
is V(G) x G, and there is an arc joining (o(¢), g) to (t(e), h) if e € E(G) and h = g- ¢(e).
Note that the reverse arc is also included with this definition. It can be shown that this
construction preserves connectedness, so G always has the same number of connected
components as G [19, p. 91].

Ifp,:F e — G, and ¢s : IE'E+(G) — G5 are normalized surjective homomorphisms
such that ¢y = mo¢, for some homomorphism 7 : G; — G,, then G is a cover of G?2. The
corresponding covering map II : G?* — G?2 is defined on vertices by I1(i, g) = (i, 7(g)).
Moreover, for e € E(G), it maps the arc from (o(e), g) to (¢(e), g- ¢1(e)) in G to the arc
from (o(e), 7(g)) to (t(e), m(g) - P2(e)) in G?=.

The original multi-graph G corresponds, in this construction, to the trivial homo-
morphism ¢y : ]FE+(G) — {1} that sends all generators to the identity. The universal
cover G*™ corresponds to the normalized homomorphism ¢,; : F B Fs, , where Fg,
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is the free group on S,, and arcs in S, are mapped to their corresponding generators
in Fg,. The mazimal abelian cover G* corresponds to the normalized homomorphism
OQap - F Boc) thjr, where IF%E is the free abelian group on S, and arcs in S, are mapped
to their corresponding generators in Fg}i In particular, as G is always a cover of G we
can lift the weights of G to G¢ by pull-back. In this way, G*™ and G®" are weighted
multi-graphs.

The universal cover G"™ and maximal abelian cover G® can also be constructed
explicitly by considering non-backtracking walks starting from a given vertex of G, as
in [7, 30]. In this way, both the universal and maximal abelian covers rooted at a given
vertex are analogous to the rooted path tree introduced in Section 2.1. Moreover, if G
itself is a forest, then F' = G and S} = (). In this case, G"™ and G*" are equal to G.

We can then define the adjacency operators A®™ and AGAb, as at the start of Sec-
tion 2.2, which are bounded Hermitian operators on the Hilbert spaces ¢2(V(G")) and
2(V(G?)), respectively. The spectra and eigenvalues of G™ and G* are defined as
those of the corresponding adjacency operators. Since these operators are Hermitian, the
spectrum and eigenvalues of G™ and G are real. For further details, see [30, 7].

As mentioned in Section 1, Banks et al. [7] established, in Theorem 1, a criterion for a
real number 6 to be an eigenvalue of G'™ in terms of §—Aomoto subsets. We now define
what a (refined) 0-Aomoto subset is.

Definition 23 (6-Aomoto subset). A subset S C V(G) is a #—Aomoto subset of G if:
e (G[S] is a forest,
e 0 is an eigenvalue of each component of G[S], and
e [0cS| < cc(G[S)).

A #—Aomoto subset is refined if, in addition, every component of G[S] is f#—critical and
each () £ U C 0gS is adjacent to at least |U| + 1 components of G[S].

The next result shows that we can always replace a #—Aomoto subset by a refined one.

Proposition 24. Every §-Aomoto subset S of G has a subset S that is a refined 0—Aomoto
subset of G. Moreover, cc(G[S]) — |0gS| = cc(G[S]) — |05S].

Proof. Let S be a 6—Aomoto subset of G with components Ti,...,Ty. Thus |0gS| <
cc(G[S]) = k and each T is a tree with 6 as an eigenvalue. By Theorem 9, 6 is a zero of
u¥i (), so me(T;) > 1 and 03 # @ for each .

Define 5" := Uy 0p'. Clearly ) # S C S. Note that G[S'] is a forest whose
components are the union of the f—critical components of T; over ¢ in [k]. Therefore, by
Theorem 16, the components of G[S’] are f—critical. We claim that cc(G[S’]) — [0gS'| =
cc(G[S]) — |0cS| > 0, and hence S is a #—Aomoto subset of G.

For each 7 in [k], Theorem 14 implies

ce(0y') — 10z,05°

=my(T3) 2 1.
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Also note that cc(G[S"]) = 32, cc(0p) and 9gS’ C 9gS U Uicm Or,047. Therefore,

ce(G[S']) = 106S'| = k + Y _|0n,05] — 06|

i€[k]
= cc(G[S]) + > 107,05 — |0cS'|
i€[k]
= (cc(G[S]) — |0eS]) + 106S| + > 01,05 — |06S']
i€[k]
> (ce(G[9]) — |96S]) + ‘(%SU U 05,05 | - 065"
1€[k]

> (cc(G[S]) — 106S])
> 0.

