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Abstract

In this short note, we use flag algebras to prove that the number of colour-
alternating 6-cycles in a red/blue colouring of a large clique is asymptotically maxi-
mized by a uniformly random colouring. This settles the first open case of a problem
of Basit, Granet, Horsley, Kiindgen and Staden.

Mathematics Subject Classifications: 05C35, 05C15

1 Introduction

An edge-coloured graph is a graph whose edges are coloured red or blue. For k > 2, the
alternating cycle C3), is the edge-coloured graph consisting of the cycle graph Cy; where
every vertex is incident to exactly one edge of each colour.

Our goal is to determine the maximum number of “copies” of the alternating 6-cycle in
a large edge-coloured graph GG. Here, when speaking of “copies,” we mean “homomorphic
copies.” More precisely, a homomorphism from an edge-coloured graph H to an edge-
coloured graph G is a map f : V(H) — V(G) with the property that if uv is an edge
of H, then f(u)f(v) is an edge of G with the same colour as wv. Let hom(H,G) be
the number of homomorphisms from H to G. The homomorphism density of H in G is
t(H,G) = hom(H, G)/v(G)""H). The following theorem solves the first case of a problem
posed recently by Basit et al. [1, Problem 9.1].

Theorem 1. Every edge-coloured graph G satisfies t(C{, G) < (1/2)S.

It is not hard to see that this is asymptotically tight by taking G to be a uniformly
random edge-coloured clique on a large number of vertices. Our proof of Theorem 1,
provided in the next section, is a relatively simple application of the flag algebra method
of Razborov [3].
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The problem of determining the maximum density of copies of an edge-coloured graph
H in an edge-coloured graph G, called the semi-inducibility problem, was introduced
recently by Basit et al. [1], who solved it for several classes of graphs including alternating
paths of even length and alternating cycles of length divisible by four. In a recent paper
together with Clemen, we used entropy to settle the case of alternating paths of odd
length [2]. Tt would be interesting to solve the semi-inducibility problem for alternating
cycles of length 2 mod 4 in full generality [1, Problem 9.1]. The method in the present
paper is, unfortunately, unlikely to lead to a general proof, but it does suggest that the
correct bound may be of the form ¢(Cy,,, G) < (1/2)*+2.

Remark 2. We are aware that another group of researchers, Balogh, Lidicky, Mubayi and
Pfender (personal communication), independently proved Theorem 1 using flag algebras
and have obtained other related results.

2 The Proof

Our first step in the proof of Theorem 1 is to reduce it to a statement about injective
homomorphisms. For edge-coloured graphs H and G with v(G) > v(H), let hom,,;(H, G)
be the number of injective homomorphisms from H to G; when v(G) < v(H), then we let
hOHlinj(H, G) = 0. AISO, define tinj(H, G) = W hominj(H, G) That iS, tinj(Ha G)
is the probability that a uniformly random injective function from V(H) to V(G) is a
homomorphism. We show that Theorem 1 can be deduced from the following theorem:;

after this, we focus the rest of the paper on proving Theorem 3.
Theorem 3. Every edge-coloured graph G satisfies ti;(Cg, G) < (1/2)% + o(1).

Proof of Theorem 1, assuming Theorem 3. Suppose that there exists an edge-coloured
graph G such that t(C4,G) > (1/2)5. For each N > 1, let Gy be the edge-coloured
graph obtained by “blowing up” each vertex of G into a set of size N. That is, Gy
is the edge-coloured graph consisting of N - v(G) vertices divided into v(G) classes of
size N, one for each vertex of G, where the edges between two classes are the same
colour as the edge between the corresponding vertices of GG. It is easily observed that
limy o0 tini (CE, Gn) = t(C4, G) and so, for large enough N, the graph Gy contradicts
Theorem 3. [

We prove Theorem 3. Let G be an edge-coloured graph on n vertices. Our aim is
to prove that t,;(Cg', G) < (1/2)% 4+ o(1). We may assume that G is an edge-coloured
clique; this is because adding any missing edge with an arbitrary colour cannot decrease
tni (C4, G).

There are 27 = 512 distinct red/blue edge colourings of the complete bipartite graph
Kss. Let Hy, ..., Hs12 be the corresponding edge-coloured graphs where, for convenience,
we assume V(K33) = V(Hy) = -+ = V(Hs12). Since G is a clique, for any injective
function f : V(K33) — V(G), there is a unique index i € {1,...,512} such that f is a
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homomorphism of H; to G. Thus,
512

Ztinj(Hi, G)=1. (1)

Of course, among the 512 distinct edge-colourings of K3 3, many of them are isomorphic
to one another. Up to isomorphism, there are 26 different red/blue edge colourings of the
complete bipartite graph Ks3. Let Ji,...,J s be the corresponding 26 edge-coloured
graphs, as depicted in Figure 1, where V(J;) = V(K3 3) for all 1 < ¢ < 26.

