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Abstract

We describe how the chromatic symmetric function of two graphs glued at a
single vertex can be expressed as a matrix multiplication using certain information
of the two individual graphs. We then prove new e-positivity results by using a
connection between forest triples, defined by the first author, and Hikita’s proba-
bilities associated to standard Young tableaux. Specifically, we prove that gluing a
sequence of unit interval graphs and cycles results in an e-positive graph. We also
prove e-positivity for a graph obtained by gluing the first and last vertices of such a
sequence. This generalizes e-positivity of cycle-chord graphs and supports Ellzey’s
conjectured e-positivity for proper circular arc digraphs.

Mathematics Subject Classifications: 05E05, 05E10, 0C15

1 Introduction

The Stanley—Stembridge conjecture [15, 16] is a monumental problem in algebraic combi-
natorics. It states that if G is the incomparability graph of a (3 + 1)-free poset, then its
chromatic symmetric function X¢ () is e-positive. By a reduction due to Guay-Paquet
8], it suffices to prove e-positivity whenever G is a unit interval graph. Shareshian and
Wachs [13] refined this conjecture by introducing the chromatic quasisymmetric function
Xa(x; q), showing that it is symmetric whenever G is a unit interval graph, and conjectur-
ing that in this case, its e-coefficients are positive polynomials in ¢. Hikita [11] proved the
Stanley—Stembridge conjecture by giving a combinatorial formula for X (; ¢) in terms of
probabilities associated to standard Young tableaux, whose summands are all nonnegative
when ¢ = 1. The Shareshian—Wachs conjecture is still open and has seen keen interest
because of its connection to Hessenberg varieties [1, 3, 4, 9, 10, 12] and Hecke algebras
[5, 14]. Ellzey [6] generalized further by defining a chromatic quasisymmetric function
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Figure 1: Graphs G and H glued at a single vertex.

Xg(z; q) for any directed graph @, showing symmetry whenever Gisa proper circular
arc digraph, and conjecturing e-positivity in this case.

In this paper, we consider the operation of gluing graphs G and H together at a
single vertex. In Section 3, we show that the resulting chromatic symmetric function can
be expressed as a matrix multiplication using certain information about G and H. In
Section 4, we prove a surprising connection between forest triples, defined by the first
author [17], and Hikita’s probabilities on standard Young tableaux (Theorem 52). From
this connection and Hikita’s remarkable breakthrough, we prove e-positivity of graphs
obtained from gluing a sequence of unit interval graphs and cycles (Corollary 54). In
Section 5, we prove that if G° is obtained by gluing two vertices of a graph G, then X¢o ()
is equal to the trace of the matrix corresponding to G (Theorem 60). In particular, we
prove e-positivity for graphs obtained by gluing the first and last vertices of a unit interval
graph (Corollary 63). These graphs are proper circular arc graphs, lending support to
Ellzey’s conjecture. This also generalizes e-positivity of cycle-chord graphs (Corollary 68).

2 Background

All graphs in this paper will have vertex set [n] = {1,...,n} for some n. For graphs
G = ([n|, E) and H = ([n/], E'), we define the sum

G+H=(n+n"-1{EU{{i+n—-1,j+n—1}: {i,j} € E'}).

Informally, we glue vertex n of G to vertex 1 of H. The main focus of this paper is to
study how the chromatic symmetric function behaves under this operation.

2.1 Chromatic symmetric functions and unit interval graphs

A proper colouring of G = ([n], E) is a function k : [n] — P = {1,2,3,...} such that
k(u) # k(v) whenever {u,v} € E. The chromatic symmetric function of G is [15, Defini-
tion 2.1]

Xa(x) = Z Tr(1)Tr(2) " * Tr(n)-

K proper colouring
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= (" +2¢° + ¢")es2 + (¢ + 3¢ +4¢° + 3¢" + ¢°)ens
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Xg(z;q)

Figure 2: The bowtie graph G and the chromatic quasisymmetric function X¢q(x;q).

We say that X (x) is e-positive if X (2) has nonnegative coefficients when expanded
in the basis of elementary symmetric functions ey, defined by ey = ey, ---e,,, where
ek = D i coci, Tiy Ty We say that G is a natural unit interval graph (or NUIG) if
there are unit intervals Iy = [ay,a; + 1],..., I, = [ap,a, + 1] C R with a; < -+ < a,
and {i,j} € E(G) if and only if [; N I; # 0. Equivalently, for every 1 < i < j < k < n,
if {i,k} € E(G), then {i,j} € E(G) and {j,k} € E(G). These are also equivalent to
proper interval graphs, where the intervals I; are allowed to be of different lengths but they
cannot contain each other. Hikita proved the famous Stanley—Stembridge conjecture.

Theorem 1. [15, Conjecture 5.5/, [11, Corollary 1.8] If G is an NUIG, then Xg(x) is
e-positive.

An ascent of a proper colouring x of G = ([n], F) is an edge {u,v} € F with u < v
and k(u) < k(v). The chromatic quasisymmetric function of G is [13, Definition 1.2]

Xa(x;q) = Z M (1T (2 L)

K proper colouring

Note that if we set ¢ = 1, we get Xg(x;1) = Xg(a). Shareshian and Wachs showed
that if G is an NUIG, then Xg(x;q) is in fact symmetric [13, Theorem 4.5]. They
conjectured that in this case, X¢(x; q) is e-positive, meaning that its e-coefficients, which
are polynomials in the variable ¢, have positive coefficients. This refined conjecture is still
open.

Conjecture 2. [13, Conjecture 5.1] If G is an NUIG, then Xq(x;q) is e-positive.

Example 3. The complete graph K, is an NUIG and has X, (x; q) = [n],le,, where

[n]g! = [n]gln — 1] - -+ [24[1], and [k], =1+ g+ q2 +oeee qk_l

Example 4. The bowtie graph G in Figure 2 is an NUIG and Xg(x; q) is e-positive.
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Xg,(z59) = 2¢° €929 + 4¢%[3] 42 + 26°[3]gea2 + 3¢°[3],4[2] 433 + 6¢[5] €6

o = 222 42 24 33 6

Figure 3: The directed cycle Cg and the chromatic quasisymmetric function X a, (5 )

Example 5. The path P, is an NUIG and has [13, Section 5]

Xp,(@;q) = > _[anlg(aaly = 1)+ ([aely = Desort(a),

aFn
so in particular, Xp (x;q) is e-positive.

More generally, for a directed graph G = ([n], E), Ellzey defined the chromatic qua-
sisymmetric function of G to be [6, Definition 1.3]

Xo@a)= Y 0" Wautue  tu,

K proper colouring

where asc(k) is the number of directed edges (u,v) € E with x(u) < x(v). Note that if
G = ([n], E) is a graph and we direct edges from the smaller vertex to the larger vertex,
then we recover the earlier definition of Shareshian and Wachs. We say that Gis a
proper circular arc digraph if there are arcs Ay, ..., A, on some circle with left endpoints
ai,...,a, in clockwise order, that do not contain each other, such that (i, 7) € E if and
only if a; € A;. Ellzey showed that X 5(x; ¢) is symmetric for such graphs [6, Corollary 5.7]
and conjectured e-positivity. This extension of the refined Stanley—Stembridge conjecture
is open.

