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Abstract

A theorem of Li and Ning [Linear Algebra Appl. 515 (2017)] states that,
for n ⩾ 4, every balanced bipartite graph G on 2n vertices with spectral ra-
dius λ(G) ⩾

√
n(n− 1) contains a Hamilton path unless G ≃ Kn,n−1 ∪ K1. Let

[n] = {1, 2, . . . , n}. We prove a generalization of this theorem in the setting of graph
transversals. Namely, for n ⩾ 4, we show that given a family
G = {G1, G2, . . . , G2n−1} of 2n−1 bipartite graphs on a common set V of 2n vertices
with a common balanced bipartition, if λ(Gi) ⩾

√
n(n− 1) for every i ∈ [2n − 1],

then there exists a transversal Hamilton path on V unless G1 = G2 = · · · = G2n−1

and G1 ≃ Kn,n−1 ∪K1.
We also show spectral analogue of transversal Hamilton cycle in bipartite graph

families. Let B1
n be the graph obtained from Kn,n by deleting all edges in its one

subgraph Kn−1,1. Given a family G = {G1, G2, . . . , G2n} of 2n bipartite graphs on
a common set V of 2n vertices with a common balanced bipartition, for n ⩾ 4,
we prove that if λ(Gi) ⩾ λ(B1

n) for every i ∈ [2n], then G contains a transversal
Hamilton cycle, unless G1 = G2 = · · · = G2n and G1 ≃ B1

n. Our result extends a
result of Li and Ning [Linear Multilinear Algebra 64 (11) (2016)].

Mathematics Subject Classifications: 05C50, 05C35

1 Introduction

For a set V , let
(
V
2

)
= {{x, y} : {x, y} ⊆ V }. A graph is a pair G = (V,E), where V is the

vertex set and E ⊆
(
V
2

)
is the edge set. For x, y ∈ V , we denote {x, y} by xy when there is

no confusion. Given a vertex subset S ⊆ V (G), the subgraph induced by S is denoted by
G[S]. For a vertex x ∈ V (G), let NG(x) := {y ∈ V (G) : xy ∈ E(G)}. We denote by dG(x)
the number of edges containing x in G. Denote by G− v the graph obtained from G by
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deleting the vertex v ∈ V and its incident edges, and denote by G−uv the graph obtained
from G by deleting the edge uv ∈ E. This notation can be naturally extended if more
than one vertex or edge is deleted. Similarly, let G+uv be obtained from G by adding an
edge uv /∈ E. Let G1 = (V1, E1) and G2 = (V2, E2) be two graphs. The union of G1 and
G2, denoted by G1∪G2, is a graph with vertex set V1∪V2 and edge set E1∪E2. We denote
G1 ≃ G2 if G1 and G2 are isomorphic, i.e., there exists a bijection f : V (G1) → V (G2)
such that uv ∈ E(G1) if and only if f(u)f(v) ∈ E(G2). Moreover, we say that G1 and
G2 are identical, denoted by G1 = G2, if V (G1) = V (G2) and E(G1) = E(G2). By the
definitions, we can see that G1 ≃ G2 and G1 = G2 are slightly different. Let K(A,B) be
a complete bipartite graph with partite sets {A,B}. Assume G1 and G2 are two spanning
subgraphs of K(A,B). We say G1 and G2 are bi-isomorphic, if G1 and G2 are isomorphic
such that the bijection f : V (G1) → V (G2) maps the vertices of V (G1)∩A to V (G2)∩A
and maps the vertices of V (G1) ∩B to V (G2) ∩B.

The adjacency matrix of G is A(G) = [aij]
n
i,j=1, where aij = 1 if ij ∈ E(G), and aij = 0

otherwise. The eigenvalues of G are defined as the eigenvalues of its adjacency matrix
A(G). The maximum of modulus of eigenvalues of A(G) is called the spectral radius of
G and denoted by λ(G). A path (resp. cycle) going through all vertices of the graph
is called a Hamilton path (resp. cycle). The study of the existence of a Hamilton path
(resp. cycle) in graphs is a basic and classical problem. Up to now, much attention has
been paid to this topic. In 2010, Fiedler and Nikiforov [15] initiated the investigation
on the spectral conditions for the existence of a Hamilton path (resp. cycle) in a graph,
which was improved in [5, 11, 31, 40]. The problem of finding spectral conditions that
guarantee the existence of Hamilton paths or cycles in graphs has been considered not
only for general graphs, but also specifically for bipartite graphs. In 2017, Li and Ning
[23] gave a tight condition on spectral radius of a single balanced bipartite graph for the
existence of a Hamilton path.

Theorem 1 (Li and Ning, [23]). Let G be a balanced bipartite graph on 2n vertices, where
n ⩾ 4. If λ(G) ⩾

√
n(n− 1), then G contains a Hamilton path unless G ≃ Kn,n−1 ∪K1.

In 1963, Moon and Moser [29] gave an edge number condition for Hamilton cycles in
balanced bipartite graphs by imposing minimum degree. Let Km,n denote the complete
bipartite graph with partite sets of orders m and n, respectively, and B1

n be the graph
obtained from Kn,n by deleting all edges in its one subgraph Kn−1,1. In 2016, Li and Ning
[24] obtained the spectral analogue of Moon-Moser’s theorem. Especially, one of their
results is as follows.

Theorem 2 (Li and Ning [24]). Let G be a balanced bipartite graph of order 2n. If n ⩾ 4
and λ(G) ⩾ λ(B1

n), then G contains a Hamilton cycle unless G ≃ B1
n.

In this paper, we will also seek spectral conditions that guarantee the existence of
Hamilton paths (resp. cycles), but we will consider this question in the context of graph
transversals, which are defined as follows. Let G = {G1, G2, . . . , Gt} be a family of not
necessarily distinct graphs with common vertex set V . Let H be a graph with t edges
on vertex set V (H) ⊆ V . We say that G has a transversal isomorphic to H if there
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exists a bijection ϕ : E(H) → [t] such that e ∈ E(Gϕ(e)) for each e ∈ E(H). In other
words, each edge of H is from a different Gi. In particular, if G1 = G2 = · · · = Gt, then
the transversal isomorphic to H reduces to a copy of H. In 2020, Joos and Kim [21]
considered the following question:

Question 3 (Joos and Kim, [21]). LetH be a graph with t edges and G={G1, G2, . . . , Gt}
be a collection of not necessarily distinct graphs on the same vertex set V . Which prop-
erties and constraints imposed on the family G can yield a transversal isomorphic to H?

