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Abstract

We extend the scope of analytic combinatorics to classes containing objects that
have irrational sizes. The generating function for such a class is a power series
that admits irrational exponents (which we call a Ribenboim series). A transfor-
mation then yields a generalised Dirichlet series from which the asymptotics of the
coefficients can be extracted by singularity analysis using an appropriate Tauberian
theorem. In practice, the asymptotics can often be determined directly from the
original generating function. We illustrate the technique with a variety of applica-
tions, including tilings with tiles of irrational area, ordered integer factorizations,
lattice walks enumerated by Euclidean length, and plane trees with vertices of ir-
rational size. We also explore phase transitions in the asymptotics of families of
irrational combinatorial classes.

Mathematics Subject Classifications: 05A15, 05A16, 13F25, 30B50

1 Introduction

At the root of the discipline of analytic combinatorics is the fact that if we consider a
generating function analytically as a complex function, then the asymptotic behaviour
of its coefficients can be determined from the singularities on its circle of convergence.
Specifically (see [7, Theorem VI.1]), given a combinatorial class C with ordinary generating
function

fC(z) =
∑
n>0

|Cn|zn =
∑
c∈C

z|c|,

where Cn is the set of objects in C of size n, suppose that fC(z) is (the Taylor series of) a
complex function with unique dominant singularity ρ, such that

fC(z) = g(z) +
h(z)

(1− z/ρ)α
,
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where α /∈ −N, and both g and h are analytic on the closed disk D(0, ρ). Then the
asymptotic number of objects in C of size n is given by

|Cn| =
[
zn
]
fC(z) ∼ h(ρ)

Γ(α)
ρ−nnα−1, (1)

where
[
zn
]
f(z) is the coefficient of zn in (the Taylor series of) f(z).

Rational and irrational classes

In this paper, we establish analogous results when we remove the requirement that the
size of a combinatorial object must be an integer. We require only that the set of sizes
of objects in a combinatorial class has no accumulation point in R. That is, objects in
a class C must take their sizes from some countable set ΛC consisting of a nonnegative
increasing sequence of values that tends to infinity. It remains necessary that, for each
λ ∈ ΛC, there are only finitely many objects of size λ in C. We distinguish two cases.

Firstly, if there exists some ω > 0 such that ΛC ⊆ ωN (that is, each object size is a
multiple of ω), then we say that the class C is rational. The sizes of objects in rational
classes need not themselves be rational: every object in C has a rational size if and only
if ω ∈ Q. Rational classes are not our primary concern. We investigate their asymptotics
in Section 2.4.

In contrast, if there is no positive ω such that ΛC ⊆ ωN, then we say that C is irrational.
As a simple example, consider the class T = T (β) of tilings of a strip of width one using
two types of rectangular tile: a 1×1 square tile, and a tile with dimensions β×1 for some
β > 0. The size of a tiling is the length of the tiled strip. If β is irrational, then so is
T , with the set of object sizes being {k + `β : k, ` ∈ N}. See Figure 1 for an illustration,
with β =

√
2.

0 1 2 3 4 5 6 7 8 9 10 11 12

Figure 1: A tiling of a strip using seven tiles of length 1 and four of length
√

2

Ribenboim series

To record the sizes of objects in an irrational class, we use formal power series that
admit irrational exponents. We call these Ribenboim series after Paulo Ribenboim, who,
building on the earlier work of Levi-Civita [19], Hahn [9], Neumann [23] and Higman [11],
investigated their algebraic properties in a series of papers in the 1990s [5, 26, 27, 28, 29,
30]. See [4] for a historical perspective, and [18] for a recent study.

Formally, a Ribenboim series in z with coefficients in a commutative ring R is an
element

∑
λ cλz

λ of the ring R[[zR
>0

]] of Hahn series with nonnegative exponents such
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that the support of the exponents {λ : cλ 6= 0} contains no finite accumulation point.1

For enumeration, we take R = Z. Thus, the generating function (GF) of an irrational
class C, which we call an irrational generating function (IGF), is the formal Ribenboim
series

fC(z) =
∑
i>1

|Cλi |zλi =
∑
λ∈ΛC

|Cλ|zλ =
∑
c∈C

z|c|,

where Cλ = {c ∈ C : |c| = λ} is the set of objects in C of size λ, and λ1 < λ2 < . . . is the
total ordering on the elements of ΛC.

For example, the IGF for the class T of strip tilings is

fT (z) =
1

1− z − zβ
=
∑
k,`>0

(
k+`
k

)
zk+`β.

Asymptotics of irrational classes

In general, the coefficients in an IGF can fluctuate wildly. For example, here are seven
consecutive terms in the GF for T (

√
2):

8 z1+7
√

2, z11, 126 z4+5
√

2, 120 z7+3
√

2, z8
√

2, 11 z10+
√

2, 84 z3+6
√

2.

Thus it makes no sense to consider the asymptotics of the coefficients directly.
Instead, we consider the number of objects in an irrational class of size at most a given

value, which may exhibit smooth asymptotic behaviour. Given a class C and any x > 0,
we use C6x to denote the set {c ∈ C : |c| 6 x} of objects in C of size at most x. Note
that the structure required of ΛC is sufficient to ensure that each of these sets is finite.
Similarly, if f(z) =

∑
λ∈Λ cλz

λ is a Ribenboim series, then[
z6x
]
f(z) =

∑
λ6x

cλ

extracts the sum of the coefficients of those terms of the series with exponent at most x.
Thus,

[
z6x
]
fC(z) = |C6x|.

Analytically, a Ribenboim series has a radius of convergence in [0,∞] and is analytic
within its disk of convergence, except on the non-positive real axis, where there is a branch
cut. Moreover, if it has nonnegative coefficients and a finite radius of convergence ρ, then
it has a singularity at the point z = ρ. See Proposition 10.

In order to specify an additional condition that must be satisfied by an irrational class
for our main theorem to apply, we introduce a transform that we apply to IGFs.

Dirichlet generating functions

If f(z) =
∑

λ∈Λ cλz
λ is a Ribenboim series, then we define its exponential transform to be

the generalised Dirichlet series

F (s) =
∑
λ∈Λ

cλe
−λs,

1In general, a Hahn series permits exponents whose support is any well-ordered subset of an ordered
group.
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in which e−s has been substituted for z.2 The exponential transform of the IGF of a
combinatorial class is its Dirichlet generating function (DGF).

If a Ribenboim series has radius of convergence ρ, then under the exponential transform
its cut-disk region of convergence is mapped into the right open half-plane {s : Re s >
log(1/ρ)}. Its circle of convergence is mapped to the line of convergence Re s = log(1/ρ)
of the Dirichlet series, with its dominant singularity z = ρ being mapped to the point
s = log(1/ρ). See Figure 2 for an illustration.

ρ

z
z 7→ e−s

log(1/z) ←[ s −πi

+πi

log(1/ρ)

s

Figure 2: The mapping of the region of convergence under the exponential transform

If F (s) is the exponential transform of a Ribenboim series f(z), then F (s) = f(e−s)
as long as s lies in the strip −π < Im s 6 π. In general, this identity does not hold for
other values of s. On the other hand, f(z) = F (log(1/z)) for all nonzero z ∈ C.

Primitive irrationality

Suppose C is an irrational combinatorial class whose IGF has radius of convergence ρ ∈
(0, 1). Then we say that C is primitive or has primitive irrationality if log(1/ρ) is the
unique singularity of its DGF on its line of convergence.

With this definition, we can now state our primary result, which enables the extraction
of asymptotics from the IGF of a primitive class, in an analogous manner to (1) above.

Theorem 1. Suppose that C is a primitive irrational combinatorial class. If its irrational
generating function fC(z) has positive radius of convergence ρ < 1, and one can write

fC(z) = g(z) +
h(z)

(1− z/ρ)α
,

where α /∈ −N, and both g and h are analytic on the cut disk D(0, ρ) \ R60, then the
asymptotic number of objects in C of size at most x is given by

|C6x| =
[
z6x
]
fC(z) ∼ h(ρ)

log(1/ρ) Γ(α)
ρ−xxα−1.

