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Abstract

A theorem of Li and Ning [Linear Algebra Appl. 515 (2017)] states that,
for n > 4, every balanced bipartite graph G on 2n vertices with spectral ra-
dius A(G) > y/n(n — 1) contains a Hamilton path unless G ~ K, ,—1 U K;. Let
[n] ={1,2,...,n}. We prove a generalization of this theorem in the setting of graph
transversals. Namely, for n > 4, we show that given a family
G ={G1,Go,...,Gap_1} of 2n—1 bipartite graphs on a common set V' of 2n vertices
with a common balanced bipartition, if A\(G;) > y/n(n — 1) for every i € [2n — 1],
then there exists a transversal Hamilton path on V unless Gi = Gy = -+ = Goy, 1
and G ~ Kn,n—l UK.

We also show spectral analogue of transversal Hamilton cycle in bipartite graph
families. Let B! be the graph obtained from K, by deleting all edges in its one
subgraph K,_1;. Given a family G = {G1,Ga,...,Ga,} of 2n bipartite graphs on
a common set V of 2n vertices with a common balanced bipartition, for n > 4,
we prove that if A(G;) > A(BL) for every i € [2n], then G contains a transversal
Hamilton cycle, unless G; = Go = --- = Gy, and G; ~ Bl. Our result extends a
result of Li and Ning [Linear Multilinear Algebra 64 (11) (2016)].

Mathematics Subject Classifications: 05C50, 05C35

1 Introduction

For a set V, let (‘2/) ={{z,y} : {z,y} CV}. A graphisa pair G = (V, E), where V is the
vertex set and £ C (‘2/) is the edge set. For z,y € V', we denote {z,y} by zy when there is
no confusion. Given a vertex subset S C V(G), the subgraph induced by S is denoted by
GIS]. For avertex x € V(G), let Ng(z) :=={y € V(G) : zy € E(G)}. We denote by dg(z)
the number of edges containing x in G. Denote by G — v the graph obtained from G by
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deleting the vertex v € V and its incident edges, and denote by G —uwv the graph obtained
from G by deleting the edge uv € E. This notation can be naturally extended if more
than one vertex or edge is deleted. Similarly, let G+ uv be obtained from G by adding an
edge uv ¢ E. Let G; = (V4, Ey) and Gy = (V3, E5) be two graphs. The union of G; and
(G5, denoted by G1UG,, is a graph with vertex set V3, UV5; and edge set FyUFE5. We denote
G1 ~ Gq if G; and Gy are isomorphic, i.e., there exists a bijection f : V(G;) — V(Gs)
such that uv € E(Gy) if and only if f(u)f(v) € E(Gy). Moreover, we say that G; and
G+ are identical, denoted by G1 = G, if V(G1) = V(G2) and E(G;) = E(G2). By the
definitions, we can see that G; ~ G5 and Gy = G are slightly different. Let K (A, B) be
a complete bipartite graph with partite sets {A, B}. Assume GG; and G5 are two spanning
subgraphs of K (A, B). We say G; and Gy are bi-isomorphic, if G; and G5 are isomorphic
such that the bijection f : V(G;) — V(G2) maps the vertices of V(G1) N A to V(G2) N A
and maps the vertices of V(G;) N B to V(G2) N B.

The adjacency matriz of G is A(G) = [ay;)};—,, where a;; = 1if ij € E(G), and a;; =0
otherwise. The eigenvalues of G are defined as the eigenvalues of its adjacency matrix
A(G). The maximum of modulus of eigenvalues of A(G) is called the spectral radius of
G and denoted by A(G). A path (resp. cycle) going through all vertices of the graph
is called a Hamilton path (resp. cycle). The study of the existence of a Hamilton path
(resp. cycle) in graphs is a basic and classical problem. Up to now, much attention has
been paid to this topic. In 2010, Fiedler and Nikiforov [15] initiated the investigation
on the spectral conditions for the existence of a Hamilton path (resp. cycle) in a graph,
which was improved in [5, 11, 31, 40]. The problem of finding spectral conditions that
guarantee the existence of Hamilton paths or cycles in graphs has been considered not
only for general graphs, but also specifically for bipartite graphs. In 2017, Li and Ning
[23] gave a tight condition on spectral radius of a single balanced bipartite graph for the
existence of a Hamilton path.

Theorem 1 (Li and Ning, [23]). Let G be a balanced bipartite graph on 2n vertices, where
n=4. If \(G) = \/n(n —1), then G contains a Hamilton path unless G ~ K, ,,—1 U K.

In 1963, Moon and Moser [29] gave an edge number condition for Hamilton cycles in
balanced bipartite graphs by imposing minimum degree. Let K,,,, denote the complete
bipartite graph with partite sets of orders m and n, respectively, and B! be the graph
obtained from K, ,, by deleting all edges in its one subgraph K,,_; ;. In 2016, Li and Ning
[24] obtained the spectral analogue of Moon-Moser’s theorem. Especially, one of their
results is as follows.

Theorem 2 (Li and Ning [24]). Let G be a balanced bipartite graph of order 2n. Ifn > 4
and \(G) = XN(B}), then G contains a Hamilton cycle unless G ~ B}.