Figure 1: The 26 edge-colourings of K33 up to isomorphism. Red edges are drawn as
solid lines and blue edges are drawn as dashed lines.

For an edge-coloured graph H, an automorphism of H is a bijective homomorphism
from H to itself. Let aut(H) be the number of automorphisms of H. For each J,
the number of indices j € {1,...,512} such that J, is isomorphic to H; is precisely

azll?(!;?[!) = auZ(QJZ). Therefore, if we let d(Jy, G) := #ﬁmtim(ﬂ, G) for each 1 < ¢ < 26, then

(1) can be rewritten as

id(h, G) =1. 2)

A homomorphism between two graphs without edge colours is simply a map from the
vertex set of the first graph to the vertex set of the second with the property that adjacent
pairs of vertices are mapped to adjacent pairs of vertices. We view the graph Cy and
the edge-coloured graph Cg' as having the same vertex set. For each 1 < ¢ < 26, let
toip(CE, Jy) be the probability that a uniformly random injective homomorphism f from
Cs to Kz3 is a homomorphism from Cg' to Jy; we define ty,(C4', H;) analogously for
1 <4 < 512. The next proposition relates t,;(Cg', G) to the quantities t;,(Cg', J;) and
d(Jy, G) for 1 < £ < 26.

Proposition 4. For any edge-coloured clique G,
26
tng (C3, G) = Y toip(C3, Jo) - d(Ji, G).
=1
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Proof. If v(G) < 6, then both sides of the equation in the proposition are zero and so we
may assume that v(G) > 6. Let f : V(K33) = V(G) be a uniformly random injective
function and let g : V(Cs) — V(K33) be a uniformly random injective homomorphism
from Cg to K33. Then f o g is nothing more than a uniformly random injective function
from V(C{') to V(G). Let E be the event that f o g is a homomorphism from C§ to G
and, for each 1 <7 < 512, let F; be the event that f is a homomorphism from H; to G.
By definition, we have t;,;(C&l, G) = P(E). Also, since G is an edge-coloured clique, the
events I, ..., F51o are disjoint and satisfy 2512 P(F;) = 1. Therefore,

512 512 512
tm (C4, Q) Z]P (ENF,) ZIP’ (E | F,)P thm (C4, H,) - tini(Hi, G).
The result follows by collecting terms based on isomorphism classes. O]

The quantities tbip(C’é“, Jp) for 1 < £ < 26 can all be easily computed. As it turns out,

1
toip(Cal, Jy) = 5’ toip(CaY, Jg) = toip(Cg, J11) = toip(C2, J12) = —

12° 12’

and ty,i,(C4, Jy) = 0 for all other indices £. Thus, by Proposition 4,

1 1 1
S 71, G) + (o, @) + Ed(Jll,G)+6d(J12,G). (3)

Now, consider the 16 graphs Ry, ..., Rg and By, ..., Bg in Figure 2. We refer to these
graphs as flags and the vertices labelled 1 and 2 in each flag are referred to as the roots
of the flag. Given a pair u,v of distinct vertices of G and a graph F' with two root

vertices labelled 1 and 2, let hom;,;(F, G; u, v) be the number of injective homomorphisms
f:V(F)—V(G) with f(1) =u and f(2) =

X%, R, N, B

tinj<Cé47 G) =

R Ry R7
& --
1w—w2
Ry
=l g~y ¢
Iw-"22  Jw--m2  ed--m2 (ed--m2 0 (e--N2 0 (k-0 (ed-ow0
By B, B; By B; Bg By
1:—:-2
Bs

Figure 2: The flags Ry, ..., Rg and By, ..., Bg. The roots are depicted with square nodes.
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Proof of Theorem 3. For each pair u,v of distinct vertices of G, let z,/, and ¥, , be the
vectors ,,, := [homy,(R;, G;u,v) : 1 < i < 8|7 and y,, := [homyy(B;, G;u,v) : 1 < i <
8]7. We define an 8 x 8 matrix A as follows:

2 -6 -2 -3 1 =3 5 6 ]
—6 58 =3 12 —6 12 —47 —20
-2 -3 56 —14 —47 11 4 =5
1 (-3 12 -14 12 10 2 -—10 -9
T 12811 -6 —-47 10 56 —-14 2 =2
-3 12 11 2 —-14 12 —-10 -10
5 —47 4 —-10 2 —10 44 12
6 —-20 -5 -9 —2 —10 12 28

The matrix A is positive semi-definite (i.e. all of its eigenvalues are non-negative). There-
fore, xy " Axy, = 0 and yy" Aya, > 0 for every pair u,v of distinct vertices of G. So,
by (3), tin;(C4, G) is at most

n!

