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Abstract

There has been wide interest in understanding which properties of base graphs
of matroids extend to base-cobase graphs of matroids. A significant result of Naddef
and Pulleyblank (1984) shows that the 1-skeleton of any (0, 1)-polytope is either a
hypercube, or Hamiltonian connected, i.e. there is a Hamiltonian path connecting
any two vertices. In particular, this is true for base graphs of matroids. A natural
question raised by Farber, Richter, and Shank (1985) is whether this extends to
base-cobase graphs.

First, we use the polytopal approach to show Hamiltonian connectivity of base-
cobase graphs of series-parallel extensions of lattice path matroids. On the other
hand, we show that this method extends to only very special classes related to
identically self-dual matroids. Second, we show that base-cobase graphs of wheels
and whirls are Hamiltonian connected. Last, we show that the regular matroid Ry
yields a negative answer to the question of Farber, Richter, and Shank.

Mathematics Subject Classifications: 05C45, 05B35, 52B11, 05C40, 52B40

1 Introduction

1.1 State of the art

In this section we introduce basic notions and give an overview of the state of the art of
the main problems associated to base-cobase graphs of matroids. We assume the reader
to be familiar with basic matroid theory, see Oxley [54]. A matroid (of rank r) is a pair
M = (E, B) of a finite ground set F and a non-empty set B of (r-element) subsets called
bases satisfying the following basis exchange axiom:

for all B,B’ € B and e € B\ B’ there is f € B'\ B such that B\ {e} U{f} € B.
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The base graph G(M) of a matroid M has as vertex set the set B of bases of M and two
bases B, B’ € B are adjacent if and only if the symmetric difference BAB’ consists of
two elements or, equivalently, when B can be obtained from B’ by a single application of
the basis exchange axiom. It is well-known that G(M) determines M up to isomorphism
and duality modulo loops and coloops, see [37]. Several graph theoretic characteriza-
tions of base graphs are available, see [19, 17, 46]. A connection to discrete and tropical
geometry [38] is granted by the fact that G(M) is the 1-skeleton of the matroid base
polytope
Py = conv(zp | B € B) CR¥,

where x5 € {0,1}F denotes the incidence vector of the set B C E.
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Figure 1: The base-cobase graph of the wheel Ws.

If in a matroid M = (E, B) there exists B € B such that also B := E \ B € B, then
we call M a block matroid and any such B a base-cobase. For a block matroid M, the
base-cobase graph G(M, M*) is the subgraph of G(M) induced by the base-cobases of M.
See Figure 1 for an example. The base-cobase polytope P+ of M, i.e, the convex hull
of the incidence vectors zp € {0,1}¥ of all B € BN B*, has been studied by Cordovil and
Moreira [21].

Several properties enjoyed by base graphs, and in part even by skeleta of (0,1)-
polytopes, have been suspected to extend to base-cobase graphs.

Problem 1. Let M be the class of all matroids. Then:

e ConN: For every block matroid M € M, we have that G(M, M*) is connected.
(Farber, Richter, Shank [26, Problem (iii)])

e CIRC: For every block matroid M € M of rank r, there is a base-cobase B of M
such that de,v+)(B, £\ B) = r. (Kajitani, Ueno, Miyano [39, Conjecture])

e SCIRC: For every base-cobase B of M € M of rank r, we have dg v m+) (B, E\B) =
r. (Gabow [28], Cordovil, Moreira [21, Conjecture 1.4]))

e Diam: For every block matroid M € M of rank r, we have diam(G(M, M*)) = r.
(Hamidoune [21, Conjecture 1.5])
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e PoLy: There is a ¢ > 0 such that diam(G(M, M*)) = O(r¢) for all block matroids
M € M. (Andres, Hochstéttler, Merkel [2, Problem 35])

e HaM: For every block matroid M € M, we have that G(M, M*) is Hamiltonian
connected, i.e., for all u,v there exists a Hamiltonian path with endpoints u, v, or
G(M, M*) is a hypercube. (Farber, Richter, Shank [26, Problem (iii)])
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YSCIRC{ PoLy
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Figure 2: The implications among the properties from Theorem 1 (arcs are implications).

Motivations for Theorem 1 range through equitability of matroids, fair allocations,
toric ideals, and reconfiguration problems, see the introduction of [6]. Many researchers
have provided partial results on these problems for special classes of matroids. The
dominant results are:

e CON holds for linear frame matroids (McGuiness [47]). This implies the result for
graphic matroids (Farber, Richter, Shank [26]).

e PoLy holds for regular matroids (Bérczi, Matravolgyi, Schwarcz [6])

e SCIRC holds for regular matroids (Bérczi, Matravolgyi, Schwarcz [6]), which implies
SCIRC for graphic matroids (Cordovil, Moreira [21]). This implies CIrC for graphic
matroids (Kajitani, Ueno, Miyano [39]).

e DiAM holds for split matroids (Bérczi, Schwarcz [8]). This implies the result for
paving matroids (Bonin [13]). Further, DiaM holds for strongly base orderable
matroids, wheels, and spikes (Bérczi, Méatravolgyi, Schwarcz [7]). This implies CON
for transversal matroids (Farber [25]).

The property HAM has not been investigated much in base-cobase graphs, however
a lot of research has been dedicated to it in related graph classes, since it may be seen
as a problem on combinatorial Gray codes [51]. As mentioned above, Naddef and Pul-
leyblank [53] show Hamiltonian connectivity for 1-skeleta of (0, 1)-polytopes that are not
hypercubes. Also see [48] for related algorithmic results. While the hypercube itself is
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not Hamiltonian connected, it is Hamiltonian laceable, i.e., every pair of vertices from
different color classes is connected by a Hamiltonian path. This is called Havel’s lemma
in the literature, following the work of Havel [36, Proposition 2.3]. For general subgraphs
of the hypercube Hamiltonicity has been an active area of research. Here, probably one
of the most noted results is the proof of the middle levels conjecture [50, 52], which has
been extended to the fact that the middle levels graph is Hamiltonian laceable [33] and
that the graphs induced by a centrally symmetric interval of levels are Hamiltonian [34].
Further strengthenings of Havel’s lemma and extensions to subgraphs of the hypercube
with few vertex deletions have been studied by Castafieda and Gotchev [16]. Their results
play a crucial role in some of our proofs.

1.2 Surrounding classes

Even though most of our results are about very specific classes of matroids, they have
some impact on the understanding of some larger surrounding classes, which we will breifly
introduce here.

The class of lattice path matroids (LPM) was introduced by Bonin, de Mier, and Noy
[11]. Many different aspects of LPM have been studied: excluded minor characteriza-
tions [12], toric ideals [58], the Tutte polynomial [11, 41, 49], matroid quotients [5, 23, 3],
and the base polytope [1, 4, 40]. In Section 3 we introduce the class spex(LPM) of
series-parallel extensions of the class LPM. This class strictly contains LPM, since it con-
tains all series-parallel graphic matroids, but not all of them are LPM, see [41]. Further,
spex(LPM) contains the series-parallel extensions of uniform matroids, a class studied by
Chaourar and Oxley [18].

A different generalization of LPM is the class of multipath matroids, introduced by
Bonin and Giménez [15]. The class of multipath matroids strictly contain LPM, because
whirls are multipath matroids. This latter class is central to our paper and will be carefully
introduced in Section 4.

