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Abstract

Let Ay, ..., A, be finite subsets of an additive abelian group G with |4;| =--- =
|Ayn| > 2. Concerning the two new kinds of restricted sumsets

L(Ay,...,Ay) ={a1+ - -+a,: a1 € Ay,...,a, € Ay, and a; # a;41 for 1 <i < n}
and
C(A1,...,Ap)={ar+ - +an: g, €A, (1<i<n), agx#ar# - #an#ar},

when G is the additive group of a field we obtain lower bounds for |L(Ay,..., A,)|
and |C'(Ay,...,A,)| via the polynomial method in a quite nontrivial way. More-
over, when G is torsion-free and A; = --- = A,, we determine completely when
|L(A1,...,Ap)| or |C(Ay,...,Ay)| attains its lower bound.

Mathematics Subject Classifications: 05E16, 11B13, 11P70, 11T06, 20K 15.
1 Introduction
Let G be an additive group. For finite subsets Ay, ..., A, of G, their sumset is defined by
A+ + A, ={a1+-+a,: a1 €Ay, ...,a, €A},

and their sumset with distinct summands is given by
A+ A, ={a+ - +a, s ag € Ay, ..o a, € Ay, and ay, .. ., a, are pairwise distinct}.
When A; = --- = A, = A, we use nA to mean A, +--- + A,, and n"A to stand for
Aot A,

The famous Erdds-Heilbronn conjecture [6] posed in 1964 asserts that for any prime

p and A C Z/pZ, we have
12" A| > min{p, 2|A| — 3}.

School of Mathematics, Nanjing University, Nanjing 210093, People’s Republic of China
(hWang@smail.nju.edu.cn, zwsun@nju.edu.cn).

THE ELECTRONIC JOURNAL OF COMBINATORICS 33(2) (2026), #P2.64 https://doi.org/10.37236/13831


https://doi.org/10.37236/13831

This was first confirmed by Dias da Silva and Hamidoune [5] in 1994 via exterior algebra.
An extension of this involving kth powers over a field was given by H. Pan and Z.-W. Sun
[10] in 20009.

Let G be an additive group with |G| > 1. We define p(G) as the minimum of orders
of nonzero elements of G if G contains a nonzero element of finite order, otherwise we
consider p(G) as +oo. In 2004 G. Kérolyi [8] extended the Erdés-Heilbronn conjecture
to any abelian group G with |G| > 1; moreover, in 2009 P. Balister and J. P. Wheeler [4]
obtained the following extension of the Erdés-Heilbronn conjecture to any finite group G
with |G| > 1: For any nonempty subset A of G we have

2" A] > min{p(G), 2|A| - 3}.

In graph theory, given a graph with n vertices vy, ..., v, and given a set A; of colors
for each vertex v;, a proper list coloring is a choice function that maps every vertex v; to
a color a; in the list A;, such that no two adjacent vertices receive the same color. Thus,
sumsets with distinct summands are related to list colorings of complete graphs.

For a subset A of an additive group G, obviously

2"A ={ay+ay: aj,a; € Aand a; # as}

and
3"A={ay+ay+az: ap,as,a3 € Aand ay # as # az # a1 }.

This reminds us linear and circular permutations. Thus, it is natural to consider restricted
sumsets related to list colorings of paths and cycles instead of complete graphs. Motivated
by this, the second author [13] introduced two new kinds of sumsets. Namely, for finite
subsets Aq, ..., A, of an additive group G, Sun defined

L(Ay,...,;A) ={a1+ - +a,: a;€ A fori=1,...,n, and a; # a;41 for all 0 <i < n}
and
ClAy,...,Ap) ={a1+ - +a,: a; €A (1<i<n)and a; #ay # -+ #a, # a1}.
Clearly,
L(A1, As) = C(A1, As) = A1+ Ay and C(Ag, Ag, As) = A + Ay + As.

When A; = --- = A, = A, we simply write n"A to denote L(A;,...,A,), and n°A to
denote C(Ay, ..., A,).
In 2022, the second author [13] made the following general conjecture.

Conjecture 1 (Sun). Let G be an additive group with |G| > 1, and let A;,..., A, (n > 1)
be finite subsets of G with |A;| > 1 for all i =1,...,n. Then

|L(Ay, ..., An)| 2 min{p(G), |[A1|+ -+ A, —2n + 1+ {n}s} (1)
and
|C(Ar, ..., Ay)| 2 min{p(G), [Ar] + -+ [Ap] = 2n+ (=1)"(1 +{n}2)},  (2)

where {n}, denotes the least nonnegative residue of n modulo 2.
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This conjecture is motivated by the following observation: For any integer n > 1 and
A C Z of the form {0,...,k — 1} with k € {3,4,5,...}, we have

InAl = n|A| —2n+ 1+ {n},
and
|In°Al = n|A| = 2n 4+ (=1)"(1 4+ {n}s).

By [11, Corollary 1.5], if A; CZ and |A;| > 3 foralli=1,...,n, then |C(A4;,...,A,)| >
For a field F', we let ch(F') be the characteristic of F'. Clearly,

P if ch(F') is a prime p,
p(F) = . ()
+oo if ch(F) = 0.