1 1 1 1 (n — 6)' ST . ST =
A1, G)+5d(Jo, G) + 15d (T, G)+ (e, G) + (Zmu Argo Y ya Ay |- (4)

u,v u,v

By (2), it suffices to show that (4) evaluates to (1/2)6 37, d(J;, G) + o(1). In order to
do this, we need to do some “double counting” to express the summations in (4) in terms
of the quantities d(.J;, G) and a small error term. We start by observing that

—6)! e —6)!
(n—6) Zx;UTAx;’,U = ZZA(i,j)(nn! ) Zhominj(Ri,G;u,v) hom;yi(R;, G;u,v)

n!
u,v =1 j=1 u,v

where A(i, j) is the entry of A on the ith row and jth column and, similarly,
8

—6)! d —6)!
(n=6)! Zy;UTAy;U = ZZA(Z’,]') (n ' ) Zhominj(Bi,G;u,v) homyyi(Bj, G; u,v).
j=1 '

n! n

u,v =1 3 u,v

For distinct vertices u and v, the quantity hom,;(R;, G;u,v) homiy;(R;, G;u,v) counts
pairs (f;, f;) where f; is an injective homomorphism from R; to G and f; is an injective
homomorphism from R; to G such that f;(1) = f;(1) = vand f;(2) = f;(2) = v. Let R;-R;
denote the 6-vertex graph obtained from the disjoint union of R; and R; by identifying each
root of R; with the corresponding root of R;. Then homi,j(R;, G;u,v) homy;(R;, G;u,v) is
equal to homy,;(R;- R;, G;u,v)+O0(n*) where the O(n?) term accounts for the pairs (f;, f;)
counted by hom,;(R;, G;u,v) homyy(R;, G;u,v) such that f;(w) = f;(z) for some w €
V(R;)\{1,2} and z € V(R;)\ {1,2}. Similarly, hom;,;(B;, G; u, v) homy;(B;, G; u, v) can
be written as homy;(B; - B;, G; u,v) +O(n?®) where the graph B;- B; is defined analogously
to R; - R;. The contribution of the O(n?) terms to (4) is O(1/n) = o(1) and so, up to a
o(1) term, we can replace homi,;(R;, G; u, v) homiy (R, G u, v) with hom,;(R;- Rj, G; u,v)
and hom,;(B;, G; u, v) hom;y (B}, G;u, v) with homy;(B; - B;, G u,v).

o
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Observe that =% D DOmini (R - By, Gy u,v) = tin(R; - Ry, G). Combining with (4),

n!

we obtain that t,;(Cg', G) is at most

1 1 1 1
6d(J4, G) + Ed(Jg, G) + Ed(JH, G) + =d(J12, G)

8 8 (5)
+ DD AG ) (twg(Ri - Ry, G) + tag(Bi - By, G)) + o(1).

i=1 j=1

The following claim will complete the proof of Theorem 3. Since the proof of this
claim is entirely numerical and a bit long, we decide to put its proof in Appendix A.

Claim 5. It holds that

1 1 1 1
6d(J4, G) + Ed(Jg, G) + Ed(Jn, G)+ gd(Ju, G)

: 1\° (6)
+ YO AL G) (ting(Ri - By, G) + tug(B; - By, G)) = (5) ,

i=1 j=1

By this claim, we have that (5) is equal to (1/2)® + o(1), which implies #,;(C4', G) <
(1/2) + o(1). O

Say that a sequence G, G5, ... of edge-coloured cliques is quasirandom if, for every
edge-coloured clique H,
lim t(H,G,) = (1/2)°4.
n—oo

By analyzing the proof of Theorem 3 further, one can get that a sequence Gy, Go, ...
of edge-coloured cliques satisfies lim,, o, t(C4', G,,) = (1/2)8 if and only if Gy, Go, ... is
quasirandom. Here is a brief summary of the argument. We observe that the kernel of
the matrix A is spanned by the all-ones vector of length 8. This implies that, for large
n, nearly every pair of distinct vertices is connected by (% + 0(1)) n? red paths of length
three. As a result, we get that the homomorphism density of (s in the graph consisting
of the red edges of G is (1/2)% + o(1). By standard results on quasirandomness of graphs,
this implies that the graph consisting of the red edges is quasirandom, which also implies
that the sequence G, Go, ... is quasirandom.

A limitation of the flag algebra method is that extremal problems involving graphs on
more than a small number of vertices (perhaps somewhere between seven and eleven,
depending on the problem and the skill level of the person writing the semi-definite
programs) tend to be out of reach due to combinatorial explosion. We find it interesting
that the flag algebra proof in this paper only needed to consider the 26 non-isomorphic
colourings of K33 as opposed to the 156 non-isomorphic colourings of Kg. Likewise, the
flags that we used have missing edges which helped to reduce the number of flags that
we required from 40 to 16. We wonder whether considering these types of “simpler”
flag algebra proofs could, occasionally, allow one to extend the method to larger graphs
than one can normally handle, or to obtain human-checkable proofs for theorems which
currently require computer verification.
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A Proof of Claim 5

In this section, we provide the proof of Claim 5.

