
The asymptotic behaviour of sat(n,F)

Asier Calbeta Andrea Freschib

Submitted: May 27, 2024; Accepted: Feb 3, 2026; Published: Jul 3, 2026

©The authors. Released under the CC BY-ND license (International 4.0).

Abstract

For a family F of graphs, sat(n,F) is the minimum number of edges in a graph G
on n vertices which does not contain any of the graphs in F but such that adding
any new edge to G creates a graph in F . For singleton families F , Tuza conjec-
tured that sat(n,F)/n converges and Truszczynski and Tuza discovered that either
sat(n,F) = (1− 1/r)n+o(n) for some integer r ⩾ 1 or sat(n,F) ⩾ n+o(n). This is
often cited in the literature as the main progress towards proving Tuza’s Conjecture.
Unfortunately, the proof is flawed. We give a correct proof, which requires a novel
construction. Moreover, for finite families F , we completely determine the possible
asymptotic behaviours of sat(n,F) in the sparse regime sat(n,F) ⩽ n + o(n). As
a result, we obtain many examples of finite families F such that sat(n,F)/n di-
verges. Finally, we essentially determine which sequences of integers are of the form
(sat(n,F))n⩾0 for some (possibly infinite) family F .

Mathematics Subject Classifications: 05C35

1 Introduction

Given a family F of graphs, we say that a graph G is F-saturated if it is maximally F -free,
meaning G does not contain a graph in F but every graph G + e obtained by adding a
new edge e to G contains a graph in F . We then define sat(n,F) (for integers n ⩾ 0 and
non-empty families F with e(F ) ⩾ 1 for all F ∈ F) to be the minimum number of edges
in an F -saturated graph on n vertices. If F = {F} is a singleton, we say that a graph is
F -saturated rather than F -saturated and write sat(n, F ) instead of sat(n,F).

The saturation problem is to determine, or at least estimate, sat(n,F), where we
usually think of F as fixed and n as large. The saturation problem is dual to the Turán
forbidden subgraph problem of determining the extremal number ex(n,F), defined to be
the maximum number of edges in an F -free, or equivalently an F -saturated, graph on
n vertices. However, much less is known for the saturation problem than for the Turán
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problem and the saturation number behaves more irregularly than the extremal number.
See [2] for a survey of the saturation problem.
Kászonyi and Tuza showed that sat(n,F) = O(n) for all families F (see Theorem 1 in [3]).
Tuza conjectured that if F is a singleton, sat(n,F)/n converges (see Conjecture 10 in [7]).

Tuza’s Conjecture (1986). For every graph F , the limit lim
n→∞

sat(n, F )/n exists.

Despite being arguably the main open problem in the area of graph saturation, little
progress has been made towards settling this conjecture. Pikhurko made some progress
in the negative direction by showing there is an infinite family F of graphs such that
sat(n,F)/n diverges (see Section 2.2 in [4]) and later improved this by showing there is
a family F of four graphs such that sat(n,F)/n diverges (see Example 5 in [5]). This
was then further improved by Chakraborti and Loh to a family F of three graphs (see
Theorem 1.8 in [1]).

This is in keeping with a recurring theme in graph saturation, whereby the larger one
allows F to be, the more irregularly sat(n,F) can behave. With this in mind, in this
paper we distinguish three cases: the case where F = {F} is a singleton, the case where F
is finite and the case where F is possibly infinite, or in other words, where F is arbitrary.

For arbitrary families F , we obtain the following result, which essentially determines
which sequences of integers are of the form (sat(n,F))n⩾0 for some family F . Part 1 gives
necessary conditions and parts 2 and 3 give sufficient conditions.

Theorem 1. There exist sequences (am)m⩾0 and (bm)m⩾0 of non-negative integers with
exp [m logm+O(m)] ⩾ am ⩾ bm ⩾ exp [m logm+O(m log logm)] such that the follow-
ing hold.

1. For every family F of graphs, the following hold.

(a) sat(n,F) = O(n).

(b) For every integer m ⩾ 0, the set {n ∈ Z⩾0 : sat(n,F) = m} is the union of at
most am intervals.

(c) sat(n,F) either tends to infinity or is eventually constant.

2. Let (sn)n⩾0 be a sequence of integers such that the following hold.

(a) sn = O(n).

(b) For every large enough integer m, the set {n ∈ Z⩾0 : sn = m} is the union of
at most bm intervals.

(c) sn → ∞ as n → ∞.

Then there exists a family F of graphs such that sat(n,F) = sn for large enough n.

3. For every integer m ⩾ 0, there exists a finite family F of graphs such that we have
sat(n,F) = m for large enough n.

the electronic journal of combinatorics 33(3) (2026), #P3.1 2



Remark 1. Recall that part 1 (a) was proved by Kászonyi and Tuza. We include it only
for comparison with part 2 (a).

Remark 2. Part 1 (c) in fact follows from part 1 (b) and is only included for comparison
with parts 2 (c) and 3.

Condition 2 (b) is rather mild. Indeed, we obtain the following two easy corollaries of
part 2.

Corollary 1. Let (sn)n⩾0 be a sequence of integers such that the following hold.

(a) sn = O(n).

(b) sn+1 ⩾ sn for large enough n.

(c) sn → ∞ as n → ∞.

Then there exists a family F of graphs such that sat(n,F) = sn for large enough n.

It follows from Corollary 1 that sat(n,F) can tend to infinity arbitrarily slowly.

Corollary 2. Let (sn)n⩾0 be a sequence of integers with

log n

log log n
+ ω

(
log n log log log n

(log log n)2

)
⩽ sn = O(n).

Then there exists a family F of graphs such that sat(n,F) = sn for large enough n.

It follows from Corollary 2 that sat(n,F) can behave very irregularly. Indeed, we
obtain the following easy corollary of Corollary 2.

Corollary 3. For every non-empty compact set K of non-negative real numbers, there
exists a family F of graphs such that the set of accumulation points of (sat(n,F)/n)n⩾1

is K.

Recall that an accumulation point of a sequence is the limit of a convergent sub-
sequence. Since sat(n,F) = O(n), the sequence (sat(n,F)/n)n⩾1 has at least one ac-
cumulation point for every family F . Tuza’s Conjecture is equivalent to the sequence
(sat(n, F )/n)n⩾1 having only one accumulation point for every graph F . Hence, for fami-
lies F , one can view the set of accumulation points of (sat(n,F)/n)n⩾1 (and in particular
its cardinality) as a measure of the extent to which the analogue of Tuza’s Conjecture for
F is false.

Note that the conditions on K in Corollary 3 are trivially necessary: K must be non-
empty since (sat(n,F)/n)n⩾1 has at least one accumulation point, K must be bounded
since sat(n,F) = O(n), K must be closed since every set of accumulation points is closed
and K must contain only non-negative real numbers since sat(n,F) ⩾ 0 for all integers
n ⩾ 0. Hence, one may interpret Corollary 3 as stating that the analogue of Tuza’s
Conjecture for families is false in the strongest possible sense.
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Let us call a family F of graphs quasi-finite if for every tree T there is a constant CT

such that every graph in F has at most CT connected components isomorphic to T . Note
that every finite family is quasi-finite. Also, any family of connected graphs is quasi-finite.
Quasi-finite families behave much like finite families for our purposes, hence the name.
For quasi-finite families F , we obtain the following result, which completely determines
the possible asymptotic behaviours of sat(n,F) in the sparse regime sat(n,F) ⩽ n +
o(n). Part 1 restricts the possible asymptotic behaviours and part 2 shows that all these
possibilities can occur.

Theorem 2.

1. Let F be a quasi-finite family of graphs. Then for each integer r ⩾ 1, there is a
union Sr of residue classes modulo r such that the following hold.

(a) For every integer r ⩾ 1,

sat(n,F) =

(
1− 1

r

)
n+O(1)

for n ∈ Sr \
⋃

q<r Sq. Moreover, the O(1) term is eventually constant within
each residue class modulo r.

(b) For n ∈ Z \
⋃

r⩾1 Sr,
sat(n,F) ⩾ n+ o(n).

(c) For r ∈ {1, 2, 3, 4, 5, 7}, either Sr = ∅ or Sr = Z.

2. For each integer r ⩾ 1, let Sr be a union of residue classes modulo r. Suppose that
for r ∈ {1, 2, 3, 4, 5, 7}, either Sr = ∅ or Sr = Z. Then there exists a quasi-finite
family F of graphs such that the following hold.

(a) For every integer r ⩾ 1,

sat(n,F) =

(
1− 1

r

)
n+O(1)

for n ∈ Sr \
⋃

q<r Sq. Moreover, the O(1) term is eventually constant within
each residue class modulo r.

(b) For n ∈ Z \
⋃

r⩾1 Sr,
sat(n,F) ⩾ n+ o(n).

(c) If there are only finitely many integers r ⩾ 1 with Sr \
⋃

q<r Sq ̸= ∅, F is in
fact finite.

Remark 3. Part 2 gives many examples of finite families F such that sat(n,F)/n di-
verges.
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Remark 4. The converse of part 2 (c) is also true - in part 1, if F is in fact finite, then
there are only finitely many integers r ⩾ 1 with Sr \

⋃
q<r Sq ̸= ∅ - but this is a deeper

result whose proof we postpone to a future paper.

For singleton families F = {F}, Truszczynski and Tuza discovered that either
sat(n, F ) = (1− 1/r)n + o(n) for some integer r ⩾ 1 or sat(n, F ) ⩾ n + o(n), thus
verifying Tuza’s Conjecture in the sparse regime sat(n, F ) ⩽ n+ o(n) (see Theorem 2 in
[6]). They also characterised the graphs F with sat(n, F ) = (1− 1/r)n + o(n) for each
integer r ⩾ 1 (see Theorem 3 in [6]). This is often cited in the literature as the main
progress towards settling Tuza’s Conjecture in the positive direction. Unfortunately, the
proof in [6] is flawed (see section 4 for more details). We give a correct proof using a novel
construction, thus confirming both the result and the characterisation.

Theorem 3. For every graph F , either there is an integer r ⩾ 1 such that

sat(n, F ) =

(
1− 1

r

)
n+O(1)

and the O(1) term is eventually constant within each residue class modulo r or

sat(n, F ) ⩾ n+ o(n).

The former occurs if and only if there is a tree T such that every graph T + e obtained by
adding a new edge e to T and every graph 2T + e obtained from the disjoint union 2T of
two copies of T by adding an edge e between them contains a connected component of F
that is not contained in T and r is the minimum number of vertices in such a tree.