In this paper, we will also seek spectral conditions that guarantee the existence of
Hamilton paths (resp. cycles), but we will consider this question in the context of graph
transversals, which are defined as follows. Let G = {G1, G, ..., G} be a family of not
necessarily distinct graphs with common vertex set V. Let H be a graph with ¢ edges
on vertex set V(H) C V. We say that G has a transversal isomorphic to H if there
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exists a bijection ¢ : E(H) — [t] such that e € E(Gy) for each e € E(H). In other
words, each edge of H is from a different G;. In particular, if Gy = Gy = --- = G}, then
the transversal isomorphic to H reduces to a copy of H. In 2020, Joos and Kim [21]
considered the following question:

Question 3 (Joos and Kim, [21]). Let H be a graph with ¢ edges and G={G1,Gs, ..., G}
be a collection of not necessarily distinct graphs on the same vertex set V. Which prop-
erties and constraints imposed on the family G can yield a transversal isomorphic to H?

Recently, certain classical results about cycles of specified lengths in graphs have
been extended to the setting of graph transversals. For example, Aharoni et al. [2]
gave a transversal analogue of Mantel’s theorem, showing that given a graph family
G = {G1,Gy,G3} on a common set of n vertices in which each graph G; has roughly
at least 0.2557n? edges, there must exist a transversal of G isomorphic to K3. Addition-
ally, Joos and Kim [21] showed that given a graph family G = {Gy,...,G,} on a common
vertex set of n vertices, if the minimum degree of each graph G; is at least n/2, then G
has a transversal isomorphic to a Hamilton cycle, which gives a generalization of Dirac’s
theorem. Bradshaw [7] showed that given a family G of 2n bipartite graphs on a common
set of 2n vertices with a common balanced bipartition, if each graph of G has minimum
degree greater than n/2 in one color class and minimum degree at least n/2 in the other
color class, then there exists a transversal isomorphic to a Hamilton cycle, which general-
ized the result of Moon and Moser [29]. For other interesting results on rainbow Hamilton
paths (or cycles) and related problems we refer the reader to [9, 34].

Nowadays, researches on spectral extremal theory of graphs have attracted extensive
attention; see, e.g., [26, 27, 36, 38, 43, 41, 33]. In 2007, Feng, Yu and Zhang [14] provided
a tight condition on a graph to have a matching of size ¢ in terms of its spectral radius.
Guo, Lu, Ma and Ma [18] extended the result [14] to a family of graphs by a different
method and presented a spectral condition for a family G = {G1, ..., G;} to guarantee a
transversal isomorphic to a matching with ¢ edges. Shi, Li and Chen [35] obtained the
condition of spectral radius of graphs when G is a family of bipartite graphs and H is a
matching of size t. Zhang and Zhang [46] extended the result [18] to k-factors. He, Li
and Feng [19] obtained the tight lower bound on spectral radius of a family G of graphs
to ensure that G admits a transversal isomorphic to a Hamilton path. Recently, Zhang
and van Dam [47] gave a sufficient condition for the existence of a transversal isomorphic
to a Hamilton cycle in terms of the spectral radii of the graphs in a family G. Motivated
by the above results, we shall investigate the tight lower bound on spectral radius of a
family G of balanced bipartite graphs to ensure that G admits a transversal isomorphic
to a Hamilton path or Hamilton cycle.

Before stating our results, we need to fix some notations. For a positive integer n, let
[n] :=={1,2,...,n}. Here we use G to denote the quasi-complement of a bipartite graph

-~

G with partite sets {A, B}, i.e., one with vertex set V(G) = V(G) and for every a € A

and b € B, ab € E(CA}) if and only if ab ¢ E(G). Let ®(A, B) = K(A, B). Let G; and
G2 be two disjoint bipartite graphs, with partite sets {A, B} and {C, D}, respectively.
We use G1 LI G5 to denote the graph obtained from G U G5 by adding all possible edges
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between A and D and all possible edges between C' and B. Let X := {x1,29,...,2,}
and Y = {y1,y2,...,yn}. For 0 < s,t < n, let Xy := {x1,20,..., 2,5}, Xo = X\Xj,
Yi:=A{y1,92,. ., Yn—t} and Yo := Y\Y;. We set B(n,s,t) = K(X;,Y1) U P(Xs, Ys).

In this paper, we will focus on graph transversals over bipartite graph families. First,
we will prove the following theorem, which gives a generalization of Theorem 1 in the
setting of graph transversals.

Theorem 4. Let n > 4. Let V be a set of n red vertices and n blue vertices, and let
G ={Gy,...,Gon_1} be a family of 2n — 1 bipartite graphs on the vertex set V.. Suppose

e For each i € [2n — 1|, the red vertices of V' and the blue vertices of V' both form
independent sets in G;;
e [or each i€ [2n — 1], AM(G;) = /n(n —1).

Then G admits a transversal isomorphic to a Hamilton path, unless
G1 = G2 == ng_l and G1 ~ Kn,n—l U Kl.

Our second main result is a transversal version of Theorem 2. Using a quite different
method from [24], we extend the spectral condition for a Hamilton cycle to a family of
balanced bipartite graphs.