Applying Theorem 1.3 of Sun and L. Zhao [15] with

P(zy,...,x,) = (21 — x2) (2 — 23) -+ (Tp_1 — X)) (T — 1)
P(zy,...,z,) = (1 — x9) (29 — x3) - - (Tp1 — Tp),

we see that if A;,..., A, are finite subsets of a field F' with |4;| > 2 forall i =1,...,n
then
C(Ar,.., An)| = min{p(F) — n, [ Ai] + -+ | A,] — 30+ 1)

and
L(As, -, A)] > minfp(F) = 0+ 1, [Ay 4 -+ + [ A,] — 30+ 3},

Note that the lower bounds here are not optimal according to Conjecture 1.
If Aj, Ay, Az are finite nonempty subsets of a field F', then in the spirit of [3, Theorem
3.2], the cardinality of C'(Ay, Ay, A3) = Ay + As + Az is at least

min {p(F), L+ (14l - 3)} = min{p(F), |Ai] +[Az| +|As| —2x 3+ (=1)°(1+{3}2) },

i=1

which is essentially the inequality (2) with n =3 and G = F.
When G is the additive group of a field, our following theorem confirms the inequality
(1) in the case n = 3 and |A;| = |As| = |A3].

Theorem 2. (i) Let Ay, As, A3 be finite subsets of a field F with |A|,|As| = 2 and
|As| — |Ay1| € {0,1}. Then we have

| L(A1, Az, As)| = min{p(F), |As] + [Ag] + [As| — 4}. (3)

(ii) Let G be a torsion-free additive abelian group, and let Ay, Ay, A3 be finite subsets
of G with cardinality 2 < |A;| < |As| < |As|. Then we have

|L(A1, Az, As)| > [Ar] 4 |Ao] + |As| — 4 (4)
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Corollary 3. Let p be any prime. For any A CF, with |A| > |p/3| + 2, each element of
F, can be written as a; + ag + as with ay,as, a3 € A and a; # as # as.

Our next two theorems deal with Conjecture 1 when G is the additive group of a field,
and |A;| = = |A,]

Theorem 4. Let n be any positive even integer, and let Ay, ..., A, be subsets of a field

F with |Ay] = -+ =|A,| > 2. Suppose that p(F') > > | |A;| — 2n. Then
|L(Ay,...,A)| = |C(Ay, ..., An)| = z”: |A;| — 2n + 1. (5)
i=1
Theorem 5. Let n be any positive odd integer, and let Ay, ..., A, be subsets of a field F
with |Ay| = -+ = |A,| = 2. Suppose that p(F) > > | |A;| —2n+ 1. Then
]L(Al,...,An)|2i|Ai|—2n+2. (6)
i=1

We will prove Theorem 2 and Corollary 3, and Theorem 4-5 in Sections 2 and 3
respectively, via the so-called polynomial method involving the famous Combinatorial
Nullstellensatz of N. Alon [1]. A key and challenging step is to prove the following novel
results:

—1)n)!
[:Elf Ce xfl](xl — 332) Ce ('In—l — xn)(zn — xl)(xl _|_ e _|_ xn)(k_l)n — ((kk#an/Q

if n is even, and

k—1 1)!
[xlf e xi] (xl _ xz) Ce (:Cnfl _ xn)(xl 44 xn)(kfl)n+1 — (( (k?;’;—'— ) X k(nfl)/2

if n is odd, where k is a positive integer, and [2% - - - 2¥] P(z1, . . ., x,,) denotes the coefficient
of ¥ -+ 2% in a polynomial P(zy,...,z,).

In 1995, M. B. Nathanson [9] proved that for any finite subset A of Z with |A| > 5
and n € {2,...,|A| — 2} we have [n"A| > n|A| — n® + 1, and equality holds if and only if
A is an AP (arithmetic progression).

For any torsion-free abelian group G, we confirm Conjecture 1 in the case A =--- =

A,,. Namely, we have the following theorem.

Theorem 6. Let A be any finite subset of a torsion-free additive abelian group G with
|A| > 2. For any integer n > 1, we have

|In"A| = n|Al —2n+ 1+ {n}, (7)

and
[n°A| = n|A] = 2n + (=1)"(1 + {n}2). (8)

THE ELECTRONIC JOURNAL OF COMBINATORICS 33(2) (2026), #P2.64 4



When G is a torsion-free abelian group, we determine completely when equality in (7)

or (8) holds.

Theorem 7. Let n > 2 be an integer, and let A be any finite subset of an additive
torsion-free abelian group G with |A| > 3. Then

InA| =nlA| —2n+ 14+ {n}e 9)
if and only A is an AP (arithmetic progression). Also,
[n°Al = n|A] = 2n + (=1)"(1 + {n},) (10)

if and only if A is an AP, or k =3 and n = 5.

2 Proofs of Theorem 2 and Corollary 3

For a polynomial P(z1,...,x,) over a field, and nonnegative integers ki, ..., k, as usual
we write [zF1 -+ 2F ] P(xq,. .., x,) to mean the coefficient of 2% - - 2% in P(xq,...,x,).

The following lemma is essentially Theorem 2.1 of [3] although its original form deals
with F' = Z/pZ with p prime, the reader may also consult [12] for a proof via Alon’s
Combinatorial Nullstellensatz [1].

