On a combinatorial puzzle arising from the theory of
Lascoux polynomials

Kelsey Hanser Nicholas Mayers

Submitted: Aug 24, 2025; Accepted: Mar 15, 2026; Published: Apr 14, 2026
(© The authors. Released under the CC BY license (International 4.0).

Abstract

Lascoux polynomials are a class of nonhomogeneous polynomials which form a
basis of the full polynomial ring. Recently, Pan and Yu showed that Lascoux poly-
nomials can be defined as generating polynomials for certain collections of diagrams
consisting of unit cells arranged in the first quadrant generated from an associated
“key diagram” by applying sequences of “K-Kohnert moves”. Within diagrams
generated in this manner, certain cells are designated as special and referred to as
“ghost cells”. Given a fixed Lascoux polynomial, Pan and Yu established a combina-
torial algorithm in terms of “snow diagrams” for computing the maximum number
of ghost cells occurring in a diagram defining a monomial of the given polynomial;
having this value allows one to determine the total degree of the given Lascoux poly-
nomial. In this paper, we study the analogous combinatorial puzzle which arises
when one generalizes Lascoux polynomials to K-Kohnert polynomials of arbitrary
diagrams. Specifically, given an arbitrary diagram, we consider the question of de-
termining the maximum number of ghost cells contained within a diagram among
those formed from our given initial one by applying sequences of K-Kohnert moves.
In this regard, we establish means of computing the aforementioned max ghost cell
value for various families of diagrams as well as for diagrams in general when one
takes a greedy approach.

Mathematics Subject Classifications: 91A46, 05A99

1 Introduction

Lascoux polynomials, introduced in [8], are a class of nonhomogeneous polynomials,
indexed by weak compositions, which form a basis of the full polynomial ring. Such
polynomials are the K-theoretic analogues of key polynomials and are closely related to
Grothendieck polynomials. Recently, in [9], it was shown that the monomials of a given
Lascoux polynomial encode diagrams belonging to a collection formed by starting from an
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associated “key diagram” and applying sequences of what have been called “K-Kohnert
moves”; such definitions for families of polynomials in terms of diagrams and certain moves
are not new — originating in the thesis of Kohnert ([7], 1990) and investigated further by
numerous other authors ([1, 2, 3, 4, 9, 10, 13, 14]). Here, we study a combinatorial
puzzle arising from this definition for Lascoux polynomials.

In order to describe the combinatorial puzzle of interest, we first outline the definition
for Lascoux polynomials discussed above (complete details can be found in Section 2).
Given a weak composition a € ZZ,, we denote the corresponding Lascoux polynomial as
£, and associate to « a diagram D(«) consisting of finitely many cells arranged into the
first quadrant. See Figure 1 (a) for D(a) with o = (0,1,2,2). From D(«) we form a finite
collection of diagrams, denoted by KK D(ID(«)), consisting of D(«) along with all those
diagrams that can be formed from D(«) by applying sequences of two types of moves:
Kohnert and ghost moves. Briefly, Kohnert moves, when nontrivial, cause the rightmost
cell of a given row to descend to the highest empty position below and in the same column.
Similarly, ghost moves, when nontrivial, cause the rightmost cell of a given row to descend
to the highest empty position below and in the same column, leaving a special “ghost”
cell in its place. The ghost cells introduced by ghost moves place restrictions on the effects
of Kohnert and ghost moves. In particular, ghost cells are fixed by both types of move
and prevent cells located strictly above and in the same column from moving to positions
strictly below. In Figure 1 we illustrate: (a) D(a) for a = (0,1,2,2); (b) the diagram
obtained from D(«) by applying a Kohnert move at row 3; and (c) the diagram obtained
from D(«) by applying a ghost move at row 3, where the ghost cell is decorated by an X
and the shaded cells are those that are now fixed by both types of moves as a consequence
of the ghost cell.

(a) (b) (c)

Figure 1: Diagrams and moves

Now, it was conjectured in [12] and, subsequently, proven in [9] that

L= Y  wi(D),

DeKKD(D(a))

where wt(D) = (—1)%27'x5? - - - 2l with g the total number of ghost cells contained in D
and r; the number of cells, both ghost and non-ghost, contained in row ¢ of D.
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With the definition for Lascoux polynomials outlined above in hand, we can now define
our combinatorial puzzle of interest. Given an arbitrary diagram D, determine a sequence
of Kohnert and ghost moves which, when applied to D, results in a diagram containing
the maximum possible number of ghost cells. Our main objective here is to establish
means by which one can determine when the puzzle has been solved; that is, given an
arbitrary diagram D, we aim to establish means of computing the maximum number of
ghost cells contained in a diagram among those formed from D by applying sequences
of Kohnert and ghost moves, denoting this value by MaxG(D). We are not the first to
consider this problem. In [10], Pan and Yu establish a combinatorial algorithm for the
computation of MaxG(D) when D = D(«a) for a weak composition . Their algorithm
consists of decorating the diagram D(a)) with “dark clouds” and “snowflakes”, with the
value MaxG(D(«)) corresponding to the number of snowflakes in the decorated diagram.

For our contributions, we show that either the algorithm of Pan and Yu given in [10]
or a slight modification applies to a larger collection of diagrams, including the “skew”
and special cases of “lock” diagrams of [4]; here, the slight modification is formed by
removing certain snowflakes from the decorated diagram of [10]. Included in the study
of lock diagrams is an application of a promising approach via labeling for identifying
methods of computing MaxG(D) for families of diagrams D. In addition to determining
means of computing MaxG(D) in special cases, we establish an algorithm in the spirit
of that found in [10] which applies to computing the value analogous to MaxG(D) when
taking a greedy approach for an arbitrary diagram D.

The remainder of the paper is organized as follows. In Section 2, we cover the necessary
preliminaries to define and study our combinatorial puzzle. Following this, in Section 3,
we extend a main result of [10], showing that either the algorithm introduced in [10] for
computing MaxG(D(«)) for weak compositions « or a slight modification can be applied
to various other families of diagrams. Also included in Section 3 is a discussion and
application of a promising approach to establishing means for computing MaxG(D) for
families of diagrams D. In Section 4, we determine the limits of taking a greedy approach
to the puzzle, applying only ghost moves. Finally, in Section 5, we discuss directions for
future research.

2 Preliminaries

In this section, we cover the requisite preliminaries to define our combinatorial puzzle of
interest as well as discuss known results. Ongoing, for n € Z-, we let [n] = {1,2,...,n}.

As mentioned in the introduction, we will be interested in applying certain moves to
“diagrams”. In this paper, a diagram is an array of finitely many cells in Z~y X Zo,
where some of the cells may be decorated with an X and called ghost cells. Example
diagrams are illustrated in Figure 2 (a) and (b) below. Such decorated diagrams can be
defined by the set of row/column coordinates of the cells defining it, where non-ghost cells
are denoted by ordered pairs of the form (r, ¢) and ghost cells by ordered pairs of the form
(r,c). Consequently, if a diagram D contains a non-ghost (resp., ghost) cell in position
(r,c), then we write (r,c) € D (resp., (r,c¢) € D); otherwise, we write (r,¢) ¢ D (resp.,
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(r,c) ¢ D).

Example 1. The diagrams
Dy ={(1,3),(21),(2,2),3,1)} and D> ={(1,3),(2,1),(2,2),(3,1)}

are illustrated in Figures 2 (a) and (b), respectively.

Figure 2: Diagram

To each nonempty row of a diagram we can apply what is called a “K-Kohnert move”
defined as follows. Given a diagram D and a nonempty row r of D, to apply a K-Kohnert
move at row r of D, we first find (r,¢) or (r,c) € D with ¢ maximal, i.e., the rightmost
cell in row r of D. If

e (r,c) € D is the rightmost cell in row r of D, i.e., the rightmost cell in row r of D
is a ghost cell, or

e there exists no 7 < r such that (7,¢) ¢ D and (7,¢) ¢ D, i.e., there are no empty
positions below the rightmost cell in row r of D, or

e there exists 7 < r* < r such that (7,¢) ¢ D, (F,¢) ¢ D, (r*,¢) € D, and (7,¢) or
(r,c)y € D for 7 < 7 # r* < r, ie., there exists a ghost cell between the rightmost
cell in row r of D and the highest empty position below,

then the K-Kohnert move does nothing; otherwise, there are two choices: letting 7 < r
be maximal such that (7, ¢) ¢ D and (F,c) ¢ D, either

(1) D becomes (D\(r,¢c)) U (7, ¢), i.e., the rightmost cell in row r of D moves to the
highest empty position below or

(2) D becomes (D\(r,c)) U{(T,c),(r,c)}, i.e., the rightmost cell in row r of D moves
to the highest empty position below and leaves a ghost cell in its original position.

K-Kohnert moves of the form (1) are called Kohnert moves, while those of the form (2)
are called ghost moves. We denote the diagram formed by applying a Kohnert (resp.,
ghost) move to a diagram D at row r by (D, r) (resp., G(D,r)). To aid in expressing the
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effect of applying a K-Kohnert move, we make use of the following notation. If applying
a Kohnert move at row r of D causes the cell in position (r,c) to move down to position

(7, ¢), forming the diagram lA), then we write
(r:)
(7y0)

D=K(D,r) = Dl

and refer to the cell (r,c) of D as movable. Similarly, if applying a ghost move at row r
of D causes the cell in position (r,¢) € D to move down to position (7, ¢) in forming the
diagram D, then we write

~ (r,)

D=g(D,r)=D| " U{(ra}

(70
Note that, by definition, it is possible to have K(D,r) = G(D,r) = D.
Example 2. Let D be the diagram illustrated in Figure 2 (a). The diagrams
(3,1) (3,1)
Dy = K(D,3) = Dl and Dy =G(D,3) = Dl U{(3,1)}

(1,1) (1,1)

are illustrated in Figures 3 (a) and (b), respectively. Note that (D, 1) = G(D,1) = D
and ]C(DQ, 3) = g(DQ, 3) = DQ.