Note that the shape required of an irrational generating function in Theorem 1 is not
sufficient for a class to be primitive. The unique dominant singularity of an IGF may
correspond to multiple singularities on the line of convergence of the DGF. In contrast

2In the special case that Λ = {log n : n > 1}, this is a standard Dirichlet series
∑

n>1 ann
−s; see

Section 2.2.5.
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with the smooth asymptotics of primitive classes, irrational classes that are not primitive
may exhibit periodic oscillations in their asymptotics. An example of such a class is
analysed in Section 2.2.8.

It is interesting to briefly compare Theorem 1 against the asymptotics of standard
combinatorial classes. If A is a class of integer-sized objects with ordinary generating
function fA(z), then (1− z)−1fA(z) is its cumulative generating function:

|A6n| =
[
z6n
]
fA(z) =

[
zn
]fA(z)

1− z
.

Thus, if fA(z) has unique dominant singularity ρ < 1 such that

fA(z) = g(z) +
h(z)

(1− z/ρ)α
,

where α /∈ −N, and g and h are analytic on D(0, ρ), then by (1), for any nonnegative
real x, the asymptotic number of objects in A of size at most x is given by the step
function

|A6x| ∼
h(ρ)

(1− ρ)Γ(α)
ρ−bxc bxcα−1 .

If we let δ(x) = x− bxc denote the fractional part of x, then this matches Theorem 1 if

ρδ(x)(1− δ(x)/x)α−1 =
1− ρ

log(1/ρ)
, (2)

the solutions of which depend only on the values of ρ and α. If ρ is a simple pole (α = 1)
then this holds exactly whenever the fractional part of x equals

δρ :=
log(1/(1− ρ)) + log log(1/ρ)

log(1/ρ)
,

a value that always lies between 0 and 1
2
. When the dominant singularity is not a simple

pole, since δ(x)/x tends to zero as x increases, for each sufficiently large n ∈ N there
exists a δn ∈ (0, 1) for which x = n+ δn satisfies (2), with lim

n→∞
δn = δρ.

Sufficient conditions for primitive irrationality

In order not to have to establish individually the primitive irrationality of each class in
which we are interested, it is useful to have conditions which guarantee that a class is
primitive. The following simple condition (Proposition 2) is of particular use.

To state it, in an analogous manner to our definition of an irrational class, we say that
a set S of real numbers is irrational if there is no ω 6= 0 such that S ⊆ ωZ. In particular,
this holds if there exist x, y ∈ S such that x/y /∈ Q.

If every singularity s on the line of convergence of the DGF of a class C is a root of an
equation of the form ∑

γ∈Γ

cγ e
−γs = 1,
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where Γ is an irrational set of positive numbers and each cγ is also positive, then C is
primitive.

For example, the DGF for the class T of strip tilings,

FT (s) =
1

1− e−s − e−βs
,

satisfies this requirement if β /∈ Q. Hence T is primitive if β is irrational, and by Theo-
rem 1 we have

|T6x| ∼
1(

ρ+ βρβ
)

log(1/ρ)
ρ−x =

ρ−x

H(ρ)
,

where ρ is the unique positive root of 1−z−zβ, and H(x) = −x log x− (1−x) log(1−x),
the latter simplification resulting from the identities ρβ = 1− ρ and β log ρ = log(1− ρ),
exhibiting a mysterious connection to entropy.

Context

The analytic approach to combinatorial enumeration, expounded and popularised by Fla-
jolet and Sedgewick [7], has seen significant recent growth, as evidenced by the publication
of several new graduate textbooks taking varied perspectives [21, 22, 25].

However, we are aware of only one work that considers irrational classes, and that
addresses a rather different question: Garrabrant and Pak [8] (see also Melczer [21, Sec-
tion 3.4.2]) considers the tiling of a strip of length n + ε with a finite set of irrational
length tiles with adjacency constraints, for some fixed ε ∈ R and each n ∈ N. Their main
result is that the ordinary generating functions for these tilings are precisely the diagonals
of multivariate N-rational functions. As far as we know, Ribenboim sequences have not
previously been used for enumeration, although Richard Stanley made use of polynomials
with irrational exponents in [31].

The idea of extending the scope of analytic combinatorics to irrational classes was first
presented in a MathOverflow question and at a Banff workshop in 2016 [1, 2]. The main
result in this paper originally appeared in the Master’s thesis of the second author [3].
The authors are particularly grateful to Andrew Elvey Price for discussions and advice,
and also to two anonymous referees whose feedback helped us to improve the presentation
of this work.

Theorem 1 only gives the first-order asymptotics of primitive irrational classes. With
more detailed analysis it ought to be possible to calculate further terms, analogous to
the result of Flajolet and Odlyzko [6] that the coefficient of zn in (1− z/ρ)−α admits the
asymptotic expansion[

zn
] 1

(1− z/ρ)α
∼ 1

Γ(α)
ρ−nnα−1

(
1 +

∞∑
k=1

ek
nk

)
, (3)

where ek is a specific polynomial in α of degree 2k. Another direction to explore would
be the establishment of central limit theorems (for example, see [13, 14]). A suitable limit
theorem may be of help in determining the asymptotic enumeration of irrational tilings
of a square (see Section 2.2.9).
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Outline

The remaining two sections of this paper are independent of each other and can be read
in either order. In Section 2, we present some conditions that guarantee primitive irra-
tionality, and then illustrate the use of Theorem 1 with a wide variety of applications,
mostly irrational analogues of classical combinatorial classes. We also investigate rational
classes, irrational classes that are not primitive, and phase transitions in families of prim-
itive irrational classes. The somewhat shorter Section 3 contains the required analytic
theory of Ribenboim and Dirichlet series, culminating in a proof of Theorem 1.

2 Applications

The heart of this section consists of the application of our approach to a variety of prim-
itive irrational classes. We also analyse rational classes, and irrational classes that are
not primitive. We begin, in Section 2.1, by establishing conditions under which we can
guarantee primitive irrationality, and we conclude in Section 2.5 with an investigation of
phase transitions in families of primitive classes.

2.1 Establishing primitive irrationality

In this section, we present three propositions that can be used to establish that a class is
primitive. We begin with a very simple condition ensuring primitive irrationality, that is
of much wider applicability than might be expected. Its proof is elementary.

Proposition 2. If every singularity s on the line of convergence of the Dirichlet generating
function of a combinatorial class C is a root of an equation of the form∑

γ∈Γ

cγ e
−γs = 1, (4)

where Γ is an irrational set of positive numbers and each cγ is also positive, then C is
primitive.

Proof. Let µ + iR be the line of convergence of the DGF. Since the DGF has positive
coefficients, µ is a singularity (see Proposition 9).

Note that, for any a, b ∈ R, we have Re ea+bi 6 ea, with equality only if b ∈ 2πZ.
Thus, µ + ti is a root of (4) only if, for each γ ∈ Γ, we have tγ ∈ 2πZ. If t 6= 0, then

this implies that t
2π

Γ ⊆ Z, so Γ is not irrational.

Note that Γ does not need to be finite. The sum may be any irrational Dirichlet series
with positive coefficients.

Although Proposition 2 is stated in terms of DGFs, the simplicity of the exponential
transform means that a class can often be seen to be primitive by inspecting its IGF. For
example, suppose F = Seq[G] consists of sequences of objects from some irrational class
G. Then the IGFs of F and G satisfy the identity

f(z) =
1

1− g(z)
.
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The class F is said to be supercritical (see [7, Section V.2]) if f has a dominant singularity
at the unique positive root of g(z) = 1. In this case, the conditions of Proposition 2 are
satisfied by F . Thus, we have the following structural condition for primitive irrationality.

Proposition 3. If G is irrational and F = Seq[G] is supercritical, then F is primitive.