Lemma 8. Let F' be any field, and let Ay, ..., A, be finite nonempty subsets of F'. Let
flzy, ..., x,) € Flay, ..., x,) \ {0} with deg f <> " (JA;)| —1). If

I A ) (e ) S A g

then we have

n

{ar+ -+ an a0 € Ay, flar,. .. an) # 0} =D (JA;| = 1) —deg f + 1.

i=1

The following lemma is essentially due to N. Alon, M.B. Nathanson and [.Z. Ruzsa
2, 3].

Lemma 9. If A and B are finite subsets of a field F' with 0 < |A| < |B|, then
A+ B > min{p(F), | 4| +|B| - 2}. (1)

Lemma 10. For any ki, ko, ks € Z*, we have

[mlflxl;ngs](xl - lEQ)(ZEQ — 1:3)(:p1 + x5 + x3)k1+k2+k3—2
(ki + o+ k3 —2)! (1)
S (Rt (k= E) (ks — K2)).

ot

THE ELECTRONIC JOURNAL OF COMBINATORICS 33(2) (2026), #P2.64



Proof. Note that (z1 — x2)(22 — x3) = @109 — T103 + Toxs — x5. With the aid of the
multi-nomial theorem, we see that

[ a2 28] (m1 200 — 123 4+ Bow3 — 2) (71 + T + 23)

__(h+ky+@—2>_(h+%a+%—2)

ki1+ko+kz—2

k1_17k2_17k3 kl_l,kg,k3—1
ki 4k + ks — 2 . ki + ko + ks —2
k17k2_]’7k3_1 k17k2_2,]€3
(kg4 Ry ks —2)!
T alhakgl  Cake —hiks ks = Ro(ky = 1))
- (k1 + ko + k3 — 2)!
= httht Rt (ke = k) (ks = ko).
This proves (12). -

Lemma 11. Let F be any field, and let Ay, Ay, A3 be finite subsets of F with |A4|, |As| > 2
and |Ag| — | Ay € {0,1}. Suppose that p(F) = 327 | |Ai| — 4. Then we have

IL(A1, Ay, As)| 2 ) |4 — 4. (13)

3
=1

Proof. Set k; = |A;] — 1 for i = 1,2,3. In light of Lemma 8, it suffices to prove that

he # 0, where e is the identity of F, and h is the coefficient of x’flx?aj? in the polynomial

(21 — 22) (w9 — 3) (w1 + 9 + 23)F1 T2 TR=2 € 7],

Let 0 = |Ay| — |Ay|. Then ky — ky = € {0,1}. In light of (12), we have

(k1 + ko + ks — 2) ko

h pu—
Ky !kolks!

Since p(F) = 320 (JAil = 1) — 1 = ki 4 ko + k3 — 1 > koys, we clearly have he # 0 as
desired. This concludes the proof. O]

Proof of Theorem 2. (i) When p(F) > 3°_ |A;| — 4, the conclusion follows from Lemma
11.
Below we assume that p(F) =p < S0 |A;] — 4.

Case 1. p=2.
In this case, |A1]| + [A2] > p+4 — |A3| =6 — | A3
Suppose |As| = 2. Then |A;| + |Az] > 4 and hence |As| > 3. Let ay and a) be two
distinct elements of Ay, and choose ay € A, different from a; and o). Also, take az € A
with a3 # ay. Then a; + as + a3 and a} + as + a3 are distinct elements of L(Aj, Ay, A3)
and hence
|L(Ay, Az, A3)| = 2 = p = min{p, |A1| + As| + |A3] — 4}.
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Now assume |A3| > 3. Take a; € A; and choose ay € Ay with as # ay. As |As| > 3,
there are two distinct elements as and a} of As different from as. Thus a; + ay + a3 and
aj + as + a4 are distinct elements of L(A;, Ag, A3), and hence

|L(A1, Az, A3)| = 2 = min{p, |A1| + [As| + |As| — 4}.

Case 2. p # 2 and |A3| = 2.
In this case, |A1| + |A2| > p+4 —|As| = p+ 2. Let b be an element of A;. We claim
that

A1+ (A2 \ {0})] = p. (14)
Subcase 2.1. b € A,.
By Lemma 9, if |A;| = | Ag| then
[ A1+ (A2 \ {0})[ = min{p, [As] + A2\ {b}| — 2} = min{p, [As| + [A4;| = 3} = p.
When |A;] = |A1] 4+ 1, we take a € A; and then by Lemma 9 we get
[ A1+ A\ {b}] = [(A1 \ {a}) + (A2 \ {B})]
z min{p, [Ar \ {a} + [A2\ {b}| = 2} = min{p, |As] + [As] — 4}

As |A1|+]A2] —4 > p—1 and |Ay| Z |A1| (mod 2), we must have |A;| + |As] = p+4 and
hence |A; + Ay \ {b}] = p.

Subcase 2.2. b & As.
When |A;| = |As|, we take ¢ € Ay, and hence by Lemma 9 we have

|Ay 4 (A2 \ {b})] = |A1L + (A2 \ {c})]
> min{p, |Ai| + [A2 \ {c}| — 2} = min{p, [A1| + |A2| — 3} = p.