This proves our claim.

Now observe that if U,V C 95" are adjacent to at most |U| and |V| components of
G[S'], respectively, then U UV is adjacent to at most |U U V| components of G[S’]. Let
U’ denote the union of all subsets U C 055’ that are adjacent to at most |U| components
of G[S’]. Then U’ itself is adjacent to at most |U’| components of G[5’].

Consider S C S’ defined as the union of the components of G[S’] not adjacent to U".
We claim that S is a refined #-Aomoto subset of G and cc(G[S]) — [0aS| > cc(G[S"]) —
0S| > 0. Note that since 955 C 955" \ U, it follows that |0gS| < |0aS'| — |U'].

Furthermore, because U’ is adjacent to at most |U’| components of G[S’], we obtain

cc(G[S]) = cc(G[S"]) — |U’|. Therefore,

cc(G[8]) = 106S| > (cc(G[S') = |U']) = (185" — |U"])
cc(G[9) = 1065"]
> 0.

Moreover, G[S] is a forest, and every component of G[S] is #-critical. Now, given
0 #U C 9gS, if U were adjacent to at most |U| components of G[S], then UU U’ D U’
would be adjacent to at most |U U U’| components of G[S'], contradicting our choice of

U’. Hence, U is adjacent to at least |U| + 1 components of G[S]. This proves our claim
and completes the proof. O

As observed in [34, p. 33], Theorem 1 can be viewed as a version of the #—Gallai-
Edmonds decomposition where the path tree is replaced by the universal cover. Indeed,
the definition of (refined) #—Aomoto subsets mirrors the definition of f—critical components
in Section 2.1 and has a property analogous to the one stated in Theorem 15. We now
describe another aspect of this analogy, this time with respect to the density of states of
G"™.

Let Il : G™ — G be the covering map from G'"™ to G. For each j € V(G™), let
x; denote the characteristic vector of j on 2(V(G"™)). For every vertex i € V(G) and
n €N, (x; (AS"™)"y;) is real and constant for all 7 € TIZL ().
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Given a vertex ¢ € V(G), the spectral measure 7; is the unique measure on R satisfying

O (A9 ) = / o dri(2),

R

for every 1 € TI_L(i) and n € N.

uni

The density of states of G"™ is then defined as the measure obtained by averaging the
measures 7; over all vertices i € V(G):

1
T = Ti.
Ve 2,

It was shown in [7] that for every eigenvalue § of G™ one can associate a specific
6—Aomoto subset of G that is related to 7(0). For a real number 0, let X§ denote the set
of vertices i € V(G) such that 7;(0) # 0. The following result was established by Banks
et al. [7].

Theorem 25 ([7, Thm. 3.1]). Let § be an eigenvalue of G'™. Then X§ is a 6—Aomoto
subset of G, and 7(0) = cc(G[X§]) — |0cX§].

Moreover, Banks et al. [7] showed that 7(f) can be computed as the solution of a
maximization problem over §—Aomoto subsets. For the next result, let A§ denote the set
of §—Aomoto subsets of G.

Theorem 26 ([7, Cor. 3.4 and Thm. 3.1]). Let 6 be an eigenvalue of G'™. Then

ce(G1S]) — 196S|
seay V(G

Moreover, X§' is a mazimizer.

As observed in [7, Fig. 2], although X is always a maximizer in Theorem 26, it may
not be the unique one. We address this issue in Theorem 37, which will be proved in
Section 5.

Theorems 25 and 26 should be compared with Theorem 14 and [28, Thm. 2.1],
respectively. A final, explicit connection between refined 6—Aomoto subsets and 6—critical
components will be presented in Corollary 40.

As stated in Section 1, Li et al. [30] recently obtained, in Theorem 3, a characterization
of the eigenvalues of G® in terms of the base multi-graph G. Let T := {z € C||z| = 1} be
the complex unit circle. To describe their results, for & € ']I‘E+(G), let AgG be the Hermitian
matrix given by

(AQ)y ==ridij+ > pebe,  foralli,j e V(G),

ecE(Q)
o(e)=i,t(e)=j

where &, 1= &1 for e € E_(G).
We define ¢§G (x) as the characteristic polynomial of AEG,
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Theorem 27 ([30, Prop. 2.4]). A real number 0 is an eigenvalue of G* if and only if 0
1S a zero of qﬁ?(x) for every & € TE+(@),

With this characterization of the eigenvalues of G?, Li et al. [30] further proved the
following result.