Recently, certain classical results about cycles of specified lengths in graphs have
been extended to the setting of graph transversals. For example, Aharoni et al. [2]
gave a transversal analogue of Mantel’s theorem, showing that given a graph family
G = {G1, G2, G3} on a common set of n vertices in which each graph Gi has roughly
at least 0.2557n2 edges, there must exist a transversal of G isomorphic to K3. Addition-
ally, Joos and Kim [21] showed that given a graph family G = {G1, . . . , Gn} on a common
vertex set of n vertices, if the minimum degree of each graph Gi is at least n/2, then G
has a transversal isomorphic to a Hamilton cycle, which gives a generalization of Dirac’s
theorem. Bradshaw [7] showed that given a family G of 2n bipartite graphs on a common
set of 2n vertices with a common balanced bipartition, if each graph of G has minimum
degree greater than n/2 in one color class and minimum degree at least n/2 in the other
color class, then there exists a transversal isomorphic to a Hamilton cycle, which general-
ized the result of Moon and Moser [29]. For other interesting results on rainbow Hamilton
paths (or cycles) and related problems we refer the reader to [9, 34].

Nowadays, researches on spectral extremal theory of graphs have attracted extensive
attention; see, e.g., [26, 27, 36, 38, 43, 41, 33]. In 2007, Feng, Yu and Zhang [14] provided
a tight condition on a graph to have a matching of size t in terms of its spectral radius.
Guo, Lu, Ma and Ma [18] extended the result [14] to a family of graphs by a different
method and presented a spectral condition for a family G = {G1, . . . , Gt} to guarantee a
transversal isomorphic to a matching with t edges. Shi, Li and Chen [35] obtained the
condition of spectral radius of graphs when G is a family of bipartite graphs and H is a
matching of size t. Zhang and Zhang [46] extended the result [18] to k-factors. He, Li
and Feng [19] obtained the tight lower bound on spectral radius of a family G of graphs
to ensure that G admits a transversal isomorphic to a Hamilton path. Recently, Zhang
and van Dam [47] gave a sufficient condition for the existence of a transversal isomorphic
to a Hamilton cycle in terms of the spectral radii of the graphs in a family G. Motivated
by the above results, we shall investigate the tight lower bound on spectral radius of a
family G of balanced bipartite graphs to ensure that G admits a transversal isomorphic
to a Hamilton path or Hamilton cycle.

Before stating our results, we need to fix some notations. For a positive integer n, let
[n] := {1, 2, . . . , n}. Here we use Ĝ to denote the quasi-complement of a bipartite graph

G with partite sets {A,B}, i.e., one with vertex set V (Ĝ) = V (G) and for every a ∈ A

and b ∈ B, ab ∈ E(Ĝ) if and only if ab /∈ E(G). Let Φ(A,B) = K̂(A,B). Let G1 and
G2 be two disjoint bipartite graphs, with partite sets {A,B} and {C,D}, respectively.
We use G1 ⊔G2 to denote the graph obtained from G1 ∪G2 by adding all possible edges
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between A and D and all possible edges between C and B. Let X := {x1, x2, . . . , xn}
and Y := {y1, y2, . . . , yn}. For 0 ⩽ s, t ⩽ n, let X1 := {x1, x2, . . . , xn−s}, X2 := X\X1,
Y1 := {y1, y2, . . . , yn−t} and Y2 := Y \Y1. We set B(n, s, t) = K(X1, Y1) ⊔ Φ(X2, Y2).

In this paper, we will focus on graph transversals over bipartite graph families. First,
we will prove the following theorem, which gives a generalization of Theorem 1 in the
setting of graph transversals.

Theorem 4. Let n ⩾ 4. Let V be a set of n red vertices and n blue vertices, and let
G = {G1, . . . , G2n−1} be a family of 2n− 1 bipartite graphs on the vertex set V . Suppose

• For each i ∈ [2n − 1], the red vertices of V and the blue vertices of V both form
independent sets in Gi;

• For each i ∈ [2n− 1], λ(Gi) ⩾
√

n(n− 1).

Then G admits a transversal isomorphic to a Hamilton path, unless

G1 = G2 = · · · = G2n−1 and G1 ≃ Kn,n−1 ∪K1.

Our second main result is a transversal version of Theorem 2. Using a quite different
method from [24], we extend the spectral condition for a Hamilton cycle to a family of
balanced bipartite graphs.

Theorem 5. Let n ⩾ 4. Let V be a set of n red vertices and n blue vertices, and let
G = {G1, . . . , G2n} be a family of 2n bipartite graphs on the vertex set V . Suppose

• For each i ∈ [2n], the red vertices of V and the blue vertices of V both form inde-
pendent sets in Gi;

• For each i ∈ [2n], λ(Gi) ⩾ λ(B1
n).

Then G admits a transversal isomorphic to a Hamilton cycle, unless

G1 = G2 = · · · = G2n and G1 ≃ B1
n.

If we let G1 = G2 = · · · = G2n−1 in Theorem 4, then any Hamilton path in G1 is
a transversal isomorphic to a Hamilton path of G, so Theorem 4 is a generalization of
Theorem 1. Again, if we let G1 = G2 = · · · = G2n in Theorem 5, then any Hamilton
cycle in G1 is a transversal isomorphic to a Hamilton cycle of G, so Theorem 5 is a
generalization of Theorem 2. We stress that the proofs of both Theorems 4 and 5 could
be regarded as nice applications of the shifting technique, which may be of independent
interest. Over the past few years, there are various problems in extremal combinatorics,
from the classical Erdős–Ko–Rado theorem and Hilton–Milner’s theorem to the recent
developments on Erdős’ matching conjecture, where the shifting technique and its variants
have been extremely useful. Moreover, the shifts on graphs have been used to treat the
Turán type problems involving the matching [3, 18, 35, 37], the linear forest of given size
[19, 44, 45], the Hamilton path [19] and the Hamilton cycle [47]. In addition, it seems
interesting to explore other graphical properties where the shifts can be applied.