Figure 3: K-Kohnert moves

For a diagram D, we let K KD(D) (resp., KD(D)) denote the collection of diagrams
consisting of D along with all those diagrams which can be formed from D by applying
sequences of K-Kohnert (resp., Kohnert) moves. Moreover, we define

G(D)={(r,¢) € D|r,c€Zs}, MaxG(D)=max{|G(D)||D e KKD(D)},
and
R(D) ={(r,c) € D | (r,¢),(r,é) ¢ D for ¢ > c};

that is, we denote by G(D) the collection of ghost cells in D, MaxG(D) the maximum
number of ghost cells contained within a diagram of K K D(D), and R(D) the collection
of rightmost cells in D.

ot
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Remark 3. The notion of Kohnert move was introduced in ([7], 1990) where A. Kohnert
showed that Demazure characters (a.k.a. key polynomials) can be defined as generating
polynomials for collections of diagrams of the form K D(D). Moreover, Kohnert conjec-
tured that such a definition could be given for Schubert polynomials as well; this con-
jecture has since been proven by multiple authors (see [2, 13, 14]). Motivated by these
developments, given a diagram D containing no ghost cells, the authors of [4] define the
Kohnert polynomial of D as
fp= Y wi(D),

DeKD(D)

where wt(D) = T[], a1 I€PH. quch polynomials have been of recent interest (see
[1, 3, 4]). In [12], it was conjectured that, analogous to key polynomials, Lascoux
polynomials could be defined as generating polynomials for collections of diagrams of the
form KK D(D); this conjecture was established in [9] and is discussed below.

Using the notions defined above, as noted in the introduction, one can naturally define
a combinatorial puzzle as follows. Given a diagram D, determine a sequence of K-Kohnert
moves which, when applied to D, results in a diagram 7' € KKD(D) containing the
maximum possible number of ghost cells, i.e., |G(T')| = MaxG(D). In this paper, we are
interested in establishing means by which one can determine if they have solved such a
puzzle; that is, means of computing MaxG(D) for an arbitrary diagram D. We are not
the first to consider this question. In [10], the authors establish means of computing
MaxG(D) when D is a “key diagram”. Below we outline this result as well as discuss the
motivation for the work in [10] which came from the theory of Lascoux polynomials.

Recall from the introduction that one can give a definition for Lascoux polynomials
in terms of diagrams and K-Kohnert moves. To start, each Lascoux polynomial can be
associated with a weak composition o = (au,...,q,) € ZZ;; we denote the Lascoux
polynomial associated with the weak composition a by £,. Then, defining the key
diagram associated with o by

D(a)={(i,j) | 1<i<n, 1<j< o}

(see Example 5), it is shown in [9] that the monomials of £, encode the diagrams contained
in KKD(D(«)). In particular, encoding a diagram D as the monomial

wt(D) = (—1)/F@) T alte | (re) or trejeDY,

r>1
we have the following.

Theorem 4 (Theorem 2, [9]). For a weak composition «,

Sa= Y wi(D).

DeKKD(D(a))
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Example 5. Let a = (0, 3,4,2,3). The diagram D; = D(«) is illustrated in Figure 4 (a).
This diagram contributes the term wt(D;) = z3xjzizd to £,, while the diagram D, €
KK D(D,) illustrated in Figure 4 (b) contributes the term wt(Dy) = (—1)Sz{zizrizizd. As
we show below, Dy contains the maximum possible number of ghost cells among diagrams
contained in KK D(D,), i.e., |G(Ds)| = 6 = MaxG(D;). As a consequence, the monomial

corresponding to D5 in £, has the highest possible total degree among monomials of £,.

(a) (b)

Figure 4: (a) Key diagram D; and (b) element of KK D(Dy)

Considering the definition of £, for o = (ay, ..., a,) € ZZ, provided by Theorem 4, we
see that the minimal degree of a monomial in £, is given by Y | o;, while the maximal
degree of a monomial in £,, i.e., the total degree of £,, is given by MaxG(D(a))+> 1" | a;.
Consequently, one can compute the total degree of £, using the values MaxG(D(«)) and
> i, ;. In [10], the authors establish an algorithm for computing MaxG(D(«)) in terms
of counting “snowflakes” in associated “snow diagrams”. The algorithm takes as input
the key diagram D(«) and outputs a decorated diagram called a “snow diagram” denoted
snow(D(«)). Given a diagram D containing no ghost cells, we construct the corresponding
snow diagram snow(D) as follows.

1. Working from top to bottom, in each row mark the right-most cell which has no
marked cells above it and in the same column; the marked cells are referred to as
dark clouds and the collection of positions of dark clouds is denoted dark(D).

2. Fill all empty positions below dark clouds with a snowflake .

In Figure 5, we illustrate the snow diagram associated with the key diagram of Example 5.
Given a diagram D, let sf(D) denote the number of snowflakes in snow(D).

Theorem 6 (Theorems 1.1 and 1.2, [10]). If D is a key diagram, then MaxG(D) = sf(D).

Example 7. Let a = (0,3,4,2,3). The snow diagram snow(D(«)) is illustrated in Fig-
ure 5. Considering Theorem 6, MaxG(D(«)) = sf(D(«)) = 6. Thus, the total degree of
£, is equal to 6 + Zle a; =6+ 12 =18.
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Figure 5: Snow diagram

Remark 8. Theorem 1.1 of [10] actually establishes a stronger result than that described
in Theorem 6. Among other things, Theorem 1.1 of [10] establishes that not only can one
determine MaxG(D(«)) from the snow diagram of D(«), but also the leading monomial
in tail lexicographic order of the associated Lascoux polynomial £,.

The following example shows that, unfortunately, Theorem 6 does not apply to all
diagrams.

Example 9. Let D = {(3,1),(2,2)}. The diagram D along with its snow diagram
snow(D) are illustrated in Figure 6 below. While sf(D) = 3, one can compute that
MaxG(D) = 2.

ﬂj

=

D snow(D)

*
*

Figure 6: MaxG(D) # sf(D)
However, the authors of the present article believe that, in general, the value sf(D)
provides an upper bound on MaxG(D). In particular, we make the following conjecture.
Conjecture 10. If D is a diagram that contains no ghost cells, then MaxG(D) < sf(D).

In the section that follows, we establish means of computing MaxG(D) for additional
special families of diagrams and, as a consequence, provide further evidence for Conjec-
ture 10.
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3 Extensions of Theorem 6

In this section, we extend Theorem 6 by identifying additional families of diagrams D for
which either MaxG(D) = sf(D) or a slight variation of snow(D) can be used to compute
MaxG(D). The main families of interest are the “skew” and “lock diagrams” of [4]. In
the case of skew diagrams, we show that MaxG(D) = sf(D). On the other hand, focusing
on a subfamily of lock diagrams, we show that a slight variation of snow(D) can be used
to compute MaxG(D); of note in this case is the application of a promising approach
for establishing such results which makes use of labelings of cells. We start with skew
diagrams.

Definition 11. For a weak composition o = (o, ..., q,), the skew diagram S(«) is
constructed as follows:

o left justify «; cells in row ¢ for i € [n],

e for j from 1 to n such that a; > 0, take ¢ < j maximal such that o; > 0, and if
a; > o, then shift rows k > j rightward by a; — o; columns,

e shift each row j € [n] rightward by [{i | 1 <i < j, a; = 0}| columns.

Example 12. Let a = (0,2,0,1,3). The skew diagram S(«) is illustrated in Figure 7
below.

L[]

Figure 7: Skew diagram

Remark 13. Skew diagrams were introduced in [4], where the authors define skew poly-
nomials to be the Kohnert polynomials (see Remark 3) associated with skew diagrams.
Moreover, they show that skew polynomials form a basis of Z[z1, x9, .. .|, have nonnega-
tive expansions into Demazure characters, and define polynomial generalizations of skew
Schur functions in a precise sense. See [4] for complete details.

The first main result of this section is as follows.
Theorem 14. If D is a skew diagram, then MaxG(D) = sf(D).

To prove Theorem 14, we show that MaxG(D) = sf(D) holds for a more general family
of diagrams which we are aptly calling “generalized skew diagrams” and define as follows.
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Definition 15. Let D be a diagram that contains no ghost cells. Suppose that the
nonempty rows of D are {r;}" , where r; < r;;; for ¢ € [n — 1] when n > 1, and that
(ri,¢;7) (resp., (ri,c;)) is the rightmost (resp., leftmost) cell in row r; of D for i € [n].

Then we refer to D as a generalized skew diagram provided that for each i € [n]
e (r;,¢) € Dforc; <é<cf and
° cjécj and ¢; < ¢ for i < j € [n].
First, let us show that generalized skew diagrams do, in fact, generalize skew diagrams.

Proposition 16. If D is a skew diagram, then D is a generalized skew diagram. Moreover,
the reverse implication does not hold in general.