Theorem 28 ([30, Sec. 3.2]). For a real number 0, the following are equivalent:

(a) 0 is a zero of ¢€G(x) for every € € ']I‘E(G);

G\F(

(b) 0 is a zero of u=\' (x) for every 2-reqular subgraph I' of G

(c) 0 is a zero of ¢\ (x) for every 2-reqular subgraph T' of G.

As a consequence of Theorems 27 and 28, Li et al. [30] obtained Theorem 3. In
the course of establishing these results, they also proved the following theorem, which,
together with Theorems 1 and 3, implies Theorem 5.

Theorem 29 ([30, Prop. A.2]). Assume that G has a 6—Aomoto subset. Then, 0 is a
zero of pe\'(z) for every 2-reqular subgraph T.

Part of this result was claimed without proof by the author in [34, p. 33]. Indeed, it
was stated there that if G is a graph, then every eigenvalue of G"™ is a zero of ¢%(x),
uC(x), and, more generally, of every molecular polynomial associated with G. In the next
section, we make this statement precise in Corollary 33.

While not stated in [34], the author had in fact established Theorem 29 for graphs in
the course of proving Corollary 33. This alternative proof differs from that in [30] and
follows from the results stated in Section 4.

2.3 Molecular polynomial

We introduce molecular polynomials, which generalize both the characteristic and match-
ing polynomials. These were first defined as p-polynomials by Gutman and Polan-
sky [21, 20]. Since the notation p-polynomial may lead to confusion with the matching
polynomial, we adopt the term molecular polynomial.

In this section, for a multi-graph G as defined at the beginning of Section 2, we
assign weights A\c € C to each of its directed cycles C'. By a directed cycle of G, we
mean a sequence of arcs ey, ..., e, such that t(e;) = o(e;j41) for every j € [k — 1] and
t(er) = o(e1). Directed cycles of G therefore correspond to undirected cycles of G with
a chosen orientation, as well as to pairs of distinct arcs in opposite directions, which
form directed cycles of length 2. We refer to this latter type of directed cycle as being
associated with edges of G.

For each directed cycle associated with an edge e € E(G) that is not a loop, we define
e = —|pe|?, in accordance with the definition given in Section 2.1. For all remaining
directed cycles of G, the weights are chosen arbitrarily in C, subject only to the condition
Ac-1 = A¢, where C~! denotes the directed cycle C' with the reverse direction.
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We denote by Pg the collection of subgraphs of GG that are disjoint unions of directed
cycles of GG. For I' € Pg, we write C' C I' when the directed cycle C' is a subgraph of I'.
The molecular polynomial of G is defined by

¥ Me-w]

TePg i¢V (D ccr

This polynomial generalizes both the matching and characteristic polynomials. Indeed,
if we set Ao = 0 for every directed cycle which is not associated with an edge of G, then
M€ (z) coincides with p“(z). On the other hand, if we set Ac to be the product — [T, . pe
for every directed cycle C, then by Harary’s formula [22], M G( ) coincides with ¢G( ).
Finally, given ¢ e TE+(G ), as in Section 2.2, we extend it to 5 c TE©) by setting 56 &
ife € E,(G)and & = &1 ife € E_ (G) For a directed cycle C, we then define
Ao = —[lcseo pe€e. With this choice of weights, M (x) is then equal to o¢ ().

Given a multi—graph G as defined at the start of Section 2, a molecular polynomial
associated with G is defined as any polynomial that can be obtained as M%(z) for some
choice of weights for the directed cycles of GG that are not associated with edges of G. Note
that if G is a forest, then the only molecular polynomial associated with G is u& = ¢¢,
in accordance with Theorem 9.

The following lemma is an immediate consequence of the observations above.

Lemma 30. If § is a zero of every molecular polynomial MY (x) associated with G, then

0 is a zero of ¢¢ (x) for every £ € TEO),

The following result was obtained by Gutman [20]. For the next statement, let Py C
Pe denote the set of subgraphs of G that are disjoint unions of directed cycles of G, none
of which is associated with an edge of G.

Theorem 31 ([20, Prop. 1a]). For every multi-graph G,
“z) = Z pe\ () H Ac.
rePg cer
As a corollary, we obtain the following result.

Corollary 32. If 0 is a zero of u®\'(z) for every 2-regular subgraph I of G, then 0 is a
zero of every molecular polynomial MY (x) associated with G.

Corollary 32 together with Theorem 29 implies the following result mentioned in Sec-
tion 2.2.