Proof of Claim 5. By following the same arguments as in Proposition 4, we obtain, for
all 1 <i4,7 <8,
26

tin (Ri - Ry, G) = Y tuip(Ri - Ry, Jp) - d(Ji, G)
(=1

and
26

twj (B - Bj,G) = Y _top(Bi - By, Jp) - d(Ji, G).
=1
By computing the quantities ty,(R; - Rj, Ji) and tyi,(B; - B;, Jp) explicitly for all 1 <
1< jJ<8and 1< /<26, we obtain the following:

16

4

tinj(Rl . Rl, G) - d(Jl, G) + id(JQ, G) + id(Jg, G)
8 8 2
tinj(Rl : R27 G) = id<<]27 G) + id<‘]57 G) + ﬁd<‘]87 G)
8 4 4 2
tinj(Rl : R37 G) - ﬁd(‘]% G) + Ed(J& G) + id(‘]& G) + id(‘]& G)
4 2 12 2
tinj(R1 - Ry, G) = Ed(‘]ﬁ'n G) + ﬁd(Js, G) + 5d(<]15a G) + ﬁd(Jw? G)
8 4 4 2
tinj(Rl : R5a G) = Ed(J% G) + ﬁd(J& G) + ﬁd(‘]& G) + id(‘]& G)
4 2 12 2
tinj(Rl . RG, G) — 5d(J5, G) —I— Ed(t]g, G) —|— 5d(¢]15, G) + ﬁd(ljl& G)
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4
- Ed(Jg, G)

tinj(R1 - Rg, G) = %

tinj(R1 - Ry, G)

4

tinj(RQ . Rg, G) = ﬁd(ejg, G) +
_4
72

tinj(R2 - R4, G) = =

2
+ o=d

tinj(Ra - Rs, G) =

d(Jg, G)

2
(], G) + —
(Js, G) + 72d
4
tinj(RQ ' R57 G) = 5d(¢]3, G) + %

o
72

<J47G)

_2,
72

tinj(R2 - R7, G)

tinj(R2 - Re, G) (Js, G)
12

i (R - Re, G) = %d

4
tinj(R3 : Rg, G) = Ed

d(JSaG)

72

4
Jo, G —
(Jo )+72

J5, G

8
+ —d(J13, G

72
12
(J5,G) +

72

2

tan(R3 R4>G) - 5
D)
2

tinj(R3 - R, G) = =
2

D)

tinj (RS : R5a G)

b2
72

2

72

d(Js, G) (Jo, Q)

tinj(Rs - R7, G) d(Js, G) + ==d(Jy, G)

2 2
- 72d<J10, G) + _d

72

tinj(R3 - Rs, G)

tinj(Ra - Ry, G) =

= 72d(J10,G)

72
2
72

8

= —d

72

tinj(R4 . R7, G) = %d

i (R - Re, G) = %d

s (Ra - Rs, @) 24

d(J67 G) 79

(J97G>

—|—2d
72

8
Jo, G —
(Jo )+72

tinj (R4 - Re, G) (J7,G) (J11,G)

d(J1a, G)

2
+oad

Ji1, G
(11, @) 72

(J20, G)
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—|—4d
72

4
d(Js, G) +

72
4
d(Js, G)

72
(‘]67 G)

(Jloa G)
2
d(Js, G) +
<J107 G)
4
+—d
d(Ji7,G) +

4
+ood

d(Jy, G) +

(']177 G)

4
+od

8
+ood

Jo, G

<J77 G)

8
d(JlG, G) + ﬁd(Jlg, G)

8

—|—2d
72

2
+ oed

72 (/8. G)

(J10, G)

2
72

2
+ oed

79 (J167 G)

(J19, G)

2
= + oed

d(‘]& G) 79

79 (J107G)

2
72

(J11, G)

2
+ oed

79 (J167 G)

(J197 G)
2

+ ﬁd

2

72

(J97G)

d(Ja1, G)

+2d
72

(J16, G)

(Js, G) (J10, G)

2
+ 2d
d(Js. G) + =
72
2

72
2

72

+2d
72

2

72

) (Jh9, G)

d(J97G)

2

2
72

d(Ji7,G)

(J10, G) + ==d(J11, G)

2
72
d(Joz, G)

2
72

(Ji9, G) +

(J19, G) (Ja1, G)

12

72

2
(J16, G) + —d

72

2
+ 2=d
72
8
+ =d
72

(17, G)

+2d
72

9
d(Jy7, G) + —
(Si7, ) 72
+ A

72

(Jlg,G) (J21,G)

_l’_
72

d(J20) G)

2
+o=d

79 (J217 G)

(Jos, G)



4 4 2
tinj(R5 . R5, G) - §d<J5, G) + Ed(Js, G) + 5d(J10’ G)

2 8 2 2

tinj(R5 . RG, G) == Ed(t]g, G) + id((]lg, G) + ﬁd(JI& G) + ﬁd(Jlg, G)
2 2 2 2

tinj<R5 . R7, G) - Ed(JG, G) —I— 5d(¢]9, G) —|— Ed(z]lo, G) + id(gjll, G)
2 2 2 2

tinj(Rg) . Rg, G) = ﬁd(Jloa G) + Ed(L]l?, G) + ﬁd(Jlg, G) + Ed(Jm’ G)