Remark 5. It easily follows from the characterisation that for every integer r ⩾ 1 there
exists a graph F with sat(n, F ) = (1− 1/r)n + O(1). Indeed, let T be any tree with r
vertices and F be the disjoint union of all graphs T + e obtained by adding a new edge e
to T and all graphs 2T + e obtained from 2T by adding an edge e between the two copies
of T .

Remark 6. It follows from the characterisation that for every integer r ⩾ 1 there is a finite
collection of graphs such that for every graph F , whether or not sat(n, F ) = (1− 1/r)n+
O(1) depends only on which graphs in the collection are connected components of F . For
every integer r ⩾ 1 one can compute this finite collection and dependence and hence
give an explicit description of the graphs F with sat(n, F ) = (1− 1/r)n+O(1), but the
complexity of this description increases with r (see Corollary 4 in [6]).

The rest of the paper is organised as follows. We first prove Theorem 1 and deduce
Corollaries 1 through 3 in section 2. We then prove Theorem 2 in section 3. Finally, we
discuss the error in [6] and prove Theorem 3 in section 4.
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2 Arbitrary families

In this section we prove Theorem 1 and deduce Corollaries 1 through 3. To prove Theorem
1, we will need two lemmas. The first is a fact about set differences of unions of intervals
that we will need in the proof of part 1 (b) of Theorem 1. Before stating and proving the
lemma, we define intervals and introduce some notation.

For our purposes, an (integer) interval is a set I of integers greater than or equal to 0
with the property that if a ⩽ b ⩽ c are integers with a, c ∈ I then b ∈ I. Equivalently, a
finite interval is a set that is either empty or of the form [a, b] for some integers 0 ⩽ a ⩽ b,
whereas an infinite interval is a set of the form [a,∞) for some integer 0 ⩽ a, where
[a, b] = {c ∈ Z : a ⩽ c ⩽ b} and [a,∞) = {c ∈ Z : a ⩽ c}.
Lemma 1. Let A be the union of a intervals and B be the union of b intervals. Then
A \B is the union of at most a+ b intervals.

Proof. We show that if C is the union of at most c intervals and D is an interval then
C \D is the union of at most c+ 1 intervals, from which the lemma follows by induction
on b. We may assume D is non-empty. Write C =

⋃d
i=1 Ci, where the Ci are intervals and

d ⩽ c is minimal. Then, since the union of two intersecting intervals is itself an interval,
the Ci are disjoint, as otherwise C would be the union of fewer than d intervals.

It is easy to see that, for every integer 1 ⩽ i ⩽ d, if D ̸⊆ Ci then Ci \D is an interval.
Furthermore, if D ⊆ Ci then Ci \ D is the union of at most two intervals. Since the Ci

are disjoint and D is non-empty, there is at most one integer 1 ⩽ i ⩽ d such that D ⊆ Ci.
It follows that C \D =

⋃d
i=1 (Ci \D) is the union of at most d + 1 ⩽ c + 1 intervals, as

required.

We say a family of graphs is an antichain if no graph in the family contains another.
The second lemma asserts the existence of an antichain containing many graphs with m
edges and large minimum degree for every large enough integer m. We will need such an
antichain to prove part 2 of Theorem 1.

Lemma 2. There exists an antichain A of graphs (up to isomorphism) such that the
following hold, where Am is the family of graphs in A with m edges for each integer
m ⩾ 0.

1. |Am| = exp [m logm+O(m log logm)] .

2. |G| = m/ logm+O(1) for every G ∈ Am.

3. 0 < δ(G) = Ω(logm) for every G ∈ Am.

The estimates for |G| and δ(G) in parts 2 and 3 of Lemma 2 are more precise than
needed - for the proof of part 2 of Theorem 1 we only need that |G| = o(m) and δ(G) =
w(1). The proof of Lemma 2 is a non-constructive counting argument. In the proof
(and at one point in the proof of Theorem 1) we will need to estimate certain binomial
coefficients. All estimates can be obtained by writing

(
a
b

)
= a!/b!(a−b)! and then applying

Stirling’s formula N ! = exp [N logN −N + logN/2 +O(1)]. The calculations involved
are lengthy but straightforward, so we omit them.
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Proof. Let C be a constant, large enough for the proof to go through. Crucially, all
implied constants in the proof are independent of C. We recursively obtain families Am

of graphs up to isomorphism for each integer m ⩾ C such that the following hold.

(a) |Am| = ⌊exp (m logm− Cm log logm)⌋.

(b) Every graph G ∈ Am has the following properties.

(i) |G| = ⌊m/ logm⌋.
(ii) e(G) = m.

(iii) δ(G) ⩾ logm/C.

(iv) G ̸⊇ H for every integer C ⩽ ℓ < m and H ∈ Aℓ.

Then A =
⋃

m⩾C Am is the desired antichain. Suppose m ⩾ C is an integer and
we have obtained Aℓ for every integer C ⩽ ℓ < m. We then obtain Am as follows. Let
n = ⌊m/ logm⌋ and Bm be the family of all graphs on n labeled vertices with m edges.

Claim 1: The proportion of graphs in Bm with a vertex of degree less than logm/C
is o(1).

Proof: For every vertex v and integer 0 ⩽ d = o(logm), the proportion of graphs in
Bm with d(v) = d is (

n− 1

d

)((
n−1
2

)
m− d

)
((n

2

)
m

) =
1

m2+o(1)
.

Hence, for every vertex v and integer 0 ⩽ d < logm/C, the proportion of graphs in Bm

with d(v) = d is at most 1/m3/2, provided C is large enough. There are n = O(m/ logm)
vertices v and O(logm) integers 0 ⩽ d < logm/C, so by a union bound, the proportion
of graphs in Bm with a vertex of degree less than logm/C is O(1/m1/2), which is o(1). ■

Claim 2: The proportion of graphs in Bm containing a graph in Aℓ for some integer
C ⩽ ℓ < m is o(1).

Proof: Since there are at most m integers C ⩽ ℓ < m, by a union bound, it is sufficient
to show that for every integer C ⩽ ℓ < m, the proportion of graphs in Bm containing a
graph in Aℓ is o(1/m). Let C ⩽ ℓ < m be an integer. For every graph H ∈ Aℓ, since
|H| = ⌊ℓ/ log ℓ⌋ ⩽ ℓ/ log ℓ, the number of copies of H on n labeled vertices is at most
n|H| ⩽ exp (ℓ logm/ log ℓ) and, since e(H) = ℓ, the proportion of graphs in Bm containing
a given copy of H is ((n

2

)
− ℓ

m− ℓ

)
((n

2

)
m

) = exp [−ℓ logm+O(ℓ log logm)] .
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Since |Aℓ| ⩽ exp (ℓ log ℓ− Cℓ log log ℓ), by a union bound, the proportion of graphs in Bm

containing a graph in Al is at most

exp [ℓ log ℓ− ℓ logm− Cℓ log log ℓ+O(ℓ log logm) + ℓ logm/ log ℓ] .

Suppose first that ℓ ⩽ m1/4. Then ℓ log ℓ ⩽ ℓ logm/4, −Cℓ log log ℓ ⩽ 0,
O(ℓ log logm) ⩽ ℓ logm/4 and ℓ logm/ log ℓ ⩽ ℓ logm/4, provided C is large enough,
since m > ℓ ⩾ C. Therefore, the proportion of graphs in Bm containing a graph in Aℓ

is at most exp(−ℓ logm/4) ⩽ 1/m2, which is o(1/m), provided C is large enough, since
ℓ ⩾ C.

Now suppose ℓ > m1/4. Then ℓ log ℓ − ℓ logm ⩽ 0, −Cℓ log log ℓ ⩽ −2Cℓ log logm/3
and O(ℓ log logm) + ℓ logm/ log ℓ = O(ℓ log logm) ⩽ Cℓ log logm/3, provided C is large
enough, since m ⩾ C. Hence the proportion of graphs in Bm containing a graph in Aℓ

is at most exp(−Cℓ log logm/3) ⩽ exp(−m1/4 log logm), which is o(1/m), provided C is
large enough. ■

Every graph in Bm has properties (i) and (ii) and by Claims 1 and 2, (1 + o(1)) |Bm| of
the graphs in Bm also have properties (iii) and (iv). Since every graph in Bm is isomorphic
to at most n! graphs in Bm, it follows that the number of graphs up to isomorphism with
properties (i) through (iv) is at least

1 + o(1)

n!
|Bm| =

1 + o(1)

n!

((n
2

)
m

)
= exp [m logm+O(m log logm)] ,

which is at least ⌊exp (m logm− Cm log logm)⌋, provided C is large enough. Hence, we
obtain a family Am of graphs up to isomorphism satisfying (a) and (b).

We are now ready to prove Theorem 1.

Theorem 1. There exist sequences (am)m⩾0 and (bm)m⩾0 of non-negative integers with
exp [m logm+O(m)] ⩾ am ⩾ bm ⩾ exp [m logm+O(m log logm)] such that the follow-
ing hold.

1. For every family F of graphs, the following hold.

(a) sat(n,F) = O(n).

(b) For every integer m ⩾ 0, the set {n ∈ Z⩾0 : sat(n,F) = m} is the union of at
most am intervals.

(c) sat(n,F) either tends to infinity or is eventually constant.

2. Let (sn)n⩾0 be a sequence of integers such that the following hold.

(a) sn = O(n).

(b) For every large enough integer m, the set {n ∈ Z⩾0 : sn = m} is the union of
at most bm intervals.

(c) sn → ∞ as n → ∞.
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Then there exists a family F of graphs such that sat(n,F) = sn for large enough n.

3. For every integer m ⩾ 0, there exists a finite family F of graphs such that we have
sat(n,F) = m for large enough n.

Proof. We first define the sequences (am)m⩾0 and (bm)m⩾0 and prove the inequalities
exp [m logm+O(m)] ⩾ am ⩾ bm ⩾ exp [m logm+O(m log logm)]. For each integer
m ⩾ 0, let Gm be the family of graphs (up to isomorphism) with m edges and no isolated
vertices and let am = 2

∑m
ℓ=0 |Gℓ| (note that the families Gm are finite, since every graph

in Gm has at most 2m vertices). By Lemma 2, there is an antichain A of graphs (up
to isomorphism) with the properties stated in the lemma. For each integer m ⩾ 0, let
bm = |Am|, where Am is the family of graphs in A with m edges, as before. Then
bm ⩾ exp [m logm+O(m log logm)] by part 1 of Lemma 2 and by part 3 of Lemma 2,
every graph in Am has no isolated vertices, so am ⩾ |Gm| ⩾ bm.

Since every graph in Gm has at most 2m vertices, we can associate to it the graph on
2m vertices obtained by adding isolated vertices. Hence |Gm| is the number of graphs (up
to isomorphism) with 2m vertices and m edges, which is at most the number of graphs
on 2m labeled vertices with m edges, which is((2m

2

)
m

)
= exp [m logm+O(m)] .