This paper is organized as follows. In Section 2, we shall introduce some basic prop-
erties of the shifting technique. In Sections 3 and 4, we shall provide the detailed proofs
of Theorems 4 and 5, respectively. Some concluding remarks are given in the last section.
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2 The shifting technique

In dealing with extremal problems for finite sets, a very important technique is shifting (or
compression). This operation on families of sets turns out to be very useful in establishing
various upper bounds [17]. The formal definition goes back to the original paper by Erdős,
Ko and Rado [13]. Let G be a graph with vertex set [n]. For 1 ⩽ i < j ⩽ n, the (i, j)-shift
Sij for G is defined as follows:

Sij(G) := {Sij(e) : e ∈ E(G)},

where

Sij(e) :=

{
(e \ {j}) ∪ {i}, if j ∈ e, i /∈ e and (e \ {j}) ∪ {i} /∈ E(G);

e, otherwise.

In words, (i, j)-shift only try to make changes the edges of G which do not contain i
but contain j. In this case, we check whether the edge obtained by replacing j with i
is already in E(G). Only if not do we then replace the edge with the new one. Clearly,
by definition, we have |E(Sij(G))| = |E(G)|. Now assume G is a spanning subgraph of
K(X, Y ). If Sxixj

(G) = G and Sykyℓ(G) = G for every pairs (i, j) and (k, ℓ) satisfying
1 ⩽ i < j ⩽ n and 1 ⩽ k < ℓ ⩽ n, respectively, then G is said to be shifted. The following
observation shows a basic property of (xi, xj)-shift and (yk, yℓ)-shift for bipartite graph
G. Since we can obtain it easily from the definition of shift, here we omit the proof of it.

Observation 6. If G is a shifted bipartite graph with partite sets {X, Y }, then for every
{xi, yk}, {xj, yℓ} ⊆ X ∪ Y such that i ⩽ j and k ⩽ ℓ, {xj, yℓ} ∈ E(G) implies {xi, yk} ∈
E(G).

Iterating the (xi, xj)-shift and (yk, yℓ)-shift for all pairs (i, j) and (k, ℓ) satisfying 1 ⩽
i < j ⩽ n and 1 ⩽ k < ℓ ⩽ n, respectively, will eventually produce a shifted bipartite
graph. Roughly speaking, the shifting operation moves the edges forward. Indeed, after
a shifting operation Sxixj

or Sykyℓ , we will get a new graph Sxixj
(G) or Sykyℓ(G), where

the sum of all subscripts of edges will decrease strictly since i < j and k < ℓ. For a
bipartite graph G, let S(G) be a bipartite graph which is obtained from G by a series
of (xi, xj)-shifts and (yk, yℓ)-shifts with i < j and k < ℓ, and is invariant under all such
possible shifts. Consequently, we obtain that S(G) is shifted.

In 2009, Csikvári [10] proved that the spectral radius of a graph does not decrease
after the shifting operation.

Theorem 7 (Csikvári, [10]). Let u, v be two vertices of G. Then

λ(Suv(G)) ⩾ λ(G).

The following lemma is well-known and the proof can be found in [8].

Lemma 8. If u, v are two nonadjacent vertices of a graph G, then

λ(G+ uv) ⩾ λ(G).

Moreover, if G is connected, then the above inequality holds strictly.
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Theorem 9 (Wu, Xiao and Hong, [39]). Let u, v be two vertices of the connected graph
G. Suppose v1, v2, . . . , vs ∈ NG(v) \ (NG(u) ∪ {u}) with s ⩾ 1 and x = (x1,x2, . . . ,xn) is
the Perron vector of A(G), where xi corresponds to the vertex vi for 1 ⩽ i ⩽ n. Let G∗ be
the graph obtained from G by deleting the edges {v, vi} and adding the edges {u, vi} for
1 ⩽ i ⩽ s. If xu ⩾ xv, then λ(G∗) > λ(G).

The following lemma for connected graphs is an immediate consequence of Corollary
4.1 of Liu, Lai and Das [25]. The detailed proof can be found in [18] by applying Theorem
9.

Lemma 10 (Guo, Lu, Ma and Ma, [18]). Let G be a connected graph on vertex set [n].
Let u, v be two vertices of G. Then λ(Suv(G)) > λ(G) unless G ≃ Suv(G).

Given a collection of graphs G = {G1, . . . , Gt}, let Sij(G) := {Sij(G1), . . . , Sij(Gt)}.
The following lemma is inspired by a result of Huang, Loh and Sudakov [20], in which
they proved a similar result for a rainbow matching of size t.

Lemma 11 (He, Li and Feng, [19]). Given a family of graphs G = {G1, . . . , Gn−1} on
vertex set [n]. Let i < j be two vertices in [n]. If Sij(G) admits a transversal isomorphic
to a Hamilton path, then so does G.

Lemma 12 (Zhang, van Dam, [47]). Given a family of graphs G = {G1, . . . , Gn} on
vertex set [n]. Let i < j be two vertices in [n]. If Sij(G) admits a transversal isomorphic
to a Hamilton cycle, then so does G.

3 Proof of Theorem 4

In this section, we shall give the proof of Theorem 4. Our proof has its root in [18].

Lemma 13. Let n ⩾ 3 and G be a balanced bipartite graph of order 2n with partite sets
{X, Y }. If λ(G) =

√
n(n− 1) and 1 ⩽ i < j ⩽ n, then the following statements hold:

(i) if Sxixj
(G) is bi-isomorphic to B(n, n, 1), then G is bi-isomorphic to B(n, n, 1);

(ii) if Syiyj(G) is bi-isomorphic to B(n, n, 1), then G is bi-isomorphic to B(n, n, 1);
(iii) if Sxixj

(G) is bi-isomorphic to B(n, 1, n), then G is bi-isomorphic to B(n, 1, n);
(iv) if Syiyj(G) is bi-isomorphic to B(n, 1, n), then G is bi-isomorphic to B(n, 1, n).