When applying Proposition 2, it is essential to take into account every contribution
to the dominant singularity. For example, a class with IGF

1(
1− z − 3zlog26

)(
1− z − 5zlog210

)
has a double pole dominant singularity at z = 1

2
and is primitive, both factors being

irrational, whereas a class with IGF

1(
1− z − 3zlog26

)(
1− 5zlog25

) ,
which also has a double pole dominant singularity at z = 1

2
, is not primitive, the second

factor yielding singularities in the DGF at log 2 + 2kπi/ log2 5, for each k ∈ Z.
Proposition 2 can also be applied when the dominant singularity is a branch point

rather than a pole. See Section 2.3 for several examples.
In general, it is not possible to weaken the requirement that each cγ in (4) must be

positive. For example, a class with IGF

1

1− 2z − zβ + 2z1+β
=

1(
1− 2z

)(
1− zβ

) ,
which has its dominant singularity at z = 1

2
(for any positive β), is not primitive, its DGF

having singularities at log 2 + 2kπi (k ∈ Z).
However, when the dominant singularity satisfies an equation of the form

∑
γ∈Γ cγ z

γ =
1 in which some of the coefficients are negative, it is sometimes possible to rearrange the
IGF so that it then meets the requirements of Proposition 2. See Section 2.2.7 for one
approach of wide applicability.

Here is another condition guaranteeing primitive irrationality, that can be deduced
from Proposition 2 by rearrangement:

Proposition 4. Suppose µ + iR is the line of convergence of the Dirichlet generating
function of a combinatorial class C. Suppose that every singularity on this line is a root
of an equation of the form(

1−
∑
δ∈∆

aδ e
−δs
)k
−
∑
γ∈Γ

cγ e
−γs = 0,

for some integer k > 2, where each γ ∈ Γ and each δ ∈ ∆ is positive, as is each cγ and
each aδ. If the set Γ ∪∆ is irrational, then C is primitive.
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Proof. Let G(s) =
∑

γ∈Γ cγ e
−γs and H(s) =

∑
δ∈∆ aδe

−δs. Every singularity s on the line
of convergence of the DGF satisfies the equation

1 =
G(s)(

1−H(s)
)k = G(s)

(
1 +H(s) +H(s)2 + . . .

)k
=
∑
λ∈Λ

bλe
−λs,

for certain bλ, all positive, where

Λ =
{
γ + β : γ ∈ Γ, β ∈ span(∆)

}
,

where we use span(∆) to denote the set of finite N-linear combinations of elements of ∆.
The set Λ is irrational, since Γ∪∆ is. Thus the conditions of Proposition 2 are satisfied

and C is primitive.

2.2 Tiling and packing

In this section, we illustrate the scope of our approach by exploring the asymptotic enu-
meration of a variety of types of tiling and packing, including the establishment of a
general result concerning the primitive irrationality of tilings with adjacency constraints.
We also look at the structure of a typical tiling, at irrational tilings which are not primitive,
and at how an irrational class of tilings relates to a classical number-theoretic problem
concerning integer factorizations. We conclude with a natural open question that seems
to require some additional ideas.

2.2.1 Strips of width 1

Generalising the example from the introduction, given an irrational set of tile lengths
Γ ⊂ R>0, let T Γ be the class of tilings of a strip of width one with tiles of dimensions
{γ × 1 : γ ∈ Γ}, the size of a tiling being the length of the tiled strip. This class has IGF

fT Γ(z) =
1

1−
∑

γ∈Γ z
γ
,

and is easily seen to be primitive by Proposition 2. Applying Theorem 1 then yields∣∣T Γ
6x

∣∣ ∼ 1

log(1/ρ)
∑

γ∈Γ γρ
γ
ρ−x, (5)

where ρ is the unique positive root of
∑

γ∈Γ z
γ = 1.

2.2.2 Tilings with a final partial tile

The set T Γ
6x consists of partial tilings of a strip of length x, where each tiling t has a gap

of length x − |t| (which may be zero) at the end. It seems somewhat more natural to
consider tilings in which the final tile (only) may be a partial tile, a tile which may have
any length less than the greatest tile length in Γ. See Figure 3 for an illustration. (We
consider a two-dimensional variant below in Section 2.2.9.)
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Figure 3: A tiling with a final partial tile of a strip of length π2, using square tiles and
tiles of length

√
2

Note that a tiling with a possible final partial tile may have any nonnegative real size.
Thus sets of such tilings do not themselves have Ribenboim series IGFs.

Suppose Γ = {γ1 < γ2 < . . . < γk} is finite. There are two possibilities to consider.
Either tiles can only be distinguished by their length, or else they are distinguishable in
some other way (for example, by colour).

Let UΓ be the set of tilings with a possible final partial tile using tiles indistinguishable
except by their length. Then, since a partial tile can have any length up to γk, for any
x > γk we have∣∣UΓ

x

∣∣ =
∣∣T Γ

6x

∣∣ − ∣∣T Γ
6x−γk

∣∣, and thus
∣∣UΓ

x

∣∣ ∼ (
1− ργk

)∣∣T Γ
6x

∣∣.
In contrast, let VΓ be the set of tilings with a possible final partial tile using tiles distin-
guishable by colour. The number of possible colours for a final partial tile depends on its
length, since a partial tile of colour i must have length less than γi. Thus for any x > γk
we have

∣∣VΓ
x

∣∣ =
k∑
i=1

(k + 1− i)
(∣∣T Γ

6x−γi−1

∣∣− ∣∣T Γ
6x−γi

∣∣) = k
∣∣T Γ

6x

∣∣ − k∑
i=1

∣∣T Γ
6x−γi

∣∣,
where γ0 = 0. Here, the factor k+ 1− i is the number distinct tiles which are longer than
the space available for the partial tile, which has length at least γi−1 but less than γi.
Only tiles that are too long can be cut down to form a partial tile.

Since
∑

γ∈Γ ρ
γ = 1, after simplification, we have∣∣VΓ

x

∣∣ ∼ (
|Γ| − 1

)∣∣T Γ
6x

∣∣,
a result which begs for a more direct combinatorial explanation. Indeed, we have the
following identity:

Proposition 5. The number of coloured tilings with a possible final partial tile of a strip
of length x satisfies ∣∣VΓ

x

∣∣ =
(
|Γ| − 1

)∣∣T Γ
<x

∣∣ + 1.

Proof. Each tiling in VΓ
x can be created uniquely from a strict partial tiling t ∈ T Γ

<x by
extending it with final nonempty run of tiles of the same colour, where this colour differs
from the colour of the last tile in t. There are |Γ| − 1 choices for this colour, unless t is
empty in which case any of the colours may be chosen. Note that we need |t| < x since
we need space for the final monochrome run of tiles.
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2.2.3 Maximal packings

Complementary to these tilings, are maximal packings of a strip, PΓ. A maximal packing
of a strip of length x consists of a partial tiling of the strip having length greater than
x− γ1 so it can’t be extended to a longer partial tiling. See Figure 4 for an illustration.

Figure 4: A maximal packing of a strip of length π2, using square tiles and tiles of
length

√
2

Hence,∣∣PΓ
x

∣∣ =
∣∣T Γ

6x

∣∣ − ∣∣T Γ
6x−γ1

∣∣, and thus
∣∣PΓ

x

∣∣ ∼ (
1− ργ1

)∣∣T Γ
6x

∣∣.
2.2.4 The structure of a typical tiling

The distribution of the value of a parameter can be extracted from a bivariate IGF in the
normal way (see [7, Proposition III.2]). Specifically, if f(z, u) is the bivariate IGF of a
class C in which u marks the value of some parameter υ : C → R (which could take any
real values), then the mean value of υ over objects of size at most x is given by

E6x

[
υ
]

=

[
z6x
]
fu(z, 1)[

z6x
]
f(z, 1)

. (6)

Higher moments and concentration results can be established by taking higher derivatives.
Given a tiling t ∈ T Γ and some β ∈ Γ, let Lβ(t) be the sum of the lengths of the

β-length tiles in t. Then, the bivariate IGF in which u marks Lβ is

f(z, u) =
1

1− uβ zβ −
∑

γ∈Γ\{β} z
γ
,

and

fu(z, 1) =
βzβ(

1−
∑

γ∈Γ z
γ
)2 .