Corollary 33. Assume that G has a 0—Aomoto subset. Then 0 is a zero of every molecular
polynomial MY(x) associated with G.

By combining Lemma 30 with Corollary 32 and Theorems 27 and 28, we also obtain
the following statement.

Proposition 34. A real number 0 is an eigenvalue of G* if and only if it is a zero of
every molecular polynomial M (z) associated with G.
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3 Main results

We now state Theorem 7 in its final form, providing several equivalent characterizations
of the eigenvalues of G*™ and G?P.

Theorem 35. Let 0 be a real number. Then the following are equivalent:
(a) 0 is an eigenvalue of G™;

(b) 0 is an eigenvalue of G*;

(¢c) G has a 0—Aomoto subset;

(d) G has a refined 6—Aomoto subset;

(e) 0 is a zero of uC\ (x) for every 2-reqular subgraph T' of G

(f) 0 is a zero of ¢“\'(x) for every 2-reqular subgraph T of G;

(9) 0 is a zero of gb?(a:) for every £ € ']I‘E+(G),'

(h) 0 is a zero of every molecular polynomial MY(z) associated with G.

Note that Theorem 1 and Proposition 24 imply the equivalence of (a), (¢), and (d).
Moreover, Theorems 27 and 28, together with Proposition 34, establish the equivalences
of (b), (e), (f), (g), and (h). In addition, Theorem 29 shows that (c¢) implies (e). Finally,
Theorem 8 will prove that (e) implies (¢), completing the proof.

The version of Theorem 8 that we are going to prove is as follows.

Theorem 36. Assume that G has no §-Aomoto subset and let k := my(G). Then there
are k disjoint cycles Cy,...,Cy in G such that

me(G\ (CLU -+~ L Cy)) = 0.

Note that by Corollary 19 at least k cycles are required in this statement.

Theorem 36 is proved by induction on & = mgy(G) in two steps. The first consists
of finding a f—critical cycle C'; assuming G has no #—Aomoto subset. The second, more
involved step, is to show that deleting this cycle does not create a #—Aomoto subset in
G\ C.

As mentioned in Section 2.2, although X§', the #—Aomoto subset defined in terms of
the spectral measures, is always a maximizer in Theorem 26, it may not be the unique
one. Our next result shows that if the maximization is performed over refined 6—Aomoto
subsets, then there is a unique maximizer. For this result, let RS denote the set of refined
f—Aomoto subsets of G.
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Theorem 37. Let 6 be an eigenvalue of G'™. Then,

_ce(GIS]) ~ 1065
sy V@

Moreover, there is a unique mazimizer, which is the maximal refined 0—-Aomoto subset of

G.

It is not clear whether X§ is a maximizer in Theorem 37, since it has not been
shown that it is a refined —Aomoto subset. By [7, Thm. 3.1 and Lem. 4.2], the only
property missing for X§ to be a refined —Aomoto subset is that if ) # U C 95X, then
U is adjacent to at least |U| + 1 components of G[XS]. We believe that, for instance
by adapting the proof of [8, Thm. 1.11] to weighted infinite multi-graphs, this property
could be established. If this is indeed the case, X5 would be characterized as the maximal
refined 6—Aomoto subset of G and as the unique maximizer in Theorem 37.

4 New results on 0-Gallai-Edmonds decomposition

We begin by studying (refined) #—Aomoto subsets and by providing an alternative proof
of Theorem 29. These results will also be required for the proof of Theorems 36 and 37.

Proposition 38. Assume that G has a 0—Aomoto subset and let C' be a cycle in G. Then,
G\ C has a 0—Aomoto subset.

Proof. Let S be a 6-Aomoto subset of G with components 7, ..., T}. Let I C [k] be the
set of indices ¢ in [k] such that C intersects T;, and define S := | |;p\ ; V(1}). We claim

that S is a §-Aomoto subset of G'\ C.. Tt suffices to prove that [0g\ S| < cc((G\C) [S’]) =
k —|I|, that is, 3
]+ |9c\c S| < k.

Observe that || < |0¢SNC|. Indeed, since each T} is a tree, C' cannot be contained en-
tirely within any component Tj. Moreover, in order to travel between any two components
T; and T}, the cycle C' must pass through 9¢S. Note also that dg\¢S = 06S\C C 955\ C,
since SN C = and S is the union of some components of G[S].

Hence,
]+ 106\oS| < 1068 N O] + |96\0S|
< [06SNC+ 065\ C
= (065
<k,
proving our claim. [

The next proposition is technical, but fundamental to the results that follow.