2 4 12
tjnj(Rﬁ . Rﬁ, G) — 5d(¢]10, G) + id(Jlg, G) + Ed(ejgg, G)
2 8 2 2
tinj<R6 . R7, G) - 5d<JQ’ G) —|— id<J14’ G) —|— 561(:]17, G) + ﬁd(JQO, G)
2 2 2 4
tinj(R6 . Rg, G) - id(Jn, G) + Ed(tjgo, G) + id(JQl, G) + 5d(z]24, G)
8 4 12
tinj(R’? . R7, G) = ﬁd(J% G) + ﬁd(th G) + id<J127 G)
2 4 4
tinj(R’Z . Rg, G) - ﬁd(zjll, G) + ﬁd(JQ()’ G) + id(JQQ, G)
12 8 8
tinj(Rs - Rs, G) = Ed(Jm, G)+ Ed(bm G) + ﬁd(J%; G)
4 16
tinj(B1 - B1,G) = ﬁd(km G) + ﬁd(J%, G) + d(Js, G)
2 8 8
tinj(Bl . BQ, G) = ﬁd(ng, G) + 5d(<]24, G) + 5d(J25, G)

2 4 4 8
tinj(Bl . Bg, G) B ﬁd(JQ()’ G) + 5(1(1]22, G) + ﬁd(c]24, G) + id(st’ G)
2 2 12 4
tinj (Bl . B4, G) — id(Jlg, G) + ﬁd(Jm, G) + Ed(ng,, G) + id(J24’ G)
2 4 4 8
tinj (Bl . B5, G) — id(JQo, G) + Ed(:]gg, G) + ﬁd(tjgzl, G) + id(Jgg,, G)
2 2 12 4
tinj (Bl . B6, G) — id(Jlg, G) + Ed(e]m, G) + ﬁd(tjgg, G) + id(J24’ G)
8 4 4
tinj(-Bl . B7, G) - ﬁd(Jy;, G) + ﬁd<t]207 G) + Ed(JQQ, G)
8 4 2
tinj(-Bl N Bg, G) - ﬁd(Jl& G) + ﬁd(Jlg, G) + id(cjgl, G)
8 4 4
tinj(BQ . BQ, G) - Ed(Jlg, G) + Ed(ng, G) + id(JQQ, G)
2 2 2 4
tinj (BQ . Bg, G) — 5d(<]17, G) + id(;]g(), G) + ﬁd((]21’ G) + Ed(JQQ, G)
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2 2 2 2
tinj (BQ . B47 G) — —d(J16, G) + —d(J177 G) + —d(Jlg, G) + —d(JQ(), G)

72 72 72 72
2 2 2 4
tinj(B2 - By, G) = id((]m G) + 5d(J20, G) + ﬁd(Jm, G) + id(bz, Q)

2 2 2 2
tinj(Bg . BG, G) = ﬁd((]m, G) + Ed(ljn, G) + 5d(<]19, G) + Ed(gjzo, G)

2 4 12
tinj(BQ . B7, G) — id(Jg, G) + Ed(Jﬂ, G) + id(Jlg, G)

2 4 2
tinj(BQ . Bg, G) — id(Jg, G) + —d(Jlo, G) + —d<J11, G)

72 72
2 4 4
tinj(Bg . Bg, G) — ﬁd(J177 G) + id(ng, G) + id(ejgzl, G)
2 8 2 2
tinj (B3 . B4, G) - id<J16’ G) + ﬁd(tjl& G) + ﬁd(e]lg, G) + ﬁd(JQb G)
2 12 2 4
tinj (Bg . B5, G) - id(]ﬂ, G) + id(JI% G) + ﬁd(ejgl, G) + id(JQQ, G)
2 2 2 2
tinj (Bg . B6, G) - id(Jlo, G) + id((]lh G) + Ed(t]lg, G) + ﬁd(JQ()’ G)
2 2 2 2
tinj(B3 . B7, G) - ﬁd(JQ’ G) + ﬁd((]lh G) + id(Jl’?? G) + Ed(JQO, G)
2 2 2 2
tinj(Bg, . Bg, G) — 5d(t]g, G) + Ed((]l(), G) + id(Jlﬁ, G) + id(JI’Y, G)
12 4 2
tinj(le . B4, G) - ﬁd(Jw, G) + ﬁd(ejlﬁ, G) + Ed(t]lh G)

2 2 2 2
tinj (B4 . B5, G) - 5d(¢]10, G) ‘I‘ —d(Jll, G) + —d(Jlg, G) + Ed(JQ(), G)