Proof. If D contains exactly one nonempty row, then the result is clear. So, assume that
the nonempty rows of D are r; < --- < r, with n > 1. Moreover, assume that

a =) €D | > 1)
and
N; =|{(ri,c) ¢ D | c>1and 3 ¢* > ¢ such that (r,c*) € D}|

for i € [n], i.e., a; is the number of cells in row 7; of D and NV; is the number of empty
positions occurring to the left of those cells. Note that, using the notation of Definition 15,
we have that ¢; = a; + N; and ¢; = N; + 1 for 1 < i < n. Evidently, to show that D
is a generalized skew diagram, it suffices to show that ¢; < ¢, and ¢ < ¢, for
i € [n —1]. Considering the definition of skew diagram, it follows that N; < N;i;
with N; + (a; — a;41) < Nipp if a; > a1, Consequently, for i € [n — 1], we have
¢; = Ni+1< Njyp +1=c; . Moreover, if a; < a;41, then

+ _ _ .t .
¢; =a;+ N; < a1+ Nipn = ¢ g5
while if a; > a;11, then
f—=a +N: =a; + N;+ (a; — aip1) < a1 + N; = cT
¢, = a; i = Q41 1 a; Ai+1) X Aj41 i+1 — Ci+1-

Thus, D is a generalized skew diagram.
To see that not all generalized skew diagrams are skew diagrams, consider the diagram

D ={(2,1),(2,2),(2,3),(2,4),(3,3), (3,4)}

illustrated in Figure 8.

Figure 8: Generalized skew diagram
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The diagram D is clearly a generalized skew diagram. On the other hand, since D is
not equal to S(0,4,2) ={(2,2),(2,3),(2,4),(2,5),(3,6), (3,7)}, it follows that D is not a
skew diagram. O

As noted above, instead of proving Theorem 14 directly, we establish the following
more general result.

Theorem 17. If D is a generalized skew diagram, then MaxG(D) = sf(D).

Now, as a first step toward proving Theorem 17, we first show that MaxG(D) > sf(D).
Ongoing, we require the following notation. Given a diagram D with nonempty columns
C={c1<c<...<c¢,}and C CC, define

flat(D) = | J{(r9) | () € D} and  Res(D,C) = | J{(r,c) e D | ce T}

i=1 =1

that is, flat(D) is the diagram formed by left justifying the nonempty columns of D, while
Res(D, C) is the restriction of D to the columns in C.

Proposition 18. If D is a generalized skew diagram, then MaxG(D) > sf(D).

Proof. By induction on the number of nonempty columns of D. If D has a single nonempty
column, then flat(D) is a key diagram. Considering the definitions of K-Kohnert moves
and snow(D), we have that MaxG(D) = MaxG(flat(D)) and sf(D) = sf(flat(D)). Conse-
quently, applying Theorem 6, the result follows in the case where D has a single nonempty
column. Now, assume the result holds for generalized skew diagrams which contain up
ton —1 > 1 nonempty columns. Let D be a generalized skew diagram with n nonempty
columns. It suffices to show that there exists a sequence of K-Kohnert moves that one
can apply to D to form D* € KKD(D) satisfying |G(D*)| = sf(D). To this end, we
first define an intermediate diagram D e KK D(D). Suppose that ¢* is minimal such
that there exists r* satisfying (r*, ¢*) € dark(D). Note that, since D is a generalized skew
diagram, |dark(D)| > 1 and (r,¢) € dark(D) for ¢ > ¢* implies r > r*. Assume that there
exists r < r* such that (r,c¢*) ¢ D; the other case following via a similar but simpler
argument taking D = D. Let 7 < r* be maximal such that (7,c¢*) ¢ D. Note that,

considering the definition of generalized skew diagram, we have
Hr|r<7and (r,¢*) ¢ D} =|{r | r <r*and (r,c*) ¢ D} =7 (1)

and (r,c) ¢ D for r < 7 and ¢ > ¢*. Setting N = [{c | ¢ > ¢* and (T + 1,¢) € D},
where N > 1 by assumption, define D to be the diagram formed from D as follows. For
r satisfying 2 < r <7+ 1 in decreasing order, apply in succession N — 1 Kohnert moves
followed by a single ghost move at row r. By construction, (7, ¢*) € D for 2 <7 <7+ 1;
that is, D has 7 ghost cells in column ¢*, which, considering (1), is equal to the number
of empty positions below the cell in position (r*,¢*) of D. Thus, in D we have a diagram
formed from D which contains the same number of ghost cells in column ¢* as snowflakes
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in column ¢* of snow(D). Considering our choice of ¢*, it remains to show that there
exists a sequence of K-Kohnert moves which, when applied to ﬁ, add as many ghost cells
as there are snowflakes in columns ¢ > ¢* of snow(D).

Taking ¢ to be maximal such that column ¢ of D is nonempty and letting

C={c|c"<c<?, T=Res(D,C), and T = Res(D,C),

we have that T' is a generalized skew diagram and T is equal to either 7" or 7" with
its lowest nonempty row bottom justified. Consequently, T is also a generalized skew
diagram. Moreover, since

(r,¢) € S ={(r,c) edark(D) | ¢ > "}

implies 7 > r*, it follows that S = dark(7") = dark(7"). Note that in moving from D to T'
and T\, the number of empty positions below cells of S was left unchanged. Consequently,
applying our induction hypothesis, there exists a sequence of K-Kohnert moves one can
apply to T to form a diagram 7™ such that

IG(T™)| = st(T*) = s(T).

Evidently, applying this same sequence of K-Kohnert moves to D results in the desired
diagram D*. The result follows. O]

To prove Theorem 17, it remains to show that MaxG(D) < sf(D). As an intermediate
step, in Lemma 19 below we show that Theorem 17 holds for a restricted class of gen-
eralized skew diagrams. For the sake of defining the restricted class of interest, given a
generalized skew diagram D, let Key(D) denote the minimal key diagram containing the
cells of D. Formally,

Key(D) ={(r,c) | 3¢ = csuch that (r,¢) € D}.

Lemma 19. Let D be a generalized skew diagram. If dark(Key(D)) = dark(D), then
MaxG(D) = sf(D).

Proof. Assume that the nonempty rows of D are {r;}_,, where r; < r;;1 fori € [n—1] in
the case n > 1. Considering Proposition 18, it suffices to show that MaxG(D) < sf(D).
Recall that ¢; = min{c | (r;,¢) € D} for i € [n]. To start, we claim that sf(D) =
sf(Key(D)). Assume otherwise. Then since dark(Key(D)) = dark(D) and D C Key(D),
it must be the case that sf(Key(D)) < sf(D). Considering the definition of sf(—), this
implies that there exists ¢, 7 € [n] and ¢ such that i > j, (r;,¢) € Key(D), (rj,c) ¢ D, and
(ri,c) € DN Key(D). Note that, considering the definition of Key(D), (rj,c) € Key(D)
and (r;,c¢) ¢ D together imply that there exists ¢ > ¢ for which (r;,¢) € D; but then
c; =min{¢ > c | (rj,¢) € D} > ¢ > ¢;, which is a contradiction. Thus, the claim follows.

Now, consider S = Key(D)\D. Note that, by the definition of Key(D) and the fact
that ¢; < ¢, for i € [n — 1] when n > 1, if (r,¢) € D and (7,¢) € S, then 7 > r and
¢ < ¢ with at least one inequality strict; that is,

(%) mno cell of S lies weakly southeast of a cell in D.
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We claim that if 7' € KKD(D), then TU S € KKD(Key(D)). To establish the claim,
since DUS = Key(D) € KKD(Key(D)), it suffices to show that if I" € K K D(D) satisfies
TuS € KKD(Key(D)) and ris such that T # IC(T, r), then (T, r)US = K(TUS, r) and
G(T,r)US =G(TuUS,r). So, take T' € KK D(D) and r for which TUS € KKD(Key(D))

)
and K(T,7) = TLA | but (T, r) U§ # (T U S, r). Then cither

(1) (r,c) is not rightmost in row r of T U S or
(2) (r,e)eTUS.

Note that both (1) and (2) imply that there is a cell of S lying weakly southeast of
a cell of D, contradicting (*). A similar argument applies when assuming there exists
T € KKD(D) and r for which G(T,r) U S # G(T U S,r). Thus, our claim follows.
Consequently, MaxG(D) < MaxG(Key(D)) so that, applying Theorem 6,

MaxG(D) < MaxG(Key(D)) = sf(Key(D)) = sf(D).
The result follows.

To finish the proof Theorem 17, it remains to consider the case where dark(Key(D)) #
dark(D). The following proposition allows us to do so.

Proposition 20. Let D be a diagram that contains no ghost cells. Assume that there
exists a partition {C;}?_, of the nonempty columns of D such that, for i € [n],

(a) F; = flat(Res(D, C;)) is either a key diagram or a generalized skew diagram with
dark(Key(F;)) = dark(F});

(b) for ¢ € C;, there exists r such that (r,c) € dark(Res(D,C;)) if and only if there
exists T such that (7, ¢) € dark(D); and

Then MaxG(D) < sf(D).

Proof. Let D; = Res(D,C;) for i € [n]. Note that, considering the definition of K-
Kohnert move, if a diagram T is related to a diagram 7™ by the addition or removal of
empty columns, then MaxG(7T) = MaxG(7T™). Consequently, considering property (a) of
C; and applying either Theorem 6 or Lemma 19, we have that MaxG(D;) = sf(D;) for
i € [n]. Now, evidently,

n

MaxG(D Z MaxG(D Z st(D;).