By Proposition 2, this is primitive. Using (6), and applying Theorem 1 then yields the
asymptotic expectation for Lβ:

E6x

[
Lβ
]
∼ βρβ∑

γ∈Γ γρ
γ
x.

Therefore, the asymptotic ratio of the contribution of α-length and β-length tiles to a
tiling equals αρα/βρβ.

If f(z, u) is the bivariate IGF of a primitive class, in which u marks the value of a
parameter υ, then it is not immediately obvious that E6x

[
υ
]

gives information about the
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structure of large objects in the class. However, if the class grows exponentially, and
E6x

[
υ
]

is polynomial in x, then it is easy to check that for any c > 0 we have

E6x

[
υ
]
∼
[
z6x
]
fu(z, 1)−

[
z6x−c

]
fu(z, 1)[

z6x
]
f(z, 1)−

[
z6x−c

]
f(z, 1)

,

the asymptotics of E6x

[
υ
]

thus being the same as the mean value of υ for objects whose
size lies in the half-open interval (x− c, x].

2.2.5 Ordered integer factorizations

The asymptotics given in equation (5) above do not require the set of tiles to be finite.
Suppose Γ = {log k : k > 2}. Then

∣∣T Γ
logn

∣∣, as well as being the number of tilings of
a strip of length log n using tiles of logarithmic length, is also the number of ordered
factorizations of n. For example, the integer 12 has eight distinct ordered factorizations:

12 6×2 4×3 3×4 2×6 3×2×2 2×3×2 2×2×3.

This is a classical problem, the question of establishing the asymptotics of |T Γ
6log x

∣∣ being
first investigated by Kalmár in the 1930s (see also entries A074206 and A173382 in the
OEIS [24]). The IGF and DGF for these tilings can be expressed nicely in terms of the
Riemann zeta function:

FT Γ(s) =
1

1−
∑

k>2 e
−s log k

=
1

2− ζ(s)
.

Our method immediately yields the result first deduced by Kalmár [16, 17] that the
asymptotic number of ordered factorizations of integers less than or equal to x is

|T Γ
6log x

∣∣ ∼ − 1

µζ ′(µ)
xµ ≈ 3.14294x1.72865,

where µ is the positive real root of the equation ζ(s) = 2. And, using the trivariate IGF

fT Γ(x, u, v) =
1

2− (u− 1)zlogm − vζ(log(1/z))
,

we can also establish that the expected number of factors in an ordered factorization of
an integer at most x is asymptotically

− 2

ζ ′(µ)
log x ≈ 1.10002 log x,

and that the expected number of factors equal to a fixed integer m is

−m
−µ

ζ ′(µ)
log x ≈ 0.55001m−1.72865 log x.

For example, the proportion of factors equal to 2 is asymptotically 2−µ/2 ≈ 15.086%.
For a much more detailed analysis of ordered factorizations, see Hwang [12].
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2.2.6 Infinite sets of rational tiles

We do not need irrational tile lengths for a class of tilings to be primitive, since an infinite
set of rational tile lengths will be irrational if their denominators are not bounded.

As an example, suppose Γ = {k + 2−k : k > 0} = {1, 11
2
, 21

4
, 31

8
, . . .}. The IGF of T Γ

is not a Puiseux series, as would be the case for a rational class (see Section 2.4), because
denominators are unbounded. Solving numerically, equation (5) yields the approximate
asymptotics for

∣∣T Γ
6x

∣∣ of 0.69622x2.31329.

2.2.7 Adjacency constraints

Suppose we have three types of tile, of length α, β and γ, with {α, β, γ} irrational. If a
β-length tile is not permitted to immediately follow an α-length tile, then the IGF for the
class of permitted strip tilings is

f(z) =
1

1− zα − zβ − zγ + zα+β
.

The denominator of this IGF does not have the right structure to use either of Proposi-
tions 2 or 4 directly to establish primitive irrationality. However, a consideration of the
combinatorial structure enables a rearrangement of the IGF that does meet the require-
ments of Proposition 2:

f(z) =
1(

1− zβ − zγ

1−zα
)

(1− zα)
=

1(
1− zβ −

∑
k>0 z

kα+γ
)

(1− zα)
.

Here, we use the fact that the set of valid tilings can be represented by the regular
expression (β + α∗γ)∗α∗. The dominant singularity comes from the first factor in the
denominator, so by Proposition 2 we know that these tilings are primitive and can extract
the asymptotics using Theorem 1.

This approach is of very general applicability. Any non-degenerate class of strip tilings
with a finite number of adjacency constraints can be defined by a regular expression
(or equivalently, by a deterministic finite automaton), in which the dominant singularity
comes from sequences of sub-tilings from some (possibly infinite) set S (see [7, Sections V.3
and V.5]). If S is irrational, then the class of tilings is primitive. Note that to check
that S is irrational only requires finding a single pair of sub-tilings s1, s2 ∈ S such that
|s1|/|s2| /∈ Q.

2.2.8 Irrational tilings that are not primitive

LetW =W(β) consist of tilings of a strip of width one with four types of rectangular tile:
two different colours of 1× 1 square tiles, and two different colours of β× 1 tiles, with the
restriction that all the square tiles must occur to the left of the tiles of length β. Suppose
β > 1 and that β is irrational. See Figure 5 for an example.

These tilings have the IGF,

fW(z) =
1

(1− 2z)(1− 2zβ)
,
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Figure 5: A tiling in W(
√

2)

with radius of convergence 1
2
. However, W is not primitive, because its DGF,

FW(s) =
1

(1− 2e−s)(1− 2e−βs)
,

has evenly spaced poles at log 2 + 2πiZ.
This class is simple enough to analyse explicitly. Indeed, we have

|W6x| =

bx/βc∑
`=0

2`
bx−`βc∑
k=0

2k,

where ` is the number of tiles of length β, and k is the number of square tiles.
Suppose, for each ` > 0, we let δ`(x) = (x− `β) mod 1. That is, δ`(x) is the fractional

part of x− `β. Then, after some simplification, it can be seen that asymptotically,

|W6x| ∼ c(x)2x, where c(x) =
∞∑
`=0

21−(β−1)`−δ`(x)

is a bounded function that oscillates with period one. See Figure 6 for the plot of one
period of c(x) when β =

√
2.

0.2 0.4 0.6 0.8 1.0

5.4

5.6

5.8

6.0

6.2

c(x)

Figure 6:
∣∣∣W(

√
2)

6x

∣∣∣ ∼ c(x)2x

Note that c(x) is, in fact, not continuous on any interval, since each term in the sum
contributes a discontinuity at `β mod 1, and these are dense on the unit interval since β
is irrational.

In light of this behaviour, and also that of rational classes (see Section 2.4), we make
the following conjecture concerning those classes whose DGF has evenly spaced dominant
singularities.
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Conjecture 6. Suppose that C is a combinatorial class whose generating function fC(z)
has radius of convergence ρ < 1, and

fC(z) = g(z) +
h(z)

(1− z/ρ)α
,

where α /∈ −N, and both g and h are analytic on the cut disk D(0, ρ) \ R60.
If the only singularities on the line of convergence of its Dirichlet generating function,

FC(s), are evenly spaced at log(1/ρ) + 2πiZ/ω, for some constant ω, then the asymptotic
number of objects in C of size at most x is given by

|C6x| ∼ c(x)ρ−xxα−1,

where c(x) is a bounded function that oscillates with period ω.