If |Ay] = |Ay| + 1, then by Lemma 9 we have
A1+ (A2 \ {0})] = |A1 + Ao 2 min{p, |Ai] + 42| — 2} = p.

By our discussion of subcases 2.1 and 2.2, we see that (14) holds. For any z €
Ay + (A \ {b}), we may write © = a; + ap with a; € Ay, as € Ay and a; # as # b and
thus  + b € L(A;, A, A3). Combining this with (14), we obtain

|L(Ay1, Az, Ag)| = [Ar 4 (A2 \ {b})| = p = min{p, |A;| + |As| + |As| — 4}.

Case 3. p > 3 and |As| > 3.
If |Ay] < (p+1)/2, then 3 < p+4— (|A1] +|Az2]) < |A3| and so we may take A C Aj
with [A] = p+4 — (JA1] + | A2|), hence by Lemma 11 we have

| L(A1, Az, As)| = [L(Ay, Az, Ag)| 2 |As] + [Asf + [A5] — 4

= p = min{p, |Ai| + [Az| + |A3] — 4}.
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Below we assume |As| > (p + 1)/2. We may take A} C Ay and A, C Ay with |A)| =
|A,| = (p+1)/2, and also take A5 C A with |A5| = 3. Note that |A}|+|A5|+|A5| —4 = p.
Applying Lemma 11 we obtain

’L(ADAQ?A?))‘ > ’L(AllaA,ZvAg)‘ > b= min{p, |A1‘ + |A2‘ + |A3‘ - 4}

(ii) Now we turn to prove part (ii) of Theorem 2. Since the field R of real numbers is
an infinite dimensional vector space over the field Q of rational numbers, any r linearly
independent real numbers generate a subgroup isomorphic to Z". Thus, without loss of
generality, we may suppose that G is the additive group of the field R.

Let k; = |A;| — 1 for i = 1,2,3. Then 1 < ky < ko < k3 and hence

[ ki,.k2, k3

oyt a5 ] (z1 — @2) (2 — 23) (21 + T2 + 23)M T2 > 0

by (12). Thus, applying Lemma 8 we see that

3
IL(Ar, Ay, Ag)| 2 ) ki — 1= [Ay] + | Ag| + | As| — 4.
i=1
In view of the above, we have completed the proof of Theorem 2. O

Proof of Corollary 3. Applying Theorem 2(i) with F' = F, and A; = Ay = A3 = A, we
get
137A| > min{p, 3|A| — 4}.

As |A|l > |p/3] + 2, we have 3|A| —4 > 3|p/3] +2 > p. Thus |37A| > p and hence
3’A = F,. This concludes the proof. O

3 Proofs of Theorems 4 and 5
As usual, we set () = 1, and (x), = Hf;é(x —j) for every k =1,2,3,....

The following lemma is essentially due to Q.-H. Hou and Z.-W. Sun [7], and a gener-
alization was given by Sun and Y.-N. Yeh [14, Lemma 2.1].

Lemma 12. Let

P(xy,...,2,) = Z Cirongn @I € Clay, ... 2]

and

‘jl ----- jn?o
JiteAgn=m

Suppose that 0 < deg P < kn with k € N. Then

B T L]
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Lemma 13. Let
Po(xy,...,z) = (v1 — @) (12 — x3) - -+ (X1 — Tp) (T, — 21)

with n even. Then we have
L(P,)(zx) = 222, (15)

Proof. Write

P (z1,...,2,) = Z c(],J)Hx?XHx?X H Ty,

I,JC{1,...,n} i€l jeJ k=1
InJ=0 & |1|=|J| kgIUJ
with ¢(I,J) € Z. Then
n n/2 n/2
LPY) = > JJ@ex [T @1 =3 enl@)s @i =) cna™ "(@—1)",
1,JC{1,...n} i€l k=1 m= m=0
INJ=0 & |1|=|J] kgI1uJ

(16)
where

Cm = Z c(l1,J).

1,JC{1,...,n}
INnJ=0 & |I|=|J|=m

Let I,J C{1,...,n} with INJ =0 and |I| = |J| = m. Suppose that j,k € J, j <k
and s ¢ J for all j < s < k. Then there are only kK — j — 1 choices of the corresponding
terms chosen from

(xj - 13j+1)(96j+1 - l’j+2) s (Ik—z - Ik—1)($k—1 - xk),

which are
I] Czn)x J] we= (1722 [ 2 G <s<k).
J<r<s s<t<k j<r<k
r#s
Note that

> z((—1)s—jx§ 11 :1:) = > () Ta@-1) J] «

j<s<k j<r<k j<s<k j<r<k
r#s r#s

=({k =g} = Dz — a7
which vanishes if j #Z k (mod 2).
Let J C {1,...,n} with |J| = m. Write J = {j1,J2,...,Jm} With j1 < -+ < jm.
Consider the polynomial P; given by

(X I IT «)

=1 N ji<s<Ji+1 Ji<r<s s<E<Jit1
X( > I Ceox I =+ 3> I e x ]I xt),
Im<SEN jm <r<s s<tsn 1<s<j1 jm<r<n s<t<J1
or 1<t<j1 or 1<r<s
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In the spirit of the last paragraph, £(P;)(x) = 0 unless j; = jo = -+ = j,, (mod 2) in
which case we have