=1
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Thus, to finish the proof, it remains to show that ), sf(D;) = sf(D). Define
dark® = | J{(r,c.i) | (r,c) € dark(D;)}.
i=1

By property (b), there exists a bijection ¢ : dark(D) — dark™. Moreover, as a consequence
of a combination of properties (b) and (c), ¢ can be defined in such a way that for
(r,c) € dark(D) we have ¢((r,c)) = (17, ¢,i) € dark(D;) for some ¢ € [n] and the number
of empty positions below (r,¢) in D is equal to the number below (77, ¢) in D;. Since the
number of snowflakes in a snow diagram is equal to the total number of empty positions
contained below dark clouds, it follows that Y " | sf(D;) = sf(D). O

Corollary 21. Suppose that D is a diagram that contains no ghost cells for which either

(a) each column contains at most one cell or

(b) there exists n € Z~g such that (r,c) € D if and only if r,c € [n] and r + ¢ is even
(odd).
Then MaxG(D) < sf(D).
Proof. For (a),if {r;}; = {r | 3 ¢such that (r,¢) € D}, then define C; = {c| (r;,¢) € D}
for i € [n]. As for (b), define Cy = {c € [n] | c odd} and Cy = {c € [n] | ¢ even}. O
The inequality in the conclusion of Proposition 20 can be strict, as illustrated in

Example 22.
Example 22. Let D; = {(1,3),(2,2),(3,1)} and

D2 = {(37 1)7 (3’ 2)a (373)7 (47 1)’ (4a 3)7 (573)}7

illustrated below in Figures 9 (a) and (b), respectively. It is straightforward to verify that
for j € 2], D; along with C; = {i} for i € [3] satisfy the hypotheses of Proposition 20 so
that MaxG(D;) < sf(D;). For both j = 1 and 2, this inequality is, in fact, strict as one
can compute that MaxG(D;) = 2 < 3 = sf(D;) and MaxG(Dy) =5 < 6 = sf(Dy).

(a) (b)

Figure 9: Diagrams D with MaxG(D) < sf(D)
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Remark 23. Note that the diagrams considered in Corollary 21 (b) are the “checkered
diagrams” of [5]. The authors of the present article claim that for such diagrams D, one
has MaxG(D) = sf(D). Considering Corollary 21, to prove that MaxG(D) = sf(D) for
checkered diagrams, it suffices to show that there exists 7' € KKD(D) with |G(T')| =
sf(D); for the sake of brevity, the details for constructing such a T'€ KK D(D) are left
to the interested reader.

Proposition 20 in hand, we can now finish the proof of Theorem 17.

Proof of Theorem 17. Let {r;}I_, be the nonempty rows of D where r; < r;11 fori € [n—1]
when n > 1. If dark(Key(D)) = dark(D), then the result follows by Lemma 19. So,
assume that dark(Key(D)) # dark(D); note that, as a consequence, n > 1. We define a
partitioning of the columns of D as follows. Let R C {r;}!_; consist of 7, as well as all of
those r; for j € [n — 1] such that

e row r; of snow(D) contains a dark cloud and

e row 7,41 of snow(D) contains no dark cloud.

Assume that R = {r;,}72, where r;; <r;, for j € [m — 1] when m > 1, and define ¢;,
for j € [m] by (7, c;;) € dark(D). Considering the definitions of dark(D) and generalized
skew diagram, we have that ¢;, < ¢;;,, for j € [m—1] when m > 1. Letting ¢;, = 0, define

Cj={c|ecy_, <c<cyl

for j € [m]. We claim that D along with {C}}72, satisfy the hypotheses of Proposition 20
so that MaxG(D) < sf(D). Considering the definitions of generalized skew diagram
and the O}, it follows immediately that Res(D,C};) is a generalized skew diagram for
j € [m]. Thus, to establish the claim, it remains to show that D along with {C;}7,
satisfy hypotheses (b) and (c) of Proposition 20. To this end, we show that dark(D) N
{(rie) | e, < ¢ < ¢y, =1} = dark(Res(D,Cy)) for j € [m], from which it follows
that both remaining hypotheses are satisfied by D along with {C;}7,. Note that (r;,,¢;;)
must be the top rightmost cell in Res(D,C};) for j € [m]; this is immediate for j = m.
If m > 1 and (ry,,¢;;) were not the top rightmost cell in Res(D,Cj;) for j € [m — 1],
then (r;,11,¢;,) € D and, since row r; 41 of snow(D) contains no dark cloud, there exists
7 > 1,41 such that (7, ¢;;) € dark(D), contradicting the definition of ¢;;. Thus, (r;;,¢;;) €
dark(D) N Res(D, C;) for j € [m]. Moreover, it follows that (r,c) ¢ D for r > r;, and
¢ < ¢;;. Consequently,

dark(D) N {(r,c) | ¢;,_, < c < ¢y}, dark(Res(D,C))) C{(r,c) | r <1y, c <y}

for j € [m]. Therefore, for j € [m], D and dark(Res(D,C};)) have the same restrictions
defining positions of dark clouds in columns c satisfying ¢;, , <c¢ < ¢, i.e.,

dark(D) N {(r,c) | ¢;,_, < c < ¢y} =dark(Res(D, C})),

establishing the claim. As noted above, we may conclude that MaxG(D) < sf(D). Ap-
plying Proposition 18, the result follows. O
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As noted above, Theorem 14 follows as an immediate corollary of Theorem 17.

Remark 24. For the diagrams D considered in Theorem 17, there exist weak compositions
a and f such that Key(D) = D(«) and Key(D)\D = D(f). In particular, using the
notation of Definition 15,

_ + + + +
a=(0,...,0,¢, ..., )
\N_/\ ~~ v NG ~
r1—1 ro—7r] Tn—Tn—1
and

B=1(0,...,0,cf = 1,...;¢f —1,...,¢, —1,...,¢, — 1).
W_/\ - J/ N - J/

ri—1 ro—T1 Tn—Tn—1

Note that the entries of both o and  are weakly increasing from left to right. Thus, it
is natural to ask whether Theorem 17 holds if one replaces weakly increasing a and 5 by
arbitrary weak compositions. As it turns out, as we will see shortly, such a generalization
of Theorem 17 does not hold in general.

To end this section, we demonstrate what seems to be a promising approach for es-
tablishing further results in the spirit of Theorem 6 using labelings. In particular, we
apply such an approach to a special class of “lock diagrams” using an extended version
of a labeling defined in [4]; the resulting formula for MaxG(D) requires a variation of
snow(D). Moreover, we indicate how one could extend this approach to more general
diagrams.

Definition 25. Given a weak composition a = (as, ..., q,) € Z%; and letting
N = max(«a) = max{a; | 1 <i < n}

we define the lock diagram associated with « as

n

@) = J{(.N=4) | 0<j <o —1}.

=1

Moreover, we define a lock tableau of content o to be a diagram filled with entries
190,292 .. . n® one per cell, satisfying the following conditions:

(i) if o; > 0 for j € [n], then there is exactly one j in each column from N — «; + 1
through max(«);

(ii) each entry in row r is at least r;
(iii) the cells with entry j weakly descend from left to right; and
(iv) the labeling strictly decreases down columns.

Referring to the diagram resulting from a lock tableau by removing all cell labels as
its underlying diagram, in [4] the authors establish the following relationship between the
elements of K D((«)) and lock tableau of content .
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Theorem 26 (Theorem 6.9, [4]). The underlying diagrams of lock tableau with content
a are exactly the elements of KD(d(«)).

As a consequence of Theorem 26, for a lock diagram D, we can think of the cells of
T € KD(D) as having a natural labeling, i.e., that of the associated lock tableau. Since
T € KKD(D) implies that TN {(r,c) | r > 0, ¢ > 0} € KD(D), the non-ghost cells of
KK D(D) inherit the labeling obtained via Theorem 26. Ongoing, we denote the label of
acell (r,c) € T for T € KKD(D) as Lr(r,c); our notation does not make D explicit as
this will be clear from context. We extend the labeling obtained via Theorem 26 to all
cellsof T' € KK D(D) as follows. If (r,c) € T and r* < r is maximal such that (r*,c) € T,
then Lp(r,c) = Lp(r*, c).

Example 27. In Figures 10 (b) and (c) below, we illustrate the labelings of the diagrams
T, T, € KKD(D) for D = {d(0,0,3,2,3) the lock diagram of Figure 10 (a). The labels
of the ghost cells in Figure 10 (c) are placed in the top right corners of the cells.

55| 55
XX

3145 3045
X 4

3 303

Figure 10: Labelings

Given a diagram D, define snow*(D) to be the diagram formed from snow(D) by
removing any snowflakes in nonempty rows of D. For lock diagrams D, using our labeling
of diagrams in K K D(D), we establish the following.

Theorem 28. Let D be a lock diagram with nonempty rows {r;}?_, where r; < 141 for
i € [n— 1] when n > 1. Suppose that there exists at most one ry € {r; | r; > i} such
that row ry of snow(D) contains no dark clouds. Then MaxG(D) is equal to the number
of snowflakes in snow*(D).

Remark 29. There exist diagrams considered in Theorem 28 for which MaxG(D) < sf(D).
For example, this is the case for D = @(«) in Example 30 below.