Conjecture 6. [6, Conjecture 1.4] If G is a proper circular arc digraph, then Xa(x;q) is
e-positive.
Example 7. The directed cycle C,isa proper circular arc digraph and [6, Corollary 6.2]
Xén(w; q) = Zal([al]q = D([ae]q = 1) - ([ae)g = Deésort(a); (1)
aFn

so X (x; q) is e-positive. The example of 66 is given in Figure 3, along with the corre-
sponding compositions. It turns out that if we change the directed edge (n,1) to (1,n),
the resulting graph C), also has that X, (x; ¢) is symmetric and e-positive [7, Section 3].
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2.2 Forest triples

The first author proved a signed combinatorial formula for the e-expansion of Xg(x). In
the case that G is an NUIG, a similar formula is given for X (x;q). Let G = ([n], E) be
a graph and fix a total ordering < on F.

Definition 8. A no broken circuit (NBC) tree of G is a subtree T" whose edges do not
contain a subset of the form B = C'\ {max(C)}, where C is a set of edges that form a
cycle and max(C) is the largest edge of C' under <.

Definition 9. A tree triple of G is an object T = (T, «,r) consisting of the following
data.

e 7T is an NBC tree of G.
e « is a composition of size |T'|.

e 7 is an integer with 1 < r < «aq, the first part of a.

A forest triple of G is a sequence F = (T, = (Ty, o™, r1), ..., Ty = (T, @™, 1,,)) of tree
triples such that each vertex of G is in exactly one tree and we have min(77) < --- <
min(7,,). Let FT(G) denote the set of forest triples of G. The type of F is the partition

type(F) = sort(a - ™),

given by concatenating the compositions and sorting to make a partition. The sign of F
is the integer

sign(F) = (—1)Zi Ua)=1) — (_q)Hype(F)—m.
We will often be interested in agl), the first part of the composition associated to the
tree containing vertex 1. We define the reduced type of F, denoted type'(F), to be the

partition type(F) with an instance of a§” removed.

Now we can use forest triples to calculate the chromatic symmetric function.

Theorem 10. [17, Theorem 5.10] The chromatic symmetric function of G satisfies

Xg(il?) = Z Sign(f)etype(]—')-

FEFT(G)

In the case that G is an NUIG, we will order edges lexicographically, so that if {7, j}
and {7, j'} are edges of G with i < j and ¢ < j', we define {i, 7} < {7, j'} if either i < ¢/,
ori=1 and j < j'. Then T is an NBC tree of G precisely when no vertex of T has two
larger neighbours. We also define a permutation of V(T'), denoted list(7"), as follows. We
first read the smallest vertex of T'. Then at each step, we read the smallest unread vertex
of T that is adjacent to a read vertex of T. Now for a forest triple F = (7; = (T}, o, ;)
of G, we define the integer

m

weight(F) = inve(list(73) -+ list(Z,)) + > _(ri — 1),

=1

(S8
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a =32 a =23 a=3 o =2
r=1,23 % r=12 r=1,2,3 ad /g5y
1 4 1 4 1 4 1 4 1 |
3 3 3 3 3
2 5 2 5 2 5 2 5 2 5
invg(12345) =0 invg(13245) = invg(12345) = 1nVG(12%45) =
1 4 1 4 1 4 4
IENERE N I N
2 5 2 5 2 5 5
invg(12354) = 1 invg(13254) = invg(13245) = 1nvG(12 54) =
—( JA+q+q*+1+4q) +( )1 +a+a”)(1+aq)

Figure 4: The bowtie graph G and the forest triples of G of type 32.

where invg (o) = [{(4,7) : i < j, 0 > 0j,{0;,0:} € E(G)}| is the number of G-inversions
of the permutation 0. We can similarly use forest triples to calculate the chromatic
quasisymmetric function.

Theorem 11. [17, Theorem 3.4] The chromatic quasisymmetric function of an NUIG G
satisfies

Xo(@iq) = > sign(F)g"" " Fe ).
FEFT(G)

Example 12. Figure 4 shows the forest triples of type 32 for the bowtie graph G from
Figure 2. We could have a single tree triple 7 = (T, «,r), where either & = 32 and
1<r<3 ora=23and 1 < r < 2. Or we could have two tree triples of the form
T = (T,3,r) and T = (T",2,7"), where 1 < r < 3 and 1 < 7’ < 2. By calculating the
weights, we see that the coefficient of ey in X¢(; q) is

—(1+20+ ) A+ g+ +1+q) + 2+2¢)(L+ ¢+ )1+ q) = (1 +q)* = ¢*12],[2],-

2.3 Standard Young tableaux

Hikita proved a formula for the e-expansion of X¢(2; ¢) in terms of probabilities associated
to standard Young tableaux.

Definition 13. The Young diagram of a partition A is the left-justified array of boxes
with A; boxes in the i-th row (from the bottom). A standard Young tableau (SYT) of
shape X is a filling T of these boxes with the integers 1 through n, using each exactly once,
so that rows are increasing from left to right and columns are increasing from bottom to
top. We let SYT) denote the set of SYT of shape A and we let SYT,, = | |,_,, SYT,. If
T € SYT), we write shape(T) = .
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We can imagine constructing 7' by successively dropping boxes labelled 1,...,n on
the top of some column. If box £ is dropped in column b, then the condition that T

has increasing rows is precisely that the sequence b(T') = (by,...,by,) is a ballot sequence,
meaning that every initial string (by,...,b;) contains at least as many i’s as (i + 1)’s for
every 1.

We will often be interested in b, (7), the column of 7" that contains the largest entry
n, or in other words, the length of the row of T that contains n. We define the reduced
shape of T, denoted shape’(T'), to be the partition shape(T’) with an instance of b, (T
removed.

Now given an NUIG G, Hikita described a certain subset of standard Young tableaux
SYT(G) € SYT,. In his formulation, he reads the vertices of G in reverse order, from n
to 1, so we denote by G the reverse graph

G=(n,{{n+1—jn+1—i}: {i,j} € B(G)}).

In other words, i is a G-neighbour of j if and only if (n + 1 — i) is a G-neighbour of
(n+1—j).

Definition 14. Let G be an NUIG, let T € SYT,,, and let 1 < k < n. Let T|- the
tableau obtained by restricting 7" to the entries less than k and let colsy be the number
of columns of T'| .. We now define the sequence 6 (T) = (5[()k), 5@, R ) by

» Yeolsy ? colsk+1
(k) _
0y =1, 5colsk 1 =0, and

(5(’?) _

(2

{1 if the top entry of column i of T|. is a G-neighbour of k,

0 otherwise,

for 1 < i < colsg. Following Hikita’s notation [11, Definition 1.2], we define the sets of
column indices

Rk(T):{lgigcolsk:(Si()zl fl—O}and
Wi(T) = {1 <i<colsy+1: 6% =0, 6% =1}.

Finally, we define SYT(G) to be the subset of those T € SYT, such that for every
1 < k < n, we have by(T") € Wi(T'), where b,(T) denotes the column that contains the
entry k.