Theorem 5. Let n > 4. Let V be a set of n red vertices and n blue vertices, and let
G ={Gy,...,Ga,} be a family of 2n bipartite graphs on the vertex set V. Suppose

e [or each i € [2n|, the red vertices of V' and the blue vertices of V' both form inde-
pendent sets in Gy,
e For each i € 2n], \(G;) = \(B}).

n

Then G admits a transversal isomorphic to a Hamilton cycle, unless
G1:G2:"':Gzn and GlﬁBé

If we let G; = Gy = --- = (G9,_1 in Theorem 4, then any Hamilton path in G is
a transversal isomorphic to a Hamilton path of G, so Theorem 4 is a generalization of
Theorem 1. Again, if we let G; = Gy = --- = G9, in Theorem 5, then any Hamilton
cycle in GGy is a transversal isomorphic to a Hamilton cycle of G, so Theorem 5 is a
generalization of Theorem 2. We stress that the proofs of both Theorems 4 and 5 could
be regarded as nice applications of the shifting technique, which may be of independent
interest. Over the past few years, there are various problems in extremal combinatorics,
from the classical Erdés—Ko—Rado theorem and Hilton—Milner’s theorem to the recent
developments on Erdés’ matching conjecture, where the shifting technique and its variants
have been extremely useful. Moreover, the shifts on graphs have been used to treat the
Turdn type problems involving the matching [3, 18, 35, 37], the linear forest of given size
(19, 44, 45], the Hamilton path [19] and the Hamilton cycle [47]. In addition, it seems
interesting to explore other graphical properties where the shifts can be applied.

This paper is organized as follows. In Section 2, we shall introduce some basic prop-
erties of the shifting technique. In Sections 3 and 4, we shall provide the detailed proofs
of Theorems 4 and 5, respectively. Some concluding remarks are given in the last section.
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2 The shifting technique

In dealing with extremal problems for finite sets, a very important technique is shifting (or
compression). This operation on families of sets turns out to be very useful in establishing
various upper bounds [17]. The formal definition goes back to the original paper by Erdés,
Ko and Rado [13]. Let G be a graph with vertex set [n]. For 1 <1i < j < n, the (4, j)-shift
S;; for G is defined as follows:

SU(G) = {SZ](G) e e E(G)},
where

Siile) = {(6\{]}) U{i}, ifjee i¢eand (e\{j})U{i} & E(G);

e, otherwise.

In words, (i, j)-shift only try to make changes the edges of G which do not contain i
but contain j. In this case, we check whether the edge obtained by replacing j with ¢
is already in E(G). Only if not do we then replace the edge with the new one. Clearly,
by definition, we have |E(S;;(G))| = |E(G)|. Now assume G is a spanning subgraph of
K(X)Y). If S;.,(G) = G and S,,,,(G) = G for every pairs (7, j) and (k,{) satisfying
1< <)< nand 1<k << n,respectively, then G is said to be shifted. The following
observation shows a basic property of (x;,x;)-shift and (yj,y)-shift for bipartite graph
(. Since we can obtain it easily from the definition of shift, here we omit the proof of it.

Observation 6. If G is a shifted bipartite graph with partite sets {X, Y}, then for every
{zi,y}, {zj,ye} € X UY such that i < jand k < ¢, {z;,y,} € E(G) implies {z;,yx} €
E(G).

Iterating the (z;, z;)-shift and (yg, y,)-shift for all pairs (¢, 7) and (k, ¢) satisfying 1 <
1 <j<mnand 1l <k < { < n, respectively, will eventually produce a shifted bipartite
graph. Roughly speaking, the shifting operation moves the edges forward. Indeed, after
a shifting operation S, or Sy,,,, we will get a new graph S;..,(G) or Sy, ,,(G), where
the sum of all subscripts of edges will decrease strictly since ¢ < j and & < ¢. For a
bipartite graph G, let S(G) be a bipartite graph which is obtained from G by a series
of (x;, x;)-shifts and (yx, y¢)-shifts with ¢ < j and k£ < ¢, and is invariant under all such
possible shifts. Consequently, we obtain that S(G) is shifted.

In 2009, Csikvéri [10] proved that the spectral radius of a graph does not decrease
after the shifting operation.

Theorem 7 (Csikvéri, [10]). Let u,v be two vertices of G. Then
A(Su(G)) 2 MG).
The following lemma is well-known and the proof can be found in [8].

Lemma 8. If u,v are two nonadjacent vertices of a graph G, then
MG + uv) = A(G).

Moreover, if G is connected, then the above inequality holds strictly.

o
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Theorem 9 (Wu, Xiao and Hong, [39]). Let u,v be two vertices of the connected graph
G. Suppose vi,vs,...,vs € Ng(v) \ (Ng(u) U{u}) with s > 1 and x = (x1,X2,...,X,) i
the Perron vector of A(G), where x; corresponds to the vertex v; for 1 < i < n. Let G* be
the graph obtained from G by deleting the edges {v,v;} and adding the edges {u,v;} for
1<i<s. If x4 2 Xy, then N(G*) > A\(G).

The following lemma for connected graphs is an immediate consequence of Corollary
4.1 of Liu, Lai and Das [25]. The detailed proof can be found in [18] by applying Theorem
9.

Lemma 10 (Guo, Lu, Ma and Ma, [18]). Let G be a connected graph on vertex set [n].
Let u,v be two vertices of G. Then A(Suw(G)) > A(G) unless G ~ S,,(G).

Given a collection of graphs G = {G1,..., G}, let S;;(G) = {5i;(G1),...,S:;(Gy)}.
The following lemma is inspired by a result of Huang, Loh and Sudakov [20], in which
they proved a similar result for a rainbow matching of size t.

Lemma 11 (He, Li and Feng, [19]). Given a family of graphs G = {G1,...,Gn_1} on
vertex set [n]|. Let i < j be two vertices in [n]. If S;;(G) admits a transversal isomorphic
to a Hamilton path, then so does G.