Example 30. For a = (0,4,0,2,3,2,1) and D = («), the diagram snow*(D) is illus-
trated in Figure 11. Applying Theorem 28 we find that MaxG(D) =7 < 8 = sf(D).
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Figure 11: snow*(D)

For the proof of Theorem 28, we require the following lemma which records a number
of results concerning our labeling of cells in diagrams T" € KK D(D) where D is a lock
diagram. As the corresponding notation proves to be useful, we note that one can define
a poset structure on K K D(D) where for Dy, Dy € KKD(D) we say Dy < Dy if Dy can
be obtained from D; by applying some sequence of K-Kohnert moves. In the case that
Dy covers D, in this ordering, i.e., Dy < D; and there exists no D € KKD(D) such that
Dy < D < Dy, then we write Dy < D;. Note that if Dy < D1, then Dy can be formed
from D; by applying a single K-Kohnert move.

Lemma 31. Let D be a lock diagram and T € KK D(D).

(a) If column ¢ of D is nonempty, then {r | (r,c) € D} = {Ly(r,c) | (r,c) € T}.
(b) If (r,c) € T, then r < Lp(r,c).
(c) If (r1,¢), (ro,¢) € T with ry < 1o, then Ly(r1,c) < Lp(ra,c).

)

(d) If(r1,c1), (re,co) € T and Lp(ry,¢1) = Lr(rg, ¢a), then ¢y # ca. Moreover, if ¢y < ¢,

then r1 = rs.
(e) If (r,c) €T, then (r,c) € T and Ly(r,c) = Lyp(r,¢) for all T < T.

(f) [ff =G(T,r) = Tl(m) U{(r,c)}, then Lz(r,c) = Ly(r,c).

(7yc)
(g) If (r,c) € T, then r < Lyp(r,c).
(h) If (r,c1), (r,co) € T with ¢; < cq, then Lyp(r,c1) < Lp(r, ca).
(i) If (r,c1),(r +1,co) € T with Ly(r,c1) < Ly(r + 1, ¢e), then ¢; < cs.
Proof. (a), (b), (c), and (d) are properties (i), (ii), (iii), and (iv), respectively, of the
labeling defined in [4] for diagrams T' € K D(D) C KK D(D) expressed using the notation
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Lp(r, c); these properties evidently carry over to our extended labeling for diagrams 7' €
KKD(D,).
() The fact that (r,c) € T for all T < T follows by the definition of K-Kohnert move.
As for the label of (r,c), once again considering the definition of K-Kohnert move, it
follows that
{(F,c) e T |7 <r} = |{(F,c) €T | F<r}

for all T < T, i.e., the number of non-ghost cells lying below a ghost cell is preserved by
K-Kohnert moves. Thus, combining parts (a) and (c), it follows that

{Lr(7,c) | (F,e) €T, 7 <r}={Lp(T,c) | (F,c) € T, 7 < r}

foral T < T, i.e., the set of labels of non-ghost cells lying below a ghost cell is preserved
by K-Kohnert moves. The result follows.
(f) Considering the definition of ghost move and combining parts (a) and (c), it follows
that R
{Lr(7,¢) | (F,e) €T, 7 <r}={Ls(T,c) | (F,c) e T, 7 <r—1}.

Thus, applying (c) once again, we have that

Ly(r,c) =max{Lp(F,c) € T | (F,c) €T, 7 <1}
— max{La(F,c) | (F,¢) e T, # <r—1}
= Ls(r, c),

as desired.

(g) Combining (e) and (f), it follows that (r,c) receives its labeling from a non-ghost
cell occupying position (r, ¢). Thus, applying part (b), the result follows.

(h) Considering the definition of K-Kohnert move, it follows that there must exist
Ty, Ty, Ty, Ty € KK D(D) such that

o I'XTy<T5 Ty, =T, <D,

[ (7", Cl) € T]_ and <T, 02> gé Tla

(r,c1)

_ U{<T,Cl>},

(F1,c1

there exists 7 such that 7o = G(T1,r) = Tll

o (r,co) € Ty, and
. . (r,c2)
e there exists 7y such that Ty = G(T3,7) = T;;LA : U {(r,e2)}.

Thus, for all T € KK D(D) satisfying T < T < Ty, we have (r,¢;) € T and, considering
part (f), Lz(r,c1) = Lz (r,c1); note that this implies that there exists 7 < r such that

(7,c1) € T and L#(T,¢1) = Ly, (r, ¢1). Consequently, applying parts (a) and (d), it follows
that the non-ghost cells with label Ly, (7, ¢1) in columns ¢ > ¢; must occupy rows < r in
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T. In particular, there exists 7* < r such that (*,¢;) € Ty and Ly, (", ¢3) = Lqy (7, ¢1).
Therefore, applying parts (c) and (f), we find that

Ly(r,ey) = Ly, (r,¢0) = Ly (1, c2) > Ly, (r*, ¢2) = Ly (r,¢1) = Ly(r, ¢1),

as desired.
(i) Considering part (c), we have that

Ly(rye1) = max{Lyp(F,c1) | (F,e1) €T, 7 <1}

Consequently, it must be the case that if (7,¢1) € T with Lp(7,¢1) = Lp(r + 1,¢2) >
Lp(r,cy), then 7 > r. Applying part (d), it follows that if (7,¢é) € T with Lp(7,¢) =
Ly(r + 1,¢9) for ¢ < ¢y, then 7 > r. Thus, considering our labeling of ghost cells, if
(r+1,¢é) € T for ¢ < ¢y, then Ly(r 4+ 1,¢) # Ly(r 4+ 1,¢3). The result follows. O

Lemma 31 in hand, we can now prove Theorem 28.

Proof of Theorem 28. Let M denote the number of snowflakes in snow*(D) and R =
{ri | i € [n], r; > i}. Assume that row r; of D contains m; cells for i € [n] and set
N = max{m; | i € [n]}. Note that if R = (), then the cells of D occupy rows 1 through
n with the rightmost cell of row r € [n] being (r, N). Consequently, if R = (), then
KKD(D) = {D} and it is straightforward to verify that the result holds in this case. So,
assume that R # (). Then there exists ¢ satisfying 1 < ¢ < n for which R = {r;}I , where
r; <1y for £ <1 <n when n — ¢ > 0. We refer to those diagrams D for which all rows
of R contain dark clouds in snow(D) as type I diagrams and those for which there is a
unique 1 € R such that row 7 of snow(D) contains no dark cloud as type II. Note that,
considering the definition of snow*(D), if D is a type I diagram, then

M = Z<T’ —1);
i=1
while if D is a type II diagram with row 7, € R of snow(D) containing no dark cloud,

then
M= > (ri—i.
i€n)\{k}

First, we show that M < MaxG(D). To do so, we provide an algorithm for generating
a diagram T' € KK D(D) with exactly M ghost cells. Note that if D is a type I diagram,
then m; > n —i+ 1 for £ < ¢ < n; while if D is a type II diagram with row r, € R of
snow(D) containing no dark cloud, then m; > n—i+1for k <i<n, my <n—k+1, and
m; =>n —1 for £ <i < k. We form T from D as follows. For ¢ = ¢ up to n in increasing
order,

(1) if there exists k such that i < k < n and row ry of snow(D) contains no dark cloud,
then apply in succession n — ¢ — 1 Kohnert moves followed by a single ghost move
at rows r; down to i + 1 in decreasing order; if row 7; of snow(D) contains no dark
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cloud, then apply in succession min{m;,n — i} Kohnert moves at rows r; down to
1+ 1 in decreasing order; and if there exists no k such that i < k£ < n and row ry,
of snow(D) contains no dark cloud, then apply in succession n — i Kohnert moves
followed by a single ghost move at rows r; down to ¢ + 1 in decreasing order.

Let T; denote the diagram formed after step (i) of the procedure above for ¢ < i < n;
note that 7' = T,,. For a type I diagram D, we have that

o forl <i<mn, (ri—j, N—n+i) € T; with Ly, (r;—j, N—n+i) = r; for 0 < j < r;—i—1,
andﬂm{(r7c)7<r7c> ‘ i+1<T<Ti+17 C>N—TL—|—Z}I@’

e and for i =n, (r, —j,N) € T,, with Ly, (r, —j,N)=r,for 0<j<r,—n—1.

Consequently, in this case, the diagram 7" contains ) (r; — ¢) ghost cells. Similarly, for
a type II diagram D with row 7, € R containing no dark cloud in snow(D), we have that

o for{ <i<k, (r;—j,N—n+i+1)eT; with Lp.(r; —j,N —n+i+1) =r; for
0<j<rm—i—1,and T;N{(r,c),(r,c) |i+1<r<rg, c>N—-n+i+1} =10

o fori=Fk TpN{(r,c),(r,c) | k+1<r<rpy, c>N—n+k+1} =0;

o for k < i <mn, (rp—j N—n+1i) € T, with L,(r; — j,N —n +1i) = r; for
0<j<rm—i—1,and T, N{(r,c),(r,c) | i+1<r<riy1, ¢>N—n+i} =0;

e and for i =n, (r, —j,N) € T,, with Ly, (r, —j,N)=r,for 0<j<r,—n—1.

Consequently, in this case, the diagram 7" contains Zie[n]\ {k}(ri —1) ghost cells. Thus, for
either type, it follows that M < MaxG(D).