72 72

2 2 8 8

tinj<B4 . Bﬁ, G) - 5d<Jg, G) + ﬁd(Jg, G) + Ed(zjlg, G) + 5(1(1]147 G)
2 8 2 2

tinj(B4 . B7, G) - Ed(JG, G) + Ed(:]% G) + Ed(z]lo, G) ‘|‘ Ed(cjn, G)
4 2 2 2

tinj(Bél . Bg, G) — ﬁd(JEH G) —|— ﬁd(g](g, G) + ﬁd(cjg, G) ‘|— id(Jg, G)
2 4 4
tinj(B5 . B5, G) - ﬁd(‘h% G) + id<t]217 G) + Ed(g]24, G)

2 8 2 2

tinj (B5 . B6, G) - id(Jlﬁ, G) + id(c]lg, G) + ﬁd(Jlg, G) + ﬁd<J21, G)
2 2 2 2

tinj(B5 . B7, G) - id(Jg, G) + id((]lh G) + id(Jl'h G) + Ed(JQ(), G)
2 2 2 2

tinj(B5 . BS, G) — id(Jg, G) + ﬁd((]l& G) + Ed(;]l(;, G) + Ed({]l’?? G)
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4
tinj(Bs - B, G) = —d(J15,G) + —=d(J15,G) + —d(JN; G)

72 72 72
8 2
tini(Bs - By, G) — ﬁd(JG,G) ﬁz(@,a) (0, G) + id(JH,G)
4
tinj(Bs - Bs, G) = Ed(an G) + id(JG, G) + 561“8, G) + 561“9, G)
tin: (B BG—12dJG 4dJG 8dJ G
mj( 7 D7, )_i(% )+ﬁ<97 )+5(147 )
b (Br - By, G) = —d(Jy, G) + —d(Jo, G) + —d(Jy, G)
inj 7 8 - 79 3 79 65 79 9
toi(Bs - By, G) = (o, @) + —-d(Js, G) + 22d(J, G).
inj 8 8 79 2 79 3 79 4,

AISO, note that tinj(-Ri . Rj, G) = inj(Rj . RZ‘, G) and tinj(Bi . Bj, G) = tinj(Bj . B,’, G) for
all 1 < 4,7 < 8. Our next step is to put all of this together to compute the coefficient
of d(Jy, G) in (4) for each 1 < ¢ < 26. In what follows, the calculation of the coefficient
of d(J;, G) starts with J, followed by a colon. For each ¢, we first express the coefficient
in terms of the entries of A and then substitute the values from the matrix into the
expression and simplify to obtain the final numerical coefficient.

Jli A(]_ 1)
= 155 = (1/2)°
16
Ja: 72A(l 1)+ 72A(l 2) + 72A(l 3) + 72A(1 5) + 72,4(2 1)+ 72A(3 1)

+5A(5, 1) + 514(8, 8)
_ 62N 8 /=6y 8 /=2y 8/ 1) 8 (=6) 8/ =2
“72\128) "2 \128) "2 \128) " 72 \128) " 72 \128) " 72 \ 1

7
7z () * 7 (7) =072

Ty 742A<1 1)+ 72A(1 3) + 72A(1 5) + 72,4(1 7)+ 72A(2 %)+ 72,4( 3)
—=A(2,5) + A(31)+72A( )+72A(35)+ A( )+ A(52)
+%A(5,3)+4A(7 1)+4A(78)+ A7) + 2 AR)
() () A () $(5)+$(788) = ()
+%(%>+%(%)+%(1QS> %(147>+7i<%8) _(1268>
v () 73 (13s) + 7 (i) 72 (i) + 3 (1) = 02
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)