Lemma 12 (Zhang, van Dam, [47]). Given a family of graphs G = {G1,...,G,} on
vertex set [n]. Let i < j be two vertices in [n]. If S;;(G) admits a transversal isomorphic
to a Hamilton cycle, then so does G.

3 Proof of Theorem 4

In this section, we shall give the proof of Theorem 4. Our proof has its root in [18].

Lemma 13. Let n > 3 and G be a balanced bipartite graph of order 2n with partite sets
{X, Y} IfANG) =+/n(n—1) and 1 < i < j < n, then the following statements hold:

(&

(i) if Sz,2,(G) is bi-isomorphic to B(n,n, 1), then G is bi-isomorphic to B(n,n,1);
(ii) if Sy,y,(G) is bi-isomorphic to B(n,n, 1), then G is bi-isomorphic to B(n,n,1);
(ii1) if Se,a;(G) is bi-isomorphic to B(n,1,n), then G is bi-isomorphic to B(n,1,n);

1

(iv) if Sy, (G) is bi-isomorphic to B(n,1,n), then G is bi-isomorphic to B(n,1,n).

Proof. If S,,,;(G) is bi-isomorphic to B(n,n,1), then there is a set U C Y of size
n — 1 such that S, (G)[X UU] ~ K, ,,_1. By the definition of (z;, z;)-shift, we have G =
Seiz; (G). Thus (i) holds. In the following, assume S, (G) is bi-isomorphic to B(n,n, 1).
Similar to (i), there is a set U C Y of size n — 1 such that Sy, (G)[X UU| ~ K, ;1. If
H{yi,y;}NU| # 1, then we have G = S, (G). Otherwise, by the definition of (y;, y;)-shift,
we have y; € U and y; ¢ U. Note that A(G) = y/n(n — 1) = A(Sy,,(G)). If da(y;) >0
and dg(y;) > 0, then G is connected and G, S,,,,(G) are not isomorphic. By Lemma 10,
we have A(Sy,,, (G)) > A(G), a contradiction. Thus we have Ng(y;) = 0 or Ng(y;) = 0. It
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follows that G is bi-isomorphic to Sy, (G). Hence, G is bi-isomorphic to B(n,n,1) and
(ii) holds.
Similar to the proof of (i) and (ii), we can prove (iii) and (iv). O
Recall that for a bipartite graph G with partite sets {X,Y}, S(G) is a graph which
is obtained from G by applying a series of (z;, z;)-shifts and (yx, y¢)-shifts with ¢ < j and
k < €. The following result is an immediate consequence of Theorem 7 and Lemma 13,
which will be used in the proof of Theorem 4.

Corollary 14. Let n > 3 and G be a balanced blpartlte graph of order 2n with partite sets
{X,Y}. Assume A\(G) = /n(n —1). If S(G) is bi-isomorphic to B(n,n, 1), then G is
bi-isomorphic to B( n,n, 1) If S(G) is bi- 1somorphic to B(n, 1,n), then G is bi-isomorphic
to B(n,1,n).

Lemma 15. Let n > 4 and G = {G1,...,Ga1} be a family of bipartite graphs with
partite sets {X,Y'}. Assume for each i € [2n — 1], G; is bi-isomorphic to B(n,n,1). If
there exist p,q € [2n — 1] such that U, # U,, where U; = {y € Y : dg,(y) = n}, then G
admits a transversal isomorphic to a Hamilton path.

Proof. Without loss of generality, we may assume that p = 1 and ¢ = 2n — 1. Since
G1 # Gy 1, there exist vertices by € Uy \ Us,,—1 and b,, € Uy, \ U; such that dg, (by) =
n, dg,, ,(b1) = 0, dg,(b,) = 0 and dg,, ,(b,) = n. For notational convenience, in
the following, we reorder the vertices of Y by by,bs,...,b,. So we may find an edge
ey = bjag € E(Gy), where a; € X. Since dg,(a;) = n — 1 > 3, there is an edge
a1by € E(G2) such that by € Y\{b1,b,}. Since at least one of dg,(b1) and dg,(bs) is
equal to n, without loss of generality, we may assume that dg,(bs) = n > 1. So we
may find an edge e3 = byas € FE(G3) satisfying as € X\{a1}. Now suppose we have
found a path P..; = biaibsas - - 'bi;azil of odd length r such that bja; € E(G1),a1by €
E(Gs),bsas € E(G3), ... ,br#a% € E(G,) or Pyy = biaiby - - ~a%bi22 of even length r
such that bja; € F(G1),a1by € E(G,),. .. ,a%br%z € E(G,). If r =2n—1, then P, is a
desired transversal isomorphic to a Hamilton path of G. So we assume that r < 2n—1. If
r = 2n—2, since dg,, ,(b,) = n, we have b,a,, € E(Ga,—1) and P, 1+b,a,, is a transversal
isomorphic to a Hamilton path of G, where a,, # a; for 1 <i<n—1 Ifr < 2n— 2,
then the end-vertex of P, different from b, is a r1 for odd r or b% for even r. In what
follows, we distinguish the proof into two cases.

Case 1. r is odd.
In this case,
r+1 2n—-3-—r

|NG7-+1(GT+1>\V( r+1)‘ zn—1-— 9 = 5 > 0.