Next, we show that M > MaxG(D). Considering the definition of our labeling along
with Lemma 31 (a), for all T € KKD(D) and i € [n], there exists (7, N) € T such
that Ly(7;, N) = r;. Moreover, applying Lemma 31 (c), if r; < r; for ¢,j € [n], then
r; < 7. Thus, it follows that r; > i. Consequently, applying Lemma 31 (d), if (r,c) € T
satisfies Lp(r,c) = r;, then r > i. Considering our definition for the labels of ghost cells,
it follows that if (r,c) € T satisfies Ly(r,c) = r;, then r > i; that is, for all diagrams of
T € KKD(D), ghost cells with label r; must lie strictly above row i. Therefore, applying
Lemma 31 (g) and (h), we have that

(x) forall T'e KKD(D) and i € [n] there is at most one ghost cell labeled by r; in

rows ¢ + 1 through r; of T, and no ghost cells with label r; outside of these rows;

that is, MaxG(D) < > ,(r; — 7). Thus, we have M > MaxG(D) when D is a type I
diagram.

It remains to show that M > MaxG(D) when D is a type II diagram. Assume that
row 1, € R of snow(D) contains no dark cloud. Note that, considering (x), the value

M= > r—itl
ieln]\{k}
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is equal to the maximum number of ghost cells with labels r; for i € [n]\{k} that can
be contained in any T" € KK D(D). Thus, to prove that M > MaxG(D), it suffices to
show that if T'€ KK D(D) contains a ghost cell labeled by 7, then each such cell can be
uniquely paired with a ghost cell labeled by r; for i € [n]\{k} which could, but does not
occur in 7. In particular, keeping in mind that, by (x), ghost cells labeled by r; in T' can
only occur in rows j for i < 7 < r;, we show that each ghost cell labeled by 7 in T' can
be uniquely paired with a tuple (r;, j) for ¢ € [n]\{k} and i < j < r; such that row j of
T contains no ghost cell with label r;.

Since row 7y is the unique row of D containing no dark clouds in snow(D), it follows
that there are at least mj; nonempty rows strictly above row r; in D, i.e., k +my < n;
note that since my, # 0, it follows that k& < n. Assume that (r,j) € T with k < r < ry
satisfies L(r, j) = ri. Note that, applying Lemma 31 (a), we must have N —my, < j < N.
If j = N, then, considering Lemma 31 (i), there exists no ghost cell in row r + 1 of T’
labeled by 74.1. Thus, since k+1 € [n] and k+1 <r+1 < rp+ 1 < rpyq, We can pair
(r,j) with (rg41,7 + 1). So, assume that j < N. In this case, if there exists ¢ such that
0<t<N—j<mg<n—Fkandrowr+tof T contains no ghost cell labeled by ry.,
then let t* be the least such ¢. Since

l<k+t"<k+N—-jJ<k+N—-—(N—mp+1)=k+mp—1<n,

ie., k+t* € [n], and

we can pair (r,j) with (rgye, 7 4+ t*). On the other hand, if for all ¢ satisfying 0 < ¢ <
N —j<mp <n—k,rowr+tof T contains a ghost cell labeled by r4., then, applying
Lemma 31 (i), it follows that (r +¢,7 +t) € T is labeled by ry for 0 < t < N — j;
but then, once again applying Lemma 31 (i), we may conclude that there is no ghost cell
labeled by ryyn_j+1 in row r + N — j + 1 of T'. Since

1<k+N—-j+1<k+N—-—(N—mp+1)+1=k+m<n,
ie, k+N—j+1¢€n], and
k+N—j+1<T+N—j+1<Tk+N—j+1<’l"k+N_j+1,

it follows that, in this case, we can pair (r,j) with (rg1n_js1,7 + N —j +1). As there
can only be at most one ghost cell labeled by r; in each row of T, it follows that the
pairing above matches distinct ghost cells labeled by 7, in T" with distinct missing ghost
cells labeled by r; for i € [n]\{k}. The result follows. O

Now, there do exist examples of lock diagrams D = I(«) for which the number of
snowflakes of snow*(D) is not equal to MaxG(D). For example, when o = (0,2, 1, 3,2),
the number of snowflakes in snow*(D) is 2, but MaxG(D) = 3. Consequently, it would be
interesting to consider how Theorem 28 could be extended to apply to all lock diagrams.
In addition, there are further examples of lock diagrams D, for instance D = {(«) with
a = (0,1,1,2), for which the conclusion of Theorem 28 holds. As the authors were
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unable to see any pattern to when this occurred in general, a characterization of such lock
diagrams D for which MaxG(D) is equal to the number of snowflakes in snow* (D) would
also be interesting to consider. At present, it is unclear to the authors how one might
utilize the approach via labeling to understand MaxG(D) for arbitrary lock diagrams D.

Remark 32. The labeling defined above for diagrams of KK D(D) when D is a lock
diagram can be extended to more general diagrams. For an arbitrary diagram D, we
define a recursive labeling of the diagrams in KK D(D) starting from D as follows. For
T € KKD(D), denoting the label of (r,¢) or (r,c¢) € T by Lr(r,c), we set Lp(r,c) =r
for all (r,¢) € D, i.e., cells of D are labeled by the rows that they occupy. Now, assume
that T € KKD(D) is such that T has yet to be labeled and there exists a labeled
T* € KKD(D) for which either
(r*.c*) (r*.c*)

T = K(T*,r*) :T*L ;oo Q(T*,T*)ZT*L )U{<7‘*7C*>}
r*—k,c* r*—k,c*

for K > 1. Then
(i) Lr(r* —j,¢*) = Ly«(r* —j+ 1,¢") for 1 < j < k;

(ii) if Lp«(r* — j,¢) < Lp«(r* — j,¢*) for ¢ > ¢* and 1 < j < k, then Ly (r* — j,¢) =
LT*(T* - j + ]_,C*);

(i) Lp(r*,c¢*) = Ly« (r*,¢*) in the case T' = G(T*,r*); and
(iv) Lp(r,¢) = Ly«(r, c) for all remaining (r,c) and (r,c) e T*NT.

It can be shown that when D is a lock diagram, the labeling described here is the same as
the one extended from Theorem 26. For general diagrams D, the labeling of '€ KK D(D)
given via the more general approach outlined above can depend on the 7™ chosen. Finally,
it is worth noting that many of the results of this section concerning the distribution of
labeled ghost cells can be established more generally using the labeling described here.
Full details concerning the labeling defined here are omitted for the sake of brevity.

4 Greedy Approach

In this section, given a diagram D that contains no ghost cells, we consider the problem
of computing the maximum number of ghost cells contained in a diagram T'€ KK D(D)
formed by applying sequences of only ghost moves to D. Throughout this section, given a
diagram D, let GK D(D) denote the collection of diagrams consisting of D along with all
those diagrams which can be formed from D by applying sequences of only ghost moves.
Moreover, let

MaxG(D) = max{|G(D)| | D € GKD(D)}.

Unlike in the case of MaxG(D), we are able to establish a result in the spirit of Theorem 6
which applies to the computation of MaxG(D) when D is an arbitrary diagram that
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contains no ghost cells. To state the main result of this section, we require a diagram
snow(D) analogous to snow(D).

Given an arbitrary diagram D that contains no ghost cells with nonempty columns
{c; Y, where ¢; < ¢;1q for i € [m — 1] when m > 1, let

R;={r| (r,¢;) € D} and FZ»:{TGRZ»M"E U Rj}

j=it+1

for ¢ € [m]; that is, R; consists of the rows containing cells in column ¢; of D and F;
consists of the rows r € R; for which the cell (r,¢;) € D is not rightmost in row r of D.
Form snow(D) as follows.

1. First, we label the cells of D. Denoting the label of a cell (r,¢) € D by ZD(T, c),
set Lp(r,c,) = 1 for all (r,¢,) € D. As for the remaining cells of D, for each
i€m—1],

o set ZD(T, ¢;) = for all (r,¢;) € D with r € F}; then,

e in decreasing order of r € R;\ F}, set ED(T, ¢;) to be either
. Jj=i+1
has Lp(7,¢;) =r* or

(a) the maximal r* € | R; such that r* < r and no (7,¢;) € D for 7 > r

(b) 1 if no such value exists.

2. For each empty position (r,c) ¢ D lying below some (7, ¢) € D with 7 > r, draw a
snowflake * in position (r, ¢) if there exists (7,¢) € D with 7 > r and Lp(7,¢c) < r;
otherwise, do nothing.

Example 33. For the diagram D of Figure 12 (a), we illustrate snow(D) in Figure 12
(b). Considering Theorem 34 below, it follows that MaxG(D) = 8.

L[]

B

6fo]1]

ot
= | Ot
ot %

[}

[N}
— | ¥ %W
o

*

Figure 12: snow(D)
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Letting é\f(D) denote the number of snowflakes in snow(D), the main result of this
section is as follows.

Theorem 34. If D is a diagram that contains no ghost cells, then M/aE(D) = é\f(D)

As the corresponding notation will prove to be useful ongoing, we define a poset
structure on GKD(D). In particular, given a diagram D that contains no ghost cells,
for Dy, Dy € GKD(D) we say Dy <, Dy provided that Dy can be obtained from D; by
applying some sequence of ghost moves; note that this is the poset obtained by restricting
the poset structure on K K D(D) introduced in Section 3 to the diagrams of GK D(D). If
Dy covers Dy in this ordering, then we write Dy <, D;. Note that if Dy <, Dy, then D,
can be formed from D; by applying a single ghost move. The poset structure on GK D(D)
defined here is considered in [6].

The following lemma allows us to provide an interpretation for the labels of cells in
snow (D).

Lemma 35. Let D be a diagram that contains no ghost cells. If (r,c) € D and there
exists T € GKD(D) such that (r,&) € T with & < ¢, then (r,é) € T for all T <, T.