However, it is possible for a class of irrational tilings that are not primitive to have
smooth aperiodic asymptotics; that is, for c(x) to be asymptotically constant. For exam-
ple, suppose Q consists of strip tilings with two distinct tiles of length log 2 and three
distinct tiles of length log 3, in which all the log 2 tiles must be to the left of any log 3
tiles. Then Q has IGF

fQ(z) =
1

(1− 2zlog 2)(1− 3zlog 3)
,

which has radius of convergence e−1. This class of tilings is not primitive since its DGF,

FQ(s) =
1

(1− 2e−s log 2)(1− 3e−s log 3)
,

has a pole of order two at 1 + 2πi for each i ∈ Z.
Now,

fQ(z) =
∑
a>0

∑
b>0

2a3bza log 2+b log 3 =
∑
n∈S3

nzlogn,

where S3 is the set of 3-smooth numbers, a positive integer being k-smooth if none of its
prime factors exceeds k, so the 3-smooth numbers are those of the form 2a3b for a, b > 0.

Thus, |Q6x| gives the sum of the 3-smooth numbers no greater than ex. Hence (see [32]
for example), despite Q not being primitive, we have

|Q6x| ∼
xex

(log 2)(log 3)
,

which matches the asymptotics that would be given by Theorem 1 if Q were in fact
primitive.
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2.2.9 Floor tiling

Consider the process of tiling a rectangular floor using rectangular tiles of dimension β×γ,
where β/γ /∈ Q. Tiles may be laid in either orientation, and tiling starts in the southwest
corner, partial tiles being permitted (only) along the east and north edges of the floor.
See Figure 7 for an example using tiles whose aspect ratio is the golden ratio ϕ.

Because the aspect ratio of the tiles is irrational, when tiling from the southwest, in
order to be able to complete the tiling, at each step a “ray” of identically oriented tiles
needs to be laid either northwards or eastwards. Each ray can be identified by a line
segment across its end, and these form a walk with step set S = {uβ = (β, 0), uγ =
(γ, 0), vβ = (0, β), vγ = (0, γ)}. A tiling is completed once the walk reaches either the
east or the north edge of the rectangular floor. See Figure 7 for an illustration.

Figure 7: A tiling of a square with sides of length 4π by rectangular tiles of dimension
1× ϕ

Note, however, that the sub-walks uβvγ and vγuβ correspond to the same union of
two rays, and this is also the case for uγvβ and vβuγ. Thus tilings are in bijection with
walks with step set S that avoid consecutive pairs of steps vγuβ and vβuγ (that is, right
turns with steps of different lengths). For example, in Figure 7 the two steps forming
each right turn have the same length.

Thus, the bivariate IGF for these walks satisfies the functional equation

f(u, v) = 1 + f(u, v)
(

(1− vγ)uβ + (1− vβ)uγ + vβ + vγ
)
,

where u marks the distance east, and v marks the distance north, from the southwest
corner. Hence we have

f(u, v) =
1

1− uβ − uγ − vβ − vγ + uβvγ + uγvβ
.

To determine the asymptotic number of tilings of a square floor, we need asymptotics for[
u6x
][
v6x
]
f(u, v), and probably also for

[
u6x
][
v6y
]
f(u, v), at least when y is (very) close

to x. This seems to require techniques considerably beyond the scope of this work, so
we leave it as an open problem. Handling rectangular floors with aspect ratio not equal
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to one is likely to require a generalisation to the irrational case of the approach to “off-
diagonal” asymptotics established in Analytic Combinatorics in Several Variables [25]
(see also [21, 22]).

Question 7. (a) Asymptotically, how many tilings are there of an x × x square using
rectangular tiles of dimension β× γ, when β/γ /∈ Q? (b) Asymptotically, how many such
tilings are there of an x× rx rectangle, for any fixed r?

For (a), on the basis of numerical data and anticipated concentration behaviour, we
would expect the answer to be Cβ,γρ

−2x/
√
x, for some constant Cβ,γ to be determined,

where ρ is the radius of convergence of f(z, z).

2.3 Lattice walks and trees

In this section, we explore some structures whose IGFs have dominant square root singu-
larities. We begin with irrational Motzkin paths, and Dyck paths with an infinite step
set, before analysing two classes of plane trees with irrational vertex sizes.

2.3.1 Motzkin paths

Given some irrational β > 0, let M = M(β) be the class of Motzkin paths in which
up-steps and down-steps have size β, and horizontal steps have size 1. Graphically, the
size of a step could be its width, or its height, or it could be its Euclidean length. For
example, if β =

√
2, then the size of a path inM equals its Euclidean length when drawn

in the standard way; see Figure 8 for an example.

Figure 8: A Motzkin path in M(
√

2) of Euclidean length 6 + 12
√

2

By the first passage decomposition, the IGF for M satisfies the functional equation

fM(z) = 1 + zfM(z) + z2βfM(z)2.

This yields

fM(z) =
1− z −

√
(1− z)2 − 4z2β

2z2β
,

which has a dominant square root singularity. Given that the discriminant is the difference
of two squares, this singularity is at the unique positive root ρ of 1− z − 2zβ (the other
factor being positive for 0 6 z 6 1). Thus, every singularity on the line of convergence of
the DGF is a root of 1− e−s − 2e−βs. So, by Proposition 2, M is primitive.

Now,

fM(z) =
1− z
2z2β

− h(z)

(1− z/ρ)−1/2
, where h(z) =

1

2z2β

√
(1− z)2 − 4z2β

1− z/ρ
,
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and so has the required form. Applying Theorem 1 then gives

|M6x| ∼ −
1

2ρ2β log(1/ρ)Γ(−1
2
)

√
lim
z→ρ−

(1− z)2 − 4z2β

1− z/ρ
ρ−xx−3/2

=

√
2

log(1/ρ)

√
ρ+ β (1− ρ)

π(1− ρ)3
ρ−xx−3/2,

where we use the fact that 2ρβ = 1− ρ.

For β =
√

2, we have the approximate asymptotics
∣∣M(

√
2)

6x

∣∣ ' 2.29313 ·2.39330xx−3/2.

2.3.2 Dyck paths with infinite step sets

Enumeration by Euclidean length enables us to handle infinite step sets. In a (normal)
Dyck path, each up-step is associated, in either the first passage decomposition or the
arch decomposition, with a matching down-step, being the next down-step to the right at
the same level (see [7, pages 76–77], for example). The classes we consider in this section
require that a matched pair of up and down steps have the same height.

As our first example, a tall-Dyck path consists of a sequence of steps drawn from the
set {(1,±k) : k > 1}, which ends at the level of its start point, never going below this
level, and in which each (1, k) up-step is matched by a (1,−k) down-step. That is, a
tall-Dyck path is formed from a classical Dyck path by replacing each matched pair of
up and down steps by a (1, k) step and a (1,−k) step for some k. See Figure 9 for an
example.

Figure 9: A tall-Dyck path

Let D be the class of tall-Dyck paths, and let fD(z, w) be its bivariate IGF enumerating
by Euclidean length in which w marks width. Note that there are infinitely many tall-
Dyck paths of any given even width. Then, by the first passage decomposition, fD(z, w)
satisfies

fD(z, w) = 1 + w2
∑
k>1

z2
√

1+k2
fD(z, w)2.

Hence,

fD(z, w) =
1−

√
1− 4w2s(z)

2w2s(z)
,

where s(z) =
∑

k>1 z
2
√

1+k2
.
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The univariate IGF fD(z, 1) has a dominant square root singularity, ρ ≈ 0.529999,
at the unique positive root of 1 − 4s(z), so by Proposition 2, D is primitive. Applying
Theorem 1 then gives

|D6x| ∼
2
√
ρs′(ρ)√

π log(1/ρ)
ρ−xx−3/2 ≈ 1.69800 · 1.88680xx−3/2.

The asymptotic expected width of a tall-Dyck path of Euclidean length at most x is[
z6x
]
fDw(z, 1)[

z6x
]
fD(z, 1)

∼ x

2ρs′(ρ)
≈ 0.547797x.