If |[Ng,.,(art1)\V(FP,11)| > 1, then there exists an edge Arpabres € E(G,11) such that
bris & V( r+1) {bn}. If [Ng, ., (acp)\V(Pria)| = 1 and ar+1b ¢ E(Gyy1), then there
exists an edge arpibrys € E(Gr41) such that brys ¢ V( 7H+1)U{b }. Hence, Priitarpbrs
is a transversal (isomorphic to a path) of {Gj, GQ, ooy Gra b I [Ng, (@) \NV( r+1)‘ =
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1 and arpb, € E(G,41), then NGT+1(CLT+1)\V( Pii) ={b,}and n -1 =dg
V(Pi1)NY |+ 1 =" +1. Hence, r € {2n —5,2n — 3}.

If r = 2n—5 and NGHl(a%)\V(PTH) = {b,}, then ‘NGT+1(GT+1)\V< P.)| =
1l=n-1- % and P, — bia; + bla%l + blagﬁ is a path of length r» + 1 such
that biarys € E(Gy),a1by € E(GQ),...,b%a% € E(G,), biarps € E(G,41), where
Qrgs € X\{a,... ,a%}. Note that one of dg,,,(b,) and dGHQ(b _1) is n. Without
loss of generality, assume dg, ,(b,—1) = n. Similarly, assume dg, ,(b,—1) = n. Then
P. 1 —bia + bla% + bla% + (rss bp—1 4+ b,_1a, + a,b, is a transversal isomorphic to a
Hamilton path of G.

Ifr =2n—3 and Ng, , (a%l)\V(PTH) = {b,}, then Prj1+arsbytbnay is a transversal
isomorphic to a Hamilton path of G.

If |Ng, . (a1 \V (Prga)| = 0, then n—1 = dg, ,, (arp) < [V(F1) Y| = =1, Hence,
r = 2n — 3. It is easy to see that P,.; — bja; + blar+1 + blar+3 + ar+3b is a transversal
(isomorphic to a Hamilton path) of G, where blar+3 € E(Gl) blar+1 € E(Gy41) and
a%?,b € E(ng 1)

Case 2. r is even.

In this case, either dg,, (b1) = n or dg, +1(br+2) = n. Without loss of generality,
we may assume that dGTH(b%) — n. Then we choose rgz € X\V(P,41) such that
b%za% € E(Gy11). Note that P.1 + b% Qrs2 is a path of odd length r 4+ 1. Continuing
this process as Case 1 for at most 2n — 1 steps, we may obtain the desired transversal
isomorphic to a Hamilton path. O

Similarly, we can prove the following lemma.

(azp1) <

r+1

Lemma 16. Let n > 4 and G = {G1,...,Gay1} be a family of bipartite graphs with
partite sets {X,Y'}. Assume for each i € [2n — 1], G; is bi-isomorphic to B(n,1,n). If
there exist p,q € [2n — 1] such that W, # W, where W; = {z € X : dg,(x) = n}, then G
admits a transversal isomorphic to a Hamilton path.

Now, we are ready to prove Theorem 4.

Proof of Theorem 4. Assume X is the set of n red vertices and Y is the set of n blue
vertices. For each i € [2n—1], {X, Y} are partite sets of G;. Suppose that {G,...,Go,_1}
dose not admit a transversal isomorphic to a Hamilton path. By Lemma 11, the shifted
family {S(G1),...,S(G2,-1)} dose not admit a transversal isomorphic to a Hamilton
path. For notational convenience, we denote H; := S(G;) for each i € [2n — 1]. By
Theorem 7 and the spectral conditions, for i € [2n — 1],

AH;) 2 MG;) = v/n(n—1). (1)

Let e; := {zp—j, yj11} for every LgJ < 7 < n—1. First of all, we shall prove that for
each i € [2n — 1],
{etz ez, en2} C E(Hi). (2)
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Otherwise, assume that there exist L%J <r<n-—2andt € [2n — 1] such that e, =

{Tn—r,yr+1} ¢ E(H;). Since H, is shifted, by Observation 6, every edge {xz;,y;} € E(Hy)
satisfies i <n —r or j < r+ 1. Thus H; is a subgraph of B(n,r + 1,n — r). Note that
B(n,r + 1,n — r) contains no Hamilton path and B(n,r + 1,n — r) is not isomorphic to
K, n—1UK;. By Theorem 1 and Lemma 8, we have

MHy) S A(B(n,r+1,n—r)) < M(Kpn1UK;) =+/n(n—1),

3

a contradiction. Hence, {GL €|

5410 Cnm o} € E(H;) for each i € 2n — 1].

Let €} := {j41,Yn;} for every bj < j < n— 1. Similar to the above, we can prove
that for each i € [2n—1],

{eltgjveltgj+1a"'7 n— 2} C E( ) (3>
Claim 1. Either e, = {z1,y,} € E(H;) or €, ; = {zn, 11} € E(H;) for each

i€ 2n—1].

Proof of Claim 1. Otherwise, assume there is an H; satisfying {z1,y,} ¢ FE(H;) and

{xn, 1} ¢ E(H;). By Observation 6, every edge {z;,y;} € E(H;) satisfies i < n and

j < n. Thus H; is a subgraph of K,_;,_1 U2K;. Hence, A(H;) < AN(Kp_1,-1 UK;y) =

n—1<y/n(n—1), a contradiction. O
Claim 2. Either H; =--- = Hy, 1 = B(n,n,1) or H; = --- = Hy, 1 = B(n, 1,n).

Proof of Claim 2. In what follows, we distinguish the proof into four cases.