Proof. If Sxixj
(G) is bi-isomorphic to B(n, n, 1), then there is a set U ⊆ Y of size

n−1 such that Sxixj
(G)[X ∪U ] ≃ Kn,n−1. By the definition of (xi, xj)-shift, we have G =

Sxixj
(G). Thus (i) holds. In the following, assume Syiyj(G) is bi-isomorphic to B(n, n, 1).

Similar to (i), there is a set U ⊆ Y of size n − 1 such that Syiyj(G)[X ∪ U ] ≃ Kn,n−1. If
|{yi, yj}∩U | ̸= 1, then we have G = Syiyj(G). Otherwise, by the definition of (yi, yj)-shift,

we have yi ∈ U and yj /∈ U . Note that λ(G) =
√
n(n− 1) = λ(Syiyj(G)). If dG(yi) > 0

and dG(yj) > 0, then G is connected and G,Syiyj(G) are not isomorphic. By Lemma 10,
we have λ(Syiyj(G)) > λ(G), a contradiction. Thus we have NG(yi) = ∅ or NG(yj) = ∅. It
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follows that G is bi-isomorphic to Syiyj(G). Hence, G is bi-isomorphic to B(n, n, 1) and
(ii) holds.

Similar to the proof of (i) and (ii), we can prove (iii) and (iv).
Recall that for a bipartite graph G with partite sets {X, Y }, S(G) is a graph which

is obtained from G by applying a series of (xi, xj)-shifts and (yk, yℓ)-shifts with i < j and
k < ℓ. The following result is an immediate consequence of Theorem 7 and Lemma 13,
which will be used in the proof of Theorem 4.

Corollary 14. Let n ⩾ 3 and G be a balanced bipartite graph of order 2n with partite sets
{X, Y }. Assume λ(G) =

√
n(n− 1). If S(G) is bi-isomorphic to B(n, n, 1), then G is

bi-isomorphic to B(n, n, 1). If S(G) is bi-isomorphic to B(n, 1, n), then G is bi-isomorphic
to B(n, 1, n).

Lemma 15. Let n ⩾ 4 and G = {G1, . . . , G2n−1} be a family of bipartite graphs with
partite sets {X, Y }. Assume for each i ∈ [2n − 1], Gi is bi-isomorphic to B(n, n, 1). If
there exist p, q ∈ [2n − 1] such that Up ̸= Uq, where Ui = {y ∈ Y : dGi

(y) = n}, then G
admits a transversal isomorphic to a Hamilton path.

Proof. Without loss of generality, we may assume that p = 1 and q = 2n − 1. Since
G1 ̸= G2n−1, there exist vertices b1 ∈ U1 \ U2n−1 and bn ∈ U2n−1 \ U1 such that dG1(b1) =
n, dG2n−1(b1) = 0, dG1(bn) = 0 and dG2n−1(bn) = n. For notational convenience, in
the following, we reorder the vertices of Y by b1, b2, . . . , bn. So we may find an edge
e1 = b1a1 ∈ E(G1), where a1 ∈ X. Since dG2(a1) = n − 1 ⩾ 3, there is an edge
a1b2 ∈ E(G2) such that b2 ∈ Y \{b1, bn}. Since at least one of dG3(b1) and dG3(b2) is
equal to n, without loss of generality, we may assume that dG3(b2) = n > 1. So we
may find an edge e3 = b2a2 ∈ E(G3) satisfying a2 ∈ X\{a1}. Now suppose we have
found a path Pr+1 = b1a1b2a2 · · · b r+1

2
a r+1

2
of odd length r such that b1a1 ∈ E(G1), a1b2 ∈

E(G2), b2a2 ∈ E(G3), . . . , b r+1
2
a r+1

2
∈ E(Gr) or Pr+1 = b1a1b2 · · · a r

2
b r+2

2
of even length r

such that b1a1 ∈ E(G1), a1b2 ∈ E(G2), . . . , a r
2
b r+2

2
∈ E(Gr). If r = 2n − 1, then P2n is a

desired transversal isomorphic to a Hamilton path of G. So we assume that r < 2n−1. If
r = 2n−2, since dG2n−1(bn) = n, we have bnan ∈ E(G2n−1) and Pr+1+bnan is a transversal
isomorphic to a Hamilton path of G, where an ̸= ai for 1 ⩽ i ⩽ n − 1. If r < 2n − 2,
then the end-vertex of Pr+1 different from b1 is a r+1

2
for odd r or b r+2

2
for even r. In what

follows, we distinguish the proof into two cases.

Case 1. r is odd.
In this case,

|NGr+1(a r+1
2
)\V (Pr+1)| ⩾ n− 1− r + 1

2
=

2n− 3− r

2
⩾ 0.

If |NGr+1(a r+1
2
)\V (Pr+1)| > 1, then there exists an edge a r+1

2
b r+3

2
∈ E(Gr+1) such that

b r+3
2

/∈ V (Pr+1) ∪ {bn}. If |NGr+1(a r+1
2
)\V (Pr+1)| = 1 and a r+1

2
bn /∈ E(Gr+1), then there

exists an edge a r+1
2
b r+3

2
∈ E(Gr+1) such that b r+3

2
/∈ V (Pr+1)∪{bn}. Hence, Pr+1+a r+1

2
b r+3

2

is a transversal (isomorphic to a path) of {G1, G2, . . . , Gr+1}. If |NGr+1(a r+1
2
)\V (Pr+1)| =
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1 and a r+1
2
bn ∈ E(Gr+1), then NGr+1(a r+1

2
)\V (Pr+1) = {bn} and n − 1 = dGr+1(a r+1

2
) ⩽

|V (Pr+1) ∩ Y |+ 1 = r+1
2

+ 1. Hence, r ∈ {2n− 5, 2n− 3}.
If r = 2n − 5 and NGr+1(a r+1

2
)\V (Pr+1) = {bn}, then |NGr+1(a r+1

2
)\V (Pr+1)| =

1 = n − 1 − r+1
2

and Pr+1 − b1a1 + b1a r+1
2

+ b1a r+3
2

is a path of length r + 1 such

that b1a r+3
2

∈ E(G1), a1b2 ∈ E(G2), . . . , b r+1
2
a r+1

2
∈ E(Gr), b1a r+1

2
∈ E(Gr+1), where

a r+3
2

∈ X\{a1, . . . , a r+1
2
}. Note that one of dGr+2(bn) and dGr+2(bn−1) is n. Without

loss of generality, assume dGr+2(bn−1) = n. Similarly, assume dGr+3(bn−1) = n. Then
Pr+1 − b1a1 + b1a r+1