This approach is valid for variants of Dyck paths with any step set S ⊂ R>0× (R\{0})
with an irrational set of lengths, in which each (h, k) up-step in a path is matched by
some (j,−k) down-step of the same height. See Figure 10 for an example.

Figure 10: A Dyck path with step set Z>0 × (Z\{0})

The analysis follows mutatis mutandis, by setting

s(z) =
∑
k>1

( ∑
(h,k)∈S

z
√
h2+k2

)( ∑
(j,−k)∈S

z
√
j2+k2

)
.

For example, the asymptotic number of Dyck paths with step set Z>0 × (Z \ {0}) of
Euclidean length at most x is approximately 1.22713 · 2.67151xx−3/2.

The enumeration of lattice paths in which matched up and down steps do not need to
have the same height seems to be rather more complicated.

2.3.3 Trees with leaves of irrational size

Given some irrational β > 0, let A = A(β) be the class of plane trees in which non-leaf
vertices have size 1 and leaves have size β. See the left of Figure 11 for an example.

The IGF for A satisfies the functional equation

fA(z) = zβ +
zfA(z)

1− fA(z)
,

since a tree in A is either a single leaf of size β or else a nonempty sequence of subtrees
(each from A) rooted by a vertex of size 1. So,

fA(z) =
1

2

(
1− z + zβ −

√
(1− z + zβ)2 − 4zβ

)
.
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Figure 11: At the left, a plane tree in class A(β) with leaves of size β, and, at the right, a
plane tree in class Bα,β,γ with three sizes of leaf and two sizes of non-leaf vertex

The discriminant factorises as(
1− zβ/2 −

√
z
)(

1− zβ/2 +
√
z
)(

1 + zβ/2 −
√
z
)(

1 + zβ/2 +
√
z
)
,

with the first factor being smaller than the other factors and decreasing from 1 for z > 0.
Thus, fA(z) has a dominant square root singularity ρ at the unique positive root of
1− zβ/2 −

√
z. So, by Proposition 2, A is primitive, and Theorem 1 gives

|A6x| ∼

√
ρ+
√
ρ
(
β(1−√ρ)2 − ρ

)
2
√
π log(1/ρ)

ρ−xx−3/2.

2.3.4 Trees with three sizes of leaf

Given α, β, γ > 0, let B = Bα,β,γ be the class of plane trees in which each leaf has size α, β
or γ, and each non-leaf vertex has size α or β. See the right of Figure 11 for an example.

The IGF for B satisfies the functional equation

fB(z) = zα + zβ + zγ +
(zα + zβ)fB(z)

1− fB(z)
.

So,

fB(z) =
1

2

(
1 + zγ −

√
(1− zγ)2 − 4zα − 4zβ

)
,

with dominant square root singularity ρ at the least positive root of (1− zγ)2−4zα−4zβ.
Proposition 2 does not apply, but if the set {α, β, γ} is irrational then B is primitive by
Proposition 4, and we can use Theorem 1 to determine the asymptotics.

For example, if α = log 16 ≈ 2.77, β = log 9 ≈ 2.20 and γ = log 6 ≈ 1.79, then ρ = e−1

and we have

|B6x| ∼
1

12

√
23 log 2 + 21 log 3

2π
exx−3/2.

2.4 Rational and shifted-rational classes

Recall from the Introduction that we say that a combinatorial class is rational if there
exists some ω > 0 (not necessarily rational) such that the size of each object in the class
is a multiple of ω. Its period is the largest such ω. That is, ω is the greatest common
divisor of the object sizes, being the largest value that divides into each size an integral
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number of times. For example, the class of strip tilings with tiles of length π
15

, π
6

and π
4

is
rational with period π

60
.

We say that a class is shifted-rational if there exist ω, δ > 0 with δ/ω /∈ Q such that
the size of each object in the class equals nω+ δ for some n ∈ N. Given a shifted-rational
class with set of object sizes Λ, its period is the largest ω such that there exists a positive
offset δ < ω such that Λ ⊆ ωN+δ. A rational class is considered to have offset zero. Note
that we consider a shifted-rational class to be an irrational class. Among other things,
this simplifies the statement of Proposition 3. Note that if G is a shifted-rational class
and F = Seq[G] is supercritical, then F is primitive.

Suppose f(z) is the IGF of a rational or shifted-rational class with period ω and offset
δ. Then f(z) = zδj

(
zω
)
, where j(z) is an ordinary power series. Suppose that f(z) has

positive radius of convergence ρ < 1, and one can write

f(z) = g(z) +
h(z)

(1− z/ρ)α
,

where α /∈ −N, and both g and h are analytic on the cut disk D(0, ρ) \ R60. Then j(z)
has a unique dominant singularity at ρω, and

j(z) = z−δ/ω
(
g(z1/ω) +

h(z1/ω)

(1− z1/ω/ρ)α

)
.

Using the classical result (1), and the fact that

lim
z→ρω

1− z/ρω

1− z1/ω/ρ
= ω,

we can extract the asymptotics for the coefficients of f(z):[
znω+δ

]
f(z) =

[
zn
]
j(z) ∼ ρ−δωαh(ρ)

Γ(α)
ρ−nωnα−1 ∼ ωh(ρ)

Γ(α)
ρ−nω−δ (nω + δ)α−1.

For an ordinary power series j(z) and integer n, the cumulative sum of the coefficients
satisfies the identity [

z6n
]
j(z) =

[
zn
] j(z)

1− z
.

Thus, the asymptotic number of objects of size at most x in a rational or shifted-rational
class with IGF f(z) is given by[

z6x
]
f(z) ∼ ρ−δωh(ρ)

(1− ρω)Γ(α)
ρ−b(x−δ)/ωcω−δxα−1.

Further terms in the asymptotics of shifted-rational classes can be established by using
the result of Flajolet and Odlyzko (see equation (3) on page 6).

Note that, if we let the period tend to zero (conceptually tending towards being an
irrational class), then we have limω→0(1 − ρω)/ω = − log ρ, in line with what we would
expect from Theorem 1.
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Plane trees with edges of irrational size provide a simple example of a shifted-rational
class. Given irrational γ > 0, let E = E (γ) be the class of plane trees in which each vertex
has size 1 and each edge has size γ. Since the number of edges in a tree is one less than
the number of vertices, the set of tree sizes in E is {1 + (1 + γ)n : n ∈ N}. The IGF for E
is

fE(z) =
1

2zγ

(
1−
√

1− 4z1+γ
)

= z + z2+γ + 2z3+2γ + 5z4+3γ + 14z5+4γ + . . .

Thus, ∣∣E1+(1+γ)n

∣∣ = Cn =
1

n+ 1

(
2n

n

)
∼ 1√

π
4nn−3/2,

where Cn is the nth Catalan number.
Suppose F consists of forests of trees with irrational edges, so F = Seq[E ]. Then the

IGF for F is

fF(z) =
1

1− fE(z)
=

1− 2zγ +
√

1− 4z1+γ

2(1− z − zγ)
.

For all irrational γ, the simple pole dominates the square root singularity, so the class is
supercritical, and hence primitive.

2.5 Phase transitions

Consider a family {Cβ : β ∈ Ω} of combinatorial classes, in which each class depends on
a vector β ∈ Rd of parameter values, drawn from the set Ω ⊂ Rd that consists of those
vectors β for which Cβ is primitive. Suppose that for each β ∈ Ω, the asymptotic number
of objects in Cβ is given by ∣∣Cβ6x∣∣ ∼ cβ · ρ−xβ · x

νβ .

Typically, we find that the exponential growth rate ρ−1
β varies continuously for parameter

values in Ω:
lim
γ→

Ω
β
ργ = ρβ.

Moreover, Ω can be partitioned into several regions of continuity Ω =
⊎k
i=1 Ri correspond-

ing to different phases, such that within each region the degree νβ of the polynomial factor
(also known as the critical exponent) remains constant, while the constant cβ term varies
continuously. That is, for each i and any β,γ ∈ Ri, we have νβ = νγ , and

lim
γ→
Ri

β
cγ = cβ.