Case 1. There exist p,q € [2n — 1] such that p # ¢, e,—1 € E(H,) and €/, ; € E(H,).
Without loss of generality, we may assume that p = 1 and ¢ = 2n — 1. Then (2), (3)

and Observation 6 implies that Po,_1 = YnT1Yn_1T2Yn_2T3 ... Ty_1Yy1X, 1S a transversal
isomorphic to a Hamilton path, a contradiction.

Case 2. There exists p € [2n — 1] such that e, € E(H,) and €/,_, € E(H,).

Without loss of generality, we assume that p = 1. By Claim 1, at least one of e,,_;
and e/, _, is an edge of H,. Hence, according to Case 1, G has a transversal isomorphic to
a Hamilton path, a contradiction.

Case 3. e, 1 ¢ U2 E(H,).

By Observation 6, every edge {z;,y;} € E(H;) satisﬁesj <n. Thus H, is a subgraph of
B(n,n,1). By Lemma 8, one can see that A\(H;) < A(B(n,n,1)) = \/n(n — 1). Combining
with (1), we have A\(H;) = A(B(n,n,1)). Recall that H; is a Subgraph of B(n,n,1). It
follows that H, = B(n,n,1) for each t € [2n — 1].

Case 4. ¢, ¢ "' E(H,).
Similar to the proof of Case 3, we have H; = -+ = Hy, 1 = B(n,1,n). This completes
the proof of Claim 2. O

By (1), Theorem 7 and Claim 2, we have
)\(Gl) == )\(ngfl) = n(n — 1)
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Thus by Claim 2 and Corollary 14, we have either all G; are bi-isomorphic to B(n,n, 1)
or all G; are bi-isomorphic to B(n,1,n). If there exist i,j € [2n — 1] such that G; # G},

by Lemmas 15 and 16, {G1, ... ,Gzn 1} has a transversal isomorphic to a Hamilton path,
a contradiction. Therefore, G; = = Gop—1 and Gy ~ K, ,,—1 U K. This completes the
proof. n

4 Proof of Theorem 5

In what follows, we shall prove Theorem 5 by using the shifting technique. First of all,
we present some lemmas and corollaries for our purpose.

Lemma 17. Let n > 3 and G be a balanced bipartite graph with partite sets {X,Y}.
Assume M\(G) = A\(B)) and 1 < i < j < n. Then the following statements hold:

), then G is bi-isomorphic to B(n,n—

), then G is bi-isomorphic to B(n,n—1,

), (n,1,n
(n,1,n

Y 7

) =
(i) if Su,0;(G) is bi-isomorphic to B(n,n—
(ii) if Sy,y,(G) is bi-isomorphic to B(n,n—1,
(ii1) if Sp,a,(G) is bi-isomorphic to B(n,1,n
(G (n,1,n

(iv) if Sy,y, (G) is bi-isomorphic to B(n,1,n
(

Proof. If S;,,,(G) is bi-isomorphic to B(n,n—1,1), there is a set U C X of size n—1 such
that ds, , (u) =n—1forevery u € U. If {x;,2;} C U, then we have G = S,.,(G).
In the following, we may assume that |[{z;,z;} N U| = 1. Then by the definition of
(@, x;)-shift, we have z; € U and x; ¢ U. Note that N, , ()(z;) C Ns,,. (@(xi) and
dsxiwj(g)(xi) =n = dsximj(c)<l’j) + 1. By the definition of (z;,x;)-shift, we have G is
bi-isomorphic to S;,.,(G). Hence, G is bi-isomorphic to B(n,n — 1,1). Thus (i) holds.
If Sy, (G) is bi-isomorphic to B(n,n — 1,1), there is a set W C Y of size n — 1 such
that dsyiyj o) (w) = n for every w € W. If {y;, y;} C W, then we have G = S,,,,(G). In the
following, we may assume that [{y;, y;} " W| = 1. Then by the definition of (y;, y;)-shift,
we have y; € W and y; ¢ W. Note that A(G) = A(B)) = A(B(n,n —1,1)) = A(Sy,,,(G))
and G is connected. By Lemma 10, we have G is bi-isomorphic to S, (G). Hence, G is
bi-isomorphic to B(n,n — 1,1). Thus (ii) holds.

Similar to the proof of (i) and (ii), we can prove (iii) and (iv). O

Recall that S(G) is a graph which is obtained from G by a series of (z;, x;)-shifts with
i < j and (yg, ye)-shifts with k < £. The following result is an immediate consequence of
Theorem 7 and Lemma 17 which will be used in the proof of Theorem 5.

Corollary 18. Let n > 3 and G be a bipartite graph with partite sets {X,Y}. Assume
MG) = X(B}). If S(G) is bi-isomorphic to B(n,n — 1,1), then G is bi-isomorphic to
B(n,n — 1,1). If S(G) is bi-isomorphic to B(n,1,n — 1), then G is bi-isomorphic to
B(n,1,n—1).

then G is bi-isomorphic to B(n,
), then G is bi-isomorphic to B(n,1,n

7

1,1
1,1
-1
-1

Lemma 19. Let n > 4 and G = {G1,Ga,...,Ga,} be a family of balanced bipartite
graphs of order 2n with partite sets {X,Y'}. If for each i € [2n|, G; is bi-isomorphic
to B(n,n — 1,1), then G admits a transversal isomorphic to a Hamilton cycle unless
G =Gy =+ =Gy,
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Proof. Note that B(n,n —1,1) ~ Bl. If G; = Gy = - -+ = G4, by Theorem 2, G has no
transversal isomorphic to a Hamilton cycle. In the following, we assume that the graphs
in G are not all identical. Suppose that G, G, ..., Gs, have k distinct vertices of degree
1 contained in Y and denote these k vertices by by, bs, ..., b;. We distinguish the cases
k=1andk > 2.