Informally, a standard Young tableau 7' € SYT(G) is constructed as follows. We start
with the empty tableau. Then for 1 < k < n, after we have dropped (k — 1) boxes,
some columns of our partial tableau T'|o; will have a G-neighbour of k as the top cell
and some will not. We have 52-(k) = 1 if 7 is a “neighbour column” and 61-(k) =0if 7 is
a “non-neighbour column”. Then Ry (7T) is the set of the “leftmost neighbour columns”
in a string and Wy (7T) is the set of the “leftmost non-neighbour columns” in a string.
The condition that bg(7") € Wi (T) is that the box k£ must be dropped in a “leftmost
non-neighbour column”.
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_ Note that if i € Wy,(T'), this means that the top entry of column (i — 1) of T is a
G-neighbour of k£ and the top entry of column ¢ is a G-non-neighbour of k. Therefore,
column (i — 1) received a box more recently than column i, so by induction, the (i — 1)-th
column was strictly taller than the ¢-th column and we can indeed drop box k in column 4.
We now define factors that we will associate to a standard Young tableau T' € SYT(G).
Definition 15. Let G be an NUIG and let T' € SYT(G). We define the rational function
[icr, ) [l7 — bellq
queWk(T): i LT = bil]q

cr(G) = Hcgf)(G), where cgﬁ)(G) = o> 5=1H 1
k=1

Now Hikita proved the following formula for Xq(x; q).
Theorem 16. [11, Theorem 1.6] If G is an NUIG, then we have

XG(ma Q) = Z CT(G)eshape(T)~

TeSYT(G)
In particular, if we evaluate at ¢ = 1, we have that Xg(x) is e-positive.
Remark 17. We can think of the factor
[icr,@)[lt — bellq

1€EW,(T): z‘;ékai - bk”q

p(bk, Q) = H

as the probability that box k is dropped in column by because for every ¢ € R, we have
0< P(bImQ) <1 and Zbkewk(T)p(bk7Q) = 1.

Proposition 18. Let G be an NUIG with {n — k + 1,n} € E(G), in other words, the
vertices {1,...,k} are all adjacent in G. Then every tableau T € SYT(G) must have all
of the entries {1,...,k} in the first row.

Proof. Because the vertices {1, ..., k} are all adjacent in G, we have for every 1 < k' < k
that 6*)(T) = (1,...,1,0), so the next entry &' must also be placed in the first row. [

Example 19. Figure 5 shows the tableaux 7' € SYT(G) for the bowtie graph G. By
Proposition 18, because {3,5} € E(G), the entries 1,2, 3 must be in the first row. Now for
k = 4, the only G-neighbour of 4 is 3, which we have coloured in red, so 6 = (1,0,0, 1,0).
Note that we index 6 starting at 0. Then, Ry(T) = {3} and W,(T) = {1, 4}, so the box

4 can be dropped in the first or the fourth column. If b4(7") = 1, then cgfl)(G) = q%, and

if b4(T) = 4, then cgfl)(G) = [4],- ﬁ Next, when k = 5, the G-neighbours are 3 and 4,
and we have given the corresponding factors (:(T5 )(G) and the final coefficients cp(G). We
have

Xg(x;q) = q2[2}q[2]q632 + (q[4]4[2]4 + q2[2]q[2]q)e41 + [5]4[2]4[2]4e5-
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Figure 5: The bowtie graph G and the standard Young tableaux in SYT(G).

3 Forest triple matrix

In this section, we use forest triples to define a matrix that will allow us to calculate a
chromatic symmetric function Xg g () in terms of information about G and H. Infor-
mally, the idea is that a forest triple of G + H essentially consists of a forest triple of
G + P; for some j, along with a forest triple of H.

Definition 20. Let G = ([n], £) be a graph and consider the subset of FT(G + P;)
FTO(G+P) = {FcFT(G+P): ay =4, r=1, {n,n+1,....n+j—1} CT', o) > j},

where T = (T, a, r) is the tree triple of F with 1 € T and 7' = (1", ¢/, ') is the tree triple
of F with n € T". In other words, the tree containing vertex 1 must have a composition
with first part ¢, the tree containing vertex n must contain the entire path P;, and its
composition must have last part at least j. Note that we could have T = T".

Definition 21. We now define the infinite matrix Fi; by

(Fa)iy = Z sign(F)eype (7)-
FEFTW (G+P;)

If G is an NUIG, we also define the infinite matrix F(q) by

(Fo@)iy = Y, sign(F)g" = Peypum).
FEFTO(G+P;)

We first calculate some examples.
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a=1 0 e —e - --o--0—e o=jr=1..7j [7]qe)

1 2 3 J J+1

e—o 90 --¢---0--0 0 a=7j+1 1
1 2 3 Jj J+1

o—o 0 -0 --0--0 0 a=1y —€;
1 2 3 Jj J+1

Figure 6: The forest triples used to calculate Fp,(q).

Proposition 22. For the graph Py with one vertex, Fp (q) is the infinite identity matriz.

Proof. We are considering forest triples of P + P; = P;. Since n = 1, then 7 = 7" and
the only possible forest triple F is the single tree triple 7 = (P}, j,1). We have that
sign(F) = (=)' =1, weight(F) = invg(1---j) + (1 — 1) =0, and type/(F) =0. O

Proposition 23. For the two-vertex path P, we have

0 gex q[2l4es q[3]4e4
) . 1 0 0 0
qlj — e,  ifi=1, 0 1 0 0
(Fr(q))i; =1 fi=j+1, Fpl@=|p o 1 0
0 otherwise. 0 0 0 1

Proof. We are considering forest triples of P, + P; = P;1;. If the vertices 1 and 2 are
in different tree triples T = (T, a,7) and T' = (T",/, "), then we must have o = 1 and
r = 1. Because aj > j, we must have o/ = j and there are j possibilities corresponding to
the choices of 1 < 7’ < j. If the vertices 1 and 2 are in the same tree triple T = (T, a, 1),
then 7" must be the entire path P;;;. Because ay > j, the only possibilities are a« = (j+1)
and o = 1 7, and we must have r = 1. These forest triples are given in Figure 6. O

Example 24. Let us calculate the entry (Fg(q))ss for the bowtie graph G. The forest
triples of FT(4)(G + P3) are given in Figure 7. By calculating the signed weights, we have
(Fe(q))as = ¢*[2],e3. As an illustration, when ¢ = 1, we have

_464 2641 + 665 €33 + 3651 + 866 2643 + 4661 + 1067 3653 + 5671 + 1268
263 €31 + 464 2641 + 665 3651 + 866 4661 + 1067
0 263 €31 + 464 2641 + 665 3651 + 866
261 €11 263 464 665
FG — 4 461 €11 O 0
0 4 461 €11 0
0 0 4 461 €11
0 0 0 4 deq
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=4

G+ P = '_l
T (1—3

1=1,2,3
invg( ‘)%4067 —() lIlVG 1324067 = 1
()6743 I/'/I—O—. I/\I—O—C :>'/I—O—C :>-\I—0—.
5 6 7 5 6 7 5 6 7 5 6 7

invg(1234567) =0 invg(1235467) = 1 invg(1324567) =1 invg(1325467) = 2

(Fa(@)az=(1+ )1 +q+q*) — (1 42+ ¢*))es = (¢* + ¢*)e3 = ¢*[2]4e3

Figure 7: The forest triples used to calculate (F(q))as

Although Fg is an infinite matrix, we now show that every column contains finitely
many nonzero entries.

Proposition 25. Let G = ([n], E) be a graph. If i =2 n+j, orif j 2 i >n > 2, then
FTY(G + P;) is empty, so (Fg)i; = 0.

Proof. If i > n + j, then we cannot have a; = ¢ because G + P; has only (n+j — 1)
vertices. If j > i > n > 2, then since |T| = |a| = @ = i > n, we must have n € T and
T = T'. Now the tree T" must contain the (j 4+ 1) vertices 1,n,n+1,...,n+j — 1 and
we must have a; = ¢ and ay > j. But now if £(a) > 2, we have |a| > i+ j > n+ j, while
G + P; has only (n+ j — 1) vertices, and if {(«) = 1, then |a| = < j, but T has at least
(4 + 1) vertices. O

We will often be interested in the first column of Fg, so we introduce the following
notation.