2
+ b1a r+3

2
+ a r+3

2
bn−1 + bn−1an + anbn is a transversal isomorphic to a

Hamilton path of G.
If r = 2n−3 andNGr+1(a r+1

2
)\V (Pr+1) = {bn}, then Pr+1+a r+1

2
bn+bnan is a transversal

isomorphic to a Hamilton path of G.
If |NGr+1(a r+1

2
)\V (Pr+1)| = 0, then n−1 = dGr+1(a r+1

2
) ⩽ |V (Pr+1)∩Y | = r+1

2
. Hence,

r = 2n− 3. It is easy to see that Pr+1 − b1a1 + b1a r+1
2

+ b1a r+3
2

+ a r+3
2
bn is a transversal

(isomorphic to a Hamilton path) of G, where b1a r+3
2

∈ E(G1), b1a r+1
2

∈ E(Gr+1) and

a r+3
2
bn ∈ E(G2n−1).

Case 2. r is even.
In this case, either dGr+1(b1) = n or dGr+1(b r+2

2
) = n. Without loss of generality,

we may assume that dGr+1(b r+2
2
) = n. Then we choose a r+2

2
∈ X\V (Pr+1) such that

b r+2
2
a r+2

2
∈ E(Gr+1). Note that Pr+1 + b r+2

2
a r+2

2
is a path of odd length r+1. Continuing

this process as Case 1 for at most 2n − 1 steps, we may obtain the desired transversal
isomorphic to a Hamilton path.

Similarly, we can prove the following lemma.

Lemma 16. Let n ⩾ 4 and G = {G1, . . . , G2n−1} be a family of bipartite graphs with
partite sets {X, Y }. Assume for each i ∈ [2n − 1], Gi is bi-isomorphic to B(n, 1, n). If
there exist p, q ∈ [2n− 1] such that Wp ̸= Wq, where Wi = {x ∈ X : dGi

(x) = n}, then G
admits a transversal isomorphic to a Hamilton path.

Now, we are ready to prove Theorem 4.

Proof of Theorem 4. Assume X is the set of n red vertices and Y is the set of n blue
vertices. For each i ∈ [2n−1], {X, Y } are partite sets of Gi. Suppose that {G1, . . . , G2n−1}
dose not admit a transversal isomorphic to a Hamilton path. By Lemma 11, the shifted
family {S(G1), . . . , S(G2n−1)} dose not admit a transversal isomorphic to a Hamilton
path. For notational convenience, we denote Hi := S(Gi) for each i ∈ [2n − 1]. By
Theorem 7 and the spectral conditions, for i ∈ [2n− 1],

λ(Hi) ⩾ λ(Gi) ⩾
√
n(n− 1). (1)

Let ej := {xn−j, yj+1} for every
⌊
n
2

⌋
⩽ j ⩽ n− 1. First of all, we shall prove that for

each i ∈ [2n− 1],
{e⌊n

2
⌋, e⌊n

2
⌋+1, . . . , en−2} ⊆ E(Hi). (2)
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Otherwise, assume that there exist
⌊
n
2

⌋
⩽ r ⩽ n − 2 and t ∈ [2n − 1] such that er =

{xn−r, yr+1} /∈ E(Ht). Since Ht is shifted, by Observation 6, every edge {xi, yj} ∈ E(Ht)
satisfies i < n − r or j < r + 1. Thus Ht is a subgraph of B(n, r + 1, n − r). Note that
B(n, r + 1, n− r) contains no Hamilton path and B(n, r + 1, n− r) is not isomorphic to
Kn,n−1 ∪K1. By Theorem 1 and Lemma 8, we have

λ(Ht) ⩽ λ(B(n, r + 1, n− r)) < λ(Kn,n−1 ∪K1) =
√

n(n− 1),

a contradiction. Hence, {e⌊n
2 ⌋, e⌊n

2 ⌋+1, . . . , en−2} ⊆ E(Hi) for each i ∈ [2n− 1].

Let e′j := {xj+1, yn−j} for every
⌊
n
2

⌋
⩽ j ⩽ n− 1. Similar to the above, we can prove

that for each i ∈ [2n− 1],

{e′⌊n
2 ⌋, e

′
⌊n

2 ⌋+1
, . . . , e′n−2} ⊆ E(Hi). (3)

Claim 1. Either en−1 = {x1, yn} ∈ E(Hi) or e′n−1 = {xn, y1} ∈ E(Hi) for each
i ∈ [2n− 1].

Proof of Claim 1. Otherwise, assume there is an Ht satisfying {x1, yn} /∈ E(Ht) and
{xn, y1} /∈ E(Ht). By Observation 6, every edge {xi, yj} ∈ E(Ht) satisfies i < n and
j < n. Thus Ht is a subgraph of Kn−1,n−1 ∪ 2K1. Hence, λ(Ht) ⩽ λ(Kn−1,n−1 ∪ K1) =

n− 1 <
√
n(n− 1), a contradiction.

Claim 2. Either H1 = · · · = H2n−1 = B(n, n, 1) or H1 = · · · = H2n−1 = B(n, 1, n).

Proof of Claim 2. In what follows, we distinguish the proof into four cases.

Case 1. There exist p, q ∈ [2n− 1] such that p ̸= q, en−1 ∈ E(Hp) and e′n−1 ∈ E(Hq).
Without loss of generality, we may assume that p = 1 and q = 2n− 1. Then (2), (3)

and Observation 6 implies that P2n−1 = ynx1yn−1x2yn−2x3 . . . xn−1y1xn is a transversal
isomorphic to a Hamilton path, a contradiction.