If £ = 1, all graphs in G have vertex b; of degree 1. Without loss of generality,
assume that GG; and G5 are distinct. In this case, the vertex adjacent to b; in Gy, say a4,
and the one adjacent to by in Go, say ao, are different. Since the induced subgraphs of
G1,Ga, ..., Gay, on vertex subset X U (Y\{b;}) are identical (isomorphic to K, ,—1), it is
clear that by using edges bia; in G and bjas in G, we can find a transversal isomorphic
to a Hamilton cycle of G.

Next, we consider the case £ > 2. Recall that by, bs, ..., b, are all the k distinct
vertices of degree 1 in Gy, Gy, ...,Ga,. Let M; = {G; : dg,(b;) = 1} and m; = | M|
for 1 < j < k. Let my < mg < -+ < my by reordering vertices by, bo, ..., by if neces-
sary. Without loss of generality, we may assume that M; = {G1,Gs,...,Gpn, }, Ms =
{Gm1+17 ey Gm1+m2}7 e ,Mk - {G2n—mk+17 GQn—mk—&—Q’ e ,ng}.

By reordering vertices, assume Y = {by, bs,...,b,}. By the definition of My,..., My,
we have dg, (by) = dg,(bs) = -+ = dg,_,(b,) = n. Hence, we can choose n — 1 edges
e; = biy1a,41 for 1 <i < n—1such that e; € E(G;) and a;41 # a;41 for arbitrary 1 < i #
j <n—1, where {as,as,...,a,} C X. If a;11bi10 € E(G,y; 1) for each 1 < i < n—2,
then byasbsas - - - bya, is a transversal (isomorphic to a path) of {G1,Gs, ..., Ga,_3}. If
ajr1bj12 & E(Gpij—1) for some 1 < j < n—2, then b;;2 is a vertex of degree 1 in Gp4;_1.
Hence, bj4; is a vertex of degree n in G,4;_1. Hence, aj11bj41 € E(G,1j-1). Note that
bj+2 is a vertex of degree n in G;. We have a;11b;42 € E(G;). Hence, byasbsas - - - byay,
is a transversal (isomorphic to a path) of {G1, G, ..., Ga,_3} such that either b, a;11 €
E(GZ) and ai+1bi+2 c E(Gn—l—i—l) or bi+1ai+1 € E(Gn+i_1) and ai+1bi+2 S E(Gl) Let P :=
baasbsas - - - bya,. We aim to construct a transversal isomorphic to a Hamilton cycle from
P by adding vertices b; and a; and replacing some edges, where {a;} = X\{az, as, ..., a,}.

We first claim that a,b; € FE(Ga,—2). Otherwise, dg,, ,(b;) = 1. Hence, m; >
2n — 2 > 2 > may, a contradiction. Similarly, we have bja; € E(Ga,—1). If a1bs € E(Gay),
then adding edges a,b;,b1a; and a,bs to path P results in a transversal isomorphic to
a Hamilton cycle of G. Otherwise, we have a;by ¢ E(Gs,), which implies dg,, (bs) = 1.
Thus, k = 2 and my +my = 2n. Since m; < my, we have m; < n. Note that dg,,| (b)) = 1.
If m; = n, adding bea,, a,b1, a1b1, a1b,, replacing a,b, by bya, and keeping all the other
edges in P results in a transversal isomorphic to a Hamilton cycle of G such that bya, €
E(G,-1),bia, € E(Gay—2),b1a1 € E(Ga,—1) and bya; € E(Gay,). If my < n, then we have
batm,+1 € E(Gp,). Thus, except for the case m; = 1, we have a1b,,, 1 € E(G3,) since
dg,, (o) = 1. Adding bea, 41, @1bm,+1,b1a1 and bia,, replacing by, 11am,+1 by bo@m, 41
and keeping all the other edges in P results in a transversal isomorphic to a Hamilton
cycle of G, where ap,+1bm, 42 € E(Gpim,—1). For the remaining case (m; = 1 and
arby ¢ E(Gay)), suppose that bya; € E(Gay,), where j # 1. Adding a,by, bia1, beaj, a1b;
and replacing a;b; by a1b; and keeping all the other edges in P results in a transversal
isomorphic to a Hamilton cycle of G such that a1b; € E(Gj_1),b1a, € E(Gan—2),bia1 €
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E(ng_l) and bgaj € E(ng) ]
Similarly, we can prove the following lemma.

Lemma 20. Let n > 4 and G = {G1,Ga,...,Ga,} be a family of balanced bipartite
graphs of order 2n with partite sets {X,Y'}. If for each i € [2n|, G; is bi-isomorphic
to B(n,1,n — 1), then G admits a transversal isomorphic to a Hamilton cycle unless
G =Gy =+ =Gy,

Next, we shall present the proof of Theorem 5.