All the above classes are positroids, a class independently introduced by da Silva [22],
Blum [9], and Postnikov [56]. Positroids are gammoids [20], gammoids are strongly base
orderable [57, Theorem 42.11], and strongly base orderable matroids satisfy DiaM by [7].
Hence, positroids satisfy D1AM.

On the other hand, the class of reqular matroids comprises those matroids that repre-
sent the linear dependencies of a totally unimodular matrix, meaning that every square
submatrix has a determinant of +1 or 0, see [54]. A key structural property is Seymour’s
decomposition theorem [59], which provides a method for decomposing any regular ma-
troid into matroids that are either graphic, cographic, or isomorphic to a simple 10-element
matroid called R;y. This matroid will be discussed in detail in Section 5. Its base cobase
graph also plays a role with respect to a recent strengthening of SCIRC, [29]. Graphic
and cographic matroids are regular. In particular, wheels are regular. This latter class is
also central to our paper and will be carefully introduced in Section 4.
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1.3 Owur contributions

Since all properties in Theorem 1 are satisfied by base graphs of matroids we define:

Definition 2. A family M of matroids has property MAT if for every M € M, the set of
base-cobases of M is the set of bases of a matroid N.

In particular, this property implies that G(M, M*) is a base graph. The property
MAT leads us to study the polytope P+ in more depth in Section 2. Our first result
shows that this property is the only case in which a direct polytopal analysis for Hamil-
tonian connectivity via Naddef and Pulleyblank theorem is feasible, and is related to the
identically self-dual matroids studied in [31, 55, 30, 43].

e MAT holds for a block-matroid M if and only if G(M, M*) is a subgraph of the
1-skeleton of Py« if and only if M admits a special weak map to an identically
self-dual matroid (Theorem 7).

Further polytopal considerations enable us to show that if a minor-closed class satis-
fies some property of Theorem 1, then so does the class of its series-parallel extensions
(Theorem 12). This allows us to give the first main result:

e MAT holds for spex(LPM) (Theorem 14), in particular HAM (and each property in
Theorem 1) is satisfied in this class.

Next, we study a class of multipath matroids called whirls and a class of graphic
matroids called wheels. We first observe:

e MAT is not satisfied by wheels nor by whirls of rank at least 3 (Theorem 18).
We continue to study HAM for these classes:

e HaM holds for wheels and whirls (Theorem 22 and Theorem 23). We do this by
completely describing the structure of the base-cobase graphs of wheels and whirls
(Theorem 16 and Theorem 17).

Towards regular matroids, we first observe that they rarely satisfy MAT:

e MAT is satisfied by a regular matroid M if and only M is the direct sum of copies
of Uy 5 (Theorem 24).

Finally, we find a negative answer to [26, Problem (iii)] of Farber, Richter, Shank
within the class of regular matroids.

e HaM fails for regular matroids (Theorem 28). We do this by explicitly providing
the structure of Gg,, g, (Theorem 27).

To our knowledge this is the first result that refutes a property from Theorem 1.

o
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2 A polytopal glimpse

For the basic notions of polytopes we refer to [60]. Recall that the base polytope Py, of a
matroid M = (E, B) is the convex hull of the incidence vectors zz € {0,1}¥ of all B € B.
The following alternative description is well known.

Proposition 3. A halfspace description of a matroid polytope Pyy C R™ of M = ([n], B)
18:

d Zzé[n] Ly =T,
e z; >0 foralli € [n],
® > icr®i <r(F) for all flats I of M.

Feichtner and Sturmfels [27] found a more precise description via the facet defining
halfspaces that we now explain. Given a matroid M = (E,B) with rank function r, a
flat is a subset F' C E such that r(F'U{e}) > r(F) for all e € E'\ F. A flat F' is called
separable if there exists a non-trivial partition Fy U Fy = F such that r(F) = r(Fy) +7r(F3)
and inseparable otherwise. Finally, F C F is called a flacet if F' and F are inseparable
flats of M and M*, respectively.

Proposition 4 (Feichtner and Sturmfels). The facet-defining halfspaces of a matroid
polytope Py CR™ of M = ([n|, B) of rank r are of the form:

° Zze[n] T; =T,
e z; >0 foralli € [n],
o > . crxi <r(F) for all flacets F of M.

As corollary to Edmond’s matroid intersection theorem [24], for any two matroids
M, M5 it happens that the convex hull of incidence vectors of common bases of M; and
My is Py, N Py, see [57, Corollary 41.12d]. In particular, we get the following fact that
was claimed without proof by Cordovil and Moreira [21]:

Proposition 5. For any matroid M we have that
PM’M* :PMQPM*

Bérezi, Matravolgyi, and Schwarcz [6] also introduced the notion of tight sets of a
matroid as those F' C E such that |F'| = 2r(F'). The following result characterizes when
a matroid has a non-trivial tight set in terms of the dimension of the base-cobase polytope.

Lemma 6. For a connected block matroid M = (E, B) the following are equivalent:
(i) There exists a non-trivial tight subset FF C E.
(i) The base-cobase polytope satisfies dim(Pyyp+) < |E| — 1.
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(iii) There is a non-trivial flacet F of E such that Mg, M*/F are block matroids and
for M' = Mp & M*/F we have that Py« = Py

Proof.

(i)=(ii)] Let () # F' C FE be such that 2r(F) = |F|. We begin by proving that F'is a flat
of M. Let B be a base-cobase of M. The restrictions of B and B to F are independent
and their union is F, so BN F, BN F must be both of size |F|/2. For e € F, note that
FU{e} contains an extension of either BNF or BNF, so r(FU{e}) > r(F). This proves
that F'is a flat. The previous arguments also prove that the incidence vectors xp and x5
satisfy with equality the inequality

ing ﬂ:7"(F),

. 2
i€EF

which forms part of a halfspace description of P,; by Theorem 3. Then, the center
c= % of the {0, 1}-cube satisfies this equality as well. Since Py« is the reflection of
Py, with respect to ¢, then all the points of Py« lie in the halfspace

el

But then all the points in Py« = Py N Py« (Theorem 5) satisfy both inequalities,
and thus they all satisfy the equality . pz; = @ Since they also satisfy the linearly
independent equality >, z; = r, we have that dim(Py,a+) < |E| — 2, as desired.

(ii)=-(iii)] Denote n = |E| and let B be a base-cobase of M. Since M is connected, we
have dim(Py) = n — 1. So for dim(Pyp+) < n — 1 to happen, Py - must be in a
hyperplane H linearly independent to ., px; = r. We have x5 and x5 in H. Also,
H must be a support hyperplane of Py, as otherwise Py« = Py N Py« would not be
contained in H. Therefore, B and B lie on a common face of Py, and hence in a common
facet, which by Theorem 4 corresponds to a flacet F' of M. Since for xp and x5 the
equality >, 2; = r(F) holds, it follows that |[BNF| = |[BNF| = }|F|. A standard rank

calculation shows that F has rank @ in M*/F and then that |[BNF|=|BNF| = @
Then Mp & M/F is a matroid whose set of base-cobases is BN B*.

(iii)=-(i)] Let F' be a non-trivial flacet of " asin (iii). In particular, M is a block matroid,
so r(F) = £ as desired. O

2

A matroid N = (F, B) is called identically self-dual if the identity map is an isomor-
phism between N and N*, i.e. N = N*.