So

am = 2
m∑
l=0

|Gl| ⩽ 2
m∑
ℓ=0

exp [ℓ log ℓ+O(ℓ)] = exp [m logm+O(m)] .

We now prove part 1. Let F be a family of graphs. Part (a) was proved by Kászonyi and
Tuza (see Theorem 1 in [3]). We now prove part (b). For each graph H with no isolated
vertices, let Hk be the graph obtained by adding k isolated vertices to H, for each integer
k ⩾ 0, and let IH = {k ∈ Z⩾0 : Hk is F -saturated}.

H

k

Figure 1: The graph Hk.

Claim 1: For every graph H with no isolated vertices, IH is the union of two intervals.
Proof: We in fact show that IH∩Z⩾2 is an interval, from which the claim follows, since

IH ∩ {0, 1} is an interval (since every subset of {0, 1} is an interval). Let 2 ⩽ k ⩽ ℓ ⩽ m
be integers such that Hk and Hm are F -saturated. We show that Hℓ is F -saturated and
hence that IH ∩Z⩾2 is an interval. Since Hℓ ⊆ Hm and Hm is F -free, so is Hℓ. It remains
to show that every graph Hℓ + vw obtained by adding a new edge vw to Hℓ contains a
graph in F .
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Suppose first that v, w ∈ H. Then, since Hk + vw ⊆ Hℓ + vw and Hk + vw contains a
graph in F , so does Hℓ+ vw. Now suppose v ∈ H and w ̸∈ H. Let w′ ∈ Hk be one of the
isolated vertices (note k ⩾ 1). Then, since Hk + vw′ ⊆ Hl + vw and Hk + vw′ contains
a graph in F , so does Hl + vw. Finally, suppose v, w ̸∈ H. Let v′, w′ ∈ Hk be distinct
isolated vertices (note k ⩾ 2). Then, since Hk + v′w′ ⊆ Hℓ + vw and Hk + v′w′ contains
a graph in F , so does Hℓ + vw. ■

For each integer m ⩾ 0, let Sm be the set of integers n ⩾ 0 for which there exists
an F -saturated graph G with n vertices and m edges. Note that every graph G is of
the form Hk for some graph H with no isolated vertices and integer k ⩾ 0. Hence,
Sm =

⋃
H∈Gm

IH + |H|, which is the union of 2|Gm| intervals by Claim 1 (where S + n =
{s + n : s ∈ S} for every set S of integers and integer n). So, for every integer m ⩾ 0,
{n ∈ Z⩾0 : sat(n,F) = m} = Sm \

⋃
ℓ<m Sℓ is the union of at most am intervals by Lemma

1, proving part (b).
Part (c) in fact follows from part (b). Indeed, by part (b), for every integer m ⩾ 0,

the set {n ∈ Z⩾0 : sat(n,F) = m} is a finite union of intervals. If for all m all of these
intervals are finite, the sets {n ∈ Z⩾0 : sat(n,F) = m} are all finite, which is equivalent
to sat(n,F) tending to infinity. On the other hand, if for some m one of these intervals
is infinite, sat(n,F) is eventually constant.

Next, we prove part 2. Let (sn)n⩾0 be a sequence of integers satisfying the conditions
in part 2. By condition (a), there is a constant C1 > 0 such that sn ⩽ C1(n+1) for every
integer n ⩾ 0. By condition (b) and parts 2 and 3 of Lemma 2, there is a constant C2

such that for every integer m ⩾ C2, the set {n ∈ Z⩾0 : sn = m} is the union of at most
|Am| intervals and for every graph G ∈ Am, m/C1 − 1 ⩾ |G|+ 2 and δ(G) ⩾ 2C1 + 3.

For each integer m ⩾ C2, let Im be a collection of intervals with {n ∈ Z⩾0 : sn =
m} =

⋃
I∈Im I and |Im| ⩽ |Am|. We may assume that every I ∈ Im is non-empty and it

follows from condition (c) that every I ∈ Im is finite, so every interval I ∈ Im is of the
form [aI , bI ] for some integers 0 ⩽ aI ⩽ bI . Since |Im| ⩽ |Am|, we can pick a different
graph HI ∈ Am for each I ∈ Im. For each integer m ⩾ C2 and interval I ∈ Im, let FI be
the family containing the following graphs.

1. Every graph on aI vertices obtained from HI by first adding a new edge and then
isolated vertices.

2. Every graph on aI vertices obtained from HI by first adding a new vertex, adjacent
to a unique vertex in HI , and then isolated vertices.

3. The graph on aI vertices obtained from HI by adding an isolated edge and isolated
vertices.

4. The graph on bI + 1 vertices obtained from HI by adding isolated vertices.
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HI

aI − |HI |
Type 1

HI

aI − |HI | − 1

Type 2

HI

aI − |HI | − 2

Type 3

HI

bI − |HI |+ 1

Type 4

Figure 2: The four types of graphs in FI .

Note that C1(aI+1) ⩾ saI = m, so aI ⩾ m/C1−1 ⩾ |HI |+2. Let F =
⋃

m⩾C2,I∈Im FI .
Claim 2: For every integer m ⩾ C2 and interval I ∈ Im, every graph G with |G| ∈ I

obtained by adding isolated vertices to HI is F -saturated.
Proof: We first show that G is F -free. Note that for every integer m′ ⩾ C2 and

interval I ′ ∈ Im′ , every graph in FI′ contains HI′ . Hence, if G contains a graph in FI′ ,
it contains HI′ . But by part 3 of Lemma 2, HI′ has no isolated vertices, so this can only
happen if HI contains HI′ . Since A is an antichain, Am′ is disjoint from Am if m′ ̸= m
and HI′ ̸= HI if I ′ ∈ Im \ {I}, this can only happen if m′ = m and I ′ = I.

But every graph in FI of the first, second or third type has more edges than G and
the graph in FI of the fourth type has more vertices than G, so G is F -free. It remains to
show that every graph G+ vw obtained by adding a new edge vw to G contains a graph
in F . If v, w ∈ HI , G+ vw contains a graph in FI of the first type, if v ∈ HI and w ̸∈ HI ,
G+ vw contains a graph in FI of the second type, and if v, w ̸∈ HI , G+ vw contains the
graph in FI of the third type. ■

Since aI ⩾ |HI | for every integer m ⩾ C2 and interval I ∈ Im, by Claim 2 and
condition (c), there is an F -saturated graph with n vertices and sn edges for every large
enough integer n. The following claim completes the proof of part 2.

Claim 3: For large enough n, every F -saturated graph G on n vertices not of the form
in Claim 2 has more than sn edges.

Proof: We show that δ(G) ⩾ 2C1+2 and hence that e(G) ⩾ (C1+1)n > C1(n+1) ⩾ sn
if n is large enough. Let v ∈ G. If v is adjacent to every other vertex, d(v) = n−1 ⩾ 2C1+2
if n is large enough, so suppose there is a vertex w ̸= v not adjacent to v. Then G + vw
contains a graph in FI for some integer m ⩾ C2 and interval I ∈ Im. Since every graph
in FI contains HI and has at least aI vertices, it follows that G+ vw ⊇ HI and n ⩾ aI .

Now suppose for the sake of contradiction that G contains a copy of HI . Then, since
n ⩾ aI , the copy of HI must be induced, for otherwise G would contain a graph in FI

of the first type, no vertex in the copy can be adjacent to a vertex outside the copy, for
otherwise G would contain a graph in FI of the second type, there can be no edge outside
the copy, for otherwise G would contain the graph in FI of the third type, and n ⩽ bI ,
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for otherwise G would contain the graph in FI of the fourth type. But then G is of the
form in Claim 2, a contradiction.

Hence G ̸⊇ HI but G+vw ⊇ HI , so the edge vw, and hence the vertex v, must belong
to a copy of HI in G+ vw. Since δ(HI) ⩾ 2C1 + 3, it follows that d(v) ⩾ 2C1 + 2. ■

Finally, we prove part 3. Let m ⩾ 0 be an integer. Let F = Gm+1, which is finite.
We show that for large enough n, the F -saturated graphs on n vertices are precisely
the graphs with n vertices and m edges. In particular, sat(n,F) = m for large enough
n. Indeed, the graphs with m edges are F -free, since they have fewer edges than every
graph in F , and adding a new edge to them gives a graph with m+ 1 edges, which must
contain a graph in F . Conversely, suppose G is an F -saturated graph on n vertices. Then
e(G) ⩽ m, for otherwise G would contain a graph in F . If n is large enough, G cannot
be complete, for otherwise G would again contain a graph in F . Hence we can add a new
edge to G to obtain a graph containing a graph in F . Since every graph in F has m+1
edges, it follows that e(G) ⩾ m. So e(G) = m.

We now deduce Corollaries 1 through 3.

Corollary 1. Let (sn)n⩾0 be a sequence of integers such that the following hold.

(a) sn = O(n).

(b) sn+1 ⩾ sn for large enough n.

(c) sn → ∞ as n → ∞.

Then there exists a family F of graphs such that sat(n,F) = sn for large enough n.

Proof. By part 2 of Theorem 1, we just need to check that (sn)n⩾0 satisfies condition (b).
By condition (b) in Corollary 1, there is a constant C ⩾ 0 such that sn+1 ⩾ sn for every
integer n > C. We show that the set {n ∈ Z⩾0 : sn = m} is an interval for every integer
m > max0⩽n⩽C sn, which implies that (sn)n⩾0 satisfies condition (b), since bm ⩾ 1 for
large enough m. Let m > max0⩽n⩽C sn and 0 ⩽ a ⩽ b ⩽ c be integers with sa = m = sc.
Then a > C, so m = sa ⩽ sa+1 ⩽ sa+2 ⩽ · · · ⩽ sb ⩽ · · · ⩽ sc = m, so sb = m.

Corollary 2. Let (sn)n⩾0 be a sequence of integers with

log n

log log n
+ w

(
log n log log log n

(log log n)2

)
⩽ sn = O(n).

Then there exists a family F of graphs such that sat(n,F) = sn for large enough n.

Proof. By part 2 of Theorem 1, we just need to check that (sn)n⩾0 satisfies condition (b).
We show that for every large enough integer m, sn > m for every integer n ⩾ bm. Hence
every element of the set {n ∈ Z⩾0 : sn = m} is smaller than bm, so the set has size at most
bm and hence is the union of at most bm (singleton) intervals. Let m ⩾ 0 and n ⩾ bm be
integers. Then n ⩾ bm ⩾ exp [m logm+O(m log logm)], so

sn ⩾
log n

log log n
+ w

(
log n log log log n

(log log n)2

)
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⩾
m logm+O(m log logm)

log[m logm+O(m log logm)]
+ w

(
[m logm+O(m log logm)] log log[m logm+O(m log logm)]

(log[m logm+O(m log logm)])2

)
= m+ w

(
m log logm

logm

)
,

since log x/ log log x and log x log log log x/(log log x)2 are eventually increasing functions
of x. Hence sn > m if m is large enough.