Definition 26. We define the infinite row vectors
U=ler 2e 3es -], U(q)=[er [2qe2 [3Jges -], and@=[1 0 0 ---].

For a graph G = ([n], ), we define the symmetric function

X(Gi)(m) = (Fg)ip = Z sign(F)etype ()
FEeFT(G)

agl):i, r1=1

If G is an NUIG, we define Xg)(:c; q) = (Fe(q))i1-

Now we can calculate Xg(x) as a matrix multiplication. Because the columns of Fi
have finitely many nonzero entries by Proposition 25, the matrix multiplications make
sense.

THE ELECTRONIC JOURNAL OF COMBINATORICS 33(2) (2026), #P2.9 11



Proposition 27. We have
Xg(m) = UFGwT. (2)

Similarly, if G is an NUIG, then X¢(zx;q) = 0(q)Fa(q)w”.
Proof. We have

Xe(x) = Ziei Z sign(F)ewyper(r) | = Zz’ei(Fg)i,l = GFqw’,

izl FeFTO(G+P1) i1

where the factor of ¢ accounts for the possible choices of 1 < r; < agl) = 1. The proof of
the second statement is similar. O

In other words, Xg(x) is the dot product between ¢ and the first column of Fg,
consisting of the Xg)(az). In particular, if Fi; (respectively Fi(g) if G is an NUIG) has
all e-positive entries, then Xq(x) (respectively Xq(x;q)) is e-positive.

Example 28. For the bowtie graph G, we can calculate Xg(x;q) as
Xe(x:q) = U(q) Fa(q)w"
=e1-q° [2]¢[2]g€4 + [2]g€2 - q° [2]qes + [4]qea - g[2]qen + [5lges - [2]4[2],
= q2[2]q[2]q632 + q[3]g[2]qear + [5]4[2]4[2]qes5.
We now prove that the operation of gluing graphs corresponds to multiplying matrices.
Proposition 29. For graphs G and H, we have
Foig = FoFy.
Moreover, if G and H are NUIGs, then Foin(q) = Fo(q)Fu(q).
Proof. We will find a bijection

break : FT")(G + H + P;) = | |FTW(G + P,) x FTW(H + P))

k>1
such that if break(F) = (F|g, F|u), then
sign(F) = sign(Fle)sign(F|n) and ewype(r) = Ctype’(Flg) Ctype’ (Fln)- (3)
Then we will have, as desired, that

(Fa+m)ij = > sign(F) erype! (7)
FEFT)(G+H+P))

— Z Z Sign(F‘G)etype’(]:k;) Z Sign(le)etype/(]:‘H)

k21 FlaeFTO(G+P) FlueFT®) (H4P;)

= > (Fe)ir(Fi)e; = (FoF)i;.

k>1
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We will also show that if G and H are NUIGs, then
weight(F) = weight(F|g) + weight(F|g),

from which the second statement will follow.

Let F € FTY(G + H + P;). Let n = |G|, ' = |H|, and let T = (T, a,r) be the tree
triple of F with n € T. Let T|¢ and T'|y be the trees obtained by restricting 7" to the
vertices at most n and at least n respectively. Because |o| = |T'| > |T'|¢|, there is some
minimal ¢ with oy +--- + o > |T|¢]; let

k=og+-+a—|T|c| + 1.
We now define the tree triples
Tle = (TlgU Pg,ar--ap,r) and Tlg = (T|m, k a1 -+, 1),

where T'|g U Py, is obtained by attaching the path on vertices n,...,n+k—1to T|g. We
now define F|g to be the forest triple consisting of T|¢ and the tree triples of F whose
trees contain a vertex less than n. We define F|g to be the forest triple consisting of T |y
and the tree triples of F whose trees contain a vertex greater than n, but we subtract
(n — 1) from all of the vertices so that they lie in [n’ + k — 1]. Some examples are given
in Figure 8.

We first note that the first part of a(!) has not been affected. By minimality of ¢, we
have ay +- - -+ a1 < |T|g| and therefore oy, > k, so we indeed have F|g € FT(i)(G+P;€).
By construction, we have F|g € FT®(G 4 P;). When splitting F into F|g and F|g, the
total number of trees and the total number of composition parts both increase by one, so
sign(F) = sign(F|g)sign(F|x). When considering type’(F|y), the extra part k in 7|y is
removed, so (3) holds. Given F|g € FT(G + P,) and F|g € FT®(G + P)), the inverse
map is given as follows. We first add (n — 1) to all of the vertices of trees in F|g so that
they lie in [n,n +n’ + k — 2]. Then letting 7 = (T, «,r) € F|¢ be the tree triple with
n € T and letting 7' = (T",d/, 1) € F|g be the tree triple with n € T, we define the tree
triple

TUT =T\ P)UT jay--ap- -y, ), (4)

where (T'\ P,) UT" is obtained by removing the path on vertices n,...,n+k—1 from T,
and then gluing to 7”. Then F is the forest triple consisting of 7 U7’ and the other tree
triples in F|g and F|g. Finally, if G and H are NUIGs, then

invgymyp; (list(T) = invg(list(T'|¢)) + invegp, (list(T] )
= invayp, (list(T|q¢ U Py)) + invgyp, (list (T )

because (G + H + P;)-inversions in list(7") appear either in list(7'|) or list(7'|5) and the
path adds no new inversions. So we have weight(F) = weight(F|g) + weight(F|g). O
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T| H
a =22

Figure 8: Some examples of the map break : FT® (G + H + P3) — it FT®(G+ P,) x
FTW(H + Py).

1 4 3
3 1 4 D
2 ) 2

Figure 9: The bowtie graph G and the kite graph H.

Example 30. Because the bowtie graph G from Figure 7 is the sum of two complete
graphs G = K3 + K3, Proposition 29 tells us that F(q) = Fi,(q)*

Remark 31. Proposition 22 and Proposition 29 tell us that the forest triple matrix is a
monoid homomorphism on graphs under the gluing operation.

Remark 32. By Proposition 27, we can now calculate the chromatic symmetric function
Xein(x) as

Xain(x) = 0Fq, g’ = 0FgFyw”,
that is, X¢ () is the dot product of the row vector #'Fg and the column vector Fyaw?,
whose i-th entry is Xg)(a:). So we can calculate X¢ypg(x) if we know vFg and Xg)(m)
for every 1.

Remark 33. Note Xg(x) and Xy () are not enough to calculate X, g(x). For example,
the bowtie graph G and the kite graph H in Figure 9 satisfy X () = Xg(x), but
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Xern(®) # Xprn(@).

Proposition 34. For the path P,, we have
(Fr.(0))i; = Z (lon]g = 1) -+~ (lewelg — Desorya)- (5)
aFn+j—i—1, ay>j

Note that if i = n+ 7 — 1, we are including the empty composition in our sum. The
summand is the empty product, so (Fp,(q))nt+j—1,; = 1.

Proof. If n < 2, then the result follows from Proposition 22 and Proposition 23. For
n > 3, because P, = P,_1 + P,, we can use induction and Proposition 29. Indeed,
defining the polynomial w,(¢) = ([a1]y — 1) - - - ([ae]q — 1), we have
(Fp.(2))ij = (Fp,_. (@) Fp(a))ig = (Fp,_.(0)iaali — gej + (Fp,_1(0))ig+1
= Z Wa(q)esors(a)([7]g — ej + Z wa(q)

aFn—1—1 aFn+j—i—1, ap>j+1
= § wa(q>esort(a) + E wa(Q)esort(a) - E wa(Q)esort(a)'
aFn4j—i—1 aFn+4j—i—1 aFn4j—i—1
o=y apzj+1 =g

]

Remark 35. We could also calculate Fp, (q) by using the sign-reversing involution in [17,
Proposition 3.7] and enumerating the fixed points.