Proposition 39. Let S C V(G) such that:
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e cach component of G[S|] is O—critical, and
o cvery ) £ U C 0gS is adjacent to at least U] + 1 components of G[S].

Then the components of G[S| are O—critical components of G. Moreover, if Z is a subset
of vertices of a component of G[S], then 0gS C oogG\Z.
Proof. We proceed by induction on k := |0gS].

If & = 0, then the components of G[S] coincide with components of G. Since each
component of G[S] is f—critical, it follows that they are f—critical components of G.

Now assume k > 1 and, by induction hypothesis, that the statement holds for every
multi-graph G and subset S C V(G) with [05S| < k. Since 950§ C 00§, it suffices to
show that S C 0§ and 9gS C ooeG\Z for every subset Z of some component H of G[S].

Consider a subset Z of some component H of G[S], and let j € J5S be arbitrary.
Suppose U,V C 0\ ;S are both adjacent to H and each is adjacent to exactly |U|+ 1 and
|V| + 1 components of G[S], respectively. Then U UV is adjacent to H and to exactly
|U U V| +1 components of G[S]. Define U’ as the union of all subsets U C 0¢\;S that
are adjacent to H and to exactly |U|+ 1 components of G[S]. By construction, if U’ # (),
then U’ is adjacent to H and to exactly |U’| + 1 components of G[S].

Consider S C S, defined as the union of the components of G[S] that are not adjacent
to U’, and let G := G\ ({j} U Z). Since cc(G[S]) = [06S| + 1 = |9c\;S| + 2, and because
U’ (when nonempty) is adjacent to exactly |U’| + 1 components of G[S], it follows that
at least one component of G[S] is not adjacent to U’. Therefore, S # 0.

We claim that S C V(G) satisfies the hypothesis of the statement and that [0S < k,
so S C 05. Indeed, each component of G[S] is f-critical. Moreover, if } # U C 9,5, then
UUuU DU, soUUU is adjacent to at least |U U U’| + 2 components of G[S]. Since
U’ (when nonempty) is adjacent to exactly |U’| 4+ 1 such components, it follows that U
is adjacent to at least |U|+ 1 components of G[S] that are not adjacent to U’, that is,
components of G[S]. Finally, as 955 C 0c\;S, we conclude that 105S| < k. This proves
the claim.

Now, observe that U’ U {;j} is adjacent to at least |[U'U{j}|+1 = |U’| +2 components
of G[S]. Since U’ (when nonempty) is adjacent to exactly |U’| + 1 components of G[S], it
follows that j is adjacent to at least one component of G[S] not adjacent to U’, that is, a
component of G[S]. As S C 0§ and j is adjacent to a vertex of S in G = G\ (Z U {j}),
Lemma 10 (see also [35, Lem. 15] or [17, Lem. 3.4]) implies that j € oog\Z. Since j € 0gS
is arbitrary, it follows that 05S C oog\z for every subset Z of a component H of GI[S].

Now, fix a vertex j € JgS, and let i € S be arbitrary. Observe that S and G \ j

satisfy the hypotheses of the statement, and since |0g\;S| < k, we have S C OGG\j by the

induction hypothesis. Thus we have i € § C Og\j . Moreover, by applying the previously

established result with Z = {i}, we obtain j € oof\z = oof\i. Therefore, i € of\j and

Jj € oogG\i. By [35, Prop. 20-24] (see also Figure 1), it follows that i € 0§. Since i € S
was arbitrary, we conclude that S C 05. []
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By Theorem 15, we may apply Proposition 39 with S = 0, which yields 950§ C
oogG\Z whenever Z is a subset of a f—critical component of G. Moreover, Proposition 39

immediately implies the following result.

Corollary 40. The following statements are equivalent:
(a) S is a refined 0—Aomoto subset of G;

(b) S=TiU---UT}, where Ty, ..., Ty are O—critical components of G that are trees, and
every ) #£ U C 0gS is adjacent to at least |U| + 1 of the trees T;.

This result shows the connection mentioned in Section 2.2 between the 6—Gallai-
Edmonds decomposition and refined 6—Aomoto subsets. Corollary 40 provides the main
motivation for our approach in this work. Moreover, together with Propositions 24 and 38,
Corollary 40 yields an alternative proof of Theorem 29, as mentioned in Section 2.2.

We also note that the analogue of Corollary 40 for the characteristic polynomial does
not hold, even in the case of graphs, as illustrated by the following example.