Corollary 3. For every non-empty compact set K of non-negative real numbers, there
exists a family F of graphs such that the set of accumulation points of (sat(n,F)/n)n⩾1

is K.

Proof. We first construct a countable set S of real numbers with S = K (where S is the
closure of S). For all integers m ⩾ 1 and n, let Sm,n = ∅ if K ∩ [n/m, (n+1)/m] = ∅ and
let Sm,n = {x} for some x ∈ K ∩ [n/m, (n+ 1)/m] otherwise (where [n/m, (n+ 1)/m] =
{x ∈ R : n/m ⩽ x ⩽ (n + 1)/m}). Let S =

⋃
m⩾1,n Sm,n. Then S is countable and

S ⊆ K, so S ⊆ K, since K is closed. It remains to show that K ⊆ S. Let k ∈ K. Then
for every integer m ⩾ 1, there is an integer n such that k ∈ [n/m, (n + 1)/m]. But then
K ∩ [n/m, (n+1)/m] ̸= ∅, so there exists x ∈ S ∩ [n/m, (n+1)/m]. Then |x− k| ⩽ 1/m.
Since m is arbitrary, it follows that k ∈ S.

SinceK is non-empty, bounded and contains only non-negative real numbers, the same
is true for S. Since S is non-empty and countable, there is a partition Z⩾0 =

⋃
s∈S Ps

where every part Ps is infinite. For each integer n ⩾ 0, let sn = ⌈sn+
√
n⌉, where s

is the unique element of S with n ∈ Ps. Then (sn)n⩾0 is a sequence of integers with√
n ⩽ sn = O(n), since S is bounded and contains only non-negative real numbers, so by

Corollary 2, there is a family F of graphs such that sat(n,F) = sn for large enough n.
Let A be the set of accumulation points of (sat(n,F)/n)n⩾1. We show that A = K.

For every s ∈ S, sat(n,F)/n = s+O (1/
√
n) for n ∈ Ps. Since Ps is infinite, it follows that

s ∈ A. Hence S ⊆ A, so K = S ⊆ A, since A is closed. It remains to show that A ⊆ K.
Let a ∈ A. Then there are arbitrarily large integers n with sat(n,F)/n arbitrarily close
to a. Since for every n, sat(n,F)/n = s+O(1/

√
n) for some s ∈ S, it follows that there

are s ∈ S arbitrarily close to a, or in other words that a ∈ S = K.

3 Quasi-finite families

In this section we prove Theorem 2. We first introduce some notation. Given graphs G
and H, we write G∪H for the disjoint union of G and H. Given a graph G and an integer
k ⩾ 0, we write kG for the disjoint union of k copies of G. Given a tree T , a subtree
T ′ ⊆ T , vertices v ∈ T ′ and w ∈ T and an integer k ⩾ 0, let (T ′ ∪ kT ) + vw be the tree
obtained from T ′ ∪ kT by joining v to the k copies of w.
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T ′
v

T
w

T
w

T
w

· · ·

k

Figure 3: The tree (T ′ ∪ kT ) + vw.

We will need the following lemma in the proof of part 1 (c) of Theorem 2.

Lemma 3. For every tree T with |T | ∈ {1, 2, 3, 4, 5, 7} there is a subtree T ′ ⊆ T such that
|T ′| and |T | are coprime and for all vertices v ∈ T ′ and w ∈ T , (T ′ ∪ kT ) + vw contains
a copy of T that contains v for some integer k ⩾ 0.

Proof. We first list all trees T with |T | ∈ {1, 2, 3, 4, 5, 7}.

T1,1 T2,1 T3,1 T4,1
T4,2

T5,1 T5,2

T5,3
T7,1

T7,2 T7,3 T7,4 T7,5

T7,6 T7,7 T7,8

T7,9 T7,10 T7,11

Figure 4: All trees T with |T | ∈ {1, 2, 3, 4, 5, 7}.
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For T ̸∈ {T7,10, T7,11} let T ′ = T1,1. Then for all vertices w ∈ T , (T ′ ∪ kT ) + vw
contains a copy of T in which the copy of the circled vertex is v, where v is the unique
vertex of T1,1 and k is the degree of the circled vertex, unless T = T7,9 and w is a leaf, in
which case (T ′ ∪ 3T ) + vw contains a copy of T in which the copy of the boxed vertex is
v.

Let T6 be the tree obtained from an edge by attaching two leaves to both endpoints.
For T ∈ {T7,10, T7,11} let T ′ = T6. Note that in T6 every vertex is adjacent to a vertex of
degree three. Using this fact, it is easy to check that for all vertices v ∈ T ′ and w ∈ T ,
(T ′ ∪ kT ) + vw contains a copy of T in which the copy of the circled vertex is v, where
k = 3 if T = T7,10 and k = 2 if T = T7,11.

Figure 5: The tree T6.

We are now ready to prove Theorem 2.

Theorem 2.

1. Let F be a quasi-finite family of graphs. Then for each integer r ⩾ 1, there is a
union Sr of residue classes modulo r such that the following hold.

(a) For every integer r ⩾ 1,

sat(n,F) =

(
1− 1

r

)
n+O(1)

for n ∈ Sr \
⋃

q<r Sq. Moreover, the O(1) term is eventually constant within
each residue class modulo r.

(b) For n ∈ Z \
⋃

r⩾1 Sr,
sat(n,F) ⩾ n+ o(n).

(c) For r ∈ {1, 2, 3, 4, 5, 7}, either Sr = ∅ or Sr = Z.

2. For each integer r ⩾ 1, let Sr be a union of residue classes modulo r. Suppose that
for r ∈ {1, 2, 3, 4, 5, 7}, either Sr = ∅ or Sr = Z. Then there exists a quasi-finite
family F of graphs such that the following hold.

(a) For every integer r ⩾ 1,

sat(n,F) =

(
1− 1

r

)
n+O(1)

for n ∈ Sr \
⋃

q<r Sq. Moreover, the O(1) term is eventually constant within
each residue class modulo r.
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(b) For n ∈ Z \
⋃

r⩾1 Sr,
sat(n,F) ⩾ n+ o(n).

(c) If there are only finitely many integers r ⩾ 1 with Sr \
⋃

q<r Sq ̸= ∅, F is in
fact finite.

Proof. Recall that in the proofs of both parts 1 and 2 of Theorem 1, F -saturated graphs
obtained by adding isolated vertices to a graph played a key role. Similarly, in this proof,
more general F -saturated graphs, obtained by adding many disjoint copies of a tree T to
a graph H, will play a key role. With this in mind, let us call a pair (H,T ), where H is
a graph and T is a tree, a blueprint.

We first prove part 1. Let F be a quasi-finite family of graphs.
Claim 1: For every tree T there is a constant CT ⩾ 0 such that for every blueprint

(H,T ), either H∪kT is F -saturated for every integer k ⩾ CT or H∪kT is not F -saturated
for every integer k ⩾ CT .

H

TTT · · ·

k

Figure 6: The graph H ∪ kT .

Proof: Let T be a tree. Since F is quasi-finite, for every subtree T ′ ⊆ T there is
a constant C ′

T ′ ⩾ 0 such that every graph in F has at most C ′
T ′ connected components

isomorphic to T ′. We first show that for every blueprint (H,T ) and integers k ⩾ 0 and
ℓ ⩾

∑
T ′⊆T C ′

T ′ , if H ∪ kT contains a graph F ∈ F then so does H ∪ ℓT .
Consider a copy of F in H ∪ kT . Every connected component of F must be contained

in either H or one of the copies of T . Since T is acyclic, every connected component
of F contained in a copy of T is isomorphic to a subtree T ′ ⊆ T , so there are at most∑

T ′⊆T C ′
T ′ ⩽ ℓ such connected components. Hence there are at most ℓ copies of T

containing a connected component of F , so F is contained in H ∪ ℓT .
Now let CT =

∑
T ′⊆T C ′

T ′ + 2. Let (H,T ) be a blueprint. We need to show that if
H ∪ kT is F -saturated for some integer k ⩾ CT , then in fact H ∪ ℓT is F -saturated for
every integer ℓ ⩾ CT . H∪ℓT must be F -free, for otherwise H∪kT would contain a graph
in F , since k ⩾ CT ⩾

∑
T ′⊆T C ′

T ′ . It remains to show that every graph (H ∪ ℓT ) + vw
obtained by adding a new edge vw to H ∪ ℓT contains a graph in F .

Suppose first that v, w ∈ H. Then (H ∪ ℓT )+vw = (H + vw)∪ℓT contains a graph in
F , since (H + vw)∪kT = (H ∪ kT )+vw contains a graph in F and ℓ ⩾ CT ⩾

∑
T ′⊆T C ′

T ′ .
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Now suppose v ∈ H and w is in a copy T1 of T . Let w′ ∈ H ∪ kT be the copy of w in
a copy T2 of T (note k ⩾ CT ⩾ 1). Then (H ∪ ℓT ) + vw = [(H ∪ T1) + vw] ∪ (ℓ − 1)T
contains a graph in F , since [(H ∪ T2) + vw′] ∪ (k − 1)T = (H ∪ kT ) + vw′ contains a
graph in F and ℓ− 1 ⩾ CT − 1 ⩾

∑
T ′⊆T C ′

T ′ .
Next, suppose v and w are in the same copy T1 of T . Let v

′, w′ ∈ H∪kT be the copies of
v and w in a copy T2 of T (again note k ⩾ CT ⩾ 1). Then (H ∪ ℓT )+vw = H∪(T1 + vw)∪
(ℓ−1)T contains a graph in F , since H∪(T2 + v′w′)∪(k−1)T = (H ∪ kT )+v′w′ contains
a graph in F and ℓ− 1 ⩾ CT − 1 ⩾

∑
T ′⊆T C ′

T ′ . Finally, suppose v and w are in different
copies T1 and T2 of T . Let v

′, w′ ∈ H ∪ kT be the copies of v and w in different copies T3

and T4 of T (note k ⩾ CT ⩾ 2). Then (H ∪ ℓT ) + vw = H ∪ [(T1 ∪ T2) + vw] ∪ (ℓ− 2)T
contains a graph in F , since H ∪ [(T3 ∪ T4) + v′w′]∪ (k− 2)T = (H ∪ kT )+ v′w′ contains
a graph in F and ℓ− 2 ⩾ CT − 2 =

∑
T ′⊆T C ′

T ′ . ■

Let us call a blueprint (H,T ) F -saturated if H ∪ kT is F -saturated for every large
enough integer k.