Example 36. For the path P5, we have

@Pear + q3lgea 2¢°[2less + q[dlges  ¢°[2]4[2]qe33 4 q[3]gea2 + q[5]4e6
q[2]qe3 qexn + q(3]4€4 ¢ 2]4e32 + q[4]q€5

qes q[2]qe3 q[3]qe4

0 qez q[Q]qe?,
Fofg)=| ! 0 0
0 1 0
0 0 1
0 0 0

In previous work, the authors found sign-reversing involutions on forest triples. This
allows us to calculate some more forest triple matrices.

Proposition 37. [17, Theorem 4.10] For the complete graph K,,, we have

¢"Hn = 2l![J — igen—irj if 1 <i<min{n—1,j -1},
(Fr,(@))ig = "7 n—2]\[i — jlgen—ivj—1  of max{n,j+1} <i<n+j—1,
0 otherwise.
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For the almost-complete graph K, obtained from K, by removing the edge (1,n), we have

qn—Q[n - 2]4‘[j - (2 - 1)]q€nfi+j*1 Zf 1<i< mln{n - 17j}7
(Fic, (@))ig = ¢ n = 2] = 1) = jlgen—ipj1 if max{n,j+1} <i<n+j—1,
0 otherwise.

Note that the entries of F,(q) and Fx; (q) are all e-positive.

Example 38. For the complete graph K3, we have

0 ez ¢*24es P3lees @°[4lees ¢*[5)ger
0 0 s  ¢2lgea P3ges ?[]ges
2], qe 0 0 0 0
0 2, «qea 0 0 0
0 0 2], qeq 0 0
Fro@= 10 o 0 2,  qe 0
0 0 0 0 2], qey
0 0 0 0 0 2],
0 0 0 0 0 0

Proposition 39. [18, Lemma 6.1] For the cycle graph

Cn = ([n]v {{17 2}7 {273}7 teey {n - 1>n}7 {nv 1}})7

we have

(FC'VL)i7j = Z |j - i|(012 — 1) . (Ozg — 1)6807’t(a),
aFn—i+j—1
a12j>i+1 or 0<a1<j—1<i—1

where we sum over nonemptly weak compositions where only oy is allowed to be 0. Note
that the entries of F¢, are all e-positive.

By Proposition 27 and Proposition 29, we immediately recover some known e-positivity
results for graphs obtained by gluing a sequence of these graphs at single vertices.

Corollary 40.

1. [17, Corollary 4.12] If G is a sum of complete graphs and almost-complete graphs,
then Xq(x;q) is e-positive.

2. [18, Theorem 6.5] If G is a sum of complete graphs, almost-complete graphs, and
cycles, then Xg(x) is e-positive.

Note that in Part (2), such graphs G are not NUIGs, so Xg(x;q) may fail to be
symmetric.
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1 4 2 2
3 1 4
2 5 3 6 7

Figure 10: The graphs G = K3+ K} + Ky and H = K} + K3 + K, have Fg(q) = Fu(q).

Figure 11: The graph obtained by gluing three triangles at a common vertex x.

Proof. This follows from Proposition 27, Proposition 29, Proposition 37, and Proposition
39. m

Remark 41. We can ask whether non-isomorphic graphs G and H can have F(q) = Fy(q).
It turns out that the graphs G = K3 + K, + Ks and H = K + K3 + K, in Figure 10 in
fact have Fi(q) = Fu(q).

We now give an alternative way of calculating the forest triple matrix. This will help
us compare the forest triple matrix to the tableau matrix that we will define in the next
section.

Proposition 42. The forest triple matriz of G satisfies

1 1 ; 1 ‘
(FG)iy = G- 1),(FG+K7-)M = WX(GLK](:B) R > sign(Fepe ).
' ' | FEFT(G+K;)

alV=i, =1
If G is an NUIG, then we have (Fg(q))i; = ﬁ(FGJFKj (@) = ;Xgin(w;q).

li—1q!

Proof. We need only prove the first equality because the others follow by definition. In
Proposition 37, we saw that the first column of Fx, has a (j —1)! in the j-th position and
is 0 elsewhere. Therefore, by Proposition 29, we have

1 1
(] . 1)|(FGFKj)i,1 = (] _ 1)'<FG+Kj)i,l-

(Fe)ij =

The proof of the second statement is similar. n
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Remark 43. We could also consider the operation of gluing several graphs at a fixed vertex
x of G. We can still express the chromatic symmetric function as a matrix multiplication,
although it is usually not e-positive. We can define the subset of forest triples

FTO((G,z) + P) = {F € FT((G,2) + P}): oy =i,r =1,P; CT,ay > j},

where (G,z) + P; is obtained by attaching the path of length j at vertex x of G and
T = (T, a,r) is the tree triple of F with = € T. Now if we define the infinite matrix

(Flea)iyj = > sign(F)eqype(7),
FeFTO ((G,z)+P))

and we define (G, z)+ (H,y) by gluing vertices x and y together, then the same arguments
will give us that

Xg(w) = ’ITF(G’m)wT and F(G,r)+(H,y) = F(G,Z')F(H,y)'
For example, the graph G in Figure 11 is obtained by gluing three triangles at a common

vertex x, so we can calculate its chromatic symmetric function as X¢(x) = UF, )0’

4 Tableau matrix

In this section, we use Hikita’s probabilities on standard Young tableaux to define a
matrix. We will show that this matrix in fact coincides with the forest triple matrix. This
connection will allow us to better understand both Hikita’s tableaux and forest triples.

Definition 44. Let G = ([n], £) be an NUIG and consider the subset of SYT(G + K;)
SYTW(G + K;) = {T € SYT(G + K;) : the entry n+ j — 1 is in column i}.
We now define the infinite matrix T (q) by
(Te(q))iy = ﬁ Z cr(G + Kj)eshape' (1)-
ol = 1! TeSYT® (G+K;)
Note that if we evaluate at ¢ = 1, the entries of Tiz(1) are all e-positive.
We first calculate some examples.
Proposition 45. For the graph Py with one vertex, Tp, (q) is the infinite identity matriz.

Proof. We are considering standard Young tableaux 7' € SYT(P; + K;). By Propo-
sition 18, there is only one such tableau 7T, with all j entries on the first row and
cr(K;) = [7lq!- O
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Proposition 46. For the two-vertex path P, we have

0 otherwise.

Note that Tp,(q) = Fp,(q).

Proof. We consider standard Young tableaux 7' € SYT (P, + K;). By Proposition 18, T
must have the entries 1, ..., on the first row. Then §U+Y(T) = (1,0,...,0,1,0), so the
entry (j+ 1) can be dropped in the first column or the (j + 1)-th column. Now we have

74! 1
b iy = {0 0T |
’ [J]q' ’ [j + 1]qﬁ if bj+1(T> =7 + 1,
which gives us (6). .

Example 47. For the bowtie graph G, only the tableau 7' € SYT(G + K3) below has
the entry 7 in column 4. It has

B 2], 1 1 2l
cr(G+ K3) = (2], - [3], - QE : Q[Q]qﬁ : [ﬂq@ : [‘HqE = q"[4]4[2]4(2]4,
50 (Ta(q))as = ¢*[2]ges = (Fa(q))as.
r_[4]5]6
112]3]7]

We now show that every column of T¢(g) contains finitely many nonzero entries.