L(Py)(z) = f[ (_<x _ 1)Iji+1*ji*1) > (—(I _ 1)x("+j1)*jm*1) = (=1)™(z — D)™z ™
Thus
> eI, J)y= (-1
I§{|1],‘;;Z}\J

By the last paragraph, we have

Cm = Z Z c(l,J)+ Z Z e(1,J)

JC{2s: s=1,....,n/2} IC{1,....n}\J JC{2s—1: s=1,...,n/2} IC{1,....,n}\J
|J|=m [T|=m |J|=m I|=m

B (nTQQ)(_l)m ) <n42) (1) = (12 (nﬂ/f)

Combining this with (16) we get

n/2
‘C(Pn)(x) = Z(—l)mQ (n,r{f) xn*m(m _ 1)m — 2xn/2

by the binomial theorem. This concludes our proof. O
Proof of Theorem /. 1t is apparent that
L(Ay,...,A) DC(Ay,..., Ay).

So, we only to show the second inequality of (5).

Let k = |[Ay] —1=---=]A,| — 1. If £ = 1, then the second equality of (5) can be
easily verified.

Below we assume that £ > 2. By Lemmas 12 and 13, we have the identity

((k=1)n)! e
S 2k 2.(17)

Let h denote the right-hand side of (17) which is an integer. Let e be the identity of F.
As p(F) > (k—1)n > 2, we see that the coefficient of z¥... 2" in the polynomial

(b B (@ —22) - (T — @) (@ — 2) (1 + ) I =

(@1 = @2) -+ (w01 — ) (20 —21) (@1 + -+ 7)€ Flay, . 1)

coincides with he which is nonzero. Therefore, by Lemma 8 we have

IC(Ar,. . A 2 (k= Dn+ 1= [A] —2n+1.

=1

This concludes our proof. O
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Lemma 14. For any odd integer n > 1 and the polynomial

Qn(%, .. 7$n) = (!101 - $2)(I2 - $3) T (fEn—l - $n)7
we have
L(Qn)(x) =z V2, (18)
Proof. We use induction on n.
Clearly
Qs(z1, 2, 23) = (11 — x2) (T2 — 3) = T1T2 — T1T3 + TaT3 — I%
and hence

L(Qs)(x) = 22 — 20 4 20 — () = 2 — z(x — 1) = 2B V2,

Thus (18) holds when n = 3.
Now let n be an odd integer greater than 3, and assume that £(Q,_o)(z) = 232,
Write

Qn(z1,...,2,) = E Ciy Xy - xyr with ¢, 4 € Z,

01,eyin EN
and define
Poi(z1, .y xp, ) = Qoo 20) (n — Tpgr) (T — 21).
Then
Poia(@n, @) = D Cipin @ 2 (Tn gy — D12 + D1 — Ty )
i1y yin €N
= 2 e (o e e ey aial )
i1y ,in €N
+ Y G, (@R ar g — 2l )
21,...,in €N
and hence
LOPu) (@)= Y i Rlin, .. i, ),
21,eyin EN
where
R(i1, - yin, ) = (2)i -+ (0)i_y (0) 5,117 — ()42 (0)iy - -+ (2)i_, ()i, 11

+ ()i 11(0)iy - ()i, 0 = ()i - -+ (2), ()2
= (@), -+ (@)i, (@(x —in) — (x — i) (x — in) + x(x — 1) —2(z — 1))

= ()i, - (T)i, (T — B18).

THE ELECTRONIC JOURNAL OF COMBINATORICS 33(2) (2026), #P2.64 11



Thus

L(Ppi1)(r) = 2L(Qn)(x) — L(Qy)(2), (19)
where
92 . . 0?
QZ(ﬂfla e >CCn) = . ZieN Ciy,..., inl’wnm(m? le”) = xlxann(xb s 7~’Un)-
Observe that
0? 0?
fﬂlxann(wl, ey Tp) = T1T, 91107, (21 —x2) - (X1 — xp)

= 112, (T2 — 23) - -+ (Tp2 — Ty-1)(—1))

and thus
L(Q})(@) = —2*L(Qn-2)(x).
Combining this with (19), we obtain the relation
L(Pon)(@) = 2L(Qu)(x) + 72L(Q2) (). (20)

Note that £(Qn_2)(x) = 2("=3/2 by the induction hypothesis, and £(P,,1)(z) = 2z1/2
by Lemma 13. Therefore,

v L(Qn)(x) = (M t1)/2 _ 120.(n=3)/2 _ .(n+1)/2

and hence £(Q,)(z) = 2"/ as desired.

In view of the above, we have completed the induction proof of Lemma 14. n
Proof of Theorem 5. Let k= |A;| —1=---=|A,| — 1. By Lemmas 12 and 14, we have
& ((k—1n+ 1)

[ 2P (2 — o) - (g — ) (1 4 - -y, ETDHL = x k=12 (21)

(k)

Let h be the integer given by the right-hand side of (21), and let e be the identity of the
field F'. Clearly, the coefficient of 2% - - - 2% in the polynomial

(21 —2) -+ (Tn1 — xn) (1 + -+ + ) T € Flay, 2y
is he, which is nonzero since p(F') > (k — 1)n + 1. Applying Lemma 8, we get
IL(A,. . A 2 (k= Dn+2=) " |A] —2n+2.
i=1

This concludes our proof. n
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4 Proofs of Theorems 6 and 7

For any finite subset A of a torsion-free additive abelian group G, the subgroup of G
generated by A is a finitely generated torsion-free abelian group. Thus, by the first
paragraph in the proof of Theorem 2 (ii), without loss of generality we may simply assume
that G in Theorems 6 and 7 is just the additive group of the field R of real numbers.