Lemma 7 (MAT is rare). Let M = (E,By;) be a block matroid, then the following are
equivalent:

(i) G(M,M*) is the base graph of a matroid N, i.e., M satisfies MAT,
(i1) G(M, M*) is the 1-skeleton of Pasar+,
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(iii) there exists an identically self-dual matroid N, such that By C By and By N By =
By N By

Proof.

(i)=(ii)] We have Py p+ and Py have the same vertex set. Thus, G(M, M*) = G(N) =
G(Py) = G(Prm+). Here we use that the base graph of a matroid is isomorphic to the
1-skeleton of the base polytope.

(i)«<=(ii)] If G(M, M*) is the 1-skeleton of Py ps+, then Py - is a (0, 1)-polytope with all
edge directions parallel to a difference e; —e; for canonical vectors e;, e;. Hence, by [24, 32]
Py« = Py for some matroid N.

(i)<(iii)] We have that By = By N By« is equivalent to By = By N By«, which is
equivalent to N being identically self-dual. O

Question 8. Is there a nice characterization of the class of matroids satistfying MAT?

3 Series parallel extensions and Lattice Path Matroids

We say that a matroid M on E' is a parallel extension of a matroid N on F' if there exists
an element e € F in a circuit of size 2 of M such that M = N \ e. The dual notion is
being a series extension. For this, there must be an element e € F' such that e is in a
cocircuit of size 2 of M and M = N/e. For a class M of matroids, denote by spex(M) its
closure under (finite) series-parallel extensions.

Lemma 9. If M is a class of matroids that is closed under minors and direct sums with
loops and coloops, then we have that spex(M) is closed under minors.

Proof. Suppose that N is a series-parallel extension of M € M and let N’ < N be a
minor. Denote by S, P C N the elements that are series and parallel extensions of M and
let C, D C N be the elements that are contracted and deleted, respectively, to obtain N'.

Then it is straightforward to check that N’ is a series-parallel extension of an element of
M via

N'/(P\C)\(S\ D) =M/(C\P)\ (D\S)@[(C'NP)-Uoy @ |[(DNS)|- ULy,
where the latter coefficients stand for the number of loop and co-loop summands. O

Next, we need a lemma briefly mentioned in the graphic matroid case in [26]. For
completeness, we provide here the general matroid version and a proof.

Lemma 10. Let M be a block matroid of rank r = 1 with groundset E. Suppose M has a
cocircuit (dually, a circuit) of size 2, say C = {e, f}. Let N = M\C (dually, N = M/C).
Then N is a block matroid of rank r — 1 and

BM ﬂ BM* = BM/ m BM/*
fO’f’ M = ULQ @N
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Proof. We prove the version for circuits. The version for cocircuits will follow by duality.
Simply note that C has size 2 and rank 1, so C' is a tight set. The result then follows
from Theorem 6. O

It is easy to see that block matroids are closed under direct sums, and that components
of block matroids are block matroids themselves. This gives that if for a block matroid
we have M = M; & M,, then

G(M, M) = G(My, M7)OG (M, M3),

where [J denotes the Cartesian product of graphs. The rank function of a matroid is
additive with respect to @. Also, the distance in a Cartesian product of graphs is the sum
of distances along each coordinate. Finally, also the Cartesian product of Hamiltonian
connected graphs or hypercubes is Hamiltonian connected or a hypercube. Hence, we
have the following essential observation.

Observation 11. Let My, My be block matroids satisfying some property from Theorem 1
or MAT. Then so does their direct sum M, © Ms.

Lemma 12. Let M be a class of matroids that is closed under minors and direct sums
with loops and coloops. If M satisfies a property from Theorem 1 or MAT, then so does
spex(M).

Proof. We proceed by induction on the size n of the groundset £ of M. If n = 0, the
result is true. Suppose the result is true for any block matroid in spex(M) whose ground
set has size less than n, and let M be a block matroid in spexz(M) \ M with ground set
|E| =n. If M € M, we are done. Thus M is a series or parallel extension of a smaller
matroid in spex(M). By duality we only consider the case that M has a circuit of size 2,
say C' = {e, f}. Using Theorem 10, we get that

Bar N B« = B N B

for M' = Uy 2 & N. Note that N is in spex(M) because this class is closed under minors
by Theorem 9. By the inductive hypothesis, we know that N satisfies the desired prop-
erty. Further, U, satisfies all properties from Theorem 1 and MAT. The rest follows
from Theorem 11. O

A lattice path matroid is given by a pair of non-crossing monotone lattice paths U and
L from (0,0) to (m,r). This is typically depicted as a diagram in the plane grid, which
is bounded above by U and below by L. Any monotone lattice path from the bottom left
to the upper right corner inside this diagram is identified with a set B, where i € B if
and only if the i-th step of the path is north. See Figure 3 for an illustration.

Now, the collection B of these sets forms the set of bases of a matroid denoted as
MU, L].

Proposition 13. For any M = MU, L] a block lattice path matroid, there is a block
lattice path matroid N such that G(M, M*) = G(N).
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B ={2,3,5T}

S

Figure 3: A basis in the diagram representing the LPM M[1246, 3568].

Proof. Let U and L be the reflections U and L with respect to the line y = z. Let
U’ = min(U, L) be the lower envelope of U and L and L' = max(U, L) be the upper
envelope of U and L.
We claim that a lattice path P is a base-cobase of M if and only if P lies in between
U’ and L'. Indeed, in order for P to be a base of M, it must lie above L and below
U. In order for P to be a cobase, it must be a base of M*. It is known [14] that M*
corresponds to the lattice path matroid M[L,U]. Thus, P must also be above U and
below L. Therefore, a sufficient and necessary condition for P to be a base-cobase is to
lie in between U’ and L’. This shows that the base-cobases of M are precisely the bases
of N := M[U', L'].
O

Theorem 14 (MAT holds in spex(LPM)). Let M € spex(LPM) be a block matroid.
Then G(M, M*) is the base graph of a matroid in spex(LPM).

Proof. 1t is well-known that LPM is closed under minors and direct sums, see e.g. [14].
Further, a loop and a coloop are in LPM. Thus, by Theorem 9 spex(LPM) is minor-closed.
The rest follows combining Theorem 13 and Theorem 12. [

4 Wheels and whirls

4.1 Definitions

Considering Figure 4 we see two rows that depict three families of matroids. The first row
shows the well-known family of graphic matroids of wheels. For our purposes, for n > 3
denote by M (W, ) the graphic matroid of the wheel graph W, with vertex set ¢, vy, ..., v,
with an edge 2¢ — 1 between v; and v;4; for each ¢ € [n] (indices modulo n), and an edge 2i
between vertices ¢, v; for each i € [n]. We call each edge e; = v;v;11 (i = 1,...,n, indexes
modulo 1) a rim edge and each edge f; = cv; (i = 1,...,n) a spoke. We may abuse the
name and call M (W,) a wheel as well. It follows from a result of Bondy [10] that wheels
are not transversal matroids. The second family is also depicted by the first row of the
figure. It is the family of whirls. The whirl W" is the matroid obtained from M (W,) by
declaring the outer cycle a basis. It is well-known (see [54]) that this yields a matroid.
The second row depicts our third family of matroids, a particular subfamily of transver-
sal matroids. For a positive integer n > 3, consider the integers {1,2,...,2n} and the
cyclic intervals Iy = {1,2,3}, I = {3,4,5}, ..., I, = {2n — 1,2n,1}. The necklace N,
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is the transversal matroid presented by Iy,...,I,. Each N, is a block matroid. The
figure depicts these matroids for n = 4,6, 8,10, 12. Since the considered sets are circular
intervals, the matroids we obtain are multipath matroids and in particular positroids,
see [9, 42, 15]. Moreover, since each element is contained in at most two sets they are also
bicircular, see [45]. However, there are no graphic or cographic matroids in this family
since Ny|{1,2,3,4} is a Uy minor.