Phase transitions occur in the asymptotics on the boundaries of the regions, where the
value of νβ changes abruptly. We illustrate this phenomenon with three examples.
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2.5.1 Strip tilings

Given β, γ > 0, with min(β, γ) irrational, let Y = Y(β,γ) consist of tilings of a strip with
white tiles of length 1, blue tiles of length β, and green tiles of length γ, subject to the
requirement that every green tile occurs to the right of any blue tiles. See Figure 12 for
an illustration.

Figure 12: A tiling in Y(
√

1/6,
√

1/2)

The IGF for Y is

fY(z) =
1

1− z − zβ

(
1 +

zγ

1− z − zγ

)
=

1− z
(1− z − zβ)(1− z − zγ)

,

with poles, ρβ and ργ, the positive roots of 1− z − zβ and 1− z − zγ, respectively, with
ρβ < ργ if β < γ. Since min(β, γ) is irrational, Y is primitive.

This family of tilings has three phases, with the asymptotics exhibiting a discontinuity
across the ray β = γ, on which there is a linear subexponential term as a result of the
double pole. Either side of this ray, the subexponential term is constant.

∣∣Y6x

∣∣ ∼


1− ρβ
(1− ρβ − ργβ)H(ρβ)

ρ−xβ , if β < γ,

(1− ρ) log(1/ρ)

H(ρ)2
ρ−xx, if β = γ, where ρ = ρβ = ργ,

1− ργ
(1− ργ − ρβγ)H(ργ)

ρ−xγ , if β > γ,

where H(x) = −x log x− (1− x) log(1− x).

2.5.2 Forests of rooted binary trees

Given β, γ > 0, consider the following class of plane trees. Each tree has a root of degree
one, of size either 1 or γ. Each other vertex of degree one is a leaf and has size either 1
or β. Every tree has a root and at least one leaf. Any further (internal) vertices all have
degree three and size 1. Let F = F (β,γ) be the class of forests (that is, sequences) of these
trees. See Figure 13 for an example.

The IGF for these forests is

fF(z) =
2z

z − zγ + (z + zγ)
√

1− 4z(z + zβ)
.

The behaviour of the asymptotics and the structure of a typical forest depend primarily
on the value of γ. The class F (β,γ) is primitive if either γ < 1 and γ is irrational or else
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Figure 13: A forest of rooted binary trees in F (β,γ)

γ > 1 and β is irrational. Let ρβ be the positive root of 1 − 4z2 − 4z1+β, and, if γ < 1

(so zγ > z for small z), let ργ be the positive root of zγ − z − (z + zγ)
√

1− 4z(z + zβ).
Then, the asymptotics of this family of forests exhibit the following three phases, with
three distinct critical exponents:

∣∣F6x

∣∣ ∼

c1ρ
−x
γ , if γ < 1,

c2ρ
−x
β x−1/2, if γ = 1,

c3ρ
−x
β x−3/2, if γ > 1,

for constants c1, c2 and c3, which depend only on β and γ (for c1 and c3).
The structure of a typical forest also depends on the phase. If γ < 1, then, asymp-

totically, a forest contains lots of small trees whose average size is finite. In contrast, if
γ > 1, then a typical forest contains a finite number of large trees. On the critical line,
in a forest of size at most x, the number of trees and the average size of a tree both grow
like
√
x. Formally, if T (f) is the number of trees in a forest f, then we have

E6x

[
T
]
∼


t1x, if γ < 1,

t2
√
x, if γ = 1,

t3, if γ > 1,

where t1, t2 and t3 depend only on β and γ.

2.5.3 Grounded Dyck paths

We conclude by taking a brief look at a simple example that has slightly more complex
critical behaviour. Given β, γ > 0, a grounded Dyck path consists of a nonempty Dyck
path in which each step has width either 1 or γ. This path is both preceded and followed
by a (possibly empty) sequence of horizontal steps, each of width either 1 or β. The
size of a grounded Dyck path is its horizontal extent, the sum of the widths of its steps.
Such a path can be considered to represent a range of mountains rising from a plain. See
Figure 14 for two examples.

The class G = G(β,γ) of grounded Dyck paths has IGF

fG(z) =
1− 2(z + zγ)2 −

√
1− 4(z + zγ)2

2(z + zγ)2(1− z − zβ)2
.
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Figure 14: The phases of grounded Dyck paths G(β,γ)

Let ρβ be the positive root of 1− z− zβ, and ργ be the positive root of 1− 2z− 2zγ. The
class G(β,γ) is primitive if ρβ 6 ργ and β is irrational or ργ 6 ρβ and γ is irrational. The
asymptotics of this family of paths exhibit a discontinuity across the critical curve given
by the parametric equation

(β, γ) =
(

logρ(1− ρ), logρ(
1
2
− ρ)

)
,

for 0 < ρ < 1
2
.

Above this curve and on it, the dominant singularity of the IGF is a double pole and
the critical exponent equals 1; below the curve, the IGF has a dominant square root
singularity and the critical exponent equals −3

2
. Thus,

∣∣G6x∣∣ ∼ {
c1ρ
−x
β x, if ρβ 6 ργ,

c2ρ
−x
γ x−3/2, if ργ < ρβ,

where c1 and c2 depend only on β and γ.
The structure of a typical path also depends on the relationship between ρβ and ργ.

Given a path p ∈ G(β,γ), let U(p) be the number of up-steps (equal to the number of
down-steps) in p, and let L(p) be the number of level steps in p. Asymptotically, there is
a trichotomy:

E6x

[
U
]
∼ u1, E6x

[
L
]
∼ `1x, if ρβ < ργ,

E6x

[
U
]
∼ u2

√
x, E6x

[
L
]
∼ `2x, if ρβ = ργ,

E6x

[
U
]
∼ u3x, E6x

[
L
]
∼ `3, if ρβ > ργ,

for constants ui and `i that depend on β and γ.
If ρβ < ργ, then the expected number of up-steps is constant. However, on the critical

curve, the expected number of up-steps in a path of width at most x grows like
√
x. In

both of these cases, we typically see a large plain containing a small mountain range. In
contrast, if ρβ > ργ, then the expected number of level steps is constant, and we typically
see a large mountain range rising from a small plain. See Figure 14 for an illustration.
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3 Dirichlet series and Ribenboim series

A generalised Dirichlet series is a series of the form

F (s) =
∑
i>1

ai e
−λis,

where (λi)i>1 is a nonnegative strictly increasing sequence tending to infinity.
The primary reference for standard results on Dirichlet series is Hardy and Riesz [10].

For a more modern presentation, see McCarthy [20].
The region of convergence for a Dirichlet series is a right half-plane:

Proposition 8 ([10, Theorem 3]). For any Dirichlet series F (s), there exists a unique
value µ ∈ [0,∞], known as its abscissa of convergence, such that F (s) is convergent for
all s such that Re s > µ, and F (s) is not convergent for any s such that Re s < µ. The
line Re s = µ is known as the line of convergence for F (s).

A Dirichlet series F (s) =
∑

λ∈Λ aλe
−λs is analytic within its half-plane of convergence,

since it has a well-defined derivative, also a Dirichlet series: F ′(s) =
∑

λ∈Λ−aλλe−λs.
Moreover, if a Dirichlet series has nonnegative coefficients, then it is singular at the

real point on its line of convergence:

Proposition 9 ([10, Theorem 10]). If F (s) is a Dirichlet series with nonnegative coeffi-
cients and a finite abscissa of convergence µ, then µ is a singularity of F .

These properties of Dirichlet series are sufficient to establish convergence and analyt-
icity in Ribenboim series.

Proposition 10. If f(z) is a Ribenboim series, then there exists some ρ ∈ [0,∞] such
that f(z) is convergent for all z ∈ C such that |z| < ρ, and is not convergent when |z| > ρ.
Moreover, the function f is analytic in the cut disk D(0, ρ)\R60. If f(z) has nonnegative
coefficients and ρ is finite, then f has a singularity at z = ρ.