Example 41. Consider the graph GG shown in Figure 2, where the weights are specified
by the following matrix:

01100
10100
A=1111 11
00101
00110

Note that ¢%(x) = (v + 1)3(z — 1)(x — 3), and
0N (2) = 69 (2) = 69V (2) = 69V (2) = (z + 1)*(2” — Bz + 1),

while ¢¥\3(2) = (2 + 1)%(z — 1)2

Also, note that S := {1,2,4,5} is a refined (—1)-Aomoto subset of G, with 055 = {3}.
Clearly, for each i € S, the multiplicity of —1 as a zero of ¢%\{(x) is strictly smaller than
its multiplicity in ¢“(x). However, in contrast to Corollary 40, we also observe that the
same holds for i = 3 € 055.

2 5
Figure 2: Graph corresponding to Example 41.

The next result shows that deleting any subset of a #—critical component of a multi-
graph G affects the multiplicity of 8 in the same way for both the f#—critical component
and G.
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Proposition 42. Let Z C V(H) for a O—critical component H of G. Then
mg(G \ Z) — mg(G) == mg(H \ Z) - mg(H)

Proof. We proceed by induction on k := |0g05].

If £ = 0, then the #—critical components of G are isolated, and the result follows
immediately. Now, assume k > 1 and, by induction hypothesis, that the statement holds
for any multi-graph G with 10505 | < k.

Consider j € 9g05. By Theorem 16 and the induction hypothesis, we have my((G '\
N\ Z)—me(G\ j) = mg(H\ Z) — my(H). On the other hand, by Proposition 39,
since Z is contained in a f—critical component of G and 0§ satisfies the hypotheses of the
proposition, we have j € oog;\z, which implies mg((G \ Z) \ j) = mo(G \ Z) + 1. Also
note that mg(G \ j) = me(G) + 1, since j € 9505 C of .

Combining these equalities, we obtain

me(G\ Z) —mg(G) = m((G\ Z) \ j) —ma(G\ j)
=me((G\J)\ Z) —my(G\ j)
=my(H\ Z) —my(H).
This completes the induction step and the proof. O

The next corollary shows that f—critical cycles in a multi-graph correspond to #—critical
cycles within its f—critical components.

Corollary 43. Let C be a cycle in G. Then C is a O—critical cycle of G if and only if C
s a O—critical cycle of some 0—critical component H of G.

Proof. Assume that C'is a #—critical cycle of a f—critical component H of G. Then, by
Proposition 42, we have

mg(G\C) — mg(G) = mg(H\C) — mg(H) = —1,

so (' is a f-critical cycle of G. This proves one direction of the statement.
Now assume that C' is a 6—critical cycle of G. Then, by Corollary 19, C' is contained
in some f—critical component H of G. Once again, by Proposition 42, we have

mg(H \ C) — mg(H) == mg(G \ C) — mg(G) == —1,
so C'is a #—critical cycle of H. This completes the proof. n

We now state one final result needed for the proof of Theorem 36. It can be seen as
an analogue of Theorem 16 for the removal of vertices in f—critical components, and it
also complements Proposition 42.

Proposition 44. Let Z C V(H) for a 0—critical component H of G. Then oziG\Z(H) =
af\Z(Q) for everyi € V(H\ Z).
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Proof. We proceed by induction on k := |0g05]|. Let i € V(H \ Z).

If £ =0, then, since H is a component of G and C(G\ () depends only on the compo-
nent of G \ Z containing i, the result follows immediately. Now assume £ > 1 and that
the statement holds for all multi-graphs G with |0505| < k.

Consider j € 950§ and G\ j. By Theorem 16, H is a f—critical component of G \ j.
Since |05 V| < k, by the induction hypothesis, aG\(ZU{]})(H) = oI () = o\ (p).

Moreover, by Theorem 15 and Proposition 39, since Z U {i} C V(H) and H is a
f—critical component of G, we have 9505 C oog;\z and 9505 C oog;\(zu{i}). In particular,
j € oog;\Z and j € oof\(ZU“}). By Lemma 17 (see also [35, Prop. 20-24] and Figure 1),

as j € ooeG\Z and j € ooQG\(ZU{i}), it follows that aG\Z(H) = aiG\(ZU{j})(G), and therefore
aG\Z(9> _ V2

’ ;7 (0). This completes the induction step and the proof. O]
Finally, we note that the results presented in this section are instances of more general

statements, to which we intend to return in future work.

5 Proof of main results

In this section, we prove Theorems 36 and 37.