N Y pe
olalel \,\f ;

Figure 4: The first row depicts wheels and whirls. The second row depicts the necklaces
N,,. In each instance, we highlight two base-cobases that show dg(ar,a+) (B, B') = (£ +
%)dg(M)(B,B/).

Wi

It was shown by Bonin and Giménez [15] that Ng and W? are isomorphic. It is a
folklore result that this is true in general, for N,, and W". In Section 6 we provide a proof
for the sake of completeness.

4.2 Structure of the base-cobase graph of wheels and whirls

In this section, we describe the structure of the base-cobase graph for wheels and whirls.
In [2, Section 6], the authors describe and count the base-cobases of wheels and whirls.
Also, part of the structure of the base-cobase graph of wheels is used in [7] to bound
weighted exchange distances. Another paper studying their structure is [2]. We will
provide a full description in terms of hypercube graphs that will be useful for proving
Hamiltonian connectivity later on.

Let n be a positive integer and B,, the set of all binary vectors of length n. The n-
dimensional hypercube graph Q,, is the graph with B,, as vertex set where two vertices are
adjacent if their corresponding vectors differ in exactly one component. If this component
is ¢ € [n], then we call the corresponding edge an i-edge. For a binary vector v, its support
supp(v) is the set of components of v equal to one (e.g. supp((1,1,0,1,0)) = {1,2,4}).
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We define (), as the set of binary vectors v of length n such that supp(v) is a cyclic
interval of {1,2,...,n}. We call the graph induced by C,, the lean subgraph of Q,. We
also refer to edges and vertices within C,, as lean edges and lean wvertices of Q,. The
following easy observation shows that there are many lean edges using a given coordinate,
which in the future will allow us to pick such an edge rather freely.

Observation 15. Let n be a positive integer and 1 < @ < n a coordinate. There are
2(n — 2) lean i-edges in Q,.

Further, we call 1 and O the vectors of all 1’s and all 0’s, respectively. For 0 < j < n,
we define B, ; (resp. C, ;) as the vectors in B,, (resp. C),) having exactly j ones.

In what follows, we will need two disjoint copies of Q,,, which we will call @F and Q.
Thus, we will use B;f, C;F', ete. to refer to objects from the first copy and B, ,C,,, etc.
to refer to objects from the second copy.

The result below states that the base-cobase of a wheel are two almost-hypercubes
stitched together at their lean subgraphs.

Proposition 16. Let n be a positive integer. The base-cobase graph of the wheel M(W,,)
is obtained from the disjoint union of the graphs P = Qf — {0t,17} and P, :=
Q. —{07,17}, and the following stitching edges. For eachv € C,,—{0,1} with supp(v) =
{k+1,k+2,...,k+ L} (we take the positions modulo n), we add an edge from v™ to each
w™ such that w € C, —{0,1} and:

e supp(w) ={k+1,....k+{} (i.e. tov™).

(w)
o supp(w) ={k+2,...,k+(+1}.
o supp(w) =4{k+2,...,k+ 1}, if { > 2.
(w)

e supp(w) ={k+1,...;k+ 0+ 1}, if ¢ <n—2.

Proof. Consider the wheel graph W, as described above. Each base-cobase is in bijective
correspondence with a vertex in P,f U P, as follows:

e If v* € PF, then include the rim edges e; for i € supp(v), the spokes f; for each
J ¢ supp(v) and the spokes f; for each position j that starts a clockwise cyclic
interval of 1’s of v™.

e If v~ € P, , then include the rim edges e; for i € supp(v), the spokes f; for each
J ¢ supp(v) and the spokes f;4; for each position j that ends a clockwise cyclic
interval of 1’s of v™.

If two vertices ut and v* in P, differ in exactly one coordinate, the corresponding
base-cobases differ in exactly one rim and one spoke, so one can be obtained from the
other by a symmetric exchange. The same happens for vertices in P, . See Figure 5 for
local examples in the case n = 7.

O
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(0,1,1,1,1,1,0)~

(0,1,1,1,1,0,0)F (0,1,1,1,1,0,0)~ (0,0,1,1,1,1,0)~

(0,0,1,1,1,0,0)~

Figure 5: A positive base-cobase of the wheel with its neighboring negative base-cobases,
and the corresponding subgraph in P U P, .

The base-cobase graphs of whirls are nearly identical.

Proposition 17. Let n be a positive integer. The base-cobase graph of the whirl W™ is
obtained starting from the disjoint union of the graphs Qf and Q. , then identifying 0"
with 0~ into a single vertex 0 and 17 with 1~ into a single vertex 1, and finally adding
the same stitching edges as for wheels.

For a matroid M, in its base graph G(M ), by the exchange axiom the distance between
bases B and B’ is exactly %. As already noted in [7], for base-cobase graphs of wheels
the distance of some base-cobases can be larger. The description above gives another point
of view on why this happens, and extends the results to whirls as well. Even though the

next result follows almost directly from [7], we present it as a warm-up for our notation.

Proposition 18 (MAT does not hold for wheels or whirls). Let n > 3 and M €
{M(W,),W"}. Then there are base-cobases B*, B~ with W%_' =2, but

n
4
Proof. Express n = 40 + k for k € {0,1,2,3}. We give the proof in the case k = 0, as
the other cases require only minor adaptations. Consider the vertex v = (a,b, ¢, d) of Qq

where a and ¢ are blocks of ¢ entries equal to 1 and b and d are blocks of £ entries equal

to 0. Let v and v~ be the corresponding vertices in ijg and Q,,. The corresponding
|B+AB~|

dg(M,M*)(BJr,B*) =2 L J + 1.

base-cobases BT and B~ of the matroid differ only at 4 spokes, so = 2. However,
to get from v to v~ we must go from v to a lean vertex w™ in QF,, which needs either
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adding ¢ ones, or removing ¢ ones, then moving to a lean vertex w~ in Q,,, and finally
moving to v~, which again needs at least ¢ movements. In total, we need at least 2¢ + 1
movements to go from vt to v~, and clearly 2¢ 4+ 1 are enough. O

4.3 Hamiltonian connectivity of the base-cobase graphs of wheels and whirls

Recall that a graph is Hamiltonian connected if for any two vertices there is a Hamiltonian
path starting at one and ending at the other. If a graph on at least 3 vertices is bipartite,
then it cannot be Hamiltonian connected. Fortunately, the base-cobase graphs of wheels
and whirls are not bipartite. Indeed, by Theorem 16 a typical vertex of C;f U C; is
contained in a triangle.