Claim 2: For every integer r ⩾ 1 there is a constant Cr such that every F -saturated
graph G on n vertices that is not of the form H ∪ kT for some F -saturated blueprint
(H,T ) with |T | < r and integer k ⩾ 0 has at least (1− 1/r)n− Cr edges.

Proof: For each integer r ⩾ 1, let Cr =
∑

|T |<r CT (where the CT are as in Claim 1).

Let G be as in Claim 2. Then for every tree T with |T | < r, G ∼= H ∪ kT , where H is the
union of all connected components of G that are not isomorphic to T and k is the number
of connected components of G that are isomorphic to T . Hence the blueprint (H,T ) is
not F -saturated, so k < CT by Claim 1. It follows that t(G) ⩽ n/r + Cr, where t(G) is
the number of connected components of G that are trees. For every connected component
C, e(C) ⩾ |C|−1, with equality if and only if C is a tree. Summing over all C, we obtain
e(G) ⩾ n− t(G) ⩾ (1− 1/r)n− Cr. ■

For each integer r ⩾ 1, let Sr be the set of integers n for which there exists an F -
saturated blueprint (H,T ) with |H| ≡ n mod r and |T | = r. Note that Sr is a union of
residue classes modulo r and that |H∪kT | ≡ |H| mod |T | for every blueprint (H,T ) and
integer k ⩾ 0. Hence, by Claim 2, sat(n,F) ⩾ (1− 1/r)n − Cr for every integer r ⩾ 1
and n ∈ Z⩾0 \

⋃
q<r Sq. Since r is arbitrary, this proves part (b).

We now prove part (a). Let r ⩾ 1 be an integer and C ⊆ Sr be a residue class modulo
r such that C \

⋃
q<r Sq ̸= ∅. Let kC be the minimum of re(H) − (r − 1)|H| over all

F -saturated blueprints (H,T ) with |H| ∈ C and |T | = r. We need to show that this
quantity is bounded below, so that the minimum is well-defined.

Let (H,T ) be an F -saturated blueprint with |H| ∈ C and |T | = r. Since C \
⋃

q<r Sq is
non-empty and a union of residue classes modulo r! , it contains arbitrarily large integers.
So pick an integer n ∈ C \

⋃
q<r Sq with n ⩾ |H|+ rCT (where CT is as in Claim 1). Then

n = |H| + kr = |H ∪ kT | for some integer k ⩾ CT . But then n ∈ Z⩾0 \
⋃

q<r Sq and by
Claim 1, H ∪ kT is F -saturated, so(

1− 1

r

)
n− Cr ⩽ sat(n,F) ⩽ e (H ∪ kT ) =

(
1− 1

r

)
n+

re(H)− (r − 1)|H|
r

,

so re(H)− (r − 1)|H| ⩾ −rCr.
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Now let (H,T ) be an F -saturated blueprint with |H| ∈ C and |T | = r that minimises
re(H) − (r − 1)|H|, i.e. with re(H) − (r − 1)|H| = kC . Then by Claim 1, H ∪ kT is
F -saturated for every integer k ⩾ CT , so there exist F -saturated graphs with n vertices
and (1− 1/r)n+ kC/r edges for every integer |H|+ rCT ⩽ n ∈ C.

We now show that every F -saturated graph G on n vertices has at least (1− 1/r)n+
kC/r edges for large enough n ∈ C \

⋃
q<r Sq. If G is not of the form H ∪ kT for some

F -saturated blueprint (H,T ) with |T | = r and integer k ⩾ 0, then by Claim 2,

e(G) ⩾

(
1− 1

r + 1

)
n− Cr+1 >

(
1− 1

r

)
n+

kC
r

if n is large enough. If G is of the form H ∪ kT for some F -saturated blueprint (H,T )
with |T | = r and integer k ⩾ 0,

e(G) =

(
1− 1

r

)
n+

re(H)− (r − 1)|H|
r

⩾

(
1− 1

r

)
n+

kC
r

by the definition of kC .
Hence sat(n,F) = (1− 1/r)n+ kC/r for large enough n ∈ C \

⋃
q<r Sq, which proves

part (a).
Next, we prove part (c).
Claim 3: Let (H,T ) be an F -saturated blueprint and T ′ ⊆ T be a subtree such that

for all vertices v ∈ T ′ and w ∈ T , (T ′ ∪ kT ) + vw contains a copy of T that contains v
for some integer k ⩾ 0 (where (T ′ ∪ kT ) + vw is as in Lemma 3). Then there exists an
F -saturated blueprint (H ′, T ) with |H ′| ≡ |H|+ |T ′| mod |T |.

Proof: For each v ∈ T ′ and w ∈ T , let kv,w ⩾ 0 be an integer such that (T ′ ∪ kv,wT ) +
vw contains a copy of T that contains v. Let k ⩾ CT +

∑
v∈T ′,w∈T kv,w be an integer

(where CT is as in Claim 1). Then H ∪ kT ∪ T ′ ⊆ H ∪ (k + 1)T and H ∪ (k + 1)T is
F -free by Claim 1, since k + 1 ⩾ CT , so H ∪ kT ∪ T ′ is F -free. Hence we can add edges
to H ∪ kT ∪ T ′ to obtain an F -saturated graph G. H ∪ kT is F -saturated by Claim 1,
since k ⩾ CT , so all new edges in G are incident to T ′.

Let v ∈ T ′ and w ∈ T . Suppose for the sake of contradiction that v is adjacent to more
than kv,w copies of w in G. Then G ⊇ H∪([T ′ ∪ (kv,w + 1)T ] + vw)∪(k−kv,w−1)T . But
(T ′ ∪ kv,wT )+vw contains a copy of T that contains v, so [T ′ ∪ (kv,w + 1)T ]+vw ⊇ 2T+e
for some edge e between the two copies of T in 2T . Hence G ⊇ H ∪ (2T + e)∪ (k−kv,w−
1)T = [H ∪ (k − kv,w + 1)T ] + e. But [H ∪ (k − kv,w + 1)T ] + e contains a graph in F by
Claim 1, since k − kv,w + 1 ⩾ CT , so G contains a graph in F , a contradiction.

Hence, for all vertices v ∈ T ′ and w ∈ T , v is adjacent to at most kv,w copies of w in
G, so there are at most

∑
v∈T ′,w∈T kv,w copies of T in G with some edge between them

and T ′. Let H ′ be the subgraph of G induced by H, T ′ and these copies of T . Note that
|H ′| ≡ |H|+ |T ′| mod |T |. Then G = H ′ ∪ ℓT for some integer ℓ ⩾ k−

∑
v∈T ′,w∈T kv,w ⩾

CT , so (H ′, T ) is an F -saturated blueprint by Claim 1. ■
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k

ℓ H ′

Figure 7: The graph G and its induced subgraph H ′. The shading denotes the presence
of new edges.

For all positive, coprime integers a and b, every integer is congruent to a positive
multiple of a modulo b. Hence part (c) follows from Lemma 3 by repeatedly applying
Claim 3.

We now prove part 2. We first consider the special case where, for some r ∈ {6}∪Z⩾8,
Sr = rZ and Sq = ∅ for all q ̸= r. For this case, we construct a finite family Fr of graphs
such that S ′

r = rZ and S ′
q = ∅ for all q ̸= r, where, for each integer q ⩾ 1, S ′

q is the set
denoted by Sq in the proof of part 1. We do this by constructing a tree Tr with |Tr| = r
such that (∅, Tr) is the (essentially) unique Fr-saturated blueprint, where ∅ is the graph
with no vertices. In particular, Tr cannot satisfy Lemma 3.

If r ⩾ 6 is even, let Tr be the tree obtained from an edge by attaching r/2− 1 leaves
to both endpoints. If r ⩾ 9 is odd, let Tr be the tree obtained from a three vertex path
by attaching two leaves to one of the endpoints, one leaf to the central vertex and r − 6
leaves to the other endpoint.

r/2− 1 r/2− 1 r − 6

Figure 8: The tree Tr. The cases r ⩾ 6 even and r ⩾ 9 odd are on the left and right,
respectively.

To define Fr, we first define an auxiliary family F ′
r. If r ⩾ 6 is even, let F ′

r be the
family of graphs in which every vertex is adjacent to a vertex of degree at least r/2. If
r ⩾ 9 is odd, let F ′

r be the family of graphs in which every vertex v is either adjacent to
a vertex of degree at least r − 5 or adjacent to a vertex of degree at least three which is
adjacent to a vertex distinct from v of degree at least three. Then it is easy to check that
the subgraphs of Tr in F ′

r are precisely the subgraph with no vertices and Tr itself.
Now let Fr be the family of minimal connected graphs in F ′

r \{Tr}, that is, connected
graphs in F ′

r \ {Tr} that do not contain a smaller connected graph in F ′
r \ {Tr}. Our aim

now is to show that Fr is finite.
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Claim 4: For all v ∈ G ∈ F ′
r there is a set S of vertices in G with v ∈ S, G[S]

connected, G[S] ∈ F ′
r and |S| ⩽ 2r.

Proof: Suppose first that r ⩾ 6 is even. Then v is adjacent to a vertex a of degree at
least r/2 and a is adjacent to a vertex b of degree at least r/2. Pick sets {v, b} ⊆ A ⊆ Γ(a)
and {a} ⊆ B ⊆ Γ(b) of size r/2. Then S = A∪B is the desired set. Now suppose r ⩾ 9 is
odd. Suppose first that v is adjacent to a vertex a of degree at least r−5. If a is adjacent
to a vertex b of degree at least r − 5, pick sets {v, b} ⊆ A ⊆ Γ(a) and {a} ⊆ B ⊆ Γ(b)
of size r − 5. Then S = A ∪ B is the desired set. If a is adjacent to a vertex b of degree
at least three which is adjacent to a vertex c ̸= a of degree at least three, pick a set
{v, b} ⊆ A ⊆ Γ(a) of size r − 5 and sets {a, c} ⊆ B ⊆ Γ(b) and C ⊆ Γ(c) of size three.
Then S = A ∪B ∪ C is the desired set.