Case 2. There exists p ∈ [2n− 1] such that en−1 ∈ E(Hp) and e′n−1 ∈ E(Hp).
Without loss of generality, we assume that p = 1. By Claim 1, at least one of en−1

and e′n−1 is an edge of H2. Hence, according to Case 1, G has a transversal isomorphic to
a Hamilton path, a contradiction.

Case 3. en−1 /∈
⋃2n−1

i=1 E(Hi).
By Observation 6, every edge {xi, yj} ∈ E(Ht) satisfies j < n. ThusHt is a subgraph of

B(n, n, 1). By Lemma 8, one can see that λ(Ht) ⩽ λ(B(n, n, 1)) =
√

n(n− 1). Combining
with (1), we have λ(Ht) = λ(B(n, n, 1)). Recall that Ht is a subgraph of B(n, n, 1). It
follows that Ht = B(n, n, 1) for each t ∈ [2n− 1].

Case 4. e′n−1 /∈
⋃2n−1

i=1 E(Hi).
Similar to the proof of Case 3, we have H1 = · · · = H2n−1 = B(n, 1, n). This completes

the proof of Claim 2.

By (1), Theorem 7 and Claim 2, we have

λ(G1) = · · · = λ(G2n−1) =
√
n(n− 1).
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Thus by Claim 2 and Corollary 14, we have either all Gi are bi-isomorphic to B(n, n, 1)
or all Gi are bi-isomorphic to B(n, 1, n). If there exist i, j ∈ [2n− 1] such that Gi ̸= Gj,
by Lemmas 15 and 16, {G1, . . . , G2n−1} has a transversal isomorphic to a Hamilton path,
a contradiction. Therefore, G1 = · · · = G2n−1 and G1 ≃ Kn,n−1 ∪K1. This completes the
proof.

4 Proof of Theorem 5

In what follows, we shall prove Theorem 5 by using the shifting technique. First of all,
we present some lemmas and corollaries for our purpose.

Lemma 17. Let n ⩾ 3 and G be a balanced bipartite graph with partite sets {X, Y }.
Assume λ(G) = λ(B1

n) and 1 ⩽ i < j ⩽ n. Then the following statements hold:

(i) if Sxixj
(G) is bi-isomorphic to B(n, n−1, 1), then G is bi-isomorphic to B(n, n−1, 1);

(ii) if Syiyj(G) is bi-isomorphic to B(n, n−1, 1), then G is bi-isomorphic to B(n, n−1, 1);
(iii) if Sxixj

(G) is bi-isomorphic to B(n, 1, n−1), then G is bi-isomorphic to B(n, 1, n−1);
(iv) if Syiyj(G) is bi-isomorphic to B(n, 1, n−1), then G is bi-isomorphic to B(n, 1, n−1).

Proof. If Sxixj
(G) is bi-isomorphic to B(n, n−1, 1), there is a set U ⊂ X of size n−1 such

that dSxixj (G)(u) = n − 1 for every u ∈ U . If {xi, xj} ⊂ U , then we have G = Sxixj
(G).

In the following, we may assume that |{xi, xj} ∩ U | = 1. Then by the definition of
(xi, xj)-shift, we have xj ∈ U and xi /∈ U . Note that NSxixj (G)(xj) ⊂ NSxixj (G)(xi) and

dSxixj (G)(xi) = n = dSxixj (G)(xj) + 1. By the definition of (xi, xj)-shift, we have G is

bi-isomorphic to Sxixj
(G). Hence, G is bi-isomorphic to B(n, n− 1, 1). Thus (i) holds.

If Syiyj(G) is bi-isomorphic to B(n, n− 1, 1), there is a set W ⊂ Y of size n− 1 such
that dSyiyj (G)(w) = n for every w ∈ W . If {yi, yj} ⊂ W , then we have G = Syiyj(G). In the

following, we may assume that |{yi, yj} ∩W | = 1. Then by the definition of (yi, yj)-shift,
we have yi ∈ W and yj /∈ W . Note that λ(G) = λ(B1

n) = λ(B(n, n− 1, 1)) = λ(Syiyj(G))
and G is connected. By Lemma 10, we have G is bi-isomorphic to Syiyj(G). Hence, G is
bi-isomorphic to B(n, n− 1, 1). Thus (ii) holds.

Similar to the proof of (i) and (ii), we can prove (iii) and (iv).
Recall that S(G) is a graph which is obtained from G by a series of (xi, xj)-shifts with

i < j and (yk, yℓ)-shifts with k < ℓ. The following result is an immediate consequence of
Theorem 7 and Lemma 17 which will be used in the proof of Theorem 5.

Corollary 18. Let n ⩾ 3 and G be a bipartite graph with partite sets {X, Y }. Assume
λ(G) = λ(B1

n). If S(G) is bi-isomorphic to B(n, n − 1, 1), then G is bi-isomorphic to
B(n, n − 1, 1). If S(G) is bi-isomorphic to B(n, 1, n − 1), then G is bi-isomorphic to
B(n, 1, n− 1).

Lemma 19. Let n ⩾ 4 and G = {G1, G2, . . . , G2n} be a family of balanced bipartite
graphs of order 2n with partite sets {X, Y }. If for each i ∈ [2n], Gi is bi-isomorphic
to B(n, n − 1, 1), then G admits a transversal isomorphic to a Hamilton cycle unless
G1 = G2 = · · · = G2n.
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Proof. Note that B(n, n− 1, 1) ≃ B1
n. If G1 = G2 = · · · = G2n, by Theorem 2, G has no

transversal isomorphic to a Hamilton cycle. In the following, we assume that the graphs
in G are not all identical. Suppose that G1, G2, . . . , G2n have k distinct vertices of degree
1 contained in Y and denote these k vertices by b1, b2, . . . , bk. We distinguish the cases
k = 1 and k ⩾ 2.

If k = 1, all graphs in G have vertex b1 of degree 1. Without loss of generality,
assume that G1 and G2 are distinct. In this case, the vertex adjacent to b1 in G1, say a1,
and the one adjacent to b1 in G2, say a2, are different. Since the induced subgraphs of
G1, G2, . . . , G2n on vertex subset X ∪ (Y \{b1}) are identical (isomorphic to Kn,n−1), it is
clear that by using edges b1a1 in G1 and b1a2 in G2, we can find a transversal isomorphic
to a Hamilton cycle of G.