Naddef and Pulleyblank proved a very general result on Hamiltonian connectivity,
stating that the 1-skeleton of a (0, 1)-polytope is either Hamiltonian connected or a Q,
[53]. This implies that a matroid is either the direct sum of Uj»’s, or its base graph is
Hamiltonian connected. However, Theorem 18 shows that the collection of base-cobases
of wheels (or whirls) is not the base set of a matroid, so in view of Theorem 7, we have
that G(M, M*) is not the 1-skeleton of Py pr-.

Since by Theorem 16 the base-cobase graphs of wheels and whirls are made up by
hypercubes, we will need their Hamiltonian properties. Even though Q,, is not Hamilto-
nian connected, it is robust in terms of properties related to Hamiltonian connectivity, in
the sense that even after removing edges or vertices, a suitable relaxation of Hamiltonian
connectivity still holds.

We will need some of these properties all due to Castaneda and Gotchev [16]. For the
statement we denote the bipartition of the hypercube Q,, = R U G into colors red and
green. It is completely determined by setting 0 as a green vertex. The vertices in the layer
B, ; are green (in G) for j even, and red (in R) otherwise. We further need the notion of
a k-path covering, i.e., a family of k£ paths covering each vertex exactly once, and having
some prescribed endpoints. Note that the following statements also hold interchanging
red and green.

Theorem 19. Let n > 4 be a positive integer and Q,, the n-dimensional hypercube graph.
Let R and G be the bipartition as described above. Then:

(a) [16, Corollary 3.2] For any r in R, g in G and an edge e different from {r, g}, there
exists a Hamiltonian path of Q,, from r to g, and through e.

(b) [16, Lemma 3.6] For any distinct r,r* in R, g,g* in G, there exists a Hamiltonian
path in Q, — {r*,g*} fromr to g.

(c) [16, Lemma 3.9] For any r1,79 in R, g1,92 in G, there exists a 2-path covering of
Q,, with one path connecting r1 to ro and the other connecting g to gs.

(d) [16, Lemma 3.11] Let r* € R. For any ry in R — {r*} and three distinct ¢1, g2, g3
in G, there exists a 2-path covering of Q, — {r*} with one path connecting r1 to ¢
and the other connecting go to gs.
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(e) [16, Lemma 3.12] Let g* € G. For any distinct r1, ro in R and any edge e in
Q, —{g*}, there exists a Hamiltonian path in Q,, —{g*} from ry to ra, and through
e.

(f) [16, Lemma 3.13] Let g* in G and r},r; distinct elements in R. For any distinct
g1, g2 in G — {g*}, there exists a Hamiltonian path in Q, — {g*,ri,r5} from gy to

ga.

(9) [16, Lemma 4.3] Let ri,r3 be two distinct elements in R. For any distinct g1, ga,
g3, ga in G, there exists a 2-path covering of Q, — {r,r5} with one path from g, to
go and the other from g3 to gy.

(h) [16, Lemma 5.6] Let r* € R and g* € G. For any distinct r1, 2, g1, go in G, there
exists a 2-path covering of Q, — {r*, g*} with one path from ry to g, and the other
from roy to go.

(i) [16, Corollary 5.10] Suppose n > 6. Let 15,75 be two distinct elements in R. For
any distinct g1, ga, g3, g4, g5 in G and ry in R—{r},ri}, there exists a 3-path covering
of Q, — {r,r3} with one path from g, to ga, one path from gs to g4 and one path
from g5 to ry.

We give an extension of Theorem 19 (b) adapted to our purposes.

Lemma 20. Let n > 4 be a positive integer and Q,, the n-dimensional hypercube graph.
Let R and G be the bipartition as described above. Let r* in R and g* in G. For any r in
R —A{r*}, any g in G — {g*}, there exists a Hamiltonian path in Q, — {r*,g*} from r to
g, and through an edge e of C,, (i.e. a lean edge).

Proof. By detecting a coordinate in which r and r* differ, we can find complementary
(n — 1)-dimensional hypercubes @) and Q* as subgraphs of Q,, with r in ) and r* in Q*.
Then, we have the following cases for the locations of g and g*:

a) g and g* in Q*.

b) g in @* and ¢* in Q.
) g in @ and g* in Q*.

d) g and ¢* in Q.

C

Consider Figure 6 for an illustration of the cases and their resolution.
We argue case by case. Having Theorem 15 in mind, throughout the proof we will
rather freely choose lean edges of the coordinate in which r and r* differ.

Case a): Pick any ¢’ € QQ with alean edge e towards ar’ € Q*\{r*}. By Theorem 19 (a)
we take a Hamilton path P; in @ from r to ¢. Then by Theorem 19 (b) we can take a
Hamilton path P, in Q* \ {r*, ¢g*} from 7’ to g. The concatenation P, e, P, satisfies the
claim.
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Figure 6: Cases in the proof Theorem 20, g, r are filled, g*, r* are crosses, unfilled vertices
are auxiliary, the thick purple edge is lean.

Case b): Pick any 7" € Q \ {r} with a lean edge e towards a ¢’ € Q* \ {g}. By Theo-
rem 19 (e) we take a Hamilton path P; in Q\{g*} from r to +’. Similarly, by Theorem 19 (e)
we take a Hamilton path P, in Q*\ {r*} from ¢’ to g. The concatenation Py, e, P, satisfies
the claim.

Case ¢): Pickanyr’ € Q\{r} with alean edge e towards a ¢' € Q*\{g}, and furthermore
g" € Q\ {g} with an edge ¢’ towards some " € Q*\ {r*}. By Theorem 19 (c) we take
a 2-path covering P, Py of () with P; connecting r to " and P; connecting ¢’ to g.
By Theorem 19 (b) we can take a Hamilton path P, in @* \ {r*,¢*} from ¢’ to r”. The
concatenation P, e, P, €', P3 satisfies the claim.

Case d): Pick any ' € @ \ {r} with a lean edge e towards a ¢’ € Q* \ {¢*}. By The-
orem 19 (e) we take a Hamilton path P, in @ \ {¢g*} from r to 7’. Denote by r” the
predecessor of g in Py, by ¢” the neighbor of 7" in @Q*, and e = ¢"r”. Denote by P; the
subpath of P from r to " and by P| the subpath of P from 7’ to g. By Theorem 19 (e)
we take a Hamilton path P, in Q*\ {r*} from ¢” to ¢’. The concatenation P}, €', Py, e, P/
satisfies the claim.

O

We will also need the following 2-path covering result, with paths through specific
edges.

Lemma 21. Let n > 7 be a positive integer and Q,, the n-dimensional hypercube graph.
Let R and G be the bipartition as described above. Let uy, vy, w1 be distinct vertices in
Cra and ug, vy be distinct vertices in C,,,,—1. Let z1 be any of the two neighbors of wy in
Cha.
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1a)x X 1b)x X Qa) X 2b)x X 20) X
lc), . 1d), ) 2d) ) 2¢). ) 2f) §

Figure 7: Cases in the proof of Theorem 22. Left: Odd wheels. Right: Even wheels.

Then, there is a 2-path covering of @, —{0, 1} with one path from uy to vy and through
the edge wizy, and the other path from us to vs.

Proof. There are at most 4 coordinates in which some of the vectors uq, vy, wq, z; have a
1 in that position. Similarly, there are at most 2 coordinates in which some of us, vy have
a 0 in that position. Since n > 7, there is at least one coordinate k for which none of this
happens.