Proof. Note that since (r,c) € D, it follows that for all '€ GK D(D) either (r,c) € T or
(r,c) € T. Consequently, for any T'€ GKD(D) and ¢ < ¢, if (r,¢) € T, then (r,¢) is not
rightmost in row r of T". The result follows. O

Remark 36. Take (r,c) € D which has label Z(r, c¢) = r* in snow(D) and assume that the
label is retained through the application of ghost moves; that is, if (7,¢) € 71 <, D is
labeled r* and Ty = G(T},7), then either

(1) (7,¢) € Ty and (7, ¢) is the unique cell labeled by r* in T3 or
(2) there exists 1 < j <7 — 1 such that
(7.c) )
L=T| Ui
r—7,C

in which case the unique cell labeled by r* in Tj is (7 — j, ¢).

Considering Lemma 35, the label r* of the cell (r,¢) € D corresponds to a row weakly
below in which, if ever occupied by, the cell will remain after the application of any
sequence of ghost moves; note that Lemma 35 is not required for this conclusion when
r*=1.

Proof of Theorem 34. First, we show that m(D) < é\f(D) To this end, let
Dy ={(r,c) | 3T € GKD(D) such that (r,c) € T'}

and D, denote the set of positions (r,¢) in which snow(D) contains either a cell or a *.
Note that for T € GKD(D), since ghost cells can only occupy positions that non-ghost
cells previously occupied, D; can be described as the set of positions that can be occupied
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by a cell in T', ghost or non-ghost. If we can show that D; C D5, then it will follow that

m(D) < sf(D). To see this, note that D; C Dy implies that the number of cells, both
ghost and non-ghost, contained in 7' € GK D(D) is bounded above by

[Ds| = [{(r,c) | (r,c) € D}| +5i(D).

Thus, since every T' € GK D(D) contains exactly [{(r,¢) | (r,¢) € D}| non-ghost cells, if
Dy C Dy, then it will follow that the number of ghost cells contained in T € GK D(D) is
bounded above by

1Ds| — [{(r,¢) | (r,c) € D}| =sH(D),

as desired. Now, to establish that D; C D,, we show that if (7, ¢) is an empty position of
snow (D), i.e., contains no cell or *, then (r,c) ¢ T for all T € GKD(D).

Assume that (r°, ¢®) corresponds to an empty position of snow(D). Evidently, if there
exists no r > r° such that (r,c¢°) € D, then (r°,¢°) ¢ T for all T € GKD(D). So, in
addition, assume that

0#{r>r°|(r,c°)e D} =U.

Since position (r°,¢°) of snow(D) is empty, it follows that L(r,c®) > r° for all r € U.
For a contradiction, assume that there exists 7" € GKD(D) for which (r°,¢°) € T. We
define a labeling of the non-ghost cells of T iteratively starting from D and using the
labeling of cells in snow(D) as follows. Assume that T € GK D(D) was formed from D by
applying ghost moves at rows {r;}_; in increasing order of i; that is, letting Dy = D and
D; = G(D;_y,r;) for i € [n], we have D; <4, D;_; for i € [n] and D,, = T. Letting Lp,(r,c)
denote the label of (r,¢) € D; for 0 < i < n, we have Lp,(r,¢) = Lp(r,c) = ZD(T, c) for
all (r,¢) € Dy, i.e., the cells of D are labeled as in snow(D); and for i € [n], if

(risci)
D, = Dz‘—1l(A : U{(ri,ci)},
then we define Lp,(7;,¢;) = Lp, ,(ri,c;) and Lp,(r,¢) = Lp, ,(r,c) for all (r,c) € D; N
D;—1 = D;_1\{(ri,¢;)}. Using this labeling of the non-ghost cells of T', we now construct
a sequence of values {i;},>1 contained in Z-, as follows.

i1: Define iy = Lp(r°,¢°), i.e., i is the label of the cell (r°,¢°) € T.

iy: Assume that the cell labeled by i1 in column ¢® of snow (D) occupies row r;,. Note
that r;, > 4, > r° considering the definition of our labeling and our assumptions on
the position (°,¢°). Let

Ly ={r|r°<r<r; and 3 & > ¢ such that (r,¢) € D},

i.e., Ly consists of positions in column ¢° of T" between rows r;, and r° for which
an occupying cell of T" would not be rightmost in its row by Lemma 35; note that
iy € Ly # 0 since 4y satisfying r;, > i; > r° and being the label of the cell (r;,,c°)
in snow(D) implies that there exists a cell (i1,¢) € D for ¢ > ¢°. Keeping in mind
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our labeling of the cells in D; for 0 < ¢ < n, since the cell labeled by i, occupies
position (r;,,¢°) in Dy = D and moves to position (r°,¢°) in T' = D,, it follows that
for each 7 € Ly we have (7,¢°) € T. Moreover, since iy € Ly, r° ¢ Ly, and the cell
labeled by 41 in column ¢® of T" occupies position (7°,¢°), it follows that there exists
(7,¢°) € T with 7 € Ly and r* = Lp(7,¢°) > max Ly. Let i3 denote the maximal
such value, i.e., i5 = max{Ly(7,¢°) | 7 € Ly and (7,¢°) € T'}. Note that iy > i; by
construction.

i; for j > 2: Assume the cell labeled by i; 1 in column ¢® of sSnow(D) occupies row
ri,_,- Note that r;,_, > r° by construction. Let

Lj_y={r|r°<r <mry_, and 3¢ > ¢” such that (r,¢) € D},

i.e., Lj_; consists of positions in column ¢° of T between rows Ti;_y and r° for which
an occupying cell of T" would not be rightmost in its row by Lemma 35. Note that,
since r;;_, > 1;_1 > max L; o by construction, it follows that L; » C L; ;. From the
construction of i;_y, it follows that for all # € L;_5 we have (7,¢°) € T. Moreover,
keeping in mind our labeling of the cells in D; for 0 < 7 < n, since the cell labeled by
ij_1 occupies position (r;;_,,c°) in Dy = D and moves to a position (7,¢°) in T with
7€ Lj_o, it follows that for all 7 € L;_; we have (7,¢°) € T. Thus, since i; € L;_q,
r° ¢ Ly, and the cell labeled by i of T occupies position (r°,¢°), it follows that
there exists (7,¢°) € T with 7 € L;_ and r* = Lp(F, ¢®) > max L;_;. Let i; denote
the maximal such value, i.e., i; = max{Ly(7,¢°) | 7 € Lj_; and (7,¢°) € T'}. Note
that 7; > i;_1 by construction.

Intuitively, each 4; is the largest label of a cell which is used to fill a position, allowing
the cell labeled by i;_1 to reach its final position in 7. Note that this procedure can
be performed indefinitely, forming an infinite increasing sequence. Since the collection
of labels of cells in column ¢° is finite, this is a contradiction. Thus, (r°,¢°) ¢ T for
all T'€ GKD(D) and we may conclude that Dy C D,. As noted above, it follows that

MaxG(D) < sf(D).

Finally, to show that M(D) > sAf(D), it suffices to show that there exists a sequence

of ghost moves which can be applied to D to form T' € GK D(D) satistying |G(T')| = ;f(D)
To accomplish this, we show that for any nonempty column c of D, there exists a sequence
of diagrams {D;}! , C GKD(D) with Dy = D and D,, = T such that

e if n > 0, then for each i € [n] there exists r; such that

(Tivc)
D; =G(Di—1,r;) =Dy | U{(rs,0)};

(ri =C)
and

e the number of ghost cells in column ¢ of T is equal to the number of snowflakes
in column ¢ of snow(D);
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that is, there exists a sequence of ghost moves which, when applied to D, only affects
column ¢ and introduces the appropriate number of ghost cells. Our proof is by induction
on N = max{r | (r,c) € R(D)}. Note that the base case is immediate as, if N = 1, then
column ¢ of snow(D) contains no *’s. Assume that the result holds for N —1 > 1 and
that D is a diagram for which N = max{r | (r,¢) € R(D)}. Moreover, assume that

N,c
Dy =G(D,N) = Dliﬁ 1 UL(N, )}

note that if D = G(D, N), then column ¢ of snow(D) contains no *’s and we are done.
Considering the definition of snow(D), it follows that L(N,¢) < N and snow(D) contains
a * in position (N, c) with any other #’s in column ¢ occurring below row N. Let D* =
Di\{(N,c)}. If we can show that snow(D*) contains *’s in the same positions (r, ¢) with
r < N as snow (D), then the result will follow by induction. To see this, first note that our
induction hypothesis applies to D*. Thus, there exists a sequence of ghost moves which
can be applied to D* affecting only cells in column ¢ and introducing the same number of
ghost cells in column ¢ as *’s in column ¢ of snow(D*). Let T denote the diagram formed
by applying the same sequence of ghost moves to D;. By the definitions of (N, ¢) € D and
D*, we have that for (7, ¢) with 7 > N, either (7, ¢) ¢ D" or (7,¢) ¢ R(D"). Consequently,
any *’s in column ¢ of snow(D*) occupy rows 7 < N so that all ghost moves applied in
forming 7' from D; must correspond to rows 7 < N. Thus, since D* and D; match
weakly below row NV, it follows that the sequence of ghost moves applied to form T from
D introduces ghost cells in the same rows in column c as if the sequence were applied to
D*, and affects no cells of any other column; that is, if sSnow(D*) contains *’s in the same
positions (r,c) with r < N as snow(D), then T would have the desired number of ghost
cells in column ¢ and no ghost cells in any other column.