Next, we consider the case k ⩾ 2. Recall that b1, b2, . . . , bk are all the k distinct
vertices of degree 1 in G1, G2, . . . , G2n. Let Mj = {Gi : dGi

(bj) = 1} and mj = |Mj|
for 1 ⩽ j ⩽ k. Let m1 ⩽ m2 ⩽ · · · ⩽ mk by reordering vertices b1, b2, . . . , bk if neces-
sary. Without loss of generality, we may assume that M1 = {G1, G2, . . . , Gm1},M2 =
{Gm1+1, . . . , Gm1+m2}, . . . ,Mk = {G2n−mk+1, G2n−mk+2, . . . , G2n}.

By reordering vertices, assume Y = {b1, b2, . . . , bn}. By the definition of M1, . . . ,Mk,
we have dG1(b2) = dG2(b3) = · · · = dGn−1(bn) = n. Hence, we can choose n − 1 edges
ei = bi+1ai+1 for 1 ⩽ i ⩽ n− 1 such that ei ∈ E(Gi) and ai+1 ̸= aj+1 for arbitrary 1 ⩽ i ̸=
j ⩽ n − 1, where {a2, a3, . . . , an} ⊆ X. If ai+1bi+2 ∈ E(Gn+i−1) for each 1 ⩽ i ⩽ n − 2,
then b2a2b3a3 · · · bnan is a transversal (isomorphic to a path) of {G1, G2, . . . , G2n−3}. If
aj+1bj+2 /∈ E(Gn+j−1) for some 1 ⩽ j ⩽ n− 2, then bj+2 is a vertex of degree 1 in Gn+j−1.
Hence, bj+1 is a vertex of degree n in Gn+j−1. Hence, aj+1bj+1 ∈ E(Gn+j−1). Note that
bj+2 is a vertex of degree n in Gj. We have aj+1bj+2 ∈ E(Gj). Hence, b2a2b3a3 · · · bnan
is a transversal (isomorphic to a path) of {G1, G2, . . . , G2n−3} such that either bi+1ai+1 ∈
E(Gi) and ai+1bi+2 ∈ E(Gn+i−1) or bi+1ai+1 ∈ E(Gn+i−1) and ai+1bi+2 ∈ E(Gi). Let P :=
b2a2b3a3 · · · bnan. We aim to construct a transversal isomorphic to a Hamilton cycle from
P by adding vertices b1 and a1 and replacing some edges, where {a1} = X\{a2, a3, . . . , an}.

We first claim that anb1 ∈ E(G2n−2). Otherwise, dG2n−2(b1) = 1. Hence, m1 ⩾
2n− 2 > 2 ⩾ m2, a contradiction. Similarly, we have b1a1 ∈ E(G2n−1). If a1b2 ∈ E(G2n),
then adding edges anb1, b1a1 and a1b2 to path P results in a transversal isomorphic to
a Hamilton cycle of G. Otherwise, we have a1b2 /∈ E(G2n), which implies dG2n(b2) = 1.
Thus, k = 2 and m1+m2 = 2n. Since m1 ⩽ m2, we have m1 ⩽ n. Note that dGm1

(b1) = 1.
If m1 = n, adding b2an, anb1, a1b1, a1bn, replacing anbn by b2an and keeping all the other
edges in P results in a transversal isomorphic to a Hamilton cycle of G such that b2an ∈
E(Gn−1), b1an ∈ E(G2n−2), b1a1 ∈ E(G2n−1) and bna1 ∈ E(G2n). If m1 < n, then we have
b2am1+1 ∈ E(Gm1). Thus, except for the case m1 = 1, we have a1bm1+1 ∈ E(G2n) since
dG2n(b2) = 1. Adding b2am1+1, a1bm1+1, b1a1 and b1an, replacing bm1+1am1+1 by b2am1+1

and keeping all the other edges in P results in a transversal isomorphic to a Hamilton
cycle of G, where am1+1bm1+2 ∈ E(Gn+m1−1). For the remaining case (m1 = 1 and
a1b2 /∈ E(G2n)), suppose that b2aj ∈ E(G2n), where j ̸= 1. Adding anb1, b1a1, b2aj, a1bj
and replacing ajbj by a1bj and keeping all the other edges in P results in a transversal
isomorphic to a Hamilton cycle of G such that a1bj ∈ E(Gj−1), b1an ∈ E(G2n−2), b1a1 ∈

the electronic journal of combinatorics 33(3) (2026), #P3.29 11



E(G2n−1) and b2aj ∈ E(G2n).
Similarly, we can prove the following lemma.

Lemma 20. Let n ⩾ 4 and G = {G1, G2, . . . , G2n} be a family of balanced bipartite
graphs of order 2n with partite sets {X, Y }. If for each i ∈ [2n], Gi is bi-isomorphic
to B(n, 1, n − 1), then G admits a transversal isomorphic to a Hamilton cycle unless
G1 = G2 = · · · = G2n.

Next, we shall present the proof of Theorem 5.

Proof of Theorem 5. Assume X is the set of n red vertices and Y is the set of n blue
vertices. For each i ∈ [2n], {X,Y } are partite sets of Gi. Suppose that {G1, G2, . . . , G2n}
dose not admit a transversal isomorphic to a Hamilton cycle. Then by Lemma 12,
{S(G1), S(G2), . . . , S(G2n)} dose not admit a transversal isomorphic to a Hamilton cycle.
Let Hi := S(Gi) for i ∈ [2n]. By the definition of shifting, Theorem 7 and the spectral
conditions, for i ∈ [2n],

λ(B1
n) ⩽ λ(Gi) ⩽ λ(Hi). (4)

Let eXj := {xj, yn+2−j} for 2 ⩽ j ⩽ ⌊n
2
⌋ + 1. First of all, we shall prove that for each

i ∈ [2n],
{eX3 , eX4 , . . . , eX⌊n

2
⌋+1} ⊆ E(Hi). (5)

Otherwise, assume that there exist 3 ⩽ r ⩽ ⌊n
2
⌋ + 1 and t ∈ [2n] such that eXr =

{xr, yn+2−r} /∈ E(Ht). Since Ht is shifted, by Observation 6, every edge {xi, yj} ∈ E(Ht)
satisfies i ⩽ r − 1 or j ⩽ n + 1 − r. Thus Ht is a subgraph of B(n, n − (r − 1), r − 1).
Note that B(n, n− (r− 1), r− 1) contains no Hamilton cycle and B(n, n− (r− 1), r− 1)
is not isomorphic to B1

n. By Theorem 2 and Lemma 8, we have

λ(Ht) ⩽ λ(B(n, n− (r − 1), r − 1)) < λ(B1
n),

a contradiction. Hence, {eX3 , eX4 , . . . , eX⌊n
2
⌋+1} ⊆ E(Hi) for each i ∈ [2n].