We split the cube Q,, into two n—1 dimensional hypercubes @), Q* according to whether
the k-th coordinate of a vector is either 0 or 1, respectively. Then, 0, uy, v, wy, 21 € @
and 1,us, v € QF.

By Theorem 19 (e), there is Hamiltonian path in @ \ {0} from u; to v; and through
wyz1. Similarly, we can find a Hamiltonian path in @* \ {1} from us to vy. The union of
these two Hamiltoninan paths is our desired 2-path covering of Q,, — {0,1}. O

When a path uses an edge e between two vertices of C;I' (resp. two vertices of C),),
we can replace it by grabbing a vertex from the opposite side, which means replacing it
by two stitching edges and a vertex of C, (resp. of C;[). We will use this trick in the
following constructions.

We can now focus on proving that the base-cobase graphs of wheels are Hamiltonian
connected.

Theorem 22 (Wheels satisfy HAM). Let n > 3 be a positive integer. Then
H:=G(MW,), M(W,)")
15 Hamaltonian connected.

Proof. The cases for n < 6 can be dealt with computationally, so we may assume that
n > 7 and thus that we can use any of the auxiliary results above. Let v and v be distinct
vertices of H. Refer to Figure 7 for illustration.
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Case 1: n odd. Considering the symmetry between P and P, , and the symmetry

between colors within each graph, we have the following subcases to consider:

e Case la): u,v lie in P;} and within this part, they have opposite colors, say u € R™
and v € GT. Here, using Theorem 20, we find in P a Hamiltonian path P; from u to
v, and through a lean edge e = {r*, g*}. Let e= = {r—, g~} be the corresponding
edge in P~. Using Theorem 19 (a), we find in P, a Hamiltonian path P, from r~
to g—. The desired Hamiltonian path is obtained from replacing the edge et of P,
with the stitching edges r*r~, g*g~ and P.

e Case 1b): wu,v lie in P and within this part, they have the same color, say
u,v € RT. We choose distinct lean vertices g and g in G*. Let g, be the
corresponding vertex in P, and r, be a vertex of P, in R~ adjacent to g;. By
Theorem 19 (h), there is a 2-path covering of P with one path Py from u to ¢
and the other path P, from go to v. By Theorem 19 (b), we can find a Hamiltonian
path P in P, from g; to r5. The desired Hamiltonian path is the concatenation
of P, g g7, P, 5 g5 and P;.

e Case 1c¢): u liesin R™ and v in G~. We choose a lean green vertex ¢g* and a red
neighbor 7~ in R~. We use Theorem 19 (b) twice, to find a Hamiltonian path Py
in P* from u to ¢*, and to find a Haimiltonian path P, in P~ from r~ to v. The
desired Hamiltonian path is the concatenation of P;, g7r~ and P.

e Case 1d): u lies in R™ and v in R~. This case is analogous to the previous case,
but using the copy ¢~ instead of r~.

Case 2: n even. Now we do not have symmetry between colors within each of QF
and Q. , since both 0 and 1 are green. So we have a few extra subcases to study.

e Case 2a): u,v lie in P, u is green and v is red. By Theorem 19 (a), we can find
a Hamiltonian path P, in Q; from u to v. Let r{",ry be the neighbors of 0T along
Py (with r{ before 3 ), and r3, 7] be the neighbors of 17 along P, (with r5 before
ry). Let ri,ry,75,r; be the corresponding copies in P, . By Theorem 19 (g),

there is a 2-path covering of P, with one path P, from r; to r; and the other path

P; from r3 to r;. The desired Hamiltonian path is obtained from P, by replacing

r0%ry with the concatenation of r{r;, P, and ry 75, and replacing ry 17r; with

the concatenation of riry, Py and ryry.

e Case 2b): u,v lie in P, and both are red. We choose a lean edge e of P, that
does not use vertices of C,; or C;,_,, and with which we can grab a red vertex r~
from P, . Using Theorem 19 (e), we can find a Hamiltonian path P, in Q;F — {11}
through edge e. Let r{ and rJ be the two red neighbors of 0" along P, (with
r{ before ry). Let r; and ry be the corresponding vertices, respectively. Using
Theorem 19 (f) we can find a Hamiltonian path P, in P, — {r~} from r; to r;.
The desired Hamiltonian path is then obtained from replacing e by grabbing r~ in

Py, and replacing r{ 07r; with the concatenation of r{ 7y, P, and r;yry.
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e Case 2¢): u,v lie in P; and both are green. We choose r* in C}f;. By Theo-
rem 19 (e) there is a Hamiltonian path Py in @ — {r*} from u to v. Let r{", 75 be
the neighbors of 0% along P, (with r{” before 73 ), and 73 ,r] be the neighbors of
1" along P, (with ry before r}). Let =, r{,ry,75,7; be the corresponding copies
in P.. Let g~ be the vertex that allows the edge r~ ¢~ to grab the vertex r*. By
Theorem 21, we can find a 2-path covering of P consisting of a path P, from r to
r5 through the edge r~¢~ and of a path Ps from 75 to r, . Call P, the path obtained
from P, by replacing the edge r3r~ with r3rtr~. The desired Hamiltonian path
is obtained from P, by replacing r{07r) with the concatenation of r{r;, P, and
ry ry, and replacing r{ 17r] with the concatenation of riry, P3 and 7, 7).

e Case 2d): wis in P}, v isin P, , u is green and v is red. Choose a red vertex
r*in C ) and a green neighbor g~ of 7+ in C;;. Choose an edge e at r* different
from 0*r*. By Theorem 19 (a), there is a Hamiltonian path P, in Q" from w to
r* through e. Let r{",ry be the neighbors of 0T along P, (with 7" before r; ), and
ra,rf be the neighbors of 1~ along P, (with rj before r}). Let r;,ry,75,7; be
the corresponding copies in P, . By Theorem 19 (i), there is a 3-path covering of
P, with a path P, from r; to 5, a path P from r; to r; and a path P, from ¢~
to v. Suitable substitution of parts of P; with stitching edges and the paths P, P;

and P, yields the desired Hamiltonian path.

e Case 2¢): uis in P, v isin P, and both are red. Let r, r5, r5 be three distinct

lean red vertices in P;7, and such that none of them is equal to u, and none of their
corresponding copies 71, 75, 73 is equal to v. Applying Theorem 19 (f) on both
P and P, we can find 2-path coverings Py, P, of P;", Ps, Py of P, , such that P,
connects u to r, P, connects 75 to ry, Py connects r; to ry and P connects 75 to
v. We obtain the desired Hamiltonian path from P;, P, P3, Py and all the stitching
edges rir; for i =1,2,3.

e Case 2f): uisin P;, v is in P, and both are green. This proof is analogous to
the case (d) above, but instead of using a green neighbor g~ of r*, we use the red

copy r~ of rT.

O
Finally, we prove Hamiltonian connectivity for base-cobase graphs of whirls.

Theorem 23 (Whirls satisfy HAM). Let n > 3. The base-cobase graph H of W™ is
Hamiltonian connected.