Proposition 48. Let G = ([n],E) be an NUIG. If i Zn+j, orifj =i >n > 2, then
SYT(G + K;) is empty, so (Ta(q))i; = 0.

Proof. If i > n + j, then we cannot have any box in column i because there are only
(n+j—1) boxes. If j >4 > n > 2, then by Proposition 18, the boxes 1,...,4,...,j are
in the first row. Now, if the entry (n + j — 1) is in column ¢, it must be in a different
row. But this would give us at least i + j > n + j boxes and there are only (n 4 j — 1)
boxes. O

We can similarly calculate Xq(2;q) as a matrix multiplication using the tableau ma-
trix.

Proposition 49. We have

Xe(;q) = 0(q)Ta(q)w" .
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Proof. We have

XG(w7 Q) = Z €; Z CT(G + Kl)eshape'(T)

i1 TeSYT) (G+K))

- Z[i]qei(TG(Q))i,l = (q)Ta(q)w’”.

i>1
O]

We now prove that the operation of gluing graphs also corresponds to multiplying
tableau matrices. Informally, the idea is that a tableau for G + H + Kj is essentially a
tableau for H + K and a tableau for G + Kj, for the right choice of k.

Proposition 50. For NUIGs G and H, we have
Torn(q) = Ta(a)Tulq)- (7)
Proof. We will find a bijection

break : SYT)(G + H + K;) — | |SYTW(G + K) x SYI®W(H + K;)

k>1

such that if break(T) = (T, T|x) € SYTW(G + K3) x SYT® (H + K;), then

Cr (G + Kk)CT (H + K)
CT(G+H+KJ) = e [k] “H ! and Cshape’ (T) = Cshape’ (T|g) Eshape’ (T|z) - (8)
q!
Then we will have, as desired, that
1
Ton@his= gy 2 G+ + Ko
e T TesYTO)(G+H+K;)
1
D o 2 oG Ko
[i]q[k — 1]! .
k>1 T|geSYTH (G+Ky,)
L > (H + K;)
1T a1y (& j )€shape’
[k]q[] — 1]q! T|u 3/ shape’(T|n)

T|geSYT®) (H+Kj;)

= (Ta(@)in(Tu(@)rs = (Ta(0)Tu(q))i;-

k>1

Let T € SYT(G+H+P;) and let b= b(T). Let n = |G|, n' = |H|, and let k = by ;_1(T)
be the column of T that contains the entry (n’ + j —1). We now define the tableaux
T|¢ € SYTY(G + Ky) and T € SYT® (H + K) by setting

b(T|G) = (1’ 2,...,k, bn’+j(T)> R bn+n’+j72(T)) and b(T’H) = (bl(T)a SR :bn’Jrjfl(T))'
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Figure 12: An example of the map
break : SYT® (G + H + K3) — | |;o, SYT®(G + Kj) x SYT™W(H + K3).

An example is given in Figure 12.

For every 1 < t < n' +j — 1, we have b(T|y) = b(T) and 6O (T|g) = §O(T),
which means that Wy(T|x) = Wy(T), Ty € SYT®™(H + K;), and ¢} (H + K;) =
cgf)(G + H + K;). Now we have

§H(T) = (1,0,...,0,1,0) = §&D(T|s),

so we have the same possible choices of columns in which to drop the subsequent boxes
in T and T|g. In other words, for 1 < ¢t < n — 1, we have §+=14(T) = §k+0(T| ),

Ruryi144(T) = Ript(T16), Warjr144(T) = Wie(Tg), and & (G + H + K;) =
cgfizt)(G + K}). Because T' € SYT(G + H + P;), we have

biit(T)a) = bursj144(T) € Worgj104(T) = Wii(T'|),
and since byyk—1(T'|¢) = bpsn+j—2(T) =4, then T|¢ € SYT(i)(G + K}). The inverse map
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is constructed as follows. Given
T|g € SYT(G + Ky) and Ty € SYT® (H + K;),

we must have b(T|g); =t for 1 <t < k by Proposition 18, so we can recover the tableau
T € SYTY(G 4 H + P;) by setting

o(T) = (01(Tr), - b1 (T]), bra(Ta), - - bngr-1(Ta))-
Finally, we check that (8) holds. We have

n'+j—1 k n+k—1
cry (H + K;)er (G + Ky) = H gl (H+E) [ G+ K ] bl (G + Ka)
t=1 t=k+1
n'+j—1 n+n'+j5—2
= [[ FG+a+E)K, [ G +H+ K
t=1 t=n'+j
We have €gnape(r)€k = Eshape(T|q)Cshape(T|;) Pecause T'|g contains an additional row of
length k. Thus we have €g,ape/(7) = €shape!(T|g)Eshape’ (T|) P€CauUse we remove an instance
of k. O

Proposition 51. For the path P,, we have Tp,(q) = Fp,(q).

Proof. If n < 2, then the result follows from Proposition 45 and Proposition 46. For
n > 3, we have by Proposition 29 and Proposition 50 that

Tp,(q) = (Tr,(q))" " = (Fp,(0)" " = Fp,(q).
[l

We now show that the tableau matrix and the forest triple matrix agree for every
NUIG.

Theorem 52. Let G = ([n], E) be an NUIG. Then Fg(q) = Ta(q).

Proof. We first show that Fi(¢) and T (q) have the same first column, or in other words,
that Fg(q)w! = Tg(q)w!. By Proposition 27 and Proposition 49, we can calculate the
chromatic quasisymmetric function Xp ,¢(x;q) for any i by using either the forest triple
matrix or the tableau matrix, that is,

7(q) Fr,+a(q)w" = 6(q) Fr,(9) Fa(q)w" and
Xpa(®:q) = 0(q)Tr1c(q)w" = 0(q)Tp,(¢)Te(q)u"

By Proposition 51, we have that Fp (¢) = Tp (¢), so let M be the infinite matrix whose
i-th row is the row vector ¥(q)Fp,(q) = U(q)Tp,(q). Then we have that

M(Fg(q)d" — Te(q)d") = 0.
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By Proposition 25 and Proposition 48, the first columns of F(q) and T(q) satisfy

(Fa(q))in = (Ta(q))in =0

for i > n+ 1, so we can restrict M to an n-by-n matrix M(n) and restrict Fg(q)w? —

Te(q)w! to a column vector of size n. We now show that this restricted matrix M (n) has
det(M(n)) # 0, which will establish our first claim.

By Proposition 34, we have

Mivj = Z[k]qek(FPz (Q))k,] = Z[k]qek Z ([al]q - 1) t ([af]q - ]->esort(a)-

k>1 k>1 aFit+j—k—1
725

In particular, M, ; is a symmetric function of degree (i + j — 1), so M,,,, is the only
entry of M(n) with degree (2n — 1). Furthermore, M,, ,, contains the term [2n — 1],e2,-1,

corresponding to the summand where £ = 2n — 1 and « is the empty composition.
Therefore, we have

det M(n) = [2n — 1],e2,—1det M(n — 1) + g(n),

where g(n) is a symmetric function in which eg, 1 does not appear. Note that det M (1) =
M, = e;. By induction, we have det M (n — 1) # 0, so the factor es,_1 appears with
nonzero coefficient in det M(n), and in particular, det M (n) # 0. This proves that for
every NUIG G, the matrices F;(q) and T (g) have the same first column.