Proof of Theorem 5. Assume X is the set of n red vertices and Y is the set of n blue
vertices. For each i € [2n], {X, Y} are partite sets of G;. Suppose that {G1,Gs,...,Ga,}
dose not admit a transversal isomorphic to a Hamilton cycle. Then by Lemma 12,
{S(G1),S(Gs),...,S(Gayn)} dose not admit a transversal isomorphic to a Hamilton cycle.
Let H; := S(G;) for i € [2n]. By the definition of shifting, Theorem 7 and the spectral

conditions, for ¢ € [2n],
A(B,) < A(Gh) < A(H,). (4)
Let e = {xj, ynsa—;} for 2 < j <[] + 1. First of all, we shall prove that for each

i € [2n],

{63 ) €4 7"'7ef(%J+1} C E<Hl) (5)

Otherwise, assume that there exist 3 < r < [%] + 1 and ¢ € [2n] such that e =
{%r, Ynto—r} ¢ E(H;). Since H; is shifted, by Observation 6, every edge {z;,y;} € E(H;)
satisfies t <r—1or j < m+1—r. Thus H, is a subgraph of B(n,n — (r — 1),r — 1).
Note that B(n,n — (r —1),r — 1) contains no Hamilton cycle and B(n,n — (r —1),r — 1)
is not isomorphic to B!. By Theorem 2 and Lemma 8, we have

MH) < AMB(n,n— (r—1),r—1)) < \(B}),

a contradiction. Hence, {e5, e] ,...,eé .} € E(H,;) for each i € [2n].
Let ej = {Tpqo—j,y;} for 2 < j < [§] + 1. Similarly, we can prove that, for each
i € 2n],
{637647-“7(3)[%“1} C E(H;). (6)
It is easy to see that, for each i € [2n],
{z1,un}, {20, 01} € E(H)). (7)

Otherwise, by the definition of shifting, y, or x, is an isolated vertex of H; and A\(H;) <
A(Bl), a contradiction.

Let e := {x;_1,Ynt2;} and €} = {xn 2, y;1} for 3 < j < |5 ]+1. By Observation
6, we have, for each i € [2n],

{eg, ey, en, el ...,eﬁngy, B{L%JH)’} C E(H,;). (8)
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Similarly,
{z1, 1} {zrey, yr2} € E(H)) (9)
for each i € [2n].
Claim 3. Either e5 € F(H;) or €} € E(H;) for i € [2n].
Proof of Claim 3. Otherwise, H; is a subgraph of

H = K<X7 Y) - {xny% TnYs, -+ s TnlYn, Ynl2, Ynx3, . . . 7ynxn71}-

Since H contains no Hamilton cycle, by Theorem 2 and Lemma 8, we have A\(G;) <
M H;) < MH) < X\(B}), a contradiction. O
Claim 4. Either Hy = Hy = --- = Hy, = B(n,n—1,1) or Hy = Hy = --+ = Hy, =
B(n,1,n—1).
Proof of Claim 4. According to Claim 3, we distinguish the proof into three cases.
Case 1. There exist p,q € [2n] such that p # ¢, e5” € E(H,) and e} € E(H,).
Note that (4)-(9) holds. For odd n, the following 2n edges
{:El? yn}’ eg(ﬂ 6?7 6?7 ey Bf(%-‘/, ef(%]a {lL‘[%] 3 y[%] }7 6%/%] y 6%/%]’7 ceey 6:}))/, ega ega {x’ru 91}7 {yl; xl}

induces a transversal isomorphic to a Hamilton cycle. For even n, the following 2n edges

X X X X X Y Y Y Y Y Y
{1'1, yn}’ 62 763’763 DRI 6(”32)/7 6"32 ) e(n-;?)/v 6%7 e(%)’v RO 63 ) 63’7 62 ) {xna 91}7 {yl; xl}
induces a transversal isomorphic to a Hamilton cycle. Thus {Hy, Hs,..., Hs,} has a

transversal isomorphic to a Hamilton cycle, a contradiction.

Case 2. €5 € E(H;) and e) ¢ F(H;) for each i € [2n].
In this case, H; is a subgraph of B(n,1,n — 1). Hence, by Lemma 8, we have A(H;) <
A(B(n,1,n—1)) = A\(Bl). By (4), we have H; = B(n,1,n — 1).

Case 3. €5 ¢ F(H;) and e € F(H;) for each i € [2n].

In this case, H; is a subgraph of B(n,n —1,1). Hence, by Lemma 8, we have A\(H;) <
A(B(n,n —1,1)) = A\(Bl). By (4), we have H; = B(n,n — 1,1).

This completes the proof of Claim 4. ]

Note that B(n,n —1,1) ~ B(n,1,n — 1) ~ B!. By (4), Theorem 7 and Claim 4, we
have A\(G1) = -+ = AMGa,) = A(B}). By Corollary 18 and Claim 4, we have either all
G, are bi-isomorphic to B(n,n — 1,1) or all G; are bi-isomorphic to B(n,1,n — 1). By
Lemmas 19 and 20, we get G; = Gy = - -+ = G, and G| ~ B} as required. O

Concluding remarks

The condition that we give in Theorem 4 for a transversal isomorphic to a Hamilton path
is a bipartite analogue to a result of He, Li and Feng [19], which generalizes Fiedler and
Nikiforov’s result [15] into the language of graph transversals. Similarly, the condition
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that we give in Theorem 5 for a transversal isomorphic to a Hamilton cycle is a bipartite
analogue to a result of Zhang and van Dam [47], which generalizes Fiedler and Nikiforov’s
result [15] into the language of graph transversals.

Li and Ning [23, 24] gave a sufficient condition for Hamilton paths and cycles, respec-
tively, in terms of the spectral radius and minimum degree of graphs which generalized
Moon and Moser’s [29] theorem. A question that remains open is whether these spectral
conditions on bipartite graphs with prescribed minimum degree for Hamilton paths and
cycles can be translated into the language of bipartite graph transversals.
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