We begin with Theorem 36, starting with the case of a connected 6—critical multi-
graph G. By Proposition 24 and Corollary 40, such a multi-graph G has a 6—Aomoto
subset if and only if it is a f—critical tree. The following result provides a converse to
Corollary 19 for such a multi-graph G.

Theorem 45. Let G be a connected O—critical multi-graph that is not a tree. Then G has
a O—critical cycle.

Proof. Note that, by Theorem 13, we have my(G) = 1. Since G is not a tree, it contains at
least one cycle C', which may consist of a loop or a pair of parallel edges. If my(G'\C) = 0,
then we are done, so assume that my(G \ C) > 1.

We claim that there exists some path P of G with Ws(P) = 0 (as defined before
Lemma 21). Let P be any path obtained from C by starting at a vertex i of C' and
traversing the cycle in one of the two directions. Since P and C' contain the same vertices,
we have my(G\ P) = mp(G\ C) = 1. By Theorem 13, my(G) = 1, and thus by Lemma 21
it follows that Wy(P) > 0. Hence, as i € 0§, by Lemma 22, there exists some sub-path P
of P with Wy(P) = 0, proving our claim.

Let P : iq,...,i, be a path in G of minimum length with Wg(p) = 0. Since i; € 05,
it follows that k& > 2 and i, # i,. We claim that 4, € co®\imik-1} and 4, € 00 G\ ki)
Indeed, by Lemma 22, since i; € 0§ and there is no sub-path P’ of P with Wg(P’ ) =0, it
follows that i), € ooG\{Zl wik-1} Slmllarly, by considering the reverse path Pt g, i,
we conclude that i, € co@\#2} proving the claim.

Since i, € oo®\Mirwin-1} and 4; € co®\Miki2b Lemma 10 (see also [35, Lem. 15]

r [17, Lem. 3.4]) implies that i; and i are adjacent in G to vertices u and v in Og\ﬁ,
respectively, possibly with u = v. As Wy(P) = 0 and my(G) = 1, we have, by Lemma 21,
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my(G \ P) = 1. Thus, since u,v € OE\P, Lemma 20 implies the existence of a §—critical
pathQ:v—)uinG\P.

Let C' be the cycle obtained by concatenating 15, the edge ixv, the path @, and the
edge wiy. Since iy # iy, C is indeed a cycle, even if u = v. We then have

mg(G\ C) = my((G\ P)\ Q) = my(G\ P) =1 =0,
so C'is a f—critical cycle of G. O

Before moving forward, we mention what Theorem 45 corresponds to in the classical
setting, where the multi-graph is a graph, vertex and arc weights are 0 and 1, respectively,
and 6 = 0. In this case, a connected f—critical graph is exactly a factor—critical graph [31,
p. 89]. This follows from Gallai’s Lemma [31, Thm. 3.1.13] (see also Theorem 13). In
a factor-critical graph, the deletion of any vertex leaves a graph that admits a perfect
matching.

The only bipartite factor—critical graph is the single-vertex graph Kj [31, p. 89]
(assuming that the empty graph has a perfect matching). In particular, the only factor—
critical tree is K;.

In this classical setting, Theorem 45 states that for every factor-critical graph G that
is not K, there exists a cycle C such that G \ C' has a perfect matching. In this case, the
following stronger statement is true.

Lemma 46. Assume that G s factor-critical and let © and j be neighbors in G. Then,
there exists an odd cycle C' containing i and j such that G\ C' has a perfect matching.

Proof. The proof is similar to that of [31, Thm. 5.5.1]. Since G is factor-critical, there
exist perfect matchings M; and M; of G \ ¢ and G\ j, respectively. There must be an
M;~M; alternating path P connecting ¢ and j, and its length is necessarily even. Let C
be the cycle formed by P followed by the edge ji. Then, C is odd and G\ C has a perfect
matching. O

The following result provides the main mechanism for the proof of Theorem 36.

Proposition 47. If G has no §—-Aomoto subset and C is a O—critical cycle of G, then
G\ C has no 6-Aomoto subset.

Proof. Assume, by contradiction, that G \ C' has a —Aomoto subset. By Proposition 24,
G\ C then has a refined §—Aomoto subset S. If C' is not adjacent to S in G, then S would
also be a refined #—Aomoto subset of GG, which is impossible. Hence, C' must be adjacent

to S in G.

By Corollary 43, C' is contained in a f-critical component H of G. Thus at least one
vertex of S lies in V(H\C)UOg H. By Proposition 39, we know that dgH C 950§ C oo(,G\C.