Finally, by Proposition 42, the j-th column of Fg(q) is simply the first column of
Fayk,(q), divided by [j — 1],!. Similarly, by definition, the j-th column of Ti(q) is the
first column of Tt k,(q), divided by [j —1],!. Because G + K is an NUIG, we have shown
above that Fg, g, (q) and Tk, (q) have the same first column. Therefore,

1 1
(Fe(q)i; = = 1]q!(FG+Kj(Q>)i,1 = [ — 1,

so we have Fg(q) = Ta(q). O

(Tevx;(q)in = (Ta(q))iy,

This connection between Fg(q) and T¢(g) immediately gives us new e-positivity re-
sults.

Corollary 53. If G is an NUIG, then the entries of F are all e-positive.
Proof. This follows because the rational functions ¢ (G) satisfy ep(1) > 0. O
Corollary 54. If G is a sum of NUIGs and cycles, then Xg(x) is e-positive.

Proof. This follows from Proposition 27, Proposition 39, and Corollary 53. O]
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Figure 13: The tableaux of SYT(G) organized by the column i of entry 6.

We also gain new insight on Hikita’s standard Young tableaux. Recall that the factors
cr(q) are rational functions in ¢ and may not be polynomials. If we sum over all tableaux
T € SYT(G) of a fixed shape A\, we must get a polynomial because it is the coefficient of
ex. We can now show that certain smaller partial sums must also be polynomials.

Corollary 55. Let G be an NUIG and fix an integer 1 < i < n. We have

. wel, 1
Yo sign(F)g M Peppm = Y er(G)esnapern). (9)

FEFT(G) gy TeSYT(G)

D_. i i
ag >:z, ri=1 n in column i

Proof. The left hand side is e;(F¢(¢)):1 and the right hand side is e;(T(q))i1. O

Corollary 56. Let G = ([n], E) be an NUIG. Then for every partition X\ = n and integer
1 <1< n, the sum

Se = Y a0
TeSYT(G)
shape(T)=\

n in column i

is a polynomial in the variable ¢ and it is divisible by [i],.
Proof. Take the coefficient of e, in (9). O

Example 57. Figure 13 shows an NUIG G and the standard Young tableaux of SYT(G),
organized by the column ¢ in which the largest entry 6 appears. Although some of the
cr(G) are not polynomials, the sums for each ¢ are polynomials and are divisible by [i],.
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Figure 14: The graph G° obtained by gluing the first and last vertices of G. In the second
example, these vertices have a common neighbour in G, so we get the multiple edge {1, 3}

in G°.

5 Gluing the first and last vertices

In this section, we show that we can use our matrix Fi; to calculate the chromatic sym-
metric function Xge () of the graph G° obtained by gluing vertices 1 and n of G together.

Definition 58. Let G = ([n], E) be a graph with n > 2 vertices. We define the graph
G =(n—-1,{{i,j}eE: 1<i<j<n—1}U{{i,1}: {i,n} € E}).

Example 59. Figure 14 shows some examples of this graph G°. It will be convenient for
our proof to allow G° to have multiple edges between the same vertices and loops. Note
that multiple edges do not affect the chromatic symmetric function because they do not
affect the notion of a proper colouring. A loop occurs exactly when vertices 1 and n are
adjacent, in which case Xgo(x) = 0.

We now state the main result of this section. Note that by Proposition 25, we have
(Fe)kx = 0 for £ > n, so it makes sense to take the trace of Fg.

Theorem 60. Let G = ([n], E) be a graph with n > 2 vertices. Then we have

3
—

Xgeo(x) = trace(Fg) = (Fe)kk-

B
Il

Before we prove Theorem 60, we will discuss some examples and applications.

Example 61. For the bowtie graph G, we calculated the matrix Fg in Example 24, so
we can calculate the chromatic symmetric function of G°, shown in the bottom right of
Figure 14, as

Xgo(x) = trace(Fg) = 2e3; + 16ey4.
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Figure 15: The graph (P> + C3+ P, + Cg + P34+ C3)° is a cycle C15 with three sequential
chords.

Example 62. For the complete graph G = K,,, the vertices 1 and n are adjacent, so
Xgo(x) = 0. Indeed, we saw in Proposition 37 that Fk, (q) has all 0’s on the main
diagonal, so trace(Fk,) = 0. The examples of n = 2 and n = 3 are also given in
Proposition 23 and Example 38.

Corollary 63. If G is an NUIG, then Xgo(x) is e-positive.
Proof. This follows from Corollary 53 and Theorem 60. O]

Remark 64. The graph G° arising from an NUIG G in this way will be a proper circular
arc graph, so Corollary 63 lends support to Conjecture 6.

Corollary 65. If G is a sum of NUIGs and cycles, then Xgo(x) is e-positive.
Proof. This follows from Corollary 54 and Theorem 60. [

We can also recover some known e-positivity results. The twinned cycle graph C,, is
the graph obtained by duplicating a vertex of the cycle C),, namely

én = ([TL + ]-]7 {{17 2}7 {27 3} R {n - ]-7 n}a {n7 ]-}7 {n - 17 n+ 1}7 {nvn + 1}7 {n + 17 1}})
Corollary 66. [2, Theorem 3.29] The twinned cycle graph C, is e-positive.

Proof. We have C,, = (P—2 + K3})°, so the result follows from Corollary 63. O

A cycle-chord graph is a graph of the form C,, U {a, 1} obtained by adding some edge
{a, 1} to the cycle C,,.

Corollary 67. [19, Corollary 3.4] Cycle-chord graphs are e-positive.
Proof. We have C,,U{a,1} = (P, 4+ Cy_q42)°, so the result follows from Corollary 65. [
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Xg<$) = 26222 — 6623 + 26642 + 28651 + 10266
Figure 16: The cycle Cg with crossing chords {1,4} and {2,5} is not e-positive.

More generally, given 1 < a; < by < as < by < --- < a,, < n, we can consider the
sequential cycle-chord graph G obtained by adding edges {a1,b1}, ... {@m-1,bm-1}, {am, 1}
to C),. Informally, these chords can intersect at endpoints but do not cross or nest, meaning
the chords occur sequentially. An example is given in Figure 15. We obtain the following
new e-positivity result.

Corollary 68. Sequential cycle-chord graphs are e-positive.

Proof. We have
G = (Pa1 + Ob1—a1+1 + Paz—b1+1 +oeee Pam_bmfl“!‘l + Cn—am+2>07
so the result follows from Corollary 65. [

Remark 69. Figure 16 shows that some cycle graphs with non-sequential chords are not
e-positive.

To prove Theorem 60, it will be convenient to consider more general objects than forest
triples. We will show that they can also be used to calculate the chromatic symmetric
function and they will be easier to use in our bijection.

Definition 70. A connected subgraph triple of G'is an object C = (H, a,r) consisting of
the following data.

e H is a connected subgraph of G.
e « is a composition of size |H]|.
e 7 is an integer with 1 < r < ay.

A subgraph triple of G is a sequence S = (C; = (Hy,a™,ry),...,Cp = (Hp, @™ 1r,,)) of
connected subgraph triples such that each vertex of GG is in exactly one H; and we have
min(H;) < --- < min(H,,). We define the type and sign of S as

type(S) = sort(aV - .- ™), and sign(S) = (~1) (A +Hil - | EH)),
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We define the reduced type of S, denoted type/(S), to be the partition type(S) with an

instance of aﬁ” removed. Let ST(G) denote the set of subgraph triples of G, and as in
Definition 20, we define the subset

STVG+P)={SeST(G+P): an =i,r=1,{n,n+1,...,n+j—1} C H o, > j},

where C = (H,«a,r) and C' = (H',a/,r") are the connected subgraph triples of S with
1€ H and n € H’'. Note that we could have C = C".