Proof. The exponential transform F of f is a Dirichlet series, satisfying F (s) = f(e−s)
when Im s ∈ (−π, π] and f(z) = F (log(1/z)) if z 6= 0. The result then follows from
Propositions 8 and 9 and the fact that the composition of two analytic functions is analytic.

Given a Dirichlet series
∑

λ∈Λ aλe
−λs, its summatory function is the function A(x) =∑

λ6x aλ. A Dirichlet series can be recovered from the Laplace transform of its summatory
function as follows:

Observation 11.

F (s) =
∑
λ∈Λ

aλe
−λs =

∑
λ∈Λ

aλs

∫ ∞
λ

e−sxdx = s

∫ ∞
0

A(x)e−sxdx,

where A(x) =
∑

λ6x aλ.
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To prove our main theorem, we combine this observation with an appropriate Wiener–
Ikehara Tauberian theorem. The following variant is due to Anthony Kable.

Proposition 12 (Kable [15, Theorem 1]). Let j : R→ [0,∞) be a non-decreasing function
whose Laplace transform

J(s) =

∫ ∞
0

j(x)e−sxdx

exists for all s such that Re s > 1. Given L ∈ R and α > 1, let

K(s) = J(s) − L

(s− 1)α
.

If K extends continuously to the closed half-plane {s : Re s > 1}, then

j(x) ∼ L

Γ(α)
exxα−1.

The following proposition establishes the asymptotics of the summatory function of
suitably well-behaved Dirichlet series. Subsequently, we transfer this result to Ribenboim
series.

Proposition 13. Suppose F (s) =
∑

λ∈Λ aλe
−λs is a Dirichlet series with nonnegative

coefficients and abscissa of convergence µ > 0. Suppose that µ is the unique singularity
of F on the line µ+ iR, and that one can write

F (s) = G(s) +
H(s)

(s− µ)α
,

where α /∈ −N, and both G and H are analytic on the half-plane {s : Re s > µ}, then the
asymptotics of the summatory function of F are given by∑

λ6x

aλ ∼
H(µ)

µΓ(α)
eµxxα−1.

Proof. Let A(x) =
∑

λ6x aλ be the summatory function of F , and let L = H(µ).
We re-scale so that the abscissa of convergence is at 1. By Observation 11, when

Re s > 1, we have

F̃ (s) :=
F (µs)

s
=

∫ ∞
0

A

(
x

µ

)
e−sxdx, (7)

where A(x/µ) is nonnegative and non-decreasing.
Moreover,

F̃ (s) = G̃(s) +
H̃(s)

(s− 1)α
, (8)

for functions G̃ and H̃ analytic on the half-plane {s : Re s > 1}.
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We consider two cases. Assume first that α > 1. Then A(x/µ) satisfies the conditions
of the Tauberian theorem (Proposition 12). Therefore,

A(x/µ) ∼ H̃(1)

Γ(α)
exxα−1.

Thus, since H̃(1) = L/µα, we have

A(x) ∼ L

µΓ(α)
eµxxα−1,

as required.
Now suppose that α < 1. Since F̃ (s) is analytic, so is the Laplace transform on the

right of equation (7), and we can legitimately differentiate under the integral sign. For
each n ∈ N, we have

(−1)n
dn

dsn
F̃ (s) =

∫ ∞
0

xnA

(
x

µ

)
e−sxdx.

Taking the nth derivative in (8), we can also write

(−1)n
dn

dsn
F̃ (s) = Y (s) +

Z(s)

(s− 1)α+n

where Y and Z are both analytic on the half-plane {s : Re s > 1}. Moreover, if 1 is the

only singularity of F̃ on the line 1 + iR, then this is also the case for its derivatives.
If we let n = d1− αe so that α + n > 1, then the Tauberian theorem now applies to

xnA(x/µ), so we have

xnA(x/µ) ∼ Z(1)

Γ(α + n)
exxα+n−1.

Now, since α /∈ −N,

Z(1) = H̃(1)α(α + 1) · · · (α + n− 1) =
LΓ(α + n)

µαΓ(α)
.

Hence,

A(x) ∼ L

µΓ(α)
eµxxα−1

when α < 1 too.

This is sufficient for the proof of our main theorem, which we restate first.
Theorem 1. Suppose that C is a primitive irrational combinatorial class. If its

irrational generating function fC(z) has positive radius of convergence ρ < 1, and one can
write

fC(z) = g(z) +
h(z)

(1− z/ρ)α
,
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where α /∈ −N, and both g and h are analytic on the cut disk D(0, ρ) \ R60, then the
asymptotic number of objects in C of size at most x is given by

|C6x| =
[
z6x
]
fC(z) ∼ h(ρ)

log(1/ρ) Γ(α)
ρ−xxα−1.

Proof. If the conditions of the theorem are met, then FC(s), the DGF of C, is of the form

FC(s) = G(s) +
H(s)

(s− µ)α
,

where µ = log(1/ρ) is the unique singularity of FC on the line µ+ iR, and both G and H
are analytic on the half-plane {s : Re s > µ}. Specifically, we have

G(s) = g(e−s), H(s) = h(e−s)

(
s− µ

1− eµ−s

)α
.

Hence, by Proposition 13,

|C6x| ∼
H(µ)

log(1/ρ) Γ(α)
ρ−xxα−1.

It only remains to check that H(µ) = h(ρ). Now,

lim
s→µ

s− µ
1− eµ−s

= 1.

Thus H(µ) = h(e−µ) = h(ρ) as required.
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[17] László Kalmár. Über die mittlere Anzahl der Produktdarstellungen der Zahlen. Acta
Litt. Sci. Szeged, 5:95–107, 1931.

[18] Lothar Sebastian Krapp, Salma Kuhlmann, and Michele Serra. Generalised power
series determined by linear recurrence relations. J. Algebra, 681:152–189, 2025.

[19] Tullio Levi-Civita. Sugli infiniti ed infinitesimi attuali quali elementi analitici. Atti
Ist. Veneto di Sc., Lett. ed Art., 7(4):1765–1815, 1893.

[20] John E. McCarthy. Dirichlet Series. https://www.math.wustl.edu/wp/mccarthy/
amaster-ds.pdf. 2018.

[21] Stephen Melczer. An Invitation to Analytic Combinatorics: From One to Several
Variables. Springer, 2021.

[22] Marni Mishna. Analytic combinatorics: a multidimensional approach. CRC Press,
2020.

[23] B. H. Neumann. On ordered division rings. Trans. Amer. Math. Soc., 66:202–252,
1949.

[24] The OEIS Foundation Inc. The On-Line Encyclopedia of Integer Sequences.
https://oeis.org.

the electronic journal of combinatorics 33(3) (2026), #P3.15 30

http://arxiv.org/pdf/1407.8222
https://www.math.wustl.edu/wp/mccarthy/amaster-ds.pdf
https://www.math.wustl.edu/wp/mccarthy/amaster-ds.pdf
https://oeis.org


[25] Robin Pemantle and Mark C. Wilson. Analytic Combinatorics in Several Variables.
Cambridge University Press, 2013.

[26] Paulo Ribenboim. Rings of generalized power series: Nilpotent elements. Abh. Math.
Sem. Univ. Hamburg, 61:15–33, 1991.

[27] Paulo Ribenboim. Noetherian rings of generalized power series. J. Pure Appl. Algebra,
79(3):293–312, 1992.

[28] Paulo Ribenboim. Rings of generalized power series II: Units and zero-divisors.
J. Algebra, 168(1):71–89, 1994.

[29] Paulo Ribenboim. Special properties of generalized power series. J. Algebra,
173(3):566–586, 1995.

[30] Paulo Ribenboim. Semisimple rings and von Neumann regular rings of generalized
power series. J. Algebra, 198(2):327–338, 1997.

[31] Richard P. Stanley. Theorems and conjectures on some rational generating functions.
European J. Combin., 119:103814, 2024.
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