Proof. The case n = 3 can be dealt with computationally, so we may assume that n > 4
and thus that we can use any of the auxiliary results above. Let u and v be distinct
vertices of H. We split into cases in a similar way as for wheels. For the most part, our
analysis will directly include the possibility that u or v are 0 or 1, but in Case 2¢) below
we will need to make a separate analysis to include this case as well. Also, note that the
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la) : 1b) : 2a) : 2b) : 2¢) S
le) : 1d) : 2d) ; 2e) ; 2f) :

Figure 8: Cases in the proof of Theorem 23. Left: Odd whirls. Right: Even whirls.

following proofs are less detailed, as most of the stitching and concatenation ideas were
presented before. Refer to Figure 8 for illustration.
Case 1: n odd. We have the following subcases.

e Case la): u,v lie in Q@ and within this part, they have opposite colors, say u € R™
and v € G*. We choose any lean edge e = g™rt in QF disjoint from wv. Let g~
r~ be the corresponding vertices in P, . By Theorem 19 (a), there is a Hamiltonian
path Py in @ from u to v through e. By Theorem 19 (b), there is a Hamiltonian
path P, in P, from r~ to g~. The desired Hamiltonian path is obtained by replacing
e by the stitching edges gt¢~, r*r~, and adding the path P;.

e Case 1b): wu,v lie in Q and within this part, they have the same color, say
u,v € RT. We choose a lean edge e = ¢™r" in Q} — 0 disjoint from wv. We
choose distinct green neighbors ¢g; and g, in P, of g* and r*, respectively. By
Theorem 19 (e) there is a Hamiltonian path P, of @ — {0} from u to v through e.
By Theorem 19 (e) (choosing any edge), there is a Hamiltonian path P, of Q, — {1}
from g; to g,. The desired path is a suitable replacement and stitching of P; and
Py.

e Case 1c¢): u lies in Rt and v in G~. We choose any red lean vertex r* different
from w and 17. Let g~ be a green neighbor of r* in P, . By Theorem 19 (e) applied
twice, there is a Hamiltonian path P; in Q7 — 0 from u to r* and a Hamiltonian
path P, in @, — 1 from g~ to v. The concatenation of P, r*¢g~ and P, is the
desired Hamiltonian path.

e Case 1d): u lies in RT and v in R™. w lies in R™ and v in R~. This case is
analogous to the previous case, but using the copy r~ instead of ¢g~.
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Case 2: n even.

e Case 2a): u,v lie in @}, u is red and v is green. Let 7", 5 be two distinct red

lean vertices in P, and different from uw. Let r; and r; be red neighbors of 7
and ry, respectively, and in P, . By Theorem 19 (d) there is a 2-path covering of
QF — {0} with one path P from u to rj and the other path P, from 73 to v. By
Theorem 19 (e) there is a Hamiltonian path Ps from r; to r; in Q, — {1}, Suitable
stitching of P;, P, and Pj yields the desired path.

e Case 2b): u,v lie in @ and both are red. Let e = r"¢g™ be a lean edge of P;. Let
r~ be the corresponding copy of r* in P, and r] a red neighbor of g™ in P, . By
Theorem 19 (e), there is a Hamiltonian path P; in @ — {0} from w to v through
e. By Theorem 19 (e), there is a Hamiltonian path P, in Q, — {1} from r~ to 7.
A suitable stitching of paths P; and P, yield the desired Hamiltonian path.

e Case 2¢): u,v lie in @ and both are green. If u and v are in some order 0 and
1, we connect them to arbitrary vertices v’ and v" and find a Hamiltonian path P
between ' and v’ in the base-cobase graph of the wheel by Theorem 22. Then the
concatenation of uu’, P; and v'v is the desired Hamiltonian path.

Otherwise, we can assume by the vertical symmetry B, ; <> B, ,_i that none of
uw and v is 1. Let v and 75 be two distinct red lean vertices of PF. Let r{ be
the copy of 7™ in P, and ry, r; be two distinct red neighbors of ry in P, and
different from r; . By Theorem 19 (d), there is a 2-path covering of Q — {ry } with
one path P from u to 1 and the other path P, from r; to v. Now consider a vertex
r~in B, (and thus neighbor of 1). By Theorem 19 (g), there is a 2-path cover
of P, with one path P; from r~ to r; and the other path P, from r; to r;. The
concatenation of Py, 1r~, Py, ryryry, Py, rir{, Py, yields the desired Hamiltonian
path.

e Case 2d): uwisin QF visin @, uis red and v is green. By the vertical symmetry,
we may assume v is not 1. Let 7" be any red lean vertex of P;, and e a lean edge of
Pl disjoint from {u,r]}. Let r;” be the copy of r{ in P, and let 7, be a red vertex
different from r; that can be grabbed with the edge e. By Theorem 19 (e), there
is a Hamiltonian path P, of Q;7 — {0} from u to r;. By Theorem 19 (b) there is a
Hamiltonian path P, of @ — {1,7, } from ] to v. The desired path is obtained
using path P (with e replaced by the grabbing of r), the edge r{ 7] and the path
Py.

e Case 2e): uisin QF, visin Q. and both are red. This case is analogous to the

n’

previous one, but using a green neighbor g; of v instead of its copy ry .

e Case 2f): wisin QF, visin Q. and both are green. By vertical symmetry, we
may assume that u is not 0 and v is not 1. Let r, 75, r5 be three distinct red lean
vertices in P. Let r,ry,r; be their copies in P, . By Theorem 19 (d), there is a

2-path covering of Q; with a path P, from u to r{ and a path P, from rJ and ry .
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By Theorem 19 (d), there is a 2-path covering of Q; — {1} with a path P; from
r; to ry and a path from 75 to v. A suitable concatenation of Py, P, P3, P, and
stitching edges r;r; for i = 1,2, 3 yields the desired Hamiltonian path.

]

5 Regular matroids

In this section we present results related to regular matroids. First, we prove that regular
matroids rarely satisfy MAT.

Theorem 24 (MAT is rare in regular matroids). Let M be a regular block matroid, then
the following are equivalent:

(i) M satisfies MAT,
(i1) M is the graphic matroid of a series-parallel graph,
(m) M = ULQ Q- DU .

Proof. (i)=-(iii)] Let M = (E, Bas) be regular and satisfying MAT. Note that the class of
regular matroids is closed under minors and direct sums. We proceed by induction on | E]|.
If M is disconnected then the result follows by induction and Theorem 11. Otherwise,
by Theorem 7 there exists an identically self-dual matroid N, such that By C By, and
By N By« = By N By« By [44] N =2 M/F @ Mp for some F C E. If F # E, (), then the
result follows by induction and Theorem 11. Hence, by Theorem 7 we have that M = N
is identically self-dual and connected. By [43] we have that M = Uj ».

(ili)=-(ii)] is trivial (ii)=-(i)] follows from Theorem 14 since graphic matroids from series-
parallel graphs are in spex(LPM). O

Now, we present results for the matroid R;o. Quoting Oxley, “the matroid R;o has
many attractive features” [54]. It plays a fundamental role in Seymour’s Decomposition
Theorem for regular matroids [59]. It has several representations. For our purposes,
we start with its representation as the linear matroid of the following matrix in F5*°
(see [54]).

1111110000
1110001110
10011011CO01{,
01010110171
001011O01T171

Note that the columns are the 10 incidence vectors of the elements of ([g}). A collection
of these columns is linearly independent over Fy if none of its non-trivial subcollections
corresponds to sets in ([g]) that cover each element in {1,2,3,4,5} an even number of
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times. So an equivalent description of Rpq is as the matroid with ground set ([g]) and
independence given by the covering restriction just given. For brevity, we use abc to
denote {a,b,c}. For a € {1,2,3,4,5} and A € ([g]) we say that a and A are incident if
a € A. Given a set of triples A C ([g]) and a € {1,2,3,4,5}, we define the degree of a as
deg(a) =|{A e A:a e A}|.