But by Corollary 40, we have S C 090\07 so SNOgH = (. Tt follows that there exists a
vertex i € SNV(H \ C).

G\C

Sincet € S C 0, ", we have oziG\C(H) = 0. By Proposition 44, it follows that afl\c(Q) =
a\C

a; () =0, that is, i € ng\c. This is a contradiction, since Corollary 43 implies that C'
is also a f—critical cycle of H, and hence my(H \ C) = 0. O
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Now we are ready for the proof of our main result.

Proof of Theorem 36. Let k := my(G). If & = 0, there is nothing to prove. Therefore,
assume k > 1 and, by induction hypothesis, that the statement holds for all multi-graphs
G with me(G) = k — 1.

As G has no #—Aomoto subset, it follows that at least one f#—critical component H of
G is not a tree. Indeed, if all #—critical components of G were trees, then, by Corollary 40
and Theorem 15, 0§ would be a refined #—Aomoto subset. By Theorem 45, H contains a
O—critical cycle C. By Corollary 43, C' is also a f—critical cycle of G. Hence my(G \ C) =

m9<G) —1.

By Proposition 47, G \ C has no #—Aomoto subset. Since my(G \ C) = k — 1, the
induction hypothesis guarantees the existence of disjoint cycles C1,...,Cy_1 such that
me((G\C)\ (C1U---UCk_1)) = 0. If we define C}, := C, then my(G\ (Ci1U---UCy)) =0,
completing the proof. O

In the same way that Lemma 46 provides a simple proof of Theorem 45 in the classical
case, it is also possible to obtain a more direct proof of Theorem 36 in this setting. This can
be done by using the classical Gallai-Edmonds decomposition and the theory developed
in Lovédsz and Plummer’s book [31].

We now proceed to the proof of Theorem 37. We start with the following result, which
will allow us to define the maximal refined #—Aomoto subset of a multi-graph.

Proposition 48. Let S and S’ be refined 0—Aomoto subsets of G. Then SUS’ is a refined
0—Aomoto subset of G.

Proof. By Corollary 40, both S and S” are disjoint unions of #—critical components of G
that are trees. As a consequence, S U S’ is also a disjoint union of #—critical components
of G that are trees. Also note that dg(S U S") = 0gS U 0.

Now, consider ) # U C 9g(SUS"). If U C 9gS or U C 955, then U is adjacent to
at least |U| 4 1 components of G[S U S’]. Thus, assume instead that ) # U NdgS C dgS
and () £ U\ 9gS C 0¢S’. Then, UN0gS is adjacent to at least [UNJgS|+ 1 components
of G[S], and U \ 05S is adjacent to at least |U \ 0gS| + 1 components of G[S'], none of
which are components of G[S]. Hence, U is adjacent to at least

(IUNIcS|+1)+ (JU\ eS| +1)=|U| +2

components of G[S U 5’].
This shows that S U .S’ is a refined 8—Aomoto subset. O]

The next result explains why a maximal refined #—Aomoto subset should be the unique
maximizer in Theorem 37.

Proposition 49. Let S and S’ be refined 0—Aomoto subsets of G with S C S’. Then

ce(G[8]) — 19eS| < ce(G[S]) — |9S)-

THE ELECTRONIC JOURNAL OF COMBINATORICS 33(2) (2026), #P2.63 22



Proof. Note that, by Corollary 40, all components of G[S] are components of G[S'],
cc(G[S]) < cc(G[S']) and 0gS C 0gS’. If 065 = 0¢S’, then the result immediately
follows. Therefore, assume that 0gS" \ dgS # 0. Then, 055’ \ 0¢S is adjacent to at least
|06S" \ 0cS| + 1 components of G[S’], none of which are components of G[S]. Hence,

cc(G[S']) = ce(G[S]) + 10aS" \ 9aS| + 1,
which, upon rearranging, proves the statement. O
Now we are ready for the proof of Theorem 37.

Proof of Theorem 37. Note that, by Proposition 24, the maximization problem in Theo-
rem 26 has a maximizer that is a refined #—Aomoto subset. Therefore,

g G1S) — 268)
OB vaen @

Let S denote the union of all refined 6—Aomoto subsets of G. By Proposition 48, S is the
maximal refined 6—Aomoto subset of G. Moreover, by Proposition 49, we have

cc(G[S]) — |06:S| < cc(G[S)) — 1965,

for every refined #—Aomoto subset S C S. Hence, S is the unique maximizer in the
maximization problem stated in Equation 2. O
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