28
128

A(8,8)
12
72

12

A
%_12 44
72 \ 128

12

A(7,2
%_12 —47
72 \ 128

12 12 12
A2,7) + 72A(3,5) + 72A(5,3) + =
12 (—47\ 12 [(—47\ 12 [ —47
+ +
<128> 72 <128> 72 <128>

72

12_+
7272

= (1/2)°

N
P P R e R TIE
— || — o —
= ~— OO — |
= S oo_2 o~ = " - -~ ~ 2_2 ™~ 22_2
) s . I 8 &L N R
< + + a << < I < + 4 4 +
N Ny | Ny | N~y | 0
OOA__N.QA_LT{ PO ?M22_72_72_72_7 ST N Y [
™
>~ _Tu%im © e e — | < mné m‘I_A N~
2 rE FRap & T8 8 2 afapa|Rall 4+
Z < + I & < < < < +
T | + T o Rl | Rl | Rl | + + +
I~ o 7 N\ I~ I~ I~ I~ P O |oo
<+ | 0o NSO |n | o T N N A
+ =R 0 — | + + + + 3721808 0 | |~
—~ L C —_ = e T o © ~—
= - - ~_ - - S ~— [
Z < < I~ < T T T < £~ B~ S 4
N, | N~y | Nay | N~y |
AM%O%4_H14L71\\MW/ + \\MW/ OMﬁO%A_n19HT/0u_7AA_71 \\MW/ +  + + N
~ < 0 /'\/l\( b~ o Yol [ b~ /'\(/l\( N
~ ~— ~— - ~— ~— ~— ~— [\ ~
™~ o N N
Z < < $If4e+lf 2 < < < < R el NE 2
L~ I~ I~ i~
N, | Ny | Ny [N~y |
4A_n24_74_7 + 4 4A_n22_72_72 R [ + o+ o+ 4 T
M~ +>>> M~ 4 + + + ))))9)
T 5 29898238 £ o 2 2 o =&z 18,87 |22|&
S L S A B S S Nl
N T U R I D N A
Z T < a3\ Z ¥ T T < = a3\ N N
— <t I N — N ™~ ™ NN <t
T o | Qe | R T o | R [ | R [ [ R R RE IR IS
= |- SR Sl e N
= | T+ 4+ a|R + o+ 4+ 4+ + o+
~ 4 + o — ~ 4+ 4+ 4+ 4+ +  — o~
N 5 oo =TT S R T R L8 o R ey o — ||
o o
S R ROlE <@ <R T o R R R R [RO R @ R R R e R R
8_7|_| + Il + + 2_7|_| + + + + Il + + + + +
S <

12

A(4,7)

8
72

A(T,7) +

8 8 8
A4 A(6,4 A(7,1

8
72

A(L,7) +

72

J7I
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7~ N
— NN

I~ oo 58
8%421_72, | &
W0 | [

(/I\(/l\(

4_72_22_72_72_7

+++++

4_72_72_7

+ + + +
)
\)7 QOOOO
TIE o
(((((ﬂ
i

2_74_m2_72_72_7 —

+ 4+ o+ o+ 4

= VR g R g

_7+ + + + 4 4

2_72_72_72_72_72_7

T+ o+ o+ o+ 4+

))))))
NN ERGENENE

((/I\(\(\(

_72_72_72_72_72_72_7

o+ o+ + + 4+

13

THE ELECTRONIC JOURNAL OF COMBINATORICS 33(3) (2026), #P3.27



0
— N 00 A |y 0 0 — |
BRI BlEg|E &2 1A
~ ~__ 0 — ~__
~— —~ —~ — _— ~— ~——
o e | ~ TN TR TONE S~ o
NN 72_22_7 = - - - ~ SN o~ 22_22_7
+ + — SEANCC A S P o [ e R IE- n
7 - o < = B R + + + - P
Ny | Ny | N~y |
_ %m %\MAL ® 2A_“22_72_72_72_7 @))@O 0
—
=SSR S =Y E 4+ 4+ 4+ o+ _ml%i%_m oo
~— O T3 & @ © ~— O &
2_m2_n2_24_m T S S Sy N N|Q o &
+ 4+ 4+ L < = <0 + 4+ 4+ 4+ o+ !
Ny | Ny | Nay |
\IW\IW)\M 2A_“22 _72 _72 _72 _7 )))))\w
NN A e M4 4+ 4+ 4+ ™R 0 oo_loolooﬂﬁné
N <+ © © =™ T N N S~
~ QR SRR A — \p.uw SRR ST 2(( ™~ o~ o |
g NRTE e e 5 5 5 5 5 RajpapalEalETE
+ Il T o | Qe | Rlev | Qv [ Qe [ F + + + +
TN~ > — | S —~——
o|R S |% 0 <« | B |0 Ll e L +68>)08285%
| |~ — _ N N _
~— ~ 0 S N B d "~
ARSI R o9 9 9 < < < P~ oo [ e [ |-
Ny [Ny | Ay [Ny | ST
+ + + + + R o Qe R [l [P [T 4 + + + + +

/N N o~ |l 7N
T N | + + + + TS~~~

b~ | o0 < |0
TE-E+8TE28 = % = 5 5 53855757828
~— Ma QO I R D S N, ) S
a\ a\ a\ a\l < <q < << < a\ a\ a\
e L N N T T i e L R R R