Proof of Theorem 6 with G = R. When n is even, we obtain the desired result by applying
Theorem 4 with /' =R and A; =--- = A,, = A. Similarly, when n is odd we have (7) by
applying Theorem 5.

Below we assume that n is odd, and want to prove (8). For convenience, we write
A=Aay,as,...,a;} with a3 < as < -+ < a.

Clearly (8) holds trivially when k = 2. Below we assume that k& > 3.

Observe that
a1+a2+a1+a2+-~-+a1+a2+a3

<art+ata+a+--tart+artag<---
<a+tax+a+ax+---+art+ax+ag
for k > 4, and
ay+a;+a+a;+---+ar+a; +ag
<o ta4tata+--tatatag<---
<ay+ a1 tar+ a1+ -+ ar + aip +oag
for 2 <i <k —2. Also,
a1 + ag—1 + a1+ ag—1 + -+ a1+ g1 + a1 + ap—1 + g
<a +ag+a+ag_1+-ctar+ag—+a+ag— +ap <o
<ay+agp+a+ag+---+a+ag+a+ ag1+ a,

and
a; +ap+a;+ag+---+a; +ap+a; + a1+ ag

< Qg1 tap+a;+ap+---ta;+apt+a; +apg—1+ap<---
< Qi1 t 0+ Q41 Fap + -+ Qi1 + Qi + @1 + ap—1 + ag
for 1 <7< k — 3. Note also that

Qp—2 + Qi + Qg—9 + A + -+ -+ Ag—2 + G + Ax—2 + Ax—1 + Q%
< Qg 1+ar+ag o+ar+---+ar_o+ar+ap_o+ar_1+ap<---
< Qg_1t+ap+tag—1+ag+---+ag_1+ax+ ar—2+ agp—1 + ag.

So we have found
1+ (k—3)+2 x (nT_S(k—Z)Jr(k—Zi))
= (k—=2)n—2=n]A] —2n+ (-1)"(1 + {n}2)

different elements of n°A. Therefore (8) is valid.
In view of the above, we have completed our proof of Theorem 6. n
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Proof of Theorem 7 with G = R. Write A = {ay,as,...,a;} with a; < as < -+ < ay.
(i) If Ais an AP with |A| = k, then for Ay ={0,...,k — 1} we clearly have

|n"A| = [n"Ap| and |n°A| = |n°Ay.

If n = 2m with m € Z*, then

nAy=nAg={m,m+1,... m(2k —3)}
withm=0+14+0+1+---+0+1and

m2k—=3)=k-1)+k—-2)+---+(k—1)+ (k—2),

and hence
InA| = [{m,m+1,... ., mQ2k—=3)}| = m(2k—3)—(m—1) =2m(k—2)+1 = n|A|—2n+1.
If n=2m+ 1 with m € Z*, then

nAyg={m,m+1,... m(2k —3)+k —1}
withm=0+14+0+14+---+0+1+0 and

m2k=3)=(k-1)+F*k-2)+--+(k-1)+(k-2)+(k-1),

hence

Al = [{m,m+1,...,m(2k —3) +k — 1}|
=(2m+ 1Dk —4m =kn—2(n—1) =n|A| —2n+ 1+ {n},.

For n = 2m + 1 with m € Z", we have
n°Ag={m+2,m+3,...,m2k —3)+k— 3}
withm=0+1+0+1+---+0+1+2 and
m@2k -=3)+k-3=Fk-1)+*k-2)+--+(k-1)+k-2)+(k—-1)+(k—-3),
hence

In°Al = |{m+2,m+3,...,m(2k — 3) + k — 3}|
=2m+ 1)k —4m —4=|Aln —2n+ (—1)"(1 + {n}s).

Thus both (9) and (10) hold if A is an AP.
Now we consider the case n =5 and A = {ay, as, az} with a; < ay < as. Clearly, any
element of 5°A can be written as Zi:l nrpar with ny,ne,ng € N and ny; + ny + ng = 5.

THE ELECTRONIC JOURNAL OF COMBINATORICS 33(2) (2026), #P2.64 14



Note that n, € {1,2} for all k£ = 1,2,3 (otherwise we get a contradiction in view of the
definition of 5°A). Thus two of ny, ne, ng are 2 and the remaining one is 1. Hence

5°A ={ay +ax+ a +as + as, a1 +az+a; +ag + as, az + az+a; +as + az}
:{2a1+2a2—|—a3, 2a1+2a3+a2, 2a2+2a3+a1}

contains exactly 3 elements, and so (10) holds for £ = 3 and n = 5.

(ii) Now we write A = {ay,...,ax} with a; < --- < ag. If (10) holds for n = 3, then
|3"A| = |3°A| = 3k — 8 and hence A is an AP by Nathanson [9]. Below we divide our
remaining discussions into four cases.