Now suppose v is adjacent to a vertex a of degree at least three which is adjacent to
a vertex b of degree at least three. Let w ∈ {a, b}. If w is adjacent to a vertex cw of
degree at least r − 5, pick a set Sw ⊆ Γ(cw) of size r − 5. If w is adjacent to a vertex cw
of degree at least three which is adjacent to a vertex dw ̸= w of degree at least three, pick
sets {dw} ⊆ Cw ⊆ Γ(cw) and Dw ⊆ Γ(dw) of size three and let Sw = Cw ∪Dw. Now pick
sets {v, b, ca} ⊆ A ⊆ Γ(a) and {a, cb} ⊆ B ⊆ Γ(b) of size three. Then S = A∪B ∪Sa∪Sb

is the desired set. ■

Claim 5: Every graph in Fr has at most 2r vertices. In particular, Fr is finite.
Proof: Let G ∈ Fr. By Claim 4, for every vertex v ∈ G there is a set Sv of vertices in

G with v ∈ Sv, G[Sv] connected, G[Sv] ∈ F ′
r and |Sv| ⩽ 2r. If for some vertex v, G[Sv] is

not isomorphic to Tr, by the minimality of G, Sv is the entire vertex set of G and hence
|G| ⩽ 2r. So suppose G[Sv] is isomorphic to Tr for every vertex v. If for some vertices v
and w, Sv and Sw are distinct and intersect, G[Sv ∪Sw] is a connected graph in F ′

r \{Tr},
so by the minimality of G, Sv ∪ Sw is the entire vertex set of G and hence |G| < 2r, since
|Tr| = r. So suppose the Sv partition the vertex set of G. If there is an edge between
two different parts Sv and Sw, G[Sv ∪ Sw] is a connected graph in F ′

r \ {Tr}, so by the
minimality of G, Sv ∪ Sw is the entire vertex set of G and hence |G| = 2r. So suppose
G is a disjoint union of copies of Tr. This is impossible, since G is connected and not
isomorphic to Tr. ■

Next, we show that any disjoint union G of copies of Tr is Fr-saturated. In particular,
(∅, Tr) is an Fr-saturated blueprint. Since the graphs in Fr are connected and the sub-
graphs of Tr in F ′

r are precisely the subgraph with no vertices and Tr itself, G is Fr-free.
Every graph G+e obtained by adding a new edge e to G contains either Tr+e or 2Tr+e,
where in the latter case the edge e is between the two copies of Tr in 2Tr. Since Tr ∈ F ′

r,
both of these are connected graphs in F ′

r \ {Tr}, so contain a graph in Fr.
Finally, we show that (∅, Tr) is essentially the only Fr-saturated blueprint, in the sense

that, if (H,T ) is an Fr-saturated blueprint, then T ∼= Tr and H ∼= kTr for some integer
k ⩾ 0. Let m ⩾ 2 be an integer such that H ∪ mT is Fr-saturated. We show that all
connected components of H∪mT are in F ′

r, which implies that they are isomorphic to Tr,
for otherwise they would contain a graph in Fr. This implies that T ∼= Tr and H ∼= kTr

for some integer k ⩾ 0, as claimed.
Let C be a connected component of H ∪ mT . Since m ⩾ 2, there is a connected
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component T1 ̸= C of H ∪mT isomorphic to T . Pick a vertex ℓ ∈ T1 of degree at most
one. Then, for every vertex v ∈ C, since H ∪mT is Fr-saturated and all the graphs in
Fr are connected, (C ∪ T1) + vℓ must contain a copy of a graph in Fr that contains the
edge vℓ and hence the vertex v.

So, if r ⩾ 6 is even, v is adjacent to a vertex of degree at least r/2 in (C ∪ T1) + vℓ.
But ℓ has degree at most two in (C ∪ T1) + vℓ and r/2 ⩾ 3, so v must be adjacent to
a vertex of degree at least r/2 in C. If r ⩾ 9 is odd, v is either adjacent to a vertex of
degree at least r− 5 or adjacent to a vertex of degree at least three which is adjacent to a
vertex distinct from v of degree at least three in (C ∪ T1) + vℓ. But ℓ has degree at most
two in (C ∪ T1) + vℓ and r − 5 ⩾ 4, so v must be either adjacent to a vertex of degree at
least r − 5 or adjacent to a vertex of degree at least three which is adjacent to a vertex
distinct from v of degree at least three in C.

Having proved part 2 in the special case where, for some r ∈ {6} ∪ Z⩾8, Sr = rZ and
Sq = ∅ for all q ̸= r, we now prove the general case by essentially combining the families
Fr and using cycles to shift the residue classes. For each integer r ⩾ 1, let Sr be a union
of residue classes modulo r. Suppose that for r ∈ {1, 2, 3, 4, 5, 7}, either Sr = ∅ or Sr = Z.
We need to construct a quasi-finite family F of graphs such that (a), (b) and (c) hold.

For each r ∈ {6}∪Z⩾8, let Tr and Fr be as before. For each r ∈ {1, 2, 3, 4, 5, 7}, let Tr

be any tree with |Tr| = r and Fr be the family containing every graph Tr + e obtained by
adding a new edge e to Tr and every graph 2Tr + e obtained from 2Tr by adding an edge
e between the two copies of Tr. Recall from the proof of the special case that Tr and Fr

have the following properties for all r ∈ {6} ∪ Z⩾8.

1. Fr is finite.

2. Every graph in Fr is connected.

3. Tr is Fr-free.

4. Every graph Tr + e obtained by adding a new edge e to Tr and every graph 2Tr + e
obtained from 2Tr by adding an edge e between the two copies of Tr contains a
graph in Fr.

It is easy to see that these properties also hold for all r ∈ {1, 2, 3, 4, 5, 7}.
For each integer r ⩾ 1, let Ur be the set of residue classes C ⊆ Sr modulo r with

C \
⋃

q<r Sq ̸= ∅ (the ‘active’ residue classes). Pick an integer 3 ⩽ kC ∈ C for each integer
r ⩾ 1 and residue class C ∈ Ur such that the kC are distinct. This is possible, since if we
first pick kC for each C ∈ U1, then pick kC for each C ∈ U2, then pick kC for each C ∈ U3

and so on, then at each step we can let kC be any large enough integer in C. For each
integer k ⩾ 3, let Ck be the cycle on k vertices. Let C be the family containing CkC for
every integer r ⩾ 1 and residue class C ∈ Ur.

For each integer r ⩾ 1 and residue class C ∈ Ur, let FC be the family containing the
following graphs.

1. CkC ∪H for every graph H ∈ Fr.
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2. Every graph CkC + e obtained by adding a new edge e to CkC .

3. The graph obtained from CkC by adding a new vertex and joining it to a vertex in
CkC .

4. CkC ∪H for every graph H ∈ C.

kC H

Type 1

kC

Type 2

kC

Type 3

kC kC′

Type 4

Figure 9: The four types of graphs in FC .

Let F =
⋃

r⩾1,C∈Ur
FC . Note that this is similar to our construction of a family in the

proof of part 2 of Theorem 1.
By property 2, every graph in F has at most two connected components, so F is

quasi-finite. Also, by property 1, (c) holds. For each integer r ⩾ 1, let S ′
r be the set

denoted by Sr in the proof of part 1, that is, the set of integers n for which there exists
an F -saturated blueprint (H,T ) with |H| ≡ n mod r and |T | = r, and U ′

r be the set
of residue classes C ⊆ S ′

r modulo r with C \
⋃

q<r S
′
q ̸= ∅. Note that the Sr \

⋃
q<r Sq

are determined by the Ur. Indeed, Sr \
⋃

q<r Sq =
(⋃

C∈Ur
C
)
\
⋃

q<r,C∈Uq
C. Hence

Z\
⋃

r⩾1 Sr = Z\
⋃

r⩾1(Sr\
⋃

q<r Sq) is also determined by the Ur. Similarly, the S ′
r\
⋃

q<r S
′
q

and Z\
⋃

r⩾1 S
′
r are determined by the U ′

r. Hence, by part 1, to prove (a) and (b) it suffices
to show that U ′

r = Ur for every integer r ⩾ 1.
Claim 6: For every integer r ⩾ 1 and residue class C ∈ Ur, CkC ∪ kTr is F -saturated

for every integer k ⩾ 0. In particular, (CkC , Tr) is an F -saturated blueprint, so C ⊆ S ′
r.

Proof: We first show that CkC ∪ kTr is F -free. Note that for every integer r′ ⩾ 1 and
residue class C ′ ∈ Ur′ , every graph in FC′ contains CkC′ . Hence, if CkC ∪ kTr contains a
graph in FC′ , it contains CkC′ . But CkC is the unique cycle in CkC ∪ kTr and kC′ ̸= kC
if C ′ ̸= C, so this can only happen if r′ = r and C ′ = C. Since CkC is the unique cycle
in CkC ∪ kTr, CkC ∪ kTr does not contain a graph in FC of the fourth type, since CkC

is a connected component of CkC ∪ kTr, CkC ∪ kTr does not contain the graph in FC of
the third type, and since CkC is an induced subgraph of CkC ∪ kTr, CkC ∪ kTr does not
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contain a graph in FC of the second type. Finally, by properties 2 and 3, CkC ∪ kTr does
not contain a graph in FC of the first type. Hence CkC ∪ kTr is F -free.

It remains to show that every graph (CkC ∪ kTr)+ vw obtained by adding a new edge
vw to CkC ∪ kTr contains a graph in F . If v, w ∈ CkC , (CkC ∪ kTr) + vw contains a graph
in FC of the second type, if v ∈ CkC and w ̸∈ CkC , (CkC ∪ kTr) + vw contains the graph
in FC of the third type, and if v, w ̸∈ CkC , (CkC ∪ kTr) + vw contains a graph in FC of
the first type by property 4. ■

Claim 7: Let (H,T ) be an F -saturated blueprint. Then either T ∼= Tr and H ∼=
CkC ∪ kTr and for some integers r ⩾ 1 and k ⩾ 0 and residue class C ∈ Ur or Sr = Z for
some integer 1 ⩽ r ⩽ |T |.

Proof: Let m ⩾ 2 be an integer such that H ∪mT is F -saturated. Let T1 and T2 be
distinct connected components of H ∪mT isomorphic to T and pick vertices u ∈ T1 and
w ∈ T2. Then (H ∪mT ) + uw contains a graph in FC and hence CkC for some integer
r ⩾ 1 and residue class C ∈ Ur. But there is no cycle in (H ∪mT ) + uw containing
the edge uw, since u and w are in different connected components of H ∪mT , so in fact
CkC ⊆ H∪mT . Then CkC must be an induced subgraph of H∪mT , for otherwise H∪mT
would contain a graph in FC of the second type, and a connected component of H ∪mT ,
for otherwise H ∪ mT would contain the graph in FC of the third type, and all other
connected components of H ∪mT must be C-free, for otherwise H ∪mT would contain a
graph in FC of the fourth type.