Let eYj := {xn+2−j, yj} for 2 ⩽ j ⩽ ⌊n
2
⌋ + 1. Similarly, we can prove that, for each

i ∈ [2n],
{eY3 , eY4 , . . . , eY⌊n

2
⌋+1} ⊆ E(Hi). (6)

It is easy to see that, for each i ∈ [2n],

{x1, yn}, {xn, y1} ∈ E(Hi). (7)

Otherwise, by the definition of shifting, yn or xn is an isolated vertex of Hi and λ(Hi) <
λ(B1

n), a contradiction.
Let eXj′ := {xj−1, yn+2−j} and eYj′ := {xn+2−j, yj−1} for 3 ⩽ j ⩽ ⌊n

2
⌋+1. By Observation

6, we have, for each i ∈ [2n],

{eX3′ , eY3′ , eX4′ , eY4′ , . . . , eX(⌊n
2
⌋+1)′ , e

Y
(⌊n

2
⌋+1)′} ⊆ E(Hi). (8)
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Similarly,
{x1, y1}, {x⌈n

2
⌉, y⌈n

2
⌉} ∈ E(Hi) (9)

for each i ∈ [2n].

Claim 3. Either eX2 ∈ E(Hi) or e
Y
2 ∈ E(Hi) for i ∈ [2n].

Proof of Claim 3. Otherwise, Hi is a subgraph of

H := K(X,Y )− {xny2, xny3, . . . , xnyn, ynx2, ynx3, . . . , ynxn−1}.

Since H contains no Hamilton cycle, by Theorem 2 and Lemma 8, we have λ(Gi) ⩽
λ(Hi) ⩽ λ(H) < λ(B1

n), a contradiction.

Claim 4. Either H1 = H2 = · · · = H2n = B(n, n − 1, 1) or H1 = H2 = · · · = H2n =
B(n, 1, n− 1).

Proof of Claim 4. According to Claim 3, we distinguish the proof into three cases.

Case 1. There exist p, q ∈ [2n] such that p ̸= q, eX2 ∈ E(Hp) and eY2 ∈ E(Hq).
Note that (4)-(9) holds. For odd n, the following 2n edges

{x1, yn}, eX2 , eX3′ , eX3 , . . . , eX⌈n
2
⌉′ , e

X
⌈n
2
⌉, {x⌈n

2
⌉, y⌈n

2
⌉}, eY⌈n

2
⌉, e

Y
⌈n
2
⌉′ , . . . , e

Y
3 , e

Y
3′ , e

Y
2 , {xn, y1}, {y1, x1}

induces a transversal isomorphic to a Hamilton cycle. For even n, the following 2n edges

{x1, yn}, eX2 , eX3′ , eX3 , . . . , eX(n+2
2

)′
, eXn+2

2
, eY

(n+2
2

)′
, eYn

2
, eY(n

2
)′ , . . . , e

Y
3 , e

Y
3′ , e

Y
2 , {xn, y1}, {y1, x1}

induces a transversal isomorphic to a Hamilton cycle. Thus {H1, H2, . . . , H2n} has a
transversal isomorphic to a Hamilton cycle, a contradiction.

Case 2. eX2 ∈ E(Hi) and eY2 /∈ E(Hi) for each i ∈ [2n].
In this case, Hi is a subgraph of B(n, 1, n− 1). Hence, by Lemma 8, we have λ(Hi) ⩽

λ(B(n, 1, n− 1)) = λ(B1
n). By (4), we have Hi = B(n, 1, n− 1).

Case 3. eX2 /∈ E(Hi) and eY2 ∈ E(Hi) for each i ∈ [2n].
In this case, Hi is a subgraph of B(n, n− 1, 1). Hence, by Lemma 8, we have λ(Hi) ⩽

λ(B(n, n− 1, 1)) = λ(B1
n). By (4), we have Hi = B(n, n− 1, 1).

This completes the proof of Claim 4.
Note that B(n, n − 1, 1) ≃ B(n, 1, n − 1) ≃ B1

n. By (4), Theorem 7 and Claim 4, we
have λ(G1) = · · · = λ(G2n) = λ(B1

n). By Corollary 18 and Claim 4, we have either all
Gi are bi-isomorphic to B(n, n − 1, 1) or all Gi are bi-isomorphic to B(n, 1, n − 1). By
Lemmas 19 and 20, we get G1 = G2 = · · · = G2n and G1 ≃ B1

n, as required.

Concluding remarks

The condition that we give in Theorem 4 for a transversal isomorphic to a Hamilton path
is a bipartite analogue to a result of He, Li and Feng [19], which generalizes Fiedler and
Nikiforov’s result [15] into the language of graph transversals. Similarly, the condition
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that we give in Theorem 5 for a transversal isomorphic to a Hamilton cycle is a bipartite
analogue to a result of Zhang and van Dam [47], which generalizes Fiedler and Nikiforov’s
result [15] into the language of graph transversals.

Li and Ning [23, 24] gave a sufficient condition for Hamilton paths and cycles, respec-
tively, in terms of the spectral radius and minimum degree of graphs which generalized
Moon and Moser’s [29] theorem. A question that remains open is whether these spectral
conditions on bipartite graphs with prescribed minimum degree for Hamilton paths and
cycles can be translated into the language of bipartite graph transversals.
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