Case 1. k>4 and 2 | n.

In this case, both the right-hand sides of (9) and (10) are kn —2n+1. As n"A D n°A,
if |n"A| = kn —2n + 1, then [n°A| = kn — 2n + 1 by (8).

Now we suppose that [n°A| = kn — 2n + 1. Note that

a+a; +ay+a; +---+a;+aq;
<ar+ta41t+at+a+--tata<---
<A+ Gip1 01+ Gipr £+ Qg

for all : € {2,3,...,k — 1} and

a,»—i—ak—i-ai—i-ak—i—-”—i—ai—i—ak
< Qg1 tapt+a;+ap+---tatap<<---
< Qi1 + Qg + Qigpr + A+ 000+ Qi + A

for all i € {1,2,...,k —2}. Therefore we get
1+g(kz—2)x2:(k—2)n+1

different elements of n°A. They are all the elements of A since |n°A| = (k — 2)n + 1.
For any i € {3,...,k — 1}, in n°A we have

a1+ai—|—a1—I—ai+---—l—a1+ai+a1+ai,1
<ay+a+a+a;+---+a+a;+a +a;
<a+ a4 t+at+a;+--+at+a;+a;+aq;

and
a+a;+ar+a;+---+ay+a; +a+a;
<a+ a1 t+at+a;+---+at+a+a+a;—1
<ay+ @41 t+at+a;+---+a+a;+a+ a;,
thus

a1+ai—i—a1—i—ai—i----—i-al—i-ai—i-al—i-ai:a1—i—&iH+a1—l—ai+---—l—a1+ai—|—a1+ai,1
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and hence a;,1 — a; = a; — a;_1. Similarly, for any i € {2,... k — 2}, in n°A we have

a;+ar+a,+ap+---+a;+ap+ a1+ ag
<a;+ap+a;+ap+--+a;+ap+a; + ag
< Gjp1 +ag +a; +ap + -0+ a; +ag +a; + ag

and
a;+ap+a;,t+ap+---+a;+ap+a,—1+ag
< a1 tag+a+a+---+a;+apt+a 1+ ag
< @1 tagta;+ap+---+a+ap+a; + ag,
and hence a;41 — a; = a; — a;—1. Therefore ay — a1 =a3 —as =--- =ap — ax_1, i.e., Ais
an AP.
Case 2. k>4 and 2t n.
Clearly,

ar+a;+a+a;+---+a+a+a
<a+ a4 ta+a+--t+agta+a <o
<a+ a1 ta+ap+--tar+at+a
for any ¢ € {2,3,...,k — 1}, and

a; +ap+a; +ap+---+a; +ap+a;
< @1 tagta+ag+--ta+apta;<---
< Qi1+ @+ Qg1 T A+ Qi T A+ Qi

for alli € {1,2,...,k —2}. Also,

k-1 + Qp + Ag—1 + Qg + -+ + g1 + ap + A1
<ap+ag—1+ag+ag_1+---+agp+ag_1+ ag.

So we have found

n+1 n—1

1+ (k—2)+

(k—=2)+1=24(k—2)n=n|A| —2n+ 1+ {n}

different elements of n"A. They are all the elements of n"A if (9) holds.
Now suppose that (9) is valid. For any i € {2,...,k — 2}, in n”A we have

a; +ap+a;+ap+---+a;+ap+ a1
<at+ap+a+a+---+a+a+aq
< Q1+ apt+a;+ap+---+a;+ap+a;
and
a; +ag + a; + ap + -+ + ap + G-y
<Op1tagt+a;+ag+---+a;+apt+a;
< Gjp1 +ap +a; +ag+ -+ a; + ag + a;,
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hence
a; +ap+a;+ag+---+a;+ap+a; =41 +ap+a;+ap+ -+ a; +ap + a;q
and thus a;11 — a; = a; — a;_;. Moreover, in n"A we have

A1+ ap + Q1 +ag + -+ Qg1+ ar + Ax_2
Ap—1 +ap + 01 +Qp + -+ ap—1 + ax + Ar—1
< agp+ap_1+ap+ag_1+---+ap+ap_1+ ag

A\

and
Qg1+ +ap—1 +ar + -+ ap_1 + ag + Qr_2
< ap + Q-1+ ag + ag—1 + -+ ap + ag—2 + ag
< ag+ag—1+ag+ag—1+---+ag+ag_1+ ag,
thus

ak_l+ak+ak_1+ak+---+ak_1+ak+ak_1
= +ap_1+ap +ag_1 + -+ A + Ap_9 + Qg
and hence ay_1 — ar—o = ar — ap_1.