With this point of view, in this section we provide a complete combinatorial description
of the base-cobase graph G, r;, that in particular shows that it is bipartite, and hence
not Hamiltonian connected. It is known that Ry, only has circuits of size 4 or 6 (see [54]).
The following proposition provides a proof of this fact and describes the circuits under
our notation.

Proposition 25. Any circuit of Rio is either of size 4 or 6. If it is of size 4 then it
consists of the elements abc, abe, acd, ade for some permutation abcde of 12345. If it is of
size 6, then it is the complement of a circuit of size 4.

Proof. A circuit C' must consist of triples for which every element has even degree. If
|C'| = k, then we have 3k incidences. By double counting, 3k is also the total degree sum,
so it must be even. Then k is even as well. Since the rank of Ry is 5, we have k < 6.
Then k = 2,4,6. Having only two triples yields elements of degree 1, so |C| # 2.

Suppose |C| = 4. If for some a we have deg(a) = 0, then C consists of the four
triples of {1,2,3,4,5} \ {a}, which yields four elements of odd degree 3, a contradiction.
So each degree, being an even number, is either 2 or 4. If r, s elements have degree 2,4
respectively, we have r + s = 5 and 2r + 4s = 12, therefore s = 1 and r = 4. Then
there is an element a of degree 2 and the rest of degree 4. The restriction of the triples to
{1,2,3,4,5}\ {a} is a degree 2 graph, so it must be a union of cycles. Having 4 elements,
it must be a 4-cycle, as desired.

Now, suppose |C| = 6. The number of incidences, and thus the total degree sum is
18. If deg(a) = 6 for some element a, then C' are the six triples at a, and thus the rest of
the elements have degree 3, a contradiction. If deg(a) = 0, then we can have at most 4
triples, a contradiction. So again, let r, s be the elements of degree 2,4 respectively. We
have r + s = 5, 2r +4s = 18. From here r = 1 and s = 4. If a is the element of degree
2, then the remaining four triples must be the ones from {1,2,3,4,5} \ {a}. These last
triples cover each element 3 times, so the two triangles at a must be of the form abe, ade.
The circuit is then abc, ade, bed, bee, bde, cde.

Given the structures above, a routine check shows that indeed the complement of a
circuit of size 4 is a circuit of size 6, and viceversa. O]

We now focus on describing the base-cobases of Rig.
Proposition 26. The base-cobases of Ryy are of exactly two types:
e For a permutation abcde of 12345, take the triples abd, acd, bed, bee, bde.

e For a permutation abede of 12345, take the triples abd, acd, ace, bee, bde.
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Before proving the result, note that in the first case the reversing of abcde yields the
same triples. Similarly, in the second case the reversing or any cyclic permutation of the
elements yields the same triples. We now focus on proving Theorem 26 and after that we
discuss these symmetries in detail.

Proof. Let B be a base-cobase, so B is a base as well. Each base consists of 5 triples,
totaling 15 incidences, and therefore the total degree sum is 15 as well. If deg(a) > 5 for
some a, then the triples would induce a 5 edge graph on {1,2,3,4,5} \ {a}, which will
have a 4-cycle and by Theorem 25 then B would contain a circuit, a contradiction, so
deg(a) < 4. An analogous proof using B shows deg(a) > 2. Therefore, each element has
degree 2, 3 or 4.

If some element, say b, has degree 4, the graph on {1,2,3,4,5} \ {b} induced by the
triples at b has 4 edges, but must not be a 4-cycle, so it is a triangle and an intersecting
edge. Without loss of generality, the triples at b are then abd, bed, bee, bde. Adding the
triple ace leads to a contradiction as then the triples abc, abe, acd, ade would be a circuit
in B. So we may only add either the triple ade or the triple acd. Both cases are symmetric.
If we add the triple acd we get the desired structure. Note that the degrees of 12345 would
respectively be 24342 so we cannot remove a triangle to get the degrees 42222 of a circuit.
The same is true for B, verifying that B is a base-cobase.

If no element has degree 4, then each degree is 2 or 3. But since total degree sum is
15, each degree must be 3. For an element a, the two triples not at a are two triples in
{1,2,3,4,5} \ {a} so they must be two triples that share an edge, say, bce and bde. If we
do not use the triple acd for B, we need two more triples for d to get degree 3, and the
same is true for ¢, yielding 6 triples, a contradiction. Then acd must also be a triple of
B. The remaining triple at d must be abd or ade. By symmetry, we may assume it is
abd. Then the last triple is ace, yielding the desired structure. With this structure, the
degrees of 12345 (for both B and B) are 33333, so no triple can be removed to get the
incidences 42222 of a circuit. This shows that B is indeed a base-cobase. O]

We now discuss the symmetries involved in the description of the base-cobases in
Theorem 26. In the first case, the reversal abcde — edcba yields a permutation with the
same triples, and these are the only symmetries. Therefore, we may identify each of these
base-cobases with an element [abede]s, in S5/S;, where S5 and Sy are the permutation
groups in 5 and 2 elements respectively!. Similarly, in the second case the reversal abcde —
edcba and the cyclic shift abcde — bedea yield a permutation with the same triples, and
these are the only symmetries. Thus, we can identify each of these base-cobases with an
element [abcde]p, of S5/Ds, where Dy is the dihedral group on 5 elements. In particular,
there are 5!/2 = 60 base-cobases of the first kind and 5!/10 = 12 of the second kind.

We are ready to provide the main result of this section, the complete description of

GR10,RT0'

Theorem 27. The graph G, rx, is isomorphic to the graph with vertex set (S5/Ds) U
(S5/52) where:

'We use G/ H in the sense of the orbits of the action of G under H, not in the sense of quotient groups.
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e The neighbors of [abede]s, are [abede]p., [cbadels,, [abcdels,, labdce]s,, [abedc]s, .
e The neighbors of [abede|p, are [abedels,, [bedeals,, [cdeabls,, [deabcls, and [eabed)s, .

Proof. By Theorem 26 and the symmetry discussion above, each base-cobase of the first
kind can be identified with an element [abcdelg, of S5/S2 and each of the second kind with
an element of [abede]p, of S5/Ds, so the vertices are correct. Remember that an edge in
the base-cobase graph is between base-cobases with symmetric difference 2, so we have to
obtain one from the other by removing and adding a triple.

Consider a base-cobase B = [abcdels,. Its triples are abd, acd, bed, bee, bde. The
degrees of vertices abcde are 24342. We have the following cases:

e If we remove the triple bed, the degree sequence becomes 23232. To get degree
sequence 33333 we can only add the triangle ace and we obtain [abede]p,. To get
degree sequence 24342 (or a permutation), the 3’s are the only ones that can become
4’s, so the only possible triangles to add are abd, bed or bde, but we already have
them. So there are no more neighbors in this case.

e If we remove the triangle abd the degree sequence becomes 13332. Adding a triangle
yields an element of degree 4 so there are no neighbors in S5/ D5 in this case. To get
a sequence 24342 (or a permutation), the triple must have a (to avoid an element
of degree 1), and two of b, ¢, d (to get the two elements of degree 4). So the triