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Abstract

Motivated by the question of which structural properties of a graph can be
recovered from the chromatic symmetric function (CSF), we study the CSF of
connected unicyclic graphs. While it is known that there can be non-isomorphic
unicyclic graphs with the same CSF, we find experimentally that such examples are
rare for graphs with up to 17 vertices. In fact, in many cases we can recover data
such as the number of leaves, number of internal edges, cycle size, and number of
attached non-trivial trees, by extending known results for trees to unicyclic graphs.
These results are obtained by analyzing the CSF of a connected unicyclic graph
in the star-basis using the deletion-near-contraction (DNC) relation developed by
Aliste-Prieto, Orellana and Zamora, and computing the “leading” partition, its
coefficient, as well as coefficients indexed by hook partitions. We also give explicit
formulas for star-expansions of several classes of graphs, developing methods for
extracting coefficients using structural properties of the graph.

Mathematics Subject Classifications: 05E05, 05C60, 05C38
1 Introduction

The chromatic symmetric function X¢ of a graph G was introduced in [14] by Stanley as
a symmetric function generalization of the chromatic polynomial of a graph. Specifically,
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for a graph G with vertex set V' = {vy1,...,v,}, Xg is defined, for commuting variables
T1,22, .-+, by

XG - Z T(v))Lr(va) + + » Tr(vn)s

where k : V — N ranges over all proper colorings of the vertices of G. Setting the
first k variables to 1 and all other variables to zero indeed recovers the value xq(k)
of the chromatic polynomial of G. A significant body of research on Xg has focused
on Stanley’s “tree isomorphism problem”, which asks whether the chromatic symmetric
function distinguishes non-isomorphic trees. While this question remains open in general,
the chromatic symmetric function has been shown to distinguish various subclasses of
trees (see, e.g., [2, 5, 8, 10, 11, 18]), as well as for all trees up to 29 vertices [9].

Many key structural properties of a graph can be recovered from X5 by examining
its coefficients when expanded with respect to various bases of symmetric functions. For
example, expanding X in the power sum symmetric function basis reveals structural
properties such as the number of vertices, edges, girth and number of connected com-
ponents [11], the degree sequence and number of leaves for trees [11], and the number
of triangles in G [12]. In particular, X5 can tell us whether G is a connected unicyclic
graph [11]. Recently, the chromatic symmetric function has been studied [1, 6] in terms
of the star-basis, {st) | A n}, where A - n means X is an integer partition of n.

In the case that G is a tree, the authors of [6, 7] investigate the expansion X in the
star-basis, X¢ = Y, casty. They focus on the leading partition Aeaq of X, defined as
the smallest partition in lexicographic order appearing in X with non-zero coefficient.
The authors additionally provided formulas for the leading coefficient ¢y, which encodes
the degrees of the “deep” vertices in GG, and for the hook coefficients which determine the
number of non-leaf (“internal”) edges.

In this paper, we analyze the chromatic symmetric function of connected unicyclic
graphs in the star-basis. We determine some structural features of these graphs from
specific coefficients in their star-basis expansion. Our first main result, Theorem 10,
provides an explicit formula for the coefficients ¢, in the star-basis expansion when A is a
hook partition. As an immediate application, we show in Theorem 11 that the size of the
cycle in any unicyclic graph can be directly determined from the coefficient c(,). Next,
in Theorem 32, we determine the leading partition A.q for unicyclic graphs. Using Ajeaq,
we show in Theorem 43 how to compute the number of leaves in the graph. We also give
formulas for the leading coefficient ¢, for any unicyclic graph.

With our results on the hook coefficients, leading partition, and the leading coefficient,
we distinguish several classes of unicyclic graphs based on their CSF. In Theorem 12, we
show that unicyclic graphs with different cycle sizes must have differing CSFs. Finally,
in Theorem 44 we prove that cuttlefish graphs, which are a certain subclass of squids, are
distinguished from among all connected unicyclic graphs.

We also present computational data and examples of non-isomorphic graphs with a 4-
cycle that share the same CSF in Figures 15 and 16. This demonstrates that for bipartite
graphs, the CSF alone does not necessarily distinguish non-isomorphic graphs. As a
result, we establish that the tree isomorphism problem is independent of the bipartite
property in trees.

Previous work has been done on computing the chromatic symmetric function of
graphs with cycles. For example, see [4, 11, 12, 17]. We note that unicyclic graphs are
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not distinguished by their chromatic symmetric function [12, 14]. However, by analyzing
the coefficients and partitions appearing in X, we gain insight into when two unicyclic
graphs can or cannot be isomorphic.

In Section 7, we give an explicit formula for the coefficient c(,) in X when G is a
connected bicyclic graph. This coefficient depends only on the sizes of the cycles in the
graph and the number of edges shared by the two cycles. Additionally, we prove several
results involving the sums of coefficients in X indexed by partitions of the same length,
and use these results to prove that we can recover the sizes of the cycles in connected
bicyclic graphs.

This paper is organized as follows. In Section 2, we provide the necessary background.
In Section 3, we describe the coefficients for hook partitions. In Section 4, we give formulas
for the star-expansion of special families of graphs. In Sections 5 and 6, we present results
on the leading partition and leading coefficient. We use the result in Section 5 to prove
that cuttlefish are distinguished (and reconstructible) from among all connected unicyclic
graphs. In Section 7, we present results on bicyclic graphs. Finally in Section 8, we give
examples and data.
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2 Definitions and preliminaries

2.1 Graph theory

In this paper, we utilize standard definitions and fundamental concepts from graph theory.
For an overview of graph theory background, refer to, for example, [16]. For convenience
and to establish the necessary notation for this paper, we recall some of the basic concepts
here.

Graph basics

A graph G is an ordered pair (V, E), where V = V(G) is the set of vertices of G and
E = E(G) is its set of edges. The number of vertices in V is the order of G, denoted
by |V|. The degree of a vertex v is the number of edges incident to it, and is denoted
by deg(v). The degree sequence of a graph is the list of the degrees of all of its vertices,
arranged in non-increasing order.
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A graph G is said to be simple if G contains no loops or multiple edges between two
vertices. All graphs in this paper are assumed to be simple, unless otherwise stated. A
path in a graph G is a sequence of distinct vertices vy, ..., v, such that v;v;,; is an edge
in £(G) for each 1 < i < n—1. A path on n vertices in a graph is denoted by P,. A
graph G is connected provided that there is a path between any two vertices in V(G). A
cycle is a graph with an equal number of vertices and edges whose vertices can be placed
around a circle so that two vertices are adjacent if and only if they appear consecutively
along the circle.

We denote by C), a cycle on n vertices in a graph. A graph is a tree if there is a unique
path between any two vertices. Equivalently, a tree is a connected graph that contains
no cycles. A rooted tree is a tree with a designated root vertex. We call a tree comprised
of a single vertex a trivial tree, while any tree with more than one vertex is a non-trivial
tree. A graph such that each of its connected components is a tree is called a forest.

A unicyclic graph is a graph that contains exactly one cycle. Connected unicyclic
graphs can also be characterized as simple graphs whose number of edges equals the
number of vertices. In this paper, we consider connected unicyclic graphs G constructed
from c rooted trees 17, ...,T,. by adding edges between the roots of consecutive trees T;
and T;.1 for 1 < i < ¢ — 1, and connecting the root of T, with the root of T}, creating a
cycle of size ¢ in the graph G with vertices corresponding to the roots of the trees. We
also call such a graph a c-unicyclic graph. We use r to denote the number of non-trivial
rooted trees. See Figure 1 for an illustration.

Figure 1: A connected unicyclic graph with a c-cycle and ¢ (potentially trivial) rooted
trees.

For example, the graph on the left of Figure 2 is a unicyclic graph constructed from 4
rooted trees with roots vy, v, v3 and vy where vy is the root of a trivial tree. In this case,
we have r = 3.

Vertex and edge types

We now define specific types of vertices and edges in a graph that will be used throughout
the paper. An internal vertex is a vertex with degree at least two. A leaf is a vertex of
degree one. An internal vertex is a deep verter if it has no adjacent leaves. An internal
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edge is an edge such that both of its endpoints are internal vertices, while a leaf-edge is
an edge such that at least one of its endpoints is a leaf. For a graph G, we denote by I(G)
the set of all internal edges of G. The connected components of the graph G \ I(G) are
referred to as the leaf components. For a connected unicyclic graph G with ¢ rooted trees
(as constructed above), we say vertex v is a sprout if it is a deep vertex on the c-cycle
that is of degree at least three.

Example 1. Let G be the graph in the left of Figure 2 on 14 vertices. The internal
vertices are vy, vq, V3, U4, Us, V11, V12, and the deep vertices are vs, vy, v17. The only sprout

is V3.
Vg 3
V1o Vs V1o ._I vy
o
7

._. U7

(i v

V13 Uiz Ui U3

‘oo O—I oo oov
V14 Vg V14 I Vg

Figure 2: Left: A unicyclic graph G on 14 vertices; right: G\ 1(G).

2.2 Symmetric functions

A partition is a sequence A = (A, Ag..., \;) of positive integers such that Ay > Ay >
... = A,. We say that ) is a partition of n, denoted A = n or [A| =n, if > . \; = n. Each
A; is a part, and the number of parts is the length of A, denoted ¢(\). If A has exactly
m; parts equal to ¢ for 1 < i < n, we may also denote A by A = (1™2™2 ... n™). A
hook partition of n is a partition of the form A = (n —mq, 1™), including the case where
my = 0. The total ordering on partitions of n that we use throughout the paper is the
lezicographic order: p < Nif p = Xor u; = A for 1 <7 < j and p; < A; for some
1<j <L)

Algebra of symmetric functions

A formal power series f in a countably infinite set of commuting variables x1, zo,... is
called a symmetric function if it has bounded degree and is invariant under the action of
any permutation w of the positive integers on the indices of the variables, that is

f(ﬂl?l,xz, .- ) = f(33w(1)713w(2); e )

Let A™ be the vector space of all homogeneous symmetric functions of degree n. The r-th
elementary symmetric function e, is defined by

€r = Z Tiy Ty ** Ly
1<t <-<ip

For a partition A = (A1, Aa, ..., Ax), the elementary symmetric function corresponding to
A is given by
€\ — 6>\1€)\2 s 6)\1@
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forms a basis of A", called the elementary basis. Using the elementary symmetric func-
tions, we can define the graded QQ-algebra of symmetric functions, denoted by A, as

A=A ®AN ®AN @, where A" := Spang{e, | At n} forn > 1,
and A := Q.

The chromatic symmetric function

Let G be a finite graph with vertex set V. = {vy,...,v,}. A proper coloring of G is
a function £ : V. — N such that x(v;) # k(vj) whenever v;v; is an edge of G with
1 <1< j <n. The chromatic symmetric function (CSF) [14] of G is defined by

XG - Z Tr(v))Tr(v2) + + » Tr(vn)s

where the sum is over all proper colorings s of G. The function X is a homogeneous
symmetric function of degree n, where n is the order of G. In the case that G is a
disjoint union of two subgraphs, G = H; U Hy, the chromatic symmetric function of G is
Xe = Xy, -Xp,. In their work [3], Cho and van Willigenburg give new bases of symmetric
functions using the chromatic symmetric function and they proved the following result.

Theorem 2 ([3, Theorem 5|). For any positive integer k, let Gy, denote a connected graph
with k vertices and let {Gy}r=1 be a family of such graphs. Given a partition A = n, of
length £, define Gy = Gy, UGy, U---UGy,. Then {Xg, | A\Fn} is a basis for A”.

The star-basis

In this paper, we focus on the star-basis of symmetric functions, which is constructed from
the chromatic symmetric functions of star graphs. A star graph on k vertices, denoted
by Sty, is a tree with & — 1 vertices of degree 1 and one central vertex of degree k — 1.
We denote the chromatic symmetric function of St; by st;, := Xg,. For a partition A =
(A1, A2, ..., A¢), the chromatic symmetric function of the star forest Sty, LISty, LI- - - LISty,
is denoted by

sty = 5f>\15t)\2 . '5t>\e .

By Theorem 2, the set {sty | A\ F n} is a basis, called the star-basis, for the space A™.
Hence, we may express X as:
XG = Z C)\sb\ .

AFn

Definition 3. Given a graph G, we define the leading partition to be the smallest parti-
tion in lexicographic order such that ¢y, # 0, where X = >, c\st) is the star-expansion
of G, which will be denoted Aeaq(Xg). When the context is clear, we will use Ajeaq for
short.

An algorithm is given in [1] for writing the chromatic symmetric function of a graph in
the star-basis; this involves the deletion-near-contraction relations, which we recall next.

Given two sequences a = (ai,...,a,) and b = (by,...,b,), let (a,b) = a-b =
(ay,...,ap,b1,...,b,). Let sort() be the function that orders a sequence into a parti-
tion. The next lemma follows from the definitions of leading partition and lexicographic
order. We will use it in the proofs in Sections 5 and 6.
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Lemma 4. Let Hy and Hy be two graphs. Then we have Neaq (X, um, ) = S0rt(Aead (X, ) -
)\lead<XH2))-

2.3 Deletion-near-contraction relation

Denote by G \ e the graph obtained from G by deleting edge e. The leaf-contraction
operation is denoted G ® e and yields the graph obtained by contracting edge e and
attaching a new leaf to the vertex that results from this contraction, connected by a new
leaf-edge ¢.. The dot-contraction (G ® e) \ £, amounts to contracting edge e and then
adding an isolated vertex.

We note that if G’ contains a 3-cycle and e is an edge on the cycle, then G ® e and
(G®e)\ L, will produce graphs with multiple edges. To ensure that all graphs are simple,
we will delete any duplicate edges in these cases.

Proposition 5 ([1]). [The deletion-near-contraction (DNC) relation] Let G be a simple
graph and e be any edge in G. Then

Xae = Xae — XGoe)te T Xaoe-

Observe that if e is a leaf-edge, then the DNC relation does not provide any new
information for Xg, as G\ e = (G ®e)\ l. and G ® e = G. Thus, we will only apply
the DNC relation to internal edges of G. Furthermore if e is an internal edge, then the
graphs G \ e, (G ®e)\ L., and G ® e each have fewer internal edges than G. Note that
a simple graph with no internal edges is a star forest. Therefore, by repeatedly applying
the DNC relation to internal edges, we can express X as a linear combination of st,,
where A is a partition of the number of vertices of G.

We now recall the star-expansion algorithm introduced in [1], which formalizes the
recursive construction of X in the star-basis described above.

Algorithm 1: Star-expansion

1 Input: A simple graph G.

2 Initialization: Let T be a tree with root labeled G and no edges.

3 Iteration: If H is a leaf 7 and H has some internal edge e, then extend T by
adding three children to H labeled H \ e, (H ®e) \ {., and H ® e. Label the
three new edges with + or — according to the corresponding coefficient in the
DNC relation. The algorithm terminates when all leaves in 7 contain no
internal edges.

4 Output: A rooted tree T(G) with leaves labeled by star forests.

We call the output of the star-expansion algorithm the DNC-tree. Using the DNC-
tree, the authors in [1] demonstrated how to write the star-expansion of Xg. We first
introduce some notation. Let ¢(H) and +(G) denote the number of isolated vertices of
the graphs H and G, respectively. Let A\(H) be the partition whose parts correspond to
the orders of the connected components of H.

Theorem 6 ([1]). For every simple graph G, let T(G) be a DNC-tree obtained from the
star-expansion algorithm, and let L(T (G)) be the multiset of leaf labels of T (G). Then

XG = Z (—1)L(H)_L(G)5t>\(H).
HeL(T(GQ))
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In addition, no cancellations occur in the computation; that is, for any partition \, all
terms sty appear with the same sign.

Example 7. We give an example of the star-expansion algorithm in Figure 3 for the
graph G at the top of the DNC-tree. The red edges indicate to which edge the DNC
relation is applied. The resulting CSF in the star-basis is

X = 2stg) — 2531y + 5t(2,2).

P
l— [ &

Figure 3: The DNC-tree T (G).

3 Coefficients for hook partitions

We give the coefficients for hook partitions for all connected unicyclic graphs. First, we
give a known fact about the coefficients of hook partitions for trees.

Proposition 8 ([6], Proposition 3.8). Let T' be an n-vertex tree and k be the number of
internal edges of T'. If Xp =), cxsty, then

o [ K
Cln—my,1m1) = (=)™ (ml)

Note that a unicyclic graph with cycle size c always has at least ¢ internal edges. The
following lemma is the base case for Theorem 10, which is proved by induction on the
size of the cycle.

Lemma 9. Let G be a connected unicyclic graph on n wvertices with one 3-cycle, let
A = (n—mq,1™) be a hook partition (note my # n — 1), and let k be the number of
internal edges of G. Let 0 < r < 3 be the number of (non-trivial) rooted trees on the
3-cycle. If X =)\, Crsty then

oy = (—1)™ [(r . 1)<:L1—_21) + 2(1{37;2)} .

Proof. We prove each case for r separately.
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0. Observe that when r = 0, the graph G is the cycle graph on 3 vertices, C3, and
Xy = 25t3) — 1st(21). This agrees with the formula since k = 3.

1. Suppose r = 1, and let e be an edge on the cycle that is adjacent to the single rooted
tree. The graph G'\ e is a tree with k£ — 2 internal edges, so the coefficient c(,—p,, 1m1)
in Xee is (—1)™ ('Zf) by Proposition 8. The graph (G ® e) \ /. is the union of an
isolated vertex and a tree with k& — 3 internal edges, so the coefficient c(,_p,, 1m1) in
XGoene is (=1)™ 1 (n]f;_?’l) The graph G ® e is a tree with k — 3 internal edges,

s0 the ci—m,;,1m1) In Xgae) is (—1)™ (]:13). Theorem 5 and Pascal’s rule imply that

: my [ (k=2 k—3 -3\ _ my [ (k=2 -2y _

in Xa, cuomimn = ()™ (52 + (575 + (529)] = (om |62 + (52 =
m k—2

(=™ |2(57)].

2. Suppose r = 2, and let e be an edge on the cycle that is adjacent to only a single
rooted tree. Following a similar argument as above, the graph G \ e is a tree with
k — 2 internal edges, so the coefficient c(p—pm,,1m1) in X is (=1)™ (':12). The
graph (G ® e) \ /. is the union of an isolated vertex and a tree with k& — 2 internal
edges, SO C_my1m) I XGoeps, 18 (—1)™71 (751__21) The graph G ® e is a tree
with & — 2 internal edges, S0 c(—m,1m1) In X(gee) is (—1)™ (]:12). Thus in Xg,

oy = (<1 [ (52) + (572) + (59)] = (ome [ (572 +2(42)].

3. Let » = 3, and let e be any edge on the cycle. The graph G \ e is a tree with
k — 1 internal edges, so the coefficient ¢(;,—pm, 1m1) in X\ is (=1)™ (kn;l). The graph
(G ®e)\ L is the union of an isolated vertex and a tree with k£ — 2 internal edges,
SO Cn—my,1m1) 0 X(Goe)\r, 18 (—1)ma—t (T:;QI) The graph G ® e is a tree with k — 2

internal edges, so ¢(n—m,;,1m1) in X(gee) is (—1)™ (’;12). Thus in Xg,

cormamy =0 () (5 72)+ (49)]
o2 2207

The following theorem, which we will prove by induction on the cycle size, covers the
general case of hook coefficients for connected unicyclic graphs, where Theorem 9 is the
base case.

O

Theorem 10. Let G be a connected unicyclic graph on n vertices with a single cycle of
size ¢ = 3, let X = (n —myq, 1™) be a hook partition, k be the number of internal edges
of G, and r > 0 be the number of non-trivial rooted trees attached to the cycle in G. If
Xa =D e, a8ty then

comamy = (0" [ =0 F 7% ) = (%) (1)
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Proof. We will split into cases based on the number of rooted trees.

Case 1 (r > 1): We proceed by inducting on the size of the cycle ¢. The base case
when ¢ = 3 is Lemma 9. Now suppose that the claim is true for any unicyclic graph
with a cycle of size ¢ = z > 3. Let GG be a connected graph on n vertices with a single
cycle of size 2+ 1, r > 1 rooted trees, and k internal edges. We show that the coefficient

Cln—my,1m1) in Xg is (=1)™ [(7’ - 1)(7:;21) + z(’j;f)] Since r > 1 and the rooted trees
can be placed anywhere on the cycle, there is either an edge on the cycle that is adjacent
to only a single rooted tree, or there exists no such edge and hence every edge of the cycle

is adjacent to two rooted trees. We examine each case separately.

Case la: Suppose e is an edge on the cycle that is adjacent to only a single rooted
tree. G\ e is a tree with k — 2 internal edges, so the coefficient c(,—m, 1m1) in Xee is
(=1 (& 12). Next, (G ®e) \ £ is the union of an isolated vertex with a unicyclic graph
with cycle size z, r rooted trees, and k—1 internal edges. By our inductive hypothesis, the

coefficient ¢(,—pm, 1m1) In X(goepe, is (—1)™ 1 [(r - 1)(775;_?’2) +(z—1) (7:;_31)] Finally,
G ®e is a unicyclic graph with cycle size z, r rooted trees, and k —1 internal edges. Again
by our inductive hypothesis, ¢(,—m, 1m1) in Xgee is (—1)™ [(r —1) (n];_—g1) +(z—1) (kn:f)] .

Thus by the DNC relation and Pascal’s rule, the coefficient of c(,—p,, 1m1) in Xg is

oty =(—=1)™ [(:f) +(r=1) Knl;_—z) N (ﬂfl_—gl)}
w0 () ()]
_(—1ym K’“ﬂf) +(r=1) (ﬂfl__gl) Tl (’i;fﬂ

iy {(r 1) (7:1_—21) + Z(knfﬂ |

Case 1b: Suppose e is an edge on the cycle that is adjacent to two rooted trees. So
r > 2. Following a similar argument as above, G \ e is a tree with £ — 1 internal edges,
so the coefficient c(;—pm, 1m1) in X\ is (=1)™ ('“T;ll). Next, (G ® e) \ £ is the union of
an isolated vertex with a unicyclic graph with cycle size z, » — 1 rooted trees, and k£ — 1
internal edges. By our inductive hypothesis, the coefficient c(—m, 1m1) in X(goepe. is

(—1)m-1 [(7‘ —2)( k=3 )+ (z—1) (ﬂffl)} . Finally, G ® e is a unicyclic graph with cycle

mi1—2
size z, —1 rooted trees, and k£ —1 internal edges. By our inductive hypothesis, ¢@—m,,1m1)

in Xgee is (—1)™ [(r —2)( k3 )+ (z—1) (k;;?’)} Thus the coefficient c(,—m, 1m1) in X

mi1—1
1S

(L) Rl A BY )
e[ )
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—_— (kn;1> L (r—2) (?:1—_21) +(z—1) (::12)]
I AT
1y :(r 1) (n’;—_21> 4 Z(kn;f)} .

Case 2 (r = 0): We again induct on the size of the cycle ¢. Suppose that for any
cycle graph C, on z vertices where z > 3, the hook coefficients are

C(zmmam) = (=1)™ [— (?;1—_21> +(z—-1) (Zn_lf)} .

This follows from r» = 0 and n = k = z in this case. Let G = C,;. We show that the
hook coefficients in C,; are

Clz+1—mq,1m1) = (_1) 1 |:_ (ml - 1> " z( my )] .

Let e be any edge on the cycle. Then G'\e is a tree with z—2 internal edges, S0 ¢(o41—m,,1m1)
in Xee is (=1)™ (:12). Now, (G ® e) \ L. is the union of an isolated vertex with the
cycle graph on z vertices. By our inductive hypothesis, the coefficient c(,41-pm, 1m1) in

X (oo, 18 (—1)™ ! [_( )+ (2 1) (;;_21)] Finally, G ®e is a unicyclic graph with

mi1—2

cycle size z, 1 rooted tree, and z internal edges. By case 1, cq41-m,1m1) in Xgee is
(—1)m1 [(z — 1) (27;12)} . Thus the coefficient Clz+1—mq,1™1) in XG is

o e (212) ) (;:_22) +(z-1) (7;—_20 +(z-1) <z”;2)]
T~ (zn;2> ) (;1—_21> B (7;—_11) +(z—1) (:;1”
=(=)™ - <7;_—11) - Z<Zr;11>] ' -

Consequently, given any connected unicyclic graph G, we can determine the coeffi-
cients for the elements in the star-basis expansion corresponding to hook partitions. We
immediately obtain the following corollaries.

Corollary 11. Let G be a connected unicyclic graph of order n with a single cycle of size
c=23. If Xg =)\, sty then
C(n) =c—1.

Corollary 12. If Gy and G5 are connected unicyclic graphs with cycles of different sizes,
then XG1 7é XG2 .

In particular, the previous corollary shows that the star-expansion of the chromatic
symmetric function of a unicyclic graph can be used to distinguish the cycle C), from other
connected unicyclic graphs of order n. The cycle will be the only connected unicyclic
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graph with ¢,y = n — 1; alternatively, it will be the only connected unicyclic graph for
which ¢ 1n-2y # 0, since no other connected unicyclic graph with n vertices satisfies
k =n.

Next, we show how the longest hook partition encodes the relationship between the
number of internal edges and rooted trees.

Proposition 13. Let G be a connected unicyclic graph of order n, k internal edges, r
rooted trees, and a cycle of size ¢ > 3. If X¢ = Y\, exsty and \* = (n —myq, 1"™) is the
longest hook partition such that cx» # 0, then

b my+2 ifr=0orl,
N my+1 ifr>2.

Furthermore, the coefficient cyx» corresponding to the longest hook partition is

(-1 ifr =0,
o =1 (=D 2(c—1) ifr=1,
(=D)*Yr—1) ifr>2.

Proof. We consider the cases when r = 0, r = 1, and r > 2 separately. First consider
when r = 0, that is, G is cycle graph C,,, and n = k = ¢. Then Equation (1) reduces to

Clnmy ) = (—1)™ [— (77];_—21) +(k—1) (kn;f)} '

The largest m; such that c(,—m,1m1) # 0 is m; = k — 2, since the next hook longer
than the partition (n — k + 2,1¥72) = (2,1%72) is (1*), which is when m; = k and hence
cary = 0. Next, consider when 7 = 1. Then Equation (1) reduces to

Gy = (—1)™ {(c —1) (:12)1

and we again see that the largest m; such that cg,—p, 1m1) # 0 is m; = k — 2. Finally, if
r = 2, the largest m, such that ¢, 1m1) # 0is m; = k—1, as can be seen by examining
Equation (1). O

Example 14. Let G be the graph in Figure 4. We have that X = 3 stg)—10st71) +
45f(572) + 125t(67171) + 25f(5’3) — 105{1(57271)—65{(571,171) + 15f(4’4) — 55t(47371) + 25{1(47272) +
86to1,1) t16tu1,1,1,1) +285t332) +26t331,1) —45t3221) —25t321,1,1) +186t2221,1). The
hook coefficients are highlighted in red and match Equation 1 asn =8,c¢ =4,k =5, and
r=2.

Additionally, the longest hook partition is A\* = (4,1,1,1,1) and the corresponding
coefficient is cy» = (=1)*1(r — 1) = 1.

Corollary 15. Let GG; and G5 be connected unicyclic graphs on n vertices with ki and
ko internal edges and r1 and ry rooted tree respectively. If ky = kg and ry # ry then

XG1 7é XGQ'
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Figure 4: A unicyclic graph G on 8 vertices.

Figure 5: Two graphs with the same hook coefficients: cg) = 3, c(7,1) = =9, ¢,1,1) = 9,
(5,13 = —3, and ¢y = 0 for all other hooks A.

The coefficient c(,—1,1) can be used to write a quadratic equation for r or k, yielding
two possible solutions. We note however, that hook coefficients alone are insufficient for
recovering these values exactly. As an example see Figure 5.

On the other hand, the following proposition shows that hook coefficients only fail to
distinguish between the r = 1 and r = ¢ cases.

Proposition 16. Let G and H be two connected unicyclic graphs such that the star-
expansions of Xq and Xy have the same hook coefficients. Let rg, ry denote the number
of mon-trivial rooted trees of each graph, and let kg, kg denote the respective number of
internal edges. Then, up to interchanging G and H, either:

1. r¢ =ryg and kg = kg, or
2. rq =1, rg = c where c is the size of the cycle in each graph, and kg = kg + 1.

Proof. First note that by Theorem 11 both graphs have the same cycle size c. Further-
more, the cycle C), is distinguished among unicyclic graphs by the coefficient c(,) as the
unique graph with ¢,y = n — 1. Henceforth, we can assume rg,ry > 1. It follows from
Theorem 13 that kg = m+ 2 or kg = m + 1, where m is the number of 1’s in the longest
hook appearing in the star-expansion of X5. We know that if kg = kg then rg = ry
by Theorem 13, which takes care of the first case. Supposing kg # kg, since Xy, has
the same hook coefficients it must be the case that kg = m + 2 or kg = m + 1 for the
same m. Thus, without loss of generality let k¢ = m + 2 and kg = m + 1. This implies
that r¢ = 1 and rg > 2. Moreover, applying the formula of Theorem 10 to the partition
(n—1,1) we have

cn-1,)(G) = =[(r¢ = 1) + (¢ = ) (k¢ — 2)] = —[(ru — 1) + (¢ — 1)(kn — 2)]
= C(nfl’l)(H)
rg+(c—1m=rg+(c—1)(m—1)

so that rgy — rqg = ¢ — 1, implying ry = ¢ as desired. O]

As a consequence, there is an algorithm to obtain r from the hook coefficients unless
r=1orc
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Corollary 17. We can recover r, the number of non-trivial rooted trees attached to the
cycle, from the CSF of a connected unicyclic graph whenever 1 <r < c.

Proof. From Theorem 13, we know that the number of internal edges is either m + 1 or
m + 2, where m is the number of 1’s appearing in the longest hook in the support of the
star-expansion of X. As in the proof of that proposition, substituting m + 1 and m + 2
for k into
-1 = —[(r = 1) + (¢ = 1)(k = 2)]

will give two possible values for » whose difference is ¢ — 1. Unless these values are 1 and
¢, one of them will be greater than ¢ (which is impossible) or less than 1. If these values
are 0 and ¢ — 1, whether the graph is C,, (r = 0) can be determined by the coefficient of
C(n), as discussed after Theorem 12. Otherwise, one of these two values will be negative,
which is impossible. Thus, we only get one valid solution when 1 < r < ¢ and in that
case, we have

r=—[(cm-11)— 1)+ (c=1)(m —1)]. -

Remark 18. As shown in Figure 5, the hook coefficients are not enough to determine
the number of nontrivial rooted trees attached to the cycle. In fact, Corollary 17 is the
best we can do, since there are unicyclic graphs with only one rooted tree attached to
a cycle that have the same chromatic symmetric function as another that has ¢ rooted
trees attached to the cycle. Here is the smallest example of an infinite family exhibiting
this behavior, as described in [12]:

%48 N

Figure 6: Two graphs with the same chromatic symmetric function where one has one
nontrivial rooted tree and the other has three.

4 Paths, cycles, and pans

In this section, we explicitly compute the coefficients of all partitions in the star-
expansions of paths, cycles, and cycles with a single leaf, also called pan graphs. While
paths are not unicyclic, they provide a test case for illustration of the technique. All
three types of graphs have the advantage that their internal edges can be labeled with
consecutive integers {1,2,..., s} in a natural way. This determines an order in which the
star-expansion algorithm is applied, where at each stage we apply the DNC relation to
the remaining internal edge with the smallest label.

In this set-up, we may encode a leaf of the DNC-tree for a graph G as a word w =
wyws . .. ws in the alphabet {L, M, R, X }, where the symbol at position 7 indicates which
branch of the DNC-tree we follow when acting on internal edge i. Specifically:

e w; = L means that when we reach the node of the DNC-tree at which internal edge
i is acted upon, we proceed to the graph obtained by deletion of this edge.

e w; = M means that when acting on internal edge ¢, we proceed to the graph obtained
by dot-contraction.
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e w; = R means that when acting on internal edge i, we proceed to the graph obtained
by leaf-contraction.

e w; = X means that after applying the operations corresponding to wy, ..., w;_1, the
edge with label 7 is no longer internal so it cannot be acted on. In the DNC-tree, we
instead take the next available internal edge and continue the algorithm.

All distinct words that identify valid DNC-tree leaves contribute to the coefficient of
some sty in the star-expansion of X in a cancellation-free way. We call a word w that
produces the star forest Sty a A\-word, and we compute the coefficient ¢, by counting such
words. We note that in all of our labelings, internal edges ¢ and i 4+ 1 will be incident for
1 <@ < s, which implies that w; = L will often force w;;; = X. On the other hand, the
operations w; = M or w; = R do not usually impact whether or not w;; is internal, as
we will discuss in the proofs of our results.

Example 19. Let G = P; where the internal edges are labeled {1,2,3,4} from left to
right. Then, MRML and MLXM are two valid A\-words for A = (3,2,1, 1), implying
that the absolute value of the coefficient ¢, in the star-expansion of Xp, is at least 2.

Definition 20. If we write a partition as A\ = (A1,..., Ayn)), let b be the index of the

last part satisfying A, > 1. We call the partition A = (A1, ..., Ap) the body of X and
A= (>‘b+1a N /\g()\)) = (1, ey 1) the tail.

Proposition 21. Let n > 4 and let P, the path with n vertices. Then

X — T (—1)™ <m2+---+mn) <n—2—€(/\)—|—m1>5tk

A=(1m12m2  .n™mn)bn 2 v 1

Proof. Label the internal edges of P, consecutively from one end to the other by {1,...,
n — 3}, and apply the star-expansion algorithm to these edges by selecting the edge
with smallest possible label at each stage. We analyze each factor that constitutes the
coefficient ¢, for A = (1"™12™2 ... .n™~) separately.

Signs in the star-expansion algorithm are introduced only when applying dot-
contraction. Starting from a connected graph with at least two vertices, dot-contraction is
also the only way to obtain parts of size 1 in a star forest produced by the star-expansion
algorithm. Then, m; must be the number of times M appears in any word that produces
St,, accounting for the factor of (—1)".

We now explain the multinomial coefficient. Observe that any valid A-word w =
wy ... w,_3 must also satisfy an additional condition: there must be exactly b — 1 =
(\) — my — 1 symbols w; with w; = L in w, where b is the number of body parts,
E(S\) This follows because every deletion of an internal edge produces a new connected
component of size at least 2, while neither dot-contraction nor leaf-contraction do so.

The presence of M’s anywhere in the string w does not affect the part sizes of the body
partition so we may ignore them for determining these parts. Hence, let v = vy ... vp_3_m,
be the word obtained from w by omitting all M’s.

Then v has the form v = R--- R if no L’s appear, and if at least one L appears then

R---RLXR---RLXR------ RLXR---R,

v
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where v;,,...,v;,_, = L for some 1 < i; < iy <--- <3 <n—3—my. In addition, we
must have v;; 1 = X if i; < n —3 —my, since the next edge will no longer be internal. In
particular, it may be that 7,_; = n — 3 —m; in which case this L is not followed by an X.

By counting the number of symbols between the L’s, we obtain a rearrangement (or
“permutation”) m = (mq,...,m) of the body parts of A as follows:

T —2 T2 3 Tp—1
7\

—— % ~ -~ ———
R---RLXR---RLXR---RLXR------ RLXR---R.

That is, m, = m; = n — 3 — my if there are no L’s, and if at least one L appears then
o m =11+ 1,
o m;=1; —i;_1 for 2<j<b—1 (when b > 3),
eandm=n—1—mq —ip_1.

To account for 7, for example, observe that if the last deletion L occurs at internal
edge s, there is still a path on n—1—s vertices in the connected component containing any
remaining internal edges. The number of vertices m, that remain in this last connected
component is exactly n — 1 —mq —,_1, so that in particular if 7,1 =n—3 —mq, m, = 2.
Determination of the other parts resulting from the word v is similar, noting that each
R will grow some part 7; by 1 by definition of leaf-contraction.

Thus, a valid A-word w must satisfy the property that the subword v produces a
rearrangement m of the body parts of A in this way. Since there is a unique string v for
each 7, we count (mqujtz") possibilities.

Once the body part rearrangement is determined, a valid A-word can be completed
by inserting m; symbols M into the word v so as to recover a word w of length n — 3.

To count the possibilities here, consider the set of valid DNC-tree words with b — 1
L’s as the disjoint union of two sets.

1. W) consisting of words of length n —3 — (b — 1) in {LX, M, R}, where LX counts
as one symbol and is used b — 1 times.

2. Wy consisting of words of length n — 3 — (b — 1) in {LX, M, R}, where LX is used
b — 2 times, appended by the symbol L.

In either case, we choose which my of then —3 — (b—1) =n — 2 — ({(\) —m;) symbols
should be M’s, which can be done in (”_Q_f;(Li\Hml) many ways. Once this is done, the rest
of the symbols are determined by the choice of body part rearrangement and associated
word v, so multiplying the binomial coefficient with the multinomial (m2+'“+m") gives the

m2,...,Mn

number of DNC leaves with star forest St). O

Now we handle the cycle C,, which is, in some sense, the primordial connected uni-
cyclic graph and already gives some indications of how this class differs from trees. As
we discussed in the previous section, the coefficients ¢, for hook partitions A\ behave
differently than non-hook coefficients.
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Proposition 22. Let C,, be the cycle on n vertices forn > 3, and let X¢, = Z)\Fn xSty .
Then for A = (1™2™2 .. .n™) we have

(—1)™ [_ (WZL;_Ql) +(n— 1)(7;;2)} ifA=m—mqy,1"™), my #n—1,

else.

0™ g (o ) ™)
Proof. Again label the internal edges {1,2,...,n} around the cycle and apply DNC re-
lations to the internal edge with smallest label at each stage. As before, each leaf of
the DNC-tree is determined by a word in {L, M, R, X} of length n which we denote
w=wi ... w, Thesign (—1)™ is always given by the number of M’s in a A-word, since
both isolated vertices in St and signs arise only from dot-contraction. We argue for the
remainder of each expression separately.

Hook case: The desired equation immediately follows from Theorem 10, asc=n =k
and r = 0 in this case.

Non-hook case: As above, let v = vy...v,_,, be the word obtained from a A-
word w by omitting all M’s. We will count the contributions from v; = L and v; # L
separately.

For each body part rearrangement 7 of \ = (A1, ..., Ap), there is a unique correspond-
ing subword v yielding 7 for which vy = L. That is, no R appears before the first L so
this word has the form

1 ™2 b

I N\ N7~ -\ ~N /_/%
LXR---RLXR---RLXR------ RLXR---RX.

To reconstruct a valid A-word w with this v, we choose where to place m; M’s among
n — b — 1 slots since the last symbol is w,, = X here. Thus, these words contribute

(m2+---+mn>(n—€(k>+m1—1) 2)

Mo, ..., My mq

leaves to cy.

Now we consider A-words with v; # L; that is, those w for which the subword v
contains an R before the first L. Here, we are free to choose where to place the M’s from
any of the n — b slots corresponding to letters in the alphabet {LX, M, R}. The subword
v can be constructed as

p st 2 Th—1 T —P
7\ 7\ 7\

N ™~ ~ - - % ~
R---RLXR---RLXR---RLXR------ RLXR---RLXR---R,

so that for any body part rearrangement ending in a given m, = j, there are j — 1 possible
subwords yielding the same 7. Thus, this gives a contribution of

(o)) )

. me+ -+ my, —1 " G—-1m; [(mo+---+m
Su-n(, T )=y : "
mQ,...,m] sy My j:2m2—|—-..+mn ma,...,My
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n

(S (e
m2+...+mn j J m2’...,mn

j=2

_n—L(N) (m2+---+mn>.

_ﬁ()\)—ml mo, ..., My

Adding with (2) and simplifying gives the result. O
Example 23. By Theorem 22, the CSF of the 5-cycle Cj is
45’((5) —11 5’((471) + 55’((372) + 95’((37171) — 55’((2,271) — 15’((2717171).

For instance, the hook partition (4,1) has m; = 1, s0 ¢(4,1) is

L))

For the non-hook partition (3,2), we have m; = 0, my = 1, m3 = 1, and £(3,2) = 2, so

C(3,2) is
d( 2 2
2(0)() =

Similarly, for (2,2,1) we have m; = 1, my = 2, and £(2,2,1) = 3, 50 ¢(2,21) is

3 -

We highlight a few features of the formula for the star-expansion of X . If m; =0
and £(\) > 2, we can write

_n(l(\) = 1)!
T [Tiymi!

This shows that ¢y = n for any two-part partition with A\; > X > 2, or ¢(n/2,n/2) = n/2
if n is even. We also see that the leading partition of X, is (2,1"72), since the only
smaller partition is (1") which is seen to have coefficient 0 by our formula. The coefficient
of (2,1"72) is always (—1)""2.

Remark 24. When n > 6, for X, our formula gives c(3 3 1n-6) = (”gl)”T“ This sequence
begins 0, 3, 14, 40,90, 175, ... (OEIS A117662) and is equal to the number of certain pairs
of non-crossing Dyck paths, or also exterior intersections of diagonals of an irregular n-
gon.

Next we look at the CSF for the unicyclic graph consisting of one (n — 1)-cycle and
one leaf incident to one of the vertices of the cycle, also called the “pan” on n vertices.

Example 25. The pan graph for n = 6 and its chromatic symmetric function:

g

Figure 7: A pan graph

4 5f(6) —12 5f(571) +4 St(472) +12 51:(4,171) +2 5’((373) -9 5’((37271) — 451:(3,17171) + 5’((2,272) +3 5f(272’171).
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Proposition 26. If G is the pan graph on n vertices and Xg = ), casty, then for
A= (1"™2m2 . n™) we have

(—l)ml(n—Q)("fg’), ifA=(m—my,1™), my#n-—1,

mi1

C) —

(—1)m™ n—£(A) (m2+~~+mn) (n—f(/\)+m1—1)

L(A)—m1 \ ma,...,mnp mi else.

Proof. Orient the cycle so that we can label its internal edges from 1 to n — 1 starting at
one edge that is adjacent to the leaf-edge and ending at the other such edge. We again
proceed to apply DNC relations to each internal edge in increasing order of the labels.
Denote the word in {L, M, R, X} that determines a DNC leaf by w = wy ... w,_1. The
sign is given by the number of M’s in w as in the path and cycle cases.

Hook case: We immediately obtain the desired equation by Theorem 10 as r = 1
and ¢ = kK =n — 1 in this case.

Non-hook case: Here, any A-word must contain at least two L’s. We again consider
the subword v obtained by deleting all M’s from a valid A-word. Such v then has the

form
P T T Th—1 mp—p—1

—N—r % ~ < ~ ~ A ~ A -
R---RLXR---RLXR---RLXR------ RLXR---RLXR---R. (3)

Let e be the leaf-edge of the initial pan graph. In contrast with the cycle case, having no
R’s before the first L no longer forces w,_; = X because of the presence of e. Thus, we
can consider all words v of the form described in (3) together, and each one determines
a rearrangement 7 of A = (A1, ..., \y) as indicated.

Notice that there are m, — 1 ways of constructing a subword v that gives the same 7 by
just cyclically shifting v to vary p, the number of initial R’s appearing. Thus, for a body
part permutation ending with 7, = j, we have 7 — 1 choices of corresponding subword v.
This yields

i(._l) Mo+ +my—1 Y\ n—Ll\) (ma+--+m,
J Mo, .. omy —1,...my ) LA) —my \ ma,...,m,

total subword choices for each body partition A = (A1, ..., A). Once the subword v is
chosen, we can insert m; M’s by choosing their positions from among n — ¢(\) +m; — 1
slots, and completing the rest with the symbols from v to obtain a word of length n—b—1
in the alphabet {LX, M, R}. This accounts for the binomial coefficient in the formula,
and multiplying with the number of options for v finishes the proof. O

We expect that the techniques of this section can be extended to other families of
connected unicyclic graphs. For example, a tadpole is a unicyclic graph obtained by
attaching a path to a single vertex on the cycle, so the pan graph is a special case where
the attached path has length 1. A squid is a connected unicyclic graph with exactly one
vertex of degree greater than 2. Alternatively one can think of a squid as a unicyclic
graph with one non-trivial rooted tree which consists of some number of paths (called
tentacles) emanating from the root. These families still have a natural ordering of their
internal edges along the cycle and attached paths, so the corresponding DNC-tree leaves
can, in principle, be encoded by words similar to the {L, M, R, X} words used above.
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However, for general unicyclic graphs, this technique may not immediately extend. In
general, the rooted trees attached to the cycle may branch in many places, there is no
single natural ordering of the internal edges, and the dependencies within the DNC-tree
become more difficult to control.

5 Leading partitions for unicyclic graphs

In this section, we describe the leading partition of the chromatic symmetric function of
any connected unicyclic graph G on n vertices, generalizing a result of Gonzalez, Orellana,
and Tomba in [6, Theorem 4.15]. In the case where there are no non-trivial rooted trees
attached to the cycle (i.e., r = 0), the leading partition is (2,1"72) as discussed before
Theorem 24. In this section we consider the case where r > 1. We first introduce some
notation which we will use throughout this section.

Recall sort() is the function that takes in a sequence of non-negative integers and
outputs it as a partition. Recall that (G) is the set of internal edges of the graph G and
the connected components of G'\ I(G) are called the leaf components of G.

Definition 27. Notice that G\ I(G) is a star forest since every remaining edge is incident
with a leaf. We define A\ ¢(G) to be the partition whose parts are the orders of the
connected components of the resulting star forest in G'\ I(G).

Recall that A\je.q was defined in Theorem 3 as the smallest partition, A, in lexicographic
order such that ¢y # 0 in Xg.

Theorem 28 ([6, Theorem 4.15]). Let F be a forest. Then Meaa(Xr) = Anc(F).

Example 29. Let F' be the forest in Figure 8. After removing the only internal edge e
indicated in red, we get Aead(Xr) = Anc(F) = (3,2,1).

.—I(—H ([ ]

Figure 8: A forest on 6 vertices.

Notation 30. Let G be a connected c-unicyclic graph of order n. We label vertices in
the c-cycle with vy, vs,...,v. such that v;v;11 is an edge for 1 < i < ¢ — 1, as well as
vevr. Furthermore, each v; is the root of some rooted tree T; (which could be trivial).
Let A = (A1, Ag, ..., Ac) be the sequence of positive integers where each part \; equals 1
plus the number of leaves attached to v; in G for 1 < i < ¢. Let u¥ be the partition
obtained from the leaf components of T; after removing v; and the leaves incident to v;.

Note that for a connected c-unicyclic graph G we have sort(\ - u) = Apc(G). We will
see that this will give the leading partition for X when there are at least two non-trivial
rooted trees. When there is only one non-trivial rooted tree, we need to make a minor
change to this partition to get the leading partition for Xg.
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Figure 9: A graph with a 4-cycle.

Example 31. Consider the graph in Figure 9. We have A = (3,2,1,2), uV) = (3),
p? = (2), u® = (3,1) and ™ = (2). Hence, u = (3,2,3,1,2) and A\.c(G) = sort(\-p) =
(3,3,3,2,2,2,2,1,1).

Our main goal for this section is to prove the following.

Theorem 32. Let G be a unicyclic graph and r > 1 denote the number of non-trivial
rooted trees attached to the cycle in G. Let Neaq = Nead(Xa)-

1. Ifr =1 then
Nead = )\LC(G \ 6)

where e is chosen to be an edge in the cycle incident to the root of the non-trivial
tree.

2. If r > 2 then
Aead = Arc(G).

Note that due to Theorem 4, it suffices to prove Theorem 32 for connected unicyclic
graphs.

5.1 One non-trivial rooted tree (r = 1)

We will prove the r = 1 case of Theorem 32(1) by induction on the size of the cycle. First
we consider the base case, when G contains a triangle.

Lemma 33. When ¢ = 3, Theorem 32(1) holds.

Proof. Define A1, Ay, A3, v as in Notation 30. First, we note that if G has only one non-
trivial rooted tree, say T} with root vy, ALc(G \ €) = sort(Ay, p, 2) where e = vyvs.

The proof follows from a straightforward computation using the DNC relation on e
and Theorem 28. As G\ e,G ® e and (G ®e) \ . are all forests, Theorem 28 applies.

Aead (Xne) = Anc(G \ e) = sort(Aq, p1, 2)
)\lead(XGQe) = SOI‘t()\l + 2, ,U,)
Alead(X(G@e)\Ze) = SOI‘t()\l + 17 Ky 1)

Since sort(Ay, i,2) < sort(A + 1,pu,1) < sort(A; + 2, 1), we have completed the
proof. n
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Example 34. Let G be the graph in Figure 10. We have A\; = Ao = A3 = 1 and p = (3).
Let e = v1v9. We compute:

)\lead(XG\e) = (37 27 1) s )\lead(XGG)e) = (3a 3) 5 Alead(X(GQe)\ée) = (37 27 1) .

Therefore Aeaq(Xag) = (3,2,1) = Ac(G \ e).

* * * *
.—? .—? .—? .—?

VANVARVANE

Figure 10: Left to right: G, G'\e, Goe, (GOe) )\ L.

Proposition 35. Theorem 32(1) is true for all ¢ > 3.

Proof. Define A, i as in Notation 30. We prove the statement by induction on ¢. The
base case is proven in Theorem 33. Suppose the statement holds for any c-unicyclic graph
with one non-trivial rooted tree where ¢ > 3. Let G be a (¢+ 1)-unicyclic graph with one
non-trivial rooted tree, say 77, so that \g = A3 =--- = A.y1 = 1. Let e = vy0s.

First we compute Apc(G \ €) = sort(A;, Aa + A3, ..., Aey1, o) = sort(Ag, 2,172, ).
Consider the three graphs that we will obtain by applying the DNC relation on the edge
e in G. By Theorem 28, we have Aeaa(Xa\e) = sort(A1, 2,172, 1) = Ae(G \ €).

Since G ® e is c-unicyclic with exactly one rooted tree, we can apply the inductive
hypothesis to compute Aeaq(Xgee). Using €' = vivz, we get

)‘lead(XGQe) = /\LC((G ® 6) \ 6,) = SOI‘t()\l + 17 2, 10_3, M),

as a new leaf becomes incident to v; as a result of the leaf-contraction. Similarly, we can
compute

Mead (X(Goene.) = Ac((G@e) \ L) \ ) = sort(A,2,17%, 1),

where the additional 1 arises from the dot-contraction.
Since Aead(Xeve) = Anc(G \ e) = sort(Ag, 2,172 p) < sort(A + 1,2,17% ) =
Mead (X @oe), we have completed the proof. O

The following corollaries are evident from the proof given above.

Corollary 36. When we apply DNC' relation on a graph satisfying the condition in
Theorem 32(1), then the leading partition does not come from leaf-contraction when the
edge is incident to a non-trivial rooted tree.

Corollary 37. When G is a graph satisfying the condition in Theorem 32(1), then 2
must be a part in Neaa(Xa).

THE ELECTRONIC JOURNAL OF COMBINATORICS 33(3) (2026), #P3.12 22



5.2 More than one non-trivial rooted tree (r > 2)

Here we assume we have more than one non-trivial tree attached at distinct cycle vertices.
Lemma 38. When ¢ =3, Theorem 32(2) holds.

Proof. Since r > 2, without loss of generality we may assume 7} and T are non-trivial
trees, and let e = vyvs.

First note Ac(G) = sort(Aq, A2, A, ). Since in this case e is adjacent to both 7} and
T>, this is also equal to Aiead(Xa\e). We apply the DNC relation on the edge e of G.

Next we compute the leading partitions in the other two terms in the DNC relation.
Notice that after leaf-contracting, the vertices of the contracted edge are identified to a
single vertex, say vg, with A\; + Ay — 1 leaves. In addition, G ® e is now a tree, making
Aead (Xgoe) = ALc(G ©@ e). If Ty is a trivial tree, then A3 = 1 and will become a leaf
incident to vy during the leaf-contraction and thus Ajeaq(Xaee) = sort(A; + Ay + Ag, p). If
instead, T3 is not a trivial tree, then the edge vyvs is internal and A3 will stay as its own
leaf component in A\,c¢(G ® e). Therefore we have:

sort(A; + Ao + Ag, ) if T3 is trivial,
sort(Ar + A2, Ag, ) if T4 is not trivial.

)\lead(XG(De) = {

Following a similar discussion, we can compute Aiead(X(Goe)\r.):

sort(A + Ao+ A3 — 1,1, ) if T3 is trivial,

Nead (X (Goene, ) = ) . ..
Jead ( (GO )\f) {sort(Al + X — 1,1, A3, ) if T3 is not trivial .

In both cases, we have ALc(G) = Mead(Xne) < Mead (X (Goene.) < Alead (XGoe), Which
proves the statement. O

Example 39. Let G be the graph in Figure 11. We have A\; = 1,y = 3, A3 = 1 and
1= (3,2). In addition T3 is a trivial rooted-tree at vs. Let e = vyvo. We compute:

Alead(XG\e> = (37 3a 27 17 1) ) )\lead(XGG)e) = (5a 37 2) ) Alead(X(GQe)\fe) = (4a 3a 27 1) .

Therefore, Neaq(Xa) = (3,3,2,1,1) = Apc(G).

Figure 11: Left to right: G, G\e,GOe, (GOe)\ Le.

Proposition 40. Theorem 32(2) is true for all ¢ > 3.
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Proof. We prove the statement by induction on c¢. The base case is proven in Theorem 38.
Suppose the statement holds for any c-unicyclic graph with at least 2 non-trivial rooted
trees for some ¢ > 3. Let G be a (¢ + 1)-unicyclic graph with at least two non-trivial
rooted trees. Define Ay,..., A.y1, and p as in Notation 30.

We will apply the DNC relation on the edge e = vjvs, where 77 is a non-trivial
tree. Note that ALc(G) = sort(Aq, ..., Aey1, p). In addition, we see that in G ® e (resp.
(G ®e)\ L), the vertices of the contracted edge are identified to a single vertex, say vy,
with A\; + Ao — 1 (resp. A; + Ay — 2) leaves incident to vg. To compute Aeaa(Xgee) and
Aead (X (Goe)r. ), we discuss the following two cases.

1. When G ®e is c-unicyclic with at least two non-trivial rooted trees, so is (G ®e) \ L.
In this case, we apply our inductive hypothesis and get

/\lead(XG(De) = >\LC<G © 6) = SOI‘t(Al + A2, A3, Aett, /J) , and
Nead (X (Goene.) = Anc((G ®e) \ £e) = sort(A + Ao — 1,1, A, ..o, Ay, 1)

2. When G ® e is c-unicyclic with exactly one non-trivial rooted tree, so is (G ®e) \ L.
This happens exactly when T}, T are non-trivial and T}, is trivial for all 3 < k£ < ¢+1.
In this case, we have A\3 = --- = A\.y1 = 1. Let €/ = vgv3. We apply Theorem 32(1)
and get

Mead(Xaoe) = Anc((G @ e) \ €)
sort(A1 + Ao, Az + Mgy As, oo A, Acr, 1)
= sort(A; + X, 2,173 1), and
Nead(X(Goene.) = Ac((G @ e) \ L) \ €)
(
(

sort )\1 + /\2 - 17 17 )‘3 + )\4a )‘5a R Aca )\C+171u)
= sort(A; + Ao — 1,2,172 ).

Note that in both cases we have Acad(X(coene.) < Mead(Xcoe)-
Finally we compute Aead(Xa\e) and compare it with Aiead(X(coene ). We discuss the
following two cases.

1. When T5 is a non-trivial rooted tree, then the edge vyvs3 is internal in G'\ e and we
have

Mead(Xne) = Anc(G) = sort(Ar, ..., Aet1s 1) < Mead(X(Goe)\e, )-

2. When T is a trivial-rooted tree, then the edge vyvs is a leaf-edge in G \ e. In this
case, Ay = 1 and (G ®e) \ £, is c-unicyclic with at least two non-trivial rooted trees.

We have

Mead (Xne) = 5016 (A1, Ag + Az, Ag, ooy Ay, 1) = sort(Ar, 1+ Az, Ay, ooy Ay, i)
> SOI‘t()\l, ]_7 )\3, ceey >\C+1,/L) = /\LC(G) = SOI‘t()\l + )\2 - 1, 17 )\37 ooy )\c—l—l; ,u)
= )\lead(X(GQe)\ée)-

Therefore the leading partition of G must be Apc(G). O
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The following corollary is evident from the proof of Theorem 40, and will be used in
the next section.

Corollary 41. When r = 2 and DNC relation is applied to an edge e which is incident
to one trivial tree root and one non-trivial tree root, then Aead(X(coenr.) < Alead (Xaoe)

and Alead(X(G(De)\Ee> < )\lead(XG\e)'

Example 42. Consider the graph G from Theorem 31. Let e = vjvs. Recall that
A=(3,2,1,2), p=(3,2,3,1,2). We compute that

ALC(G) = (3, 3, 3, 2, 2, 2, 2, 1, 1) = Alead(XG\e) < )\lead(X(GGe)\éc) = (4, 3, 3, 2, 2, 2, 1, 1, 1)
< )‘lead(XG(De) = (57 37 3a 27 27 27 1a 1)

Corollary 43. Let A\eaq be the leading partition in the star-expansion of X where G is
a connected unicyclic graph with a cycle of size c. If G has exactly 1 non-trivial rooted
tree, then the number of leaves in G is equal to |Meaa| — €(Meaa) — 1; if G has at least 2
non-trivial rooted trees, then the number of leaves in G is equal to |Aeaq| — €(Alead) -

Proof. 1t follows from the proofs of Theorem 32(1) and Theorem 32(2) that

SOI‘t()\l, Ce )\0_2, )\c—l —+ )\c; ,u) ifr= 1,
sort(Aq, ..., Ae, 1) if r>1,

)\lead (XG) - {

where we recall \; — 1 is the number of leaves attached to v; on the cycle and pu is the
concatenation of leaf components not containing the cycle vertices. O

5.3 Application to cuttlefish graphs

Recall that a squid is a connected unicyclic graph with exactly one vertex of degree
greater than 2. We define cuttlefish to be squids such that all tentacles are of length 1.
Let U,, denote the set of connected unicyclic graphs on n vertices, and let U, ,, denote the
set of such graphs whose cycles are of order c.

Proposition 44. The chromatic symmetric function can distinguish cuttlefish from
among all connected unicyclic graphs on n vertices.

Proof. Let C.; denote the cuttlefish on ¢+ ¢ vertices which is constructed by attaching ¢
leaves to a single vertex of a c-cycle. Since by Corollary 11 we can obtain the size of the
cycle of a connected unicyclic graph from the coefficient of ¢(,), it is sufficient to show
that X distinguishes C,; from other graphs in U, ... Note that C,, is the only graph in
U,c, so we henceforth suppose t > 0.

By Theorem 32(1), the leading partition of X¢,, in the star-basis is Aeaq = (¢ +
1,2,17%). We will show that C., is the only graph in U, ,, that has this leading partition.

Let G € Uy with G 22 Ceyp. If r = 1, then by Theorem 32(1), Aeaa(Xg) =
(A1, 2, p, 1673) where A\; — 1 is the number of leaves attached to the root and p is the leaf
components in the remaining part of the tree. If Neaq(Xg) = (t +1,2,173), then p is
empty and A\; — 1 = ¢, making G = C,;. If r > 2, then each non-trivial tree has at least
one leaf component of size at least two. To match the first two entries of Aieaa(Xc, ), the
only possibility is r = 2 where one of the trees is St;, 1, another is Sty, and the rest are
trivial. But now there are ¢ — 2 cycle vertices remaining as their own leaf components,
so |G| = ¢+t + 1, which is a contradiction. This completes the proof. O
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Remark 45. Martin, Morin, and Wagner show in [11, Theorem 12| that no two squids
have the same CSF. Note that while the class of squids is larger than that of cuttlefish,
their result differs from the proposition above in that they do not distinguish squids from
among all unicyclic graphs. On the other hand, both results implicitly give a procedure
for reconstructing the graph from the CSF when the ambient class of graphs is known.

6 Leading coefficients for unicylic graphs

In this section, we provide formulas for the leading coefficient of any unicyclic graph of
order n. The formulas depend on the number of rooted trees in the unicyclic graph,
denoted by r. In the case where r = 0, the leading coefficient is (—1)""2, as discussed
following Proposition 22. We now recall a result from [6] on the leading coefficient for
trees, which will be useful in our extensions to the unicyclic case. Recall that a vertex is
called deep if it is internal and has no leaf as a neighbor.

Theorem 46 ([6, Theorem 4.28]). Suppose that T is a tree of order t with deep vertices
{uy, ..., u,} such that d; = deg(u;) for alli. Then, the leading coefficient of Xr is

p

-y [ - .

i=1
Theorem 46 can be reformulated using the elementary symmetric functions, see Sec-
tion 2.2.

Remark 47. Elementary symmetric polynomials in a finite number of variables are defined
analogously to the elementary symmetric functions. Observe that we have the identity

p p

[Jdi—1) =) (-1Ve,i(ds,....dp).

i=1 §=0
That is, the leading coefficient is an alternating sum of elementary symmetric polynomials
in the degrees of the deep vertices.

6.1 One non-trivial rooted tree (r = 1)

We first give a formula for the leading coefficient of any unicyclic graph when r = 1
depending on whether or not the root is a sprout, that is, a deep vertex on the cycle of
degree at least 3. In this subsection, we will use ¢;’s to denote edges since we will use e;’s
for the elementary symmetric functions.

Theorem 48. Let G be a connected unicyclic graph with a cycle of size ¢ and exactly one
non-trivial rooted tree T'. Let v be the root of T'. Label the edges on the cycle within G
with edges €1 and €. incident to v, so that the labels increase €q, €3, ...,6. 1n a clockwise
direction. Consider the tree T" obtained by deleting edge £1. Suppose that T' has p deep
vertices {uy, ..., u,} such that d; = deg(u;) for all i.

1. If the root v = uy is a sprout in GG, then

p

s = (VP [(e=2) [J(di = 1) + T[T = 1)

i=1 =2
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2. If the root v = uy is not a sprout in G, then

p
C)\lead = H d - 1
=1

Proof. First, we consider case (1) by identifying graphs from the leaves in the DNC-tree
that have the same \j,q as Xg. By the fact that the star-expansion algorithm provides
a cancellation-free formula, it suffices to determine the contribution to cy,,, from each of
these graphs. We can ignore the terms obtained through a leaf-contraction of €; since,
by Theorem 36, it will not have the same leading partition as Xg. Upon deleting 1, we
obtain the tree T" where Ajeaq(X77) = Aead(X@) by Theorem 32(1). By Theorem 46, the
contribution from the deletion of €; to ¢y, is

p

(—=1)F H(di —1).

=1

Now, consider G' = (G ® e1) \ L,. If ¢ = 3, then G’ is a tree together with an isolated
vertex and v is no longer a deep vertex; it has one leaf incident to it. Hence, the cycle’s
vertices contribute one part of size 2 (leaf component containing v) and one part of size
1 t0 Aeaa according to Theorem 32(1), and the other leaf components of the graph are
unaffected. Thus, the resulting forest has the same leading partition as Xq, and its

contribution to ¢y, is
p

—(=" [ =),
i=2
by Theorem 46, with the additional minus sign coming from the dot-contraction in the
DNC relation applied to €;. Combining with the above gives the claimed formula when
c=3.

If ¢ > 3, G' is a unicyclic graph with one non-trivial rooted tree and an isolated
vertex, and by Theorem 32(1) Aead(G') = ALc(G'\ €.). Letting v’ be the other vertex on
the edge €1, then G’ is obtained from G by deleting ¢, identifying v and v’ into a single
vertex vg (which is connected to the tree), and adding an isolated vertex v*. We show
that Mead (G') = ALc(G'\ ec) = ALc(G \ &¢) = Mead(G). First we note the leaf components
for the non-trivial rooted tree (including v in G \ €, and vy in G\ €..) are equal in G"\ &,
and G \ e.. Second, for the vertices on the cycle (excluding v in G'\ €, and vy in G\ €,.),
G\ e, has leaf components of orders (2,1°73) and G’ \ €, has leaf components of orders
(2,1¢7%) from the cycle vertices. Collecting these together with the isolated vertex in G,
we see that Aead(G') = Neaa(G).

To get cy,,,,, we must continue down the DNC-tree by next applying the relation to e,
in G'. Again, graphs arising from leaf-contraction will have CSFs with lexicographically
larger leading partitions, so we can ignore them. Deletion of the edge leads to a forest
with the same Aeaq and ¢y, as Xpv but with one fewer deep vertices of degree two.
Together with the sign contributed by the previous dot-contraction, this yields another

term contributing
p
N | [CI)
=1
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To G, we continue to apply the DNC relation to the edges e3,¢€4,...,c._o in consecutive
order. At each step, we gain (—1)?J[”_,(d; — 1) through deletion. In the last dot-
contraction, we gain

p
(_1)02 (C2Hd_1
=2

This term is analogous to the ¢ = 3 case, where (—1)°"2 represents the number of dot-
contractions and (—1)?~(°=2) corresponds to the remaining deep vertices at the final step.
Combining all these DNC-tree contributions gives the claimed formula for case (1).

The proof for case (2) follows a similar approach to case (1). Suppose v is not deep
in GG. Then, the deletion of ; produces a tree T" with leading coefficient exactly

p
—1P [ J(di = 1).
=1

If ¢ = 3, both dot-contraction and leaf-contraction of e; increase the size of the leaf
component containing v by one, so their leading partitions are different from X7 and
thus do not contribute to Aeaq. On the other hand, if ¢ > 3, dot-contraction does not
increase the size of the leaf component containing v, and we may continue applying the
DNC relations on €9,¢3,...,e._2. Each deletion contributes the same term as above to
Caaqs OCcurring a total of (¢ — 2) times. The final dot-contraction on edge .- does not
contribute to cy,,,, as it will change the leading partition of the CSF of the resulting
forest, just as in the ¢ = 3 case. [

Example 49. Consider G as in Theorem 34 and Figure 10, which has one non-trivial
rooted tree and vy is deep in G \ e. We get d; =2, p =1, and ¢ = 3. We compute

Che = (D' [(3=2) - 1+1] = —2.
This is consistent with

XG = 25f — 4st (5,1) + 5t(4 2) + 25f(4 1,1) + 25t(3 3) — 25f(3 2,1)-

6.2 More than one non-trivial rooted tree (r > 2)

Here, the formulas again depend on whether or not the root vertices of non-trivial trees
on the cycle are deep or not.

Definition 50. Let G be a unicyclic graph with more than one non-trivial tree at distinct
cycle vertices. Let the set of sprouts be denoted vy, . .., vs, and their degrees b; = deg(v;).
Let the non-sprout deep vertices be denoted uy, ..., u, with d; = deg(u;) as before.

Proposition 51. Let G be a connected unicyclic graph with no sprouts and r > 2. Then

p
— p _
C)‘lead - H d 1
=1

Proof. 1f there is a cycle edge incident to two non-trivial tree roots, then applying DNC
to that edge shows that the only contribution to the leading coefficient will come from
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the tree obtained by deletion. If there is no such edge, then the only contribution to the
leading coefficient will come from dot-contraction, so we dot-contract until we have two
adjacent non-trivial tree roots and then same argument applies. The sign is the same in
both cases. O

Note that unlike the » = 1 case, deletion of edges that are not incident to two roots of
non-trivial trees no longer produces a tree with the same leading partition, which explains
the absence of the factor ¢ in the formula of Theorem 51. If we have at least one sprout,
then our formula will depend on both the number of sprouts, which we denote by s, as
well as r, the number of non-trivial trees in total.

Theorem 52. Let b; (1 < i < s) be the degrees of sprout vertices, and d; (1 <i < p) be
the degrees of non-sprout deep vertices of a connected unicyclic G with r > 2 and ¢ > 3.
Then

=1

Oy = (—1)PF° H(dl - 1) (f[(bz - 1)) - 1] if r=s+1,

=1

[ -0 JJe -1 ifr>s+2.

Proof. We proceed by induction on r. Base cases (r = 2,3): First suppose that r = 2.
If ¢ > 3, this means that there is a cycle edge e incident to the root of one trivial tree
and one non-trivial tree. Since r = 2, by Theorem 32 (2) Aeaa(Xg) = ALc(G). Then,
by Theorem 41, both deletion and leaf-contraction of e will produce graphs whose CSFs
will have larger leading partitions, meaning we can ignore these terms for the purpose
of computing ¢y, (X¢) and consider only the CSF of the graph obtained by the dot-
contraction of e. By Theorem 4, the leading partition of X and X(gee)\r, are the same,
and we may repeat this argument on any cycle edge of (G ® e) \ £, the dot-contracted
graph, which is incident to a cycle vertex of degree two and the root of a non-trivial tree.
Thus we continue to dot-contract edges of G until we obtain a graph which consists of the
union of a unicyclic component G’ which contains a triangle (¢’ = 3) and two non-trivial
trees, together with some isolated vertices. The only impact of these dot-contractions on
Cq 18 the sign, which is accounted for in the factor (—1)P in the formula above. This
is because we will have dot-contracted ¢ — 3 times to obtain a triangle, and removed the
same number of non-sprout deep vertices from G in the process.

Let €' be the edge of G’ between the roots of the non-trivial trees. The case s = 0
is handled by Theorem 51. If s = 1, then both dot-contraction and leaf-contraction of
¢’ give different leading partitions than Aj.qd(X¢), so we can just consider ¢y, (Xane)-
This graph is now a tree for which all of the non-sprout deep vertices have the same
degree as in (G, and the unique vertex that was a sprout with degree b; in G now has
degree by — 1. Applying the tree formula of Theorem 46 to G’ \ €' recovers the second
case of the claimed formula above. Finally if s = 2, we can again ignore dot-contraction
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and leaf-contraction, but now deletion of ¢’ gives that the sprout vertices enter into the
tree formula as a factor of

(b1—=1)=1)((ba—1)—1) = (by—1)(by—1) — (b1 +bs)+3 = (by—1)(by—1) — (b +by) +25—1

as claimed, completing the case r = 2. Now suppose r = 3. As in the r = 2 case, we
may dot-contract until we obtain G’ whose connected unicyclic component consists of
a triangle with the same three rooted trees attached and |cy. ,(Xa/)| = |eae, (Xa)|. If
s < 1, then we let € the edge between two non-sprout roots, and the deletion term of
DNC applied to €' gives the only contribution to ¢, ,. As G'\ € is a tree, the claimed
formula holds.

Next let s = 2, and let ¢’ be the edge between sprouts v; and v, in G'. Applying
DNC to €/, we see that both deletion and dot-contraction terms contribute to ¢, . For
brevity, we only discuss the “sprout factors” in our formula, as the degrees of the other
deep vertices of the graph are unchanged by DNC operations on cycle edges. Deletion
yields a tree with sprout factor (b; — 2)(by — 2), while dot-contraction merges the sprouts
into a single deep vertex of degree b; 4+ by — 3 since the triangle collapses, yielding another
tree. Adding the sprout factor contributions of these trees gives

biby —2(by +b2) +4+ (b1 +bs—4)=(by —1)(be—1) =1

as claimed.

If s = 3, suppose we apply DNC to the edge between sprouts v; and v,. Again we must
consider the deletion and dot-contraction terms. Now, the sprout factor contributions of
the corresponding trees combine to give

(bl — 2)(62 — 2)(b3 - 1) + (bl + bQ - 4)(b3 - 2) - b1b2b3 — (blbg + blbg + beg) + 4
We see that this sprout factor is the same as
(by —1)(by — 1)(b3 — 1) — (by + by + b3) + 5

as claimed. This completes the base cases.
Inductive step: Now suppose G has r > 3, and that our formula for c,_, holds for
unicyclic graphs with » — 1 non-trivial trees. As in the » = 3 case, by Theorem 4 when
¢ > r we may apply dot-contraction to edges of the cycle until we obtain a unicyclic
graph G’ with cycle size ¢ = r and such that |cy_ (Xa)| = |ern. (Xa)|

We consider three cases for the graph G'.

(a) There are two adjacent non-sprout cycle vertices.
(b) There are two adjacent sprouts.
(¢) Every pair of neighbors on the cycle consists of sprout and a non-sprout.