To show that snow(D) and snow(D*) contain #’s in the same positions (r,c) with

r < N we consider how the labeling of the cells in column ¢ of snow(D*) relates to
that of those in snow(D) Note that for all (7,c) € D satisfying (7, c) ¢ R(D), we have
(7,c) ¢ R(D*) so that LD(r c) = Lo (7,¢). Now, let

R={f|N<7<N, (F,¢c)e R(D)} ={F | N <7 < N, (F,c) € R(D")}.

Moreover, let L = {Lp(7,c) | 7 € R}. If R = 0, then it follows that Lp(N,c) = /[:D*(]/\} c)
andLD(rc)_LD*(rc)forall(rc)E{(rc)€D|r7éN}—{(rc)€D*|7"7éN}
note that, as a consequence, the number of *’s occurring below row N in snow(D*)
equal to that of snow(D). On the other hand, if R # (), then assume that R = {r;}",
and L = {{;}, with r; > r;;; for i € [n — 1] in the case n > 1; note that if n > 1, then
l; > liy for i € [n — 1]. By construction of snow(D) we have that N > Lp(N,c) > (.
Thus, it follows that LD* (r1i,¢) = Lp(N,¢), Lp-(N,c) = Lp(ry,c), and, in the case that
n > 1, Lp+(rit1,¢) = Lp(rs,c) for i € [n —1]. Since the set of labels of cells in rows
N < r < N of column ¢ in snow(D*) is equal to that for cells in rows N <r <N of
column ¢ in snow(D) and

D*n{(Fc)|#<N}=Dn{(Fc)|7<N},
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it follows that all cells below row N in column ¢ of D* have the same label in snow(D*)
as those in snow(D). Consequently, considering the definition of snow(—), it follows that
snow(D*) and snow(D) contain the same number of *’s in positions (r,c) with r < N*.
As noted above, the result follows. n

Since we now have a method for computing @(D) for any diagram D, it is natural
to wonder if this could be applied to solve our original problem of computing MaxG(D).

Unfortunately, it is not difficult to produce example diagrams D for which 1\%?(}(1)) <
MaxG(D), see Example 37 below.

Example 37. Take D to be the diagram illustrated in Figure 13 below. Computing, one
finds that MaxG(D) = 1 < 2 = MaxG(D).

Figure 13: Diagram for which greedy approach fails

To end this section, we show how in the greedy case one can often simplify compu-
tations by reducing to a smaller diagram. In particular, for any diagram D, we define a

reduction fp(D) C D for which m(D) = l\m(fD(D)). It would be interesting to
consider whether a similar reduction could be defined corresponding to MaxG(D).

Definition 38 (Reduction Function). Given a diagram D that contains no ghost cells,
define

S(D)={(r,c) e D | (r,c) ¢ R(D) and (r*,c) ¢ R(D)V r* >r}

and fp(D) = D\S(D) for D € GKD(D). We refer to fp(D) as the reduction of D in
GKD(D).

Example 39. Letting D be the diagram of Figure 12 (a), the diagram fp (D) is illustrated
in Figure 14.
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Figure 14: fp(D)

Our main result concerning fp is as follows.

Theorem 40. If D is a diagram that contains no ghost cells, then fp : GKD(D) —
GKD(fp(D)) is a bijection which preserves ghost cells. Consequently, MaxG(D) =

MaxG(fp(D)).
To prove Theorem 40, we require the following proposition. Proposition 41 (a) and

(b) concern properties of the set S(D) of cells removed by fp, while Proposition 41 (c)
shows that fp commutes with the application ghost moves.

Proposition 41. Let D be a diagram that contains no ghost cells and T € GKD(D).
() S(D)CT.
(b) If (r,c) € R(T) and (7,c) € T with 7 < T, then (7,c) ¢ S(D).

(¢) For r > 0, we have that G(fp(T),r) = fp(G(T,r)), i.e., fp commutes with the
application of ghost moves.

Proof. (a) Take (r,c) € S(D). Considering the definition of S(D), there exists ¢* > ¢ such
that (r,c¢*) € D. Thus, applying Lemma 35, it follows that (r,¢) € T forall T' € GK D(D),
as desired.

(b) Considering the definition of S(D), it suffices to show that there exists r* > 7 for
which (r*,¢) € R(D). Assume otherwise. Let {r;}?_, = {r | (r,¢c) € D, r > 7}; note
that since (7, ¢), (7,¢) € T with 7 > 7 and T' € GK D(D), it follows that n > 1. Then for
i € [n], there exists ¢; > ¢ such that (r;,¢;) € R(D). Consequently, applying Lemma 35,
for all D € GKD(D), we have {r | (r,c¢) € D, v > 7} = {r;}7, and there exists no r* > 7
satisfying (7*,¢) € R(D), which is a contradiction.

(r,0)
(c) Evidently, the result holds if G(T', ) = T, so assume that G(T,r) = TLA )U{(r, o)}
Since S(D) C D for all D € GKD(D), it follows that (r,c), (7,¢) ¢ S(D). Consequently,

fo(G(T,r)) = (fo(T)\(r,)}) UL e), (r, 0}
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applying part (b), we have that (7,¢) ¢ S(D) for all # < r such that (7,¢) € T. Thus,

Now, since (r,¢) € R(T') and (r,c) ¢ S(D), it follows that (r,c) € R(fp(T)). Moreover,
(Ta C) € R(fD(T)

),, (7,¢) € fp(T) for 7 <7 <r,and (7,c) ¢ fp(T) so that

(r,c)

G(fp(T),r) = fD(T)LM U{(r, e} = (fo(M\{(r,)}) U{(T, 0), (r. )} = fp(G(T, 7)),

as desired. 0
We are now in a position to prove Theorem 40.

Proof of Theorem 40. First, we show that if '€ GKD(D), then fp(T) € GKD(fp(D)).
Evidently, fp(D) € GKD(fp(D)). Take T' € GKD(D) such that T'# D. By definition,
there exists a sequence of rows {r;}?; such that if Dy = D and D; = G(D;_q,r;) for
i € [n], then D,, = T. Applying Proposition 41 (c), we have that

fo(Di) = fp(G(Di1,m:)) = G(fp(Di-1),7i)

for i € [n]. Thus, since fp(Dy) = fp(D), there exists a sequence of ghost moves which
can be applied to form fp(D,) = (T) from fp(D), ie., fp(T) € GKD(fp(D)). Con-
sequently, fp : GKD(D) — GKD(fp(D)).

Now, since S(D) € D for all D € GKD(D) and S(D) contains no ghost cells, it
follows that G(D) = G(D\S(D)) = G(fp(D)) for all D € GKD(D), i.e., fp is ghost cell
preserving. To see that fp is one-to-one, take Dy, Dy € GKD(D) such that fp(D;) =
fp(D3). Then Dy\S(D) = D2\S(D). Now, since S(D) C Dy, D, we have that

Dy = (D\S(D)) U S(D)

that is, D1 = D, so that fp is one-to-one. Finally, it remains to show that fp is onto.
For a contradiction, assume that there exists 7' € GKD(fp(D)) which is not in the
image of fp. Since fp(D) is in the image of fp, it follows that there must diagrams
T,, T, € GKD(D) such that T} is in the image of fp, To = G(T},7) for some r > 1, and
T, is not in the image of fp. Assume that T, € GKD(D) satisfies fp(ﬁ) = T,. Then
applying Proposition 41 (c), we have that

T; = g<T177a) = g(fD(j:ll)ﬂn) = fD(g<T\17T));

but this implies that fp maps G (T\l,r) to Ty, a contradiction. Thus, fp is onto and the
result follows. m
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5 Future Work

In this paper, we study the combinatorial puzzle that arises from the definition of Lascoux
polynomials in terms of diagrams and K-Kohnert moves [9, 10, 12]. Given an arbitrary
diagram D, the object of this puzzle is to apply a sequence of K-Kohnert moves to create
a diagram 7" from D which contains the maximum possible number of ghost cells. Our
goal here was to establish means by which one can determine if they have solved such
a puzzle; that is, means of computing the number of ghost cells contained in a solution
to the puzzle associated with the diagram D, denoted MaxG(D). As noted earlier, we
are not the first to consider this question. In [10], for a key diagram D, the authors
establish means of computing MaxG(D) and provide a sequence of K-Kohnert moves
which, when applied to D, produce a diagram T' € K K D(D) containing MaxG(D) many
ghost cells, i.e., a solution to the associated puzzle. Here, we show that the method
for computing MaxG(D) when D is a key diagram introduced in [10] can be applied
either directly or with slight modification to a larger class of diagrams, including the skew
diagrams and certain lock diagrams of [4]. In addition, we consider the limits of taking
a greedy approach to such puzzles, establishing means of computing the value analogous
to MaxG(D) when proceeding greedily.

Aside from continuing to extend the results here and in [10], with the goal of intro-
ducing means of computing MaxG(D) and solving this puzzle for arbitrary diagrams D,
there exist other interesting directions for future work. For example, one could construct
and study 2-person games arising from the puzzle. Two possible ways for extending the
puzzle to a 2-player game are

(1) having players alternate making K-Kohnert moves under normal (resp. misére)
play; or

(2) having players alternate making K-Kohnert moves while keeping track of the number
of ghost cells created on their turns, the player having created the most ghost cells
when no moves are left being the winner.

For another possible direction of future work, one could replace the collection of K-
Kohnert moves used here with the newly introduced set of moves in [11]. In [11] it is
conjectured that the new moves introduced within allow for a definition of Grothendieck
polynomials analogous to that described here for Lascoux polynomails.
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