We now show that sums of subgraph triples and forest triples agree.
Proposition 71. Let G = ([n], E) be a graph. Then we have
Z Sign(‘s)etype’(S) = Z Sign(f)etype’(]:)- (10)

SeSTO(G+P)) FEFTW (G+P;)

Proof. Let A = STW(G + P;) \ FTY(G + P;). We will find a bijection ¢ : A — A such
that

type (H(S)) = type/(S) and sign((S)) = —sign(S).
Then the result will follow because

Yo sign(S)enpes) — D, sign(Fewper) = Y sign(S)erypers) = 0.

SeSTH (G+P)) FEFTO(G+P;) SeA

Let S = (C; = (Hy, a9, r;)) € A. By definition, some connected subgraph will contain a
broken circuit. Let e be the largest edge under our fixed total ordering < such that some
H; contains a broken circuit of the form B = C'\ {e}. We then define the subgraph triple

H(S) = S\C U{(H;\e,a" )} ifeec Hj,
| S\GU{(H Ue,a 1)} ifed H,

In other words, we either add or remove the edge e from §. The map ¥ is its own inverse.
We have type/(¢(S)) = type/(S) because the compositions have not changed, and we
have sign(¢(S)) = —sign(S) because we have changed the number of edges by one. This
completes the proof. O

Now we can also calculate the chromatic symmetric function using subgraph triples.
Corollary 72. We have X¢(x) = 3 scqm(q) SI80(S) Etype(s) -
Proof. Using Proposition 27 and Proposition 71, we get

n

Xg(a,‘) = Z 1€; Z Sign(s)etype’(S) = Z Sigﬂ(S)etype(S)-

i=1 SeSTO(G+Pp) SeST(G)
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S € ST(G°) S € STO(G + Py)
C° = (H°,a = 2611,r = 2) C=(Ha=311r=1)
H° = o(H U H') C' = (H o =26, =2)

S € ST(G°), S e STO(G + Py),
C°=(H°=¢(H),a=514,r =3) C=C = (Ha=31451=1)

Figure 17: Some examples of the map ¢ : ST(G°) — A.

We now prove Theorem 60 by finding a bijection on subgraph triples.

Proof of Theorem 60. Let A = | |, ST™(G+P,). We will find a bijection ¢ : ST(G°) — A
such that
type’ (¥(S)) = type(S) and sign(y(S)) = sign(S). (11)
Then the result will follow because
Xgo(x) = Z sign(S)etype(s) = Z sign(S)egyper(s) = Z(F(;)kk = trace(Fg).
SeST(G?) SeA k>1

Recall that the graphs G and G° have the same number of edges because we are
allowing multiple edges in G°. Therefore, there is a bijection on the edge multisets ¢ :
E(G) — E(G°) where for u < v, we have

{u,1} ifv=mn,

{u,v}  otherwise.

p({u,v}) = {

Now for a subgraph H = (V(H), E(H)) of G, we define the subgraph of G°
p(H) = (V(H)\ {n}, p(E(H))),

THE ELECTRONIC JOURNAL OF COMBINATORICS 33(2) (2026), #P2.9 29



and for a subgraph H° = (V(H®), E(H®)) of G°, we define the subgraph of G

V(H)U{n} ifleV(H),

o '(H°) = (V*, ¢ ' (E(H?))), where V* = {V(H°) otherwise.

We now define our bijection 1. Some examples are given in Figure 17. For § € ST(G°),
let C° = (H®, o, ) be the connected subgraph triple of S with 1 € H°. Note that ¢! (H®)
has either 1 or 2 connected components. First suppose that ¢~*(H°) contains 2 connected
components H and H' with 1 € H and n € H'. Because |a| = |[H°| > |H'|, there is some
minimal ¢ with oy + -+ + o, > |H'[; let

k=ar+--+a;,—|H|+1.
Then we define 1(S) by replacing C° with
C'=(HUP,ar--apr) and C= (H, k gy ap, 1),

where H' U P, is obtained by attaching the path on vertices n,...,n+k — 1 to H'. By
minimality of ¢, we have oy + -+ + ay_1 < |H'| and therefore oy > k, so we indeed have
¥(S) € STW(G + P). If instead o '(H®) has only 1 connected component H, then

letting k = r, we define ¥)(S) by replacing C° with
C=(Hkay -ap-agl).

Note that oy > r = k, so we indeed have ¥(S) € ST®(G + P,). When applying 1, we
add (k + 1) vertices, k edges, and one more composition part, so sign(S) = sign((S)).
When considering type’(1(S)), the extra part k in C is removed, so (11) holds. We now
verify that 1 is a bijection by constructing the inverse. Let S € A and let C = (H, a, 1)
and C' = (H',a/,r") be the connected subgraph triples of S with 1 € H and n € H'. If
C # C', then v ~1(8S) is given by replacing C and C’ with

C°=(p(HUH'), o -ag--agr).
If instead C = C’, then ¢~!(8) is given by replacing C with
C°=(p(H),ap-g--cy_1,0q).

Note that in this case, a3 = k < ay, so C° is indeed a connected subgraph triple of G°.
This completes the proof. O

We can use the formula for Fp, to provide an alternative proof for the chromatic
symmetric function of cycles.

Corollary 73. [6, Corollary 6.2] The chromatic symmetric function of the cycle C,, is

ch(w) = Z 061(051 - 1) T (&Z - 1>esort(a)-
aEn
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Figure 18: The directed multigraphs obtained from P,, K3 + P», and Kj.

Proof. Using Proposition 34 and Theorem 60, we have

X, (@) = trace(Fp,,) => | Y (a1 —1) (o = Degon(a)

k=21 \aEn, ag=k
= Z OQ(OCI - 1) T (Oéﬁ - 1)6sort(a) = Z Oél<061 - 1) T (Oég - 1>esort(oc)'
afEn afEn
]

Curiously, if we include the parameter ¢, we find by Proposition 34 and (1) that the
trace of Fp, ., (q) is

trace(Fp,,, ( Zal ([oa]g = 1) - ([oulg = Desort(a) = Xén(a:;q).
afEn

This suggests the following g-analogue of Theorem 60. Note that we need to carefully
keep track of our multiple directed edges in G°.

Conjecture 74. Let G = ([n], E) be an NUIG and let G° be the directed multigraph
obtained by directing the edges of G from the smaller vertex to the larger vertex, and
then gluing vertices 1 and n. Then we have

Xeo (x5 q) = trace(Fg(q)).

Example 75. Figure 18 shows this construction of Ge for the NUIGs G = P, G =
K3+ P, and G = K. In each case, the underlying simple graph of G° is K3, and indeed

trace(Fp,) = trace(Fy,yp,) = trace(Fg;) = 6ez = Xg, ().

When we calculate the g-analogues, multiple edges contribute to the number of ascents,
so the Xz, (x; ¢) are no longer the same. It turns out that

X gy (@;q) = 3q[2]ges = trace(Fp,(q)),
X ey (®:0) = (@° + 4¢° + g)es = trace(Fi,+p,(q)), and
Xgre(®iq) = 3q°[2]4e3 = trace(Fi(q)),

which is consistent with Conjecture 74. We have checked Conjecture 74 by computer for
all NUIGs with at most 8 vertices.
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