Case (a): This case is easiest. First notice that this assumption implies r > s + 2.
Let ¢’ be an edge of G’ between two non-sprouts, and apply DNC to this edge. As above,
we only need to consider the contribution of G"\ ¢’ which is now a tree in which all deep
vertices have the same degree as they do in G. Thus, we recover the third case of our
claimed formula for ¢ __,.
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Case (b): Let ¢ be an edge between sprouts v; and ve. The deletion of €’ produces
a tree with the same leading partition and sprout factor contribution
(br =2)(bs = 2) [ J(0: — 1), (4)
i=3

while dot-contraction produces a unicyclic graph G” with number of non-trivial trees
r” = r — 1 and number of sprouts s” = s — 1.

If r = s, then " = s” and the merging of v; and vy produces a sprout of degree
by + by — 2. Hence, by the inductive hypothesis, the sprout factor contribution of G” is

S

(by + by — 3) (H(bi—1)> —(by+by—2+4bg+---+b,)+25—3.

=3

Adding with the contribution of G’ \ €’ gives the desired formula.
If r = s+1, the sprout factor contribution of G’\ ¢’ is unchanged. On the other hand,
dot-contraction gives a sprout factor of

=3

by the inductive hypothesis. Adding the quantity we obtained in (4) gives the desired
result.
Finally, if r > s + 2 then G” contributes sprout factor

S

(b + o = 3) [ (0 — 1),

=3

and again adding with (4) gives the result.

Case (c): Note that the condition of this case together with r > 4 implies that
r > s+2. Let €/ be an edge between sprout v; and another cycle vertex which is adjacent
to v1. We again consider sprout factor contributions of the deletion and dot-contraction
terms of DNC applied to €/. G’ \ ¢ has a sprout factor of

s

(b =2) ] = 1)

1=2

while the dot-contraction gives a graph G” with " = r —1, s” = s — 1 to which we apply
the inductive hypothesis. As r” > s” + 2, the sprout factor is just

s

[Te:i-0),

=2
and adding these terms gives the result. This concludes this case, the inductive step, and
the proof of the theorem. O

Example 53. Consider G in Figure 2, which has r = 3 non-trivial rooted trees. The
only sprout is v3 with degree 3 and the non-sprout deep vertices are v4 and vy7, both with
degree 2. So s =1,p = 2 and we get

CAlead - (_1)2+1 ’ ]' ’ ]' ’ 2 - _2 :
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7 Bicyclic graphs

A simple connected graph G is said to be bicyclic if the number of edges is equal to the
number of vertices plus one. Let B, denote the set of connected bicyclic graphs of order
n. For any G € B,,, the unique minimal bicyclic subgraph G falls into one of two cases:

1. G is constructed from two disjoint cycles Cs and C, by adding a path P, (with h > 1)
from a vertex in C to any vertex in C;. In the case where h = 1, we have two cycles
that share a single vertex.

2. G is constructed from three paths whose edge sets are disjoint, Pyi1, Pri1, Prt1,
where k,/,m > 1 and at most one of them is equal to 1. The initial vertices of all
three paths are identified as a single vertex u, and the terminal vertices are identified
as a single vertex v. In other words, G can be regarded as consisting of two cycles
Cyyr and Cyyp, which share a common path of Py ;.

For any G € B,, we say that G is a type-I (resp. type-1I) bicyclic graph if its unique
minimal bicyclic subgraph is of the form of case (1) (resp. case (2)) above. We illustrate
these two types in Figure 12.

Figure 12: Left: a type-I bicyclic graph; right: a type-II bicyclic graph.

Example 54. In Figure 13 we illustrate a type-I bicyclic graph in Big. [ts unique minimal
bicyclic subgraph has cycles of size 4 and 5 connected by a path with h = 3.

el

Figure 13: A type-I bicyclic graph in Big

Proposition 55. Let G be a bicyclic graph on n vertices.

1. If G is a type-1 bicyclic graph formed by cycles of length s,t > 3, then
Cln) = (s — 1)(t — 1).

2. If G s a type-II bicyclic graph formed by two cycles of length s,t > 3 which meet
along a path Py y for £ > 1, then

o = 5=t = 1) -2(3).
Note that when { =1, the formula reduces to cqy = (s — 1)(t — 1).
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Proof. First we consider case (1). We apply the DNC relation to an edge of the cycle
containing s vertices. The term corresponding to deletion of the edge contributes ¢t — 1 to
the coefficient c¢(,), by Theorem 11. Next, the dot-contraction term can be ignored since
it produces a disconnected graph, for which ¢,y = 0 since all partitions from disconnected
graphs have length at least 2. We now proceed by induction on s for the leaf-contraction
term. When s = 3, the leaf-contraction term also contributes (¢t — 1) yielding 2(¢t — 1)
total for c(,), as claimed. Now if s > 3, the leaf-contraction term reduces us to the case
of cycles of size s — 1 and ¢, which contributes (s — 2)(¢ — 1) by the inductive hypothesis.
Finally, adding this to the contribution of deletion produces the result.

Next we consider case (2) where the cycles of size s,t have £ > 1 edges in common. We
proceed with induction on /. For the base case, suppose ¢ = 1 and e is the single shared
edge. We apply the DNC relation to e. If s = 3, deleting the edge e yields a unicyclic
graph with a cycle of size 2 + (¢ — 1) = ¢t + 1, which by Theorem 11 contributes ¢ to c().
If ¢ = 3, leaf-contracting e would result in a tree which contributes 1 = ¢ — 2 to c(,) by
Theorem 8. If t > 4, leaf-contracting e would produce a unicyclic graph with a cycle of
size t — 1, which contributes ¢ — 2 to c(,). We may again ignore the dot-contraction term.
Thus by the DNC relation, ¢,y =t 4+t —2 = 2(t — 1). For s > 3, applying DNC to e
now gives s+t — 3 from deletion, and (s —2)(t — 2) from leaf-contraction by applying the
formula for case (1). Adding these contributions yields the result. Supposing the result
holds whenever the cycles have £ — 1 edges in common, we apply DNC to an edge of the
common path. Deletion contributes s+¢—2¢—1, since we are left with one cycle of length
s+t — 2¢. Leaf-contraction reduces to the ¢ — 1 case where our inductive hypothesis has
contribution

(5—2)@—2)—2(5;1) —st—2s—2t+4—({—1)({ —2).

Adding these contributions, we have
st—t—s+1-20—-1)— (-1l —-2)=(s—1)(t—1)—L(£—1)
as desired. O

In what follows, we will show how to recover the sizes of the two cycles in a bicyclic
graph. In order to do this we need another equation in addition to (s — 1)(t — 1) = ¢
in type-I, and we need two additional equations in type-II as we have three unknowns.
We begin with a proposition.

Proposition 56. [13, Lemma 4.19] Let j > 1, G be a unicyclic graph with a cycle of
length ¢ > 3 and chromatic symmetric function X¢ =\, cxstx. Then,

> o= (7))

Abn
LN)=j

In particular, these sums are zero whenever j = c.

We have some similar results for bicyclic graphs.
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Proposition 57. Let G be a connected bicyclic graph on n vertices of type-I containing
cycles of lengtht > s > 3. Let Xg =), cxsty. Then for j > 1,

J

S a= Y () = GO - (G - G-

Arn, €(\)=j i=1
In particular, the sum vanishes when j > s+t —2 and is non-zero for 1 < j < s+t—3.

Proof. We induct on the length of the cycle s. For the base case, suppose s = 3. We
apply the DNC relation to an edge e on the s-cycle, we have that G \ e and G ® e are
both connected unicyclic graphs on n vertices containing a ¢-cycle, while (G ©® e) \ £, is
the disjoint union of a connected unicyclic graph on n — 1 vertices and an isolated vertex.
Hence, by Theorem 56, X¢\. and Xgee each contribute (—1)j_1(t;1) to the sum, and

X(Goe)r. contributes 0 to the sum when j = 1, and contributes (—1)7~2 (;j) when 7 > 1.

1o (t—1 i1 (3—1) (t—1
Therefore, by the DNC relation, »3,, ;=00 = (=1) 12(tj ) = (-1)771(%] )(tj )
when j = 1 and when j > 1,

> o= ) S D)+ T = (0 2050 + ()]

AFn, £(A)=j
= VN G ED]

This completes the base case. For the inductive step, assume that the statement holds
for all such bicyclic graphs of type-1 with cycles of size t,z — 1 > 3. Let G be a bicyclic
graph on n vertices with cycles of size t, z > 3 sharing at most one vertex. By applying
the DNC relation to an edge e on the z-cycle, we have that G \ e is a connected unicyclic
graph on n vertices containing a t-cycle; (G ® e) \ /. is the disjoint union of a bicyclic
graph (of type-I) on n — 1 vertices containing cycles of sizes ¢t and z — 1 and an isolated
vertex; and G ®e is a bicyclic graph on n vertices (of type-I) containing cycles of size ¢ and
z — 1. Hence, by Theorem 56, X¢\ . contributes (—1)7~ 1(t 1) to the sum; Xgee)\r, con-

tributes (—1)72 Zf;ll (Zf) (?j) by the inductive hypothesis; and, again by the inductive
hypothesis, Xge, contributes (—1)7~13>7_, (*23) (.".1,)- Therefore, we have that

)\l—n;()\):j o= (=115 - (—1)j_2§ () )yt ;Zl (o)
— o 59+ S +ZZ%11
= (- DR Z GG+ GG+
P )
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Reindex the last sum, combine with terms of the second, and apply Pascal’s rule to get

2 CAZ(—UH i +Z )+ ) G+ GG GG

Aen, £(N)=j L

:(_1>j—1 z— 1 t 1 +Z z+1 (z;l)(t;l)

J
_ i—1 (0
= (=1) Z J H—l

Li=1

The result follows from applying Vandermonde’s identity.
It is easy to see that if 7 > s+ ¢ — 2, then all binomial coefficients (Sﬂ_z), (5,_1)

j+1 j+1/)°
and (J +1) are zero. Thus, the sums vanish for these values of j. Now, we show that the

summation is strictly positive for 1 < j < s+t — 3. Since

J+1 J
t—2 t—1 —1
(s;‘r+1 ) = Z( i ] H—l Z j z—l—l (j-l—l) + (;+1)’
i=0 =1

+t—2 t—1 i—1 ;
then (SJ.Jrl ) > (j+1)'+ ( +1) if there is at least one ¢ such that ( ; )(j—i—f—l) > O.. This
happens when there is an ¢ in the summation such that 1 <i<s—land 1 <j—i+1<
t — 1, which is equivalent to 1 < i< s—1and j —t+ 2 < i < j. Thus, there is an 7 in

both intervals if 1 < jand j —t4+2 < s—1, in other words 1 < 7 < s+t — 3. O

Proposition 58. Let G be a connected bicyclic graph of type-1I, formed by two cycles of
length s,t > 3 which meet along a path P,y i for £ > 1, and with chromatic symmetric
function Xg =, cxsty. Then

>

AFn
LN)=j

S [T ()6 ()

In particular, the sum vanishes when j > s+t —{ — 1 and is non-zero for 1 < j <
s+t—+C¢—1. We also note that the formula reduces to that of a type-I bicyclic graph
when € =1, and, although type-1I bicyclic graphs assume ¢ > 1, setting { = 0 also agrees
with the type-1 formula.