Assume n > 5. For any i € {3,...,k— 1}, in n°A, by the proof of Theorem 6 and the
equality (10), there is a unique element of n°A between

a1 +a;+ay+a;+---+a+a;+a;+a;_1+ar and ay +a;1 a1 +a;+- - -+ag+a; a1 +a;+ag.
In n°A, we clearly have

a1—i—aﬁ—al+ai+~--+a1+ai+a1+ai_1+ak
<a +a+a +a+---+a +a;+a+a; +ag
<y + Gipr +ar+a; + -+ ar+ag+ap + ap o+ ag

and
ata+a+a;,+--+a+a;,+a+ a1+ ag
< e+ iy +Har+a;+ -+ ar+a;+ar+ a +ag
<ay+ a1 +a+a;+ -+ ay+a; +ap + a; + ag.
Thus

ay+a;+ar+a;+--+ata;+at+a;itap = a+t e +ar+ai+ - +artatar+ai- +ag

and hence a;y1 —a; = a; — a;_1.
Similarly, for i € {2,...,k — 2}, by the proof of Theorem 6 and the equality (10),
there is a unique element of n°A between

a;+ap+a;+ag+- - -+a;+ap+a;_1+ag_1+ai and a; 1 +ag+a;+ap+- - +a;tagta;+ag_1+ay.
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In n°A we have

a; + Qg+ a; +ag + -+ a; + ap + a1 + a1 + ag
<a;+ap+a;+ap+ - +a; +agp+a; +ag—1 + ag
< Qi1 tag+a;+ag+---+a; +ap+a; + a1+ ag

and
ai—i—ak—i—ai+ak+~~+ai—i—ak—i—ai,1+ak,1—i—ak
<ai“—|—ak—|—ai—|—ak+-~-+ai+ak—|—ai_1—|—ak_1+ak
<ai+1—l—ak—l—ai—f—ak—f—---+ai+ak+ai+ak_1+ak,
hence
a; +ag + a; +ag + -+ a; +ag + a; + ap_1 + ag
:aiH—|—ak—|—ai—|—ak+~~—|—ai+ak—|—ai,1—i—ak,l—i—ak
and thus a;y1 — a; = a; — a;_1. Therefore ay —a; = a3 —ay =+ =ap — ax_1, i.e., Ais
an AP.

Case 3. k=3 and 2 | n.
If (9) holds then so (10). Now suppose that (10) holds. In n°A, we have

a1 +as+ay+ax+---+ay+as
<artazta+a+---+a+a<---
<a+aztat+az+---+a+as
<ayt+az+artaz+---+axt+az<---
<ag+az+tax+az+---+ax+as,

they give all the n + 1 elements of n°A. As

a;+as+ay+as+---+ay+as3+a;+as
<at+a3ta+az+---+a+az3+a +as
< ay+az+a+az+---+ay+az+a + as

and
artazs+a+az+---+a1+as+a;+ a

< as+az+a+a3+---+ay+az3+a+as
<ay+as+ay+as+---+ay +as+ a; + as,

we must have
a1+a3+a1+a3+---+a1+a3+a1+a3:a2+a3+a1+a3+---+a1+a3+a1+a2,

and hence as — ag = as — ay.

Case 4. k=3 and 21 n.
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In n"A, we have

ay+az+ay+ag+---
ap+as+a;+agy+---
a1 +az+ay+az+---
as +as3+ay+asz+---
az+as+as+az+---
az+az+as+as+---

ANVANIVANRIVANVAN

Suppose that (9) holds. Then the above gives a list of all the n + 2 elements of n"A.

When n = 3, in n”A we have

+ay+as+ aq
+ar+ayta <---
+ a1+ a3+ a;
+at+azta <---
+ as + a3z + as
+ as + ag + as.

ao + a3+ a1 < as + asz + as < as + as + as

and

as t+as+a; <asz+a;+ag <ag+ as+ as,

hence as + as + as = a3 + a1 + az and thus as — a; = a3 — as. When n > 5, as

CL1+(I3+CL1+CL3+"'
<ay+as+a;+az+---
<asg+as+ay+az+---

and

a;+az+ay+asg+---
<as+as+ay+az+---
<asg+as+a+az+---

we must have

+a1+as3+ar+a+aq
—l—a1+a3+a1+a3—|—a1
+a;+a3+a; +as+ a;

+a; +az3+a; +as+ay
+ai+a3+a;+ax+ap
+ a1 +as+a; +as+ag,

aij+az+ay+az+---+a+azt+a;t+azt+a; =axtazt+a+az+---+a;t+az+a;+ax+a;

and hence ay — a1 = a3 — as.

Assume n > 7 and suppose that (10) holds. By the proof of Theorem 6 and the
equality (10), there is a unique element of n°A between

a1+a3—|—a1+a3+-~-—i—a1+a3+a1+a2+a1—|—a2+a3

and

Qs +as3+ay+az+---+ay+a3+a+asz+a; +az+ as.

In n°A, we clearly have

a+as+a+as+---+a;+as3+a; +ax+a; +as+ as
<a+az3+a +az+---+a+a3+a+az3+a; +as+as
<ayt+azta+az+---+a+az3+a +az+a+ax+ag
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and
a;+as+ay+as+---+ay+as+ay +ax+a;+ax+as

<ay+az+a +azg+---+a+az3+a+ax+a; +as+as
<ag+az+a+az3+---+a;+as+a+as+ a + ax + as.
Thus

a1+a3—|—a1—|—a3+~~—|—a1—|—a3—|—a1+a3+a1+a2—|—a3
:a2+a3+a1—I—a3+---+a1—I—a3+a1+a2+a1+a2—l—a3,

and hence ay — a1 = a3 — ay as desired.
In view of the above, we have finished our proof of Theorem 7. n
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