Suppose first that r ∈ {1, 2, 3, 4, 5, 7}. Since C ∈ Ur, Sr ̸= ∅, so Sr = Z. Since there
is no cycle in (H ∪mT ) + uw containing the edge uw and all connected components of
H ∪mT except CkC are C-free, CkC is the only copy of a graph in C in (H ∪mT ) + uw.
Hence (H ∪mT )+uw does not contain a graph in FC of the second, third or fourth type,
so must contain a copy F of a graph in FC of the first type. Then F must contain the
edge uw, for otherwise H ∪mT would contain F , and there is no cycle in (H ∪mT )+uw
containing the edge uw, so (T1∪T2)+uw contains a graph in Fr by property 2. But every
graph Tr + e obtained by adding a new edge e to Tr contains a cycle and (T1 ∪ T2) + uw
is a tree, so (T1 ∪ T2) + uw must contain a graph 2Tr + e obtained from 2Tr by adding an
edge e between the two copies of Tr. Hence r ⩽ |T |, since |T1| = |T | = |T2| and |Tr| = r.

Now suppose r ∈ {6} ∪ Z⩾8. We argue as in the proof of the special case. We show
that all connected components K ̸= CkC of H ∪mT are isomorphic to Tr and hence that
T ∼= Tr and H ∼= CkC ∪ kTr for some integer k ⩾ 0. We show that K ∈ F ′

r, which implies
K ∼= Tr, for otherwise H ∪mT would contain a graph in FC of the first type. Let v ∈ K.
If r ⩾ 6 is even, we need to show that v is adjacent to a vertex of degree at least r/2, and
if r ⩾ 9 is odd, we need to show that v is either adjacent to a vertex of degree at least
r− 5 or adjacent to a vertex of degree at least three which is adjacent to a vertex distinct
from v of degree at least three.

Since m ⩾ 2, there is a connected component T3 ̸= K of H ∪ mT isomorphic to T .
Pick a vertex ℓ ∈ T3 of degree at most one. Then there is no cycle in (H ∪mT ) + vℓ
containing the edge vℓ, since v and ℓ are in different connected components of H ∪mT ,
and all connected components of H∪mT except CkC are C-free, so CkC is the only copy of
a graph in C in (H ∪mT )+ vℓ. Hence (H ∪mT )+ vℓ does not contain a graph in FC′ for
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all C ′ ̸= C, since all such graphs contain CkC′ ̸∼= CkC , and does not contain a graph in FC

of the second, third or fourth type. So (H ∪mT ) + vℓ must contain a copy F of a graph
in FC of the first type. Then F must contain the edge vℓ, for otherwise H ∪mT would
contain F , and there is no cycle in (H ∪mT )+vℓ containing the edge vℓ, so (K∪T3)+vℓ
contains a copy of a graph in Fr that contains v by property 2.

Hence, if r ⩾ 6 is even, v is adjacent to a vertex of degree at least r/2 in (K∪T3)+vℓ.
But ℓ has degree at most two in (K ∪ T3) + vℓ and r/2 ⩾ 3, so v must be adjacent to a
vertex of degree at least r/2 in K, as required. If r ⩾ 9 is odd, v is either adjacent to
a vertex of degree at least r − 5 or adjacent to a vertex of degree at least three which is
adjacent to a vertex distinct from v of degree at least three in (K ∪ T3) + vℓ. But ℓ has
degree at most two in (K ∪ T3) + vℓ and r − 5 ⩾ 4, so v must be either adjacent to a
vertex of degree at least r − 5 or adjacent to a vertex of degree at least three which is
adjacent to a vertex distinct from v of degree at least three in K, as required. ■

Using Claims 6 and 7 and induction on r, it is easy to show that U ′
r = Ur for every

integer r ⩾ 1.

4 Singleton families

In this section we discuss the error in [6] and prove Theorem 3. To prove Theorem 3, we
will need the following key lemma.

Lemma 4. Let F be a graph and T be a tree such that every graph T + e obtained by
adding a new edge e to T and every graph 2T + e obtained from 2T by adding an edge e
between the two copies of T contains a connected component of F that is not contained
in T . Then for every integer n there is an F -saturated blueprint (H,T ) with |H| ≡ n
mod |T |.

We first prove Theorem 3 using Lemma 4.

Theorem 3. For every graph F , either there is an integer r ⩾ 1 such that

sat(n, F ) =

(
1− 1

r

)
n+O(1)

and the O(1) term is eventually constant within each residue class modulo r or

sat(n, F ) ⩾ n+ o(n).

The former occurs if and only if there is a tree T such that every graph T + e obtained by
adding a new edge e to T and every graph 2T + e obtained from 2T by adding an edge e
between the two copies of T contains a connected component of F that is not contained
in T and r is the minimum number of vertices in such a tree.

Proof. Let F be a graph. Apply part 1 of Theorem 2 to the family F = {F} and recall
from the proof of Theorem 2 that for every integer r ⩾ 1, Sr is the set of integers n for
which there exists an F -saturated blueprint (H,T ) with |H| ≡ n mod r and |T | = r.
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Claim 1: If (H,T ) is an F -saturated blueprint then every graph T + e obtained by
adding a new edge e to T and every graph 2T + e obtained from 2T by adding an edge e
between the two copies of T contains a connected component of F that is not contained
in T .

Proof: Let k0 be the number of connected components of F which are contained in T .
As (H,T ) is an F -saturated blueprint, there exists an integer k ⩾ max{k0, 2} such that
G := H ∪ kT is F -saturated. Suppose for the sake of contradiction that the claim does
not hold. Then, there exists a missing edge e in kT ⊆ G such that adding e to G does not
create a connected component of F that is not contained in T . As G is F -saturated, G+e
contains a copy of F . All connected components of this copy which are not contained in
T must lie in H, as adding e did not create any such connected components. Finally, kT
contains the k0 connected components of F which are contained in T , so G contains F , a
contradiction. ■

Combining Claim 1 and Lemma 4, we obtain that for all integers r ⩾ 1, either Sr = ∅
or Sr = Z, with the latter occurring if and only if there is a tree T on r vertices such
that every graph T + e obtained by adding a new edge e to T and every graph 2T + e
obtained from 2T by adding an edge e between the two copies of T contains a connected
component of F that is not contained in T . This proves the theorem.

We now discuss the error in [6]. So far, our approach to proving Theorem 3 is essentially
the same as that in [6] (though only singleton families are considered there, so there is no
result like part 1 of Theorem 2) and it is in the proof of the analogue of Lemma 4 that
the mistake arises. More precisely, the error in [6] is in the proof of Theorem 2, in the
sentence between the third and fourth pages (labelled as pages 311 and 312), where it is
incorrectly claimed that ‘every graph Ha,b is F -saturated’. See Remark 7 for an explicit
example where Ha,b is not F -saturated.

The approach taken there to prove Lemma 4 is to take H to be the disjoint union of
cliques of carefully chosen sizes. Before giving a correct proof of Lemma 4, we provide
an example where we cannot take H to be a disjoint union of cliques. This shows that
a novel construction is required to prove Lemma 4, rather than just a different choice of
the sizes of the cliques.

Example 1. Let T be the star on eight vertices. Let F△, FCC, FCL and FLL denote the
following graphs, respectively: a triangle, two disjoint copies of T plus an edge between
their centers, two disjoint copies of T plus an edge between the center of one copy and
a leaf of the other copy, and two disjoint copies of T plus an edge between two leaves of
different copies. Let F := F△∪FCC∪FCL∪FLL. Then F and T satisfy the assumptions of
Lemma 4. Furthermore, if H is a disjoint union of cliques and (H,T ) is an F -saturated
blueprint, then |H| ̸≡ −1 mod 8.
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Figure 10: The graph F .

Proof. It is easy to see that adding a missing edge to T creates a copy of F△. Similarly,
adding an edge between two disjoint copies of T creates a copy of FCC , FCL or FLL.
Hence, F and T satisfy the assumptions of Lemma 4.

Suppose H is a disjoint union of cliques and (H,T ) is an F -saturated blueprint. Thus,
there exists an integer k ⩾ 1 such that H ∪ kT is F -saturated. Note that adding an edge
between two leaves of a copy of T creates a copy of F△ but no other connected component
of F . Since adding a missing edge to H ∪ kT creates a copy of F , this implies that H
contains F \ F△ = FCC ∪ FCL ∪ FLL.

Next, note thatH does not have connected components of size one or two, as adding an
edge between such connected components and a copy of T would not create a connected
component of F (and so it would not create a copy of F ). Hence, every connected
component of H contains F△ (since these connected components are cliques). Since
F \ F△ has exactly three connected components and H contains F \ F△, it follows that
H has at most three connected components, as otherwise H (and hence H ∪ kT ) would
contain F .

Finally, we bound the size of H from below and above. First, since H contains F \F△,
we have |H| ⩾ |F \ F△| = 48. On the other hand, fixing a copy of F \ F△ in H, if some
connected component of H contains three vertices outside the copy, then H contains F ,
a contradiction. Thus, each connected component of H contains at most two vertices
outside the copy of F \ F△. As H has at most three connected components, this implies
|H| ⩽ |F \ F△| + 6 = 54. Hence 48 ⩽ |H| ⩽ 54. In particular, |H| ̸≡ −1 mod 8, as
required.

Remark 7. For F and T as in Example 1, the graph Ha,b claimed to be F -saturated
in [6] is aK15 ∪ bK14 ∪ 4(K15 ∪ T ) ∪K47, where a, b ⩾ 0 are integers. Observe that Ha,b

does not contain FCC ∪ FCL ∪ FLL, so it is F -free, but adding a new edge e between two
leaves of a copy of T does not create a copy of FCC , FCL or FLL. Hence Ha,b + e is still
F -free, so Ha,b is not F -saturated.

Remark 8. Note that to prove Theorem 3 a weaker version of Lemma 4 would suffice
where we additionally assume that T is the smallest tree satisfying the assumptions.
However, Example 1 still applies: it is easy to check that T is the unique smallest tree
such that the assumptions of Lemma 4 hold.

We now prove Lemma 4.

Proof of Lemma 4. Let F ∗ be the union of all connected components of F which are not
contained in T . It is straightforward to check that a blueprint (H,T ) is F -saturated if
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and only if it is F ∗-saturated. Therefore, we may assume that no connected component of
F is contained in T . Also, F must have a connected component that is a tree, as adding
an edge between two disjoint copies of T creates a connected component of F .

Claim 1: For every integer k ⩾ 0, K|F |−1∪kT is F -saturated. In particular, (K|F |−1, T )
is an F -saturated blueprint.