Proof. We proceed by induction on the length of the common path FP,.; and assume
without loss of generality that s < t. For the base case, suppose £ = 1. If s = 3, we let e
be an edge of the cycle containing s vertices that is not the single edge in P, ;. We apply

the DNC relation to e to obtain X¢ = X\« — X(goene. + Xaoe and consider ()\Isn )
j
for each of the three graphs coming from the DNC relation. Notice that the deletion and

leaf-contraction of e each result in a connected unicyclic graph with a cycle of length ¢
and the dot-contraction of e results in a unicyclic graph with a cycle of length t together
with an isolated vertex. For j = 1, Xg\. and Xgee each contribute ¢ — 1 to the sum by
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Theorem 11 while X (gee)\¢. contributes 0 to the sum since it is disconnected. The DNC
relation and Pascal’s rule show

oy =2t—2=()+(7) - ()
=()+6) -6 -3
U (5 - (3 - (3
For j > 2, Theorem 56 states that X\ and Xge. each contribute (—1)7~! (tgl) to the

sum. With X (gee)\e., all partitions of length j result from multiplying those of length
j — 1 by stq), and therefore by Theorem 56, X(geeye, contributes (—1)7- 2(t 1) to the

sum. Since j > 2, it follows that (jil) = 0. The DNC relation and Pascal’s rule show
> ==Y (D) + (59 - ()]

Abn
LN)=j

I
—~
|
—_
~—
.
L

)+ (5= ()]
= DO+ () = () = ()]
() () - () - ()]

If s > 4, we let e be the single shared edge. Notice that G \ e is a connected unicyclic
graph with cycle length s + ¢t — 2, (G ®e) \ £, is a type-I graph with cycles of length
s —1 and ¢t — 1 together with an isolated vertex, and (G ® e) is a connected type-I graph

with cycles of size s — 1 and ¢ — 1. By Theorem 56, X¢\. contributes (—1)j*1(s+;73)

I
—~
|
—_
~—
<.
L

to the sum. By Theorem 57, X(goe)r, contributes (—1)772 [(5?74) — (332) — (t;Q)] and
Xgee contributes (—1)771 [(5;:4) — (jﬁ) — (;ﬁ)} Using these contributions in the

DNC relation and Pascal’s rule, we have

; cy = (—1)1'*1 [(54—;—3) 4 (s+§—4) . (552) . (t;Q) 4 (8;—-:4) _ (;—j) _ (;ﬁ)]
002

= (ST ) - ) - ()]

For the inductive step, suppose the statement holds for / = w > 1 and let G be as
in the statement with £ = w + 1. Observe that we may assume that s,¢ > 4 since if
there were a 3-cycle, we could rearrange the paths so that the common path has length
1, which is covered by the base case. Let e be an edge of the common path, P,,5. As
above, we apply the DNC relation on e and analyze the contributions to the sum from
each of the three graphs. The deletion of e results in a unicyclic graph with cycle length
s+t —2(w+ 1) and thus Xg\. contributes (—1)7* (SH_Q(}“’Ll)_l) to the sum. The dot-
contraction of e results in a type-II bicyclic graph with cycles of size s — 1 and ¢ — 1 that

meets along a path of length w together with an isolated vertex and thus by assumption
contributes

Gﬂyﬁ(é;{CS—U+%P;?IQwHJ)+§}
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N ((s—l)+(t—1)—w—2> B (5—2> B (t—Q))
J J J '
Similarly, the leaf-contraction of e contributes
& —D)+@t—-1)—2w+1)+i
(gl
(% j
((s—l)—i—(t—l)—w—Q) (3—2) (t—Z)
+ . — 1. — 1. .
Jj+1 Jj+1 Jj+1
Thus by the DNC relation and Pascal’s rule,

Y a= (-1 {(sﬂ_g(;uﬂ)_l)

AFn
L(N)=7

+

-

[<s+t7§(_wl+2)+i)} 4 <s+t7(1§+1)73> _ (352) _ (t;2)

=1

M=

P[] ) - () - (49)

1

7

w+1
:<_1)]—1 [(s+t2(}u+2)+l) + Z |:(s+t72(j1‘u+2)+z)] + (s+t7§'ziil)72) . (j;i) . (;J,:i)] :
i=2
which after combining the first two terms as a single sum, we get the desired result.

It is easy to see that all binomials in the statement of the proposition vanish when
j=s+t—L0—1.1f £ =1, then the formula reduces to type-I, hence the non-vanishing is
proven in Proposition 57. In fact, if any of k, m, or £ are equal to 1, the formula reduces
to that of type-I. Hence, we assume that k, m, ¢ > 2 (where k, m, ¢ are as in our definition
of bicyclic graphs, see Figure 12). Next we show that when 1 < j < s+t — /(¢ — 2,
ZE(/E\'_)H ¢y # 0. We claim that

=j

i(SH_Qghl)”)+<S+§;§_2)_G;D_C;D 5

is greater than zero if 1 < j < s+t — ¢ — 2. Notice that it is greater than zero whenever
7 =t — 1 since we assume that s < ¢, and for 7 > ¢t — 1 the last two subtracted binomials
are zero. It remains to prove that expression (5) is positive for 1 < j < ¢t — 2. To show
this, we use the following identity that is a direct consequence of Pascal’s relation for any
two positive integers a > b we have

(2)-G1)-%0) L

We also use the fact that (‘:) > (f) whenever ¢ > b > 0 and 1 < i < a. By Equation (6)
witha=s+t—(—2and b=1t— 1, we get

<s—|—t—£—2> (t-1>_5+§‘3(¢)>0
j+1 j+1 —~ \J/

)
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Notice that this means that since (5 1) =
that expression (5) is positive for 1 < j <

to show that Yy
G)-2() 7

=]

0 for — 1, we actually only need to show
s — WeuseEq (6) witha=s—1and b = 7,

Substituting into expression (5) we get

e () S ()5 0)

s o
(L (S )-E0)-20) v

Examining the middle expression of (8) and reindexing, we have

S-S0 (e e

ast—1=({+m)—1>lands—(—-2=(l+k)—(+2=>0.
This implies that it suffices to show

§36+¢—2@+n+w)_§ic>>o' (10)

i=1 J i=j

If ¢ < j then the subtracted summation of inequality (10) is empty and we are done.
t—j .
—1 N J i=1 J

Otherwise, if ¢ > j, we can reindex both summations and get
j ( ‘)
=1 i= 1

E:(s+t—j—1—¢)_
i,2;1(“;”%(fii[(t‘i”)-(?)])>07

where the first inequality follows from ¢ < s—1, and last inequality follows from ¢ < ¢ —1.
So, the summation in parenthesis is greater or equal to zero. By inequality (9) this finishes
the proof. O

—

1=

Recall that the girth of a graph G is defined as the length of the smallest cycle.
To show that we can recover the cycle sizes of bicyclic graphs, we will make use of the
following result.

Proposition 59 ([11, Prop. 3]). The girth g of a graph G is recoverable from Xg.

Notice that in type-1I, the formulas of Propositions 55(2) and 58 are independent of
the choice of s and t. On the other hand, we can always assume that ¢ < k£ < m and
that s = ¢ + k is the girth of the graph so that ¢t = ¢ + m (see Figure 12). That is, the
path common to the two cycles has length ¢ < s/2 < s. We will make this assumption
to facilitate the proof of our main result for this section.
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Theorem 60. For any bicyclic graph G with cycle sizes s < t meeting along ¢ < s/2
edges, we can recover s and t from Xqg. Furthermore, if £ > 2 we can detect that G is of
type-11 and recover (.

Proof. First note that the girth of a bicyclic graph is equal to the size of the smaller
cycle, s = { + k, so this is immediately recovered from Theorem 59. Next we show how
we can distinguish between the cases £ > 2 and ¢ < 1. Let

J*:=min{j € [n] | Z cx =0},
A-n
A=y

and
= o) + 1.
s—1
Observe that if G is of type-I, i.e., £ = 0, or is of type-II with ¢ = 1, then t = ¢, while if
G is of type-1I with ¢ > 2 then the size t = ¢ 4+ m of the other cycle satisfies
cmy +2(5 Lol=1) .
_w*2) g WD)
s—1 s—1
Observe that if ¢ is not integral, then we may immediately conclude G is of type-II and
that ¢ > 2. Otherwise, it must be the case that s —1 | (¢ —1), and we proceed as follows.
By Theorem 57 and Theorem 58, we have that if G is type-I or £ = 1 then j* = s+t—2
while if G is of type-II then j* = s+t — ¢ — 1. We claim that ¢ > 2 exactly when
s+t — 2+ j* This will follow from the inequality

t—1>t—1¢
which we claim is strict for ¢ > 2. Observe that if ¢ > 2 we have

o T 1)

t—0= +1-/
s—1
:5—1+(1—a3_@).
s—1

The claim now follows from the basic inequality (s —¢) > s —1for 1 < { < s —1, with
equality at the endpoints. Note that with our assumptions that ¢ < k and s = {4+ k
(see the paragraph preceding the theorem statement), ¢ is always at most s/2 and when
¢ > 2, we have s > 3.

Having shown that we can distinguish the case ¢ < 1 (including type-I where ¢ = 0)
from type-II with ¢ > 2, we can conclude that if G is type-I or £ = 1, we have t = { =
7%+ 2—5. On the other hand, if GG is type-II we can obtain ¢ by identifying the equations

c L
t = %21(2) +1=7*— s+ £+ 1 and solving for ¢ using the quadratic equation. This

produces solutions

1 .
£= (s /8 = 4((s = )5 = 1) + ),
Then substituting for j* and c(,), we see the discriminant gives
S—A4(s—DU+1—t)+(s—1)(t—1) =Ll —1)) =5*—4((s — 1)) — L({ - 1))
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= s> —4l(s — 1)
= (s —20)%
This shows that the solutions to the quadratic are exactly the natural number values ¢

and k£ = s — ¢, as desired. The smaller of these solutions in our convention is ¢, which
can then be used with 5* to recover t = j* — s+ ¢ + 1. O]

We remark that it is impossible to distinguish between type-I bicyclic graphs and the
¢ =1 case of type-II bicyclic graphs. Indeed, the first example provided by Stanley of non-
isomorphic graphs with the same chromatic symmetric function exhibits this difficulty

[14] (see Figure 14).

Figure 14: Two bicyclic graphs with identical chromatic symmetric functions

Example 61. Consider the two graphs in Figure 14. They both have chromatic sym-
metric function:

XG = 45t(5) — 85t(471) + 45t(3,2) + 45f(371’1) — 35f(27271).

Now suppose we only know that X comes from a certain bicyclic graph G with cycle
lengths s,t with s < t. We can recover the number of vertices n = 5 from the degree.
Next we use [11, Prop. 3] to find s = 3. Then we may follow the instructions from the
proof of Theorem 60:

1. j* = IIllIl{j S [n] ‘ Z[(}/\\}Szj C) = O} =4,

A~

2. ="M 4 1= +1=3,
3. s+t—2=3+3-2=4=j*.
Therefore we must have ¢ < 2 and t = ¢ = 3.
On the other hand, we have the following corollary.

Corollary 62. No bicyclic graph of type-1 or of type-II with min{k,¢,m} = 1 can have
the same CSF as a type-1I bicyclic graph with min{k, ¢, m} > 2 where k, £, m are as in
our definition of bicyclic graphs.

8 Examples and data

It is known that a graph is bipartite if and only if the graph contains no cycles of odd
length. This implies that every tree is a bipartite graph. In [12] the authors construct an
infinite number of unicyclic graphs with a 3-cycle with the same CSF. A natural question
to then ask is whether the bipartite property of trees plays a role in the tree isomorphism
problem. That is, one might ask: If G; and G5 are non-isomorphic bipartite graphs, is
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Figure 15: Two bipartite graphs with the same CSF on 12 vertices.

Figure 16: Two graphs with the same CSF on 13 vertices.

Figure 17: Two graphs with the same CSF on 16 vertices.

it always true that X, # Xg,?7 We exhibit in Figures 15 and 16 examples showing that
this is not the case. We note that these are the only pairs of non-isomorphic connected
4-unicyclic graphs up to n = 17 vertices.

There is a large family of pairs of non-isomorphic connected unicyclic graphs with a
3-cycle and an even number of vertices that have identical CSFs but distinct numbers of
non-trivial rooted trees, internal edges, and degree sequences. On the other hand, the
following conjecture has been verified for n < 16 vertices.

Conjecture 63. Let G; and G5 be connected unicyclic graphs, either with a 3-cycle
and an odd number of vertices or a c-cycle for ¢ > 4. Then if X4, = X, then G; and
(G5 have the same degree sequence, number of non-trivial rooted trees, and number of
internal edges.

In Figures 15 to 17, each pair of graphs shares the same degree sequence, number
of non-trivial rooted trees, and number of internal edges. By Theorem 12 two unicyclic
graphs with the same CSF must have the same cycle size ¢. However, it is not known
whether there exist two unicyclic graphs with different degree sequences that have the
same CSF with ¢ > 3. We have verified the following using SAGEMATH [15].

1. CSF distinguishes 3-unicyclic graphs on n vertices if n = 3,4,5,7,9, 11,13, 15.

2. There are pairs of 3-unicyclic graphs with the same CSF when the number of vertices
is 6,8, 10,12, 14, 16.

3. CSF distinguishes 4-unicyclic graphs on n vertices if n = 14, 15, 16, 17.
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4.

CSF distinguishes 5-unicyclic graphs on n vertices if n < 15.

5. CSF distinguishes c-unicyclic graphs on n vertices if n < 16 and 6 < ¢ < 16.
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