T+ o+ o+ T F

+ o+ o+ =
M A T~ —

))))) +

1%4%4%1%9% S S 6,Q_Um4%27%4%1i%1i%

FIU_(U_(U_(U(U N~ T 22 C (/b/IU(U(U_(U
g < < < A2_2

N [N g [N g [N oy | Ny | Nay [ Nay [Ny [ N g [N g Ny [N oy |

SHIREE RIS INESR A22_72_72_72_72_7 AN REST IR IR RN

+ o4+ o+ o+ o+ NE T 0 + o+ o+ o+

14

THE ELECTRONIC JOURNAL OF COMBINATORICS 33(3) (2026), #P3.27



2
+5A(7’ 5) + 5’4(7’ 6) + iA(& 2)
6 2 [ —47 2 4 2 2 2 (-9 2 2 2 2
—Wﬁ(?)*i(@ +5(m> 5(@)*5(@)*6(@)
2 (—10 2 (=47 2 4 2 2 4 44 2 12
*5(78)+5(E)+5(E)+5(@)*5(%)*%(@)
2 (-9 2 (—10 2 12 4 [ —47 2 (=20 2 [ —47
*ﬁ(@)*ﬁ(ﬁ)*ﬁ(ﬁ)*ﬁ m)*%(m)*%(m)
2 1 2 4 2 10 2 (—10 2 [ —47 2 10
+E(@>+ﬁ(@>+i(%>+ﬁ<1_28>+ﬁ FS>+§<78
2 2 2 11 2 (—10 4 [ —47 2 4 2 (—10
+E(E>+E<Tg)+i(m)+i(m)+i(@>+i<ﬁ
2 2 2 (—10 2 (=20 6
72 (E)*ﬁ(ﬁ)*ﬁ(ﬁ):“/”

112 12 12 12 12 12
J1o: A + 514(77 )+ EA(S’ 8) + 5’4(2’ 7) + EA(?” 5) + 5A(5, 3) + EAU’ 2)

_l2 1204 12 (98 12 (AT 12 (AT 12 (AT 12 (4T
72 72\128) 72 \128) 72 \128 ) 72\ 128 ) 72\ 128 ) 72\ 128
= (1/2)°
8 8 8 8 8 8

Jizt == A(2,2) + == A(3,4) + == A4, 3) + == A(5,6) + == A(6,5) + == A(1,8)

2 2 2 72 72 72
TS AWM 6) + —A(6,4) + AR, 1)

_ S (BB, B (—14) 8 (1) 8 (1) 8 (-14) 8 (6
72\128) 72\128) 72\128) 72\128) 72\128) 72 \128
8 (2 8 (2 8 (6

o) T oo ) T (og ) = (1/2)°

e (128>+72 (128)+72 (128) 1/2)

8 8 8 8 8 8
Jia: iA(4, )+ 5A(6, )+ iA(?, 4) + EA(?, 6) + EA(L )+ 514(47 6)

8 8 8

+oA(6,4) + S A(T, 1) + AT, 7)

_ 8 (=10y 8 (10\ 8 (-10) 8 (—10\ 8 (5 8 (2
o2 \128)  72\128) 72\128) 72\128) 72\128) 72 \128
8 [ 2 8 (5 8 [ 44

e ) Tl ) T o (15g ) = (1/2)°

T (128) D <128) 7 (128) 1/2)

12 12 12 12 12 12
Tt =S AL A) + AL 6) + A1) + A6, 1) + — A4 4) + — A(6,6)

12 /-3 L+ 12 (=3 i 12 (=3 n 12 (-3 n 12 [ 12 +.12 12
- 72 \128 72 \ 128 72 \ 128 72 \ 128 72 \ 128 72 \ 128

= (1/2)°
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4 4 4
+5A(3,5) + - A(5 1)+ 72A(5,2)+7—A(5,3) 7,1)

5) 2
%(%) _(11228)+%<§>+%(128) é(ms) 7i
+7i(1_8> (128) %( >+%( 7i(128) %
é(‘—é)w(ég)%(@ w2 () 72 () =0

A(4 1)+ 72A(6 1)

(i)
(i)

/2)°

[\

[\

Jos: 5,4(4 4) + 72A(6 6) + 72A(l 4) + 72,4( 6) + -

_l2/12) 1212 128\ 12/-8) 12/-3) 12/-3
- 72 128 72 \ 128 72 \ 128 72 \ 128 72 \ 128 72 \ 128
= (1/2)°
4

Joy: E,4(4 8) + 72A(6 8) + 72A(8 4) + 72A(8 6) + 72A(l 2) + 72A(l 3)

4 4 8 4 4
b A(L,4) + 7214(1 5) + 7214(1 6) + A2 1) + - A(3,1) + - A(3,3)
)

_4 —9+4 —10+4 —9+4 —10+8 —6+4 -2

72 28 72 \ 128 72 \ 128 72 \ 128 72 \ 128 72 \ 128
LA (1N, 4 (=8Y s =6\ 4 =2\ 4 (56

72 \ 12 72 \ 128 72 \ 128 72 \ 128 72 \ 128

1 4 (56 4 (-3 ]

( )*5(@)*5(@)—0/”

72 72 2A(l 3) + 72A(l 5)+ 72A(Q 1)

7 7

_ﬁ 2\ L8 (), 8 (=) 8 (1) (=6
72 128 128 2 \ 128 72 \ 128 72 \ 128 72 \ 128
8 1
72 (128> (ﬁ) (1/2)°
Jog: A(1, 1)
1/2
128 = (1/2)°
So, we have that the expression
L1070, G) + S d(Jo, G) + = d(J1, G) + 2d( 1, G)
6 4, 12 9, 12 11, 6 12,

+ ) 0> A, ) (tng(Ri - Ry, G) + ting(Bi - B;, G))

i=1 j=1
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is equal to
26

> (1/2)%d(Je, G) = (1/2)°,

(=1

which completes the proof.
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