Proof: Note that K|F |−1 ∪ kT is F -free, since K|F |−1 is F -free and no connected
component of F is contained in T . It remains to show that adding a missing edge xy
to K|F |−1 ∪ kT creates a copy of F . If x and y belong to one or two copies of T , say
T1 and T2, then (T1 ∪ T2) + xy contains a connected component F0 of F by assumption.
As K|F |−1 contains F \ F0, it follows that K|F |−1 ∪ [(T1 ∪ T2) + xy] contains F . Suppose
instead that, say, x belongs to K|F |−1. Recall that F has a connected component that is
a tree, meaning that F has a vertex of degree one. Thus, (K|F |−1 ∪ {y}) + xy contains F ,
as required. ■

If |T | = 1 then Claim 1 proves Lemma 4, so suppose that |T | ⩾ 2 and let n be an
integer. We need to show that there is an F -saturated blueprint (H,T ) with |H| ≡ n
mod |T |. First, we consider an easier case.

Claim 2: If a connected component of F is a star then there exists an F -saturated
blueprint (H,T ) with |H| ≡ n mod |T |.

Proof: Suppose that a connected component F0 of F is a star on, say, ℓ + 1 vertices.
Pick an integer 0 ⩽ m ≡ n−|F |+1 mod |T | and let H∗ := K|F |−1∪ Im∪ (ℓm−m+1)T ,
where Im is an independent set of size m. Note that H∗ is F -free, since K|F |−1 is F -free
and no connected component of F is contained in T . Hence we can add edges to H∗ to
obtain an F -saturated graph H.

Note that all new edges are incident to Im, as otherwise H would contain a copy of[
K|F |−1 ∪ (ℓm−m+ 1)T

]
+ e for some missing edge e, and hence F by Claim 1. Note

also that each vertex in Im has at most ℓ− 1 neighbours in (ℓm−m+ 1)T , as otherwise
H would contain a copy of F0 disjoint from K|F |−1, and thus a copy of F . Hence, there
are at most ℓm−m vertices in (ℓm−m+ 1)T which are adjacent to some vertex in Im.
In particular, there is a copy of T in (ℓm−m + 1)T which is a connected component in
H.

K|F |−1 Im

T

T

...

T

ℓm−m+ 1

Figure 11: The graph H. The shading denotes the presence of new edges.

We have |H| ≡ n mod |T | and so it remains to show that (H,T ) is an F -saturated
blueprint. We in fact show that H ∪ kT is F -saturated for every integer k ⩾ 0. First,
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observe that H being F -free implies H ∪ kT is F -free, since no connected component of
F is contained in T . Let e be a missing edge in H ∪ kT . If e is not incident to Im then
(H ∪ kT ) + e contains

[
K|F |−1 ∪ (ℓm−m+ 1 + k)T

]
+ e and hence F by Claim 1. If e

is incident to Im then (H ∪ kT ) + e contains a copy of H + e′ for some missing edge e′

(here we used the fact that there is a copy of T in (ℓm −m + 1)T which is a connected
component in H), and hence F , since H is F -saturated. This concludes the proof. ■

Note that the proof of Claim 2 is similar to that of Claim 3 in the proof of Theorem 2.
By Claim 2, we may assume that no connected component of F is a star. Given a graph
G, we say S ⊆ V (G) is a cover of G if every edge of G is incident to S. We let τ(G) be
the size of the smallest cover of G. Pick an integer |F | ⩽ m ≡ n− τ(F )+ 1 mod |T | and
let H∗ be the graph consisting of two disjoint sets of vertices A and B, of size τ(F ) − 1
and m respectively, and all edges incident to A. Since τ(H∗) = |A| = τ(F ) − 1 < τ(F ),
H∗ is F -free. Hence we can add edges to H∗ to obtain an F -saturated graph H.

A B

τ(F )− 1 m

Figure 12: The graph H. The dark and light shades denote the presence of all and some
edges, respectively.

Note that |H| ≡ n mod |T |, so it remains to prove that (H,T ) is an F -saturated
blueprint. We in fact prove that H ∪ kT is F -saturated for every integer k ⩾ 0. First,
note thatH∪kT is F -free, sinceH is F -free and no connected component of F is contained
in T . It remains to show that (H ∪ kT )+xy contains F for every missing edge xy. There
are four cases to consider. The first two are straightforward, while the latter two require
the power of our construction.

Case 1: x, y ∈ H.
As H is F -saturated, H + xy (and hence (H ∪ kT ) + xy) contains F .
Case 2: x, y ̸∈ H.
Then x and y must lie in one or two copies of T , say T1 and T2. By assumption,

(T1∪T2)+xy contains a connected component F0 of F . Since τ(F \F0) = τ(F )−τ(F0) ⩽
τ(F )− 1 = |A| and |B| = m ⩾ |F |, H∗ contains F \F0, so H∗ ∪ [(T1 ∪ T2) + xy] contains
F .

Case 3: x ∈ A and y ̸∈ H.
We have that y lies in some copy Ty of T . Let T1 and T2 be two trees isomorphic to

T . We have graph isomorphisms f1 : Ty → T1 and f2 : Ty → T2. Let y1 := f1(y) and
y2 := f2(y) be the copies of y in T1 and T2, respectively. By assumption, (T1 ∪ T2) + y1y2
contains a copy F0 of a connected component of F . Note that F0 must contain the edge
y1y2 (and hence the vertices y1 and y2), as otherwise F0 would be contained in T . Let
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C1 ⊆ T1 and C2 ⊆ T2 be the connected components of F0 − y1y2 containing y1 and y2,
respectively.

Now we explain how to embed F in (H∗ ∪ Ty) + xy. Note that

F ∼= [(F \ F0) ∪ C1 ∪ C2] + y1y2.

We will embed F \ F0, C1, C2 and y1y2 separately. Let S be a cover of F0 of minimum
size, i.e. with |S| = τ(F0). By the definition of a cover, we have {y1, y2}∩S ̸= ∅. Without
loss of generality, y1 ∈ S.

First, suppose that |C2| ⩾ 2, which implies |S ∩C2| ⩾ 1. Embed F \F0 and C1 in H∗.
This is possible since S ∩ C1 is a cover of C1,

τ(F \ F0) + |S ∩ C1| = τ(F )− |S ∩ C2| ⩽ τ(F )− 1 = |A|

and |B| = m ⩾ |F |. As y1 ∈ S ∩ C1 and x ∈ A, we can choose to send y1 to x. Next,
embed C2 in Ty via f−1

2 . In particular, y2 is sent to y. Finally, embed the edge y1y2 as xy.
Next, suppose that |C2| = 1, which implies C2 = {y2}. Since F0 is not a star, it follows

that τ(F0) ⩾ 2. First, embed C1 in Ty via f−1
1 . In particular, y1 is sent to y. Next, embed

C2 = {y2} as x. Then, embed F \ F0 in H∗ − x. This is possible since

τ(F \ F0) = τ(F )− τ(F0) ⩽ τ(F )− 2 = |A \ {x}|

and |B| = m ⩾ |F |. Finally, embed the edge y1y2 as yx.

A

B

F \ F0 C1

C2

Ty

y1
y2

A

B

F \ F0

C1

Ty

y2

y1

Figure 13: The embeddings in Case 3. The subcases |C2| ⩾ 2 and |C2| = 1 are on
the left and right, respectively. The red circle and the yellow square represent x and y,
respectively.

Case 4: x ∈ B and y ̸∈ H.
We have that y lies in some copy Ty of T . Let T1 and T2 be two trees isomorphic to

T . We have a graph isomorphism f : Ty → T1. Let y1 := f(y) be the copy of y in T1,
ℓ ∈ T2 be a leaf (note |T | ⩾ 2) and ℓ′ ∈ T2 be the unique neighbour of ℓ. By assumption,
(T1 ∪ T2) + y1ℓ contains a copy F0 of a connected component of F . Note that F0 must
contain the edge y1l (and hence the vertices y1 and ℓ), as otherwise F0 would be contained
in T . Let C1 ⊆ T1 and C2 ⊆ T2 be the connected components of F0 − y1l containing y1
and ℓ, respectively.

Now we explain how to embed F in (H∗∪Ty)+xy. Let S be a cover of F0 of minimum
size, i.e. with |S| = τ(F0). Then S ′ := [(S \ {ℓ}) ∪ {ℓ′}]∩C2 is a cover of C2. If ℓ

′ ∈ C2\S,
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the edge ℓℓ′ is in F0, so ℓ ∈ S. Hence |S ′| ⩽ |S ∩ C2| ⩽ |S|. We have equality if and only
if S ⊆ C2 and either ℓ′ ∈ C2 \ S or ℓ ̸∈ S. Since the edge y1l is in F0, this happens if and
only if C1 = {y1}, the edge ℓℓ′ is in F0, y1 ̸∈ S, ℓ ∈ S and ℓ′ ̸∈ S.

Suppose first that |S ′| ⩽ |S| − 1. Note that F ∼= [(F \ F0) ∪ C1 ∪ C2] + y1ℓ. We will
embed F \ F0, C1, C2 and y1l separately. First, embed F \ F0 and C2 in H∗. This is
possible since S ′ is a cover of C2,

τ(F \ F0) + |S ′| ⩽ τ(F )− 1 = |A|
and |B| = m ⩾ |F |. As ℓ ∈ C2 \S ′ and x ∈ B, we can choose to send ℓ to x. Next, embed
C1 in Ty via f−1. In particular, y1 is sent to y. Finally, embed the edge y1ℓ as yx.

Now suppose |S ′| = |S| or equivalently that C1 = {y1}, the edge ℓℓ′ is in F0, y1 ̸∈ S,
ℓ ∈ S and ℓ′ ̸∈ S. Note that F ∼= [(F \ F0) ∪ (F0 \ {y1, ℓ}) ∪ {y1} ∪ {ℓ}] + y1l + ℓℓ′. We
will embed F \F0, F0 \{y1, ℓ}, y1, ℓ, y1ℓ and ℓℓ′ separately. Embed F \F0 and F0 \{y1, ℓ}
in H∗. This is possible since S \ {ℓ} is a cover of F0 \ {y1, ℓ},

τ(F \ F0) + |S \ {ℓ}| = τ(F )− 1 = |A|

and |B| = m ⩾ |F |. As ℓ′ ∈ F0 \ (S ∪ {y1}) and x ∈ B, we can choose to send ℓ′ to x.
Since |T | ⩾ 2, y has a neighbour y′ ∈ Ty. Embed y1, ℓ, y1ℓ and ℓℓ′ as y′, y, y′y and yx,
respectively.

A

B

F \ F0 C2
C1

Ty

ℓ y1

A

B

F \ F0 F0\{y1, ℓ}
Tyℓ′

ℓ y1

Figure 14: The embeddings in Case 4. The subcases |S ′| ⩽ |S| − 1 and |S ′| = |S| are on
the left and right, respectively. The red circle, the yellow square and the purple triangle
represent x, y and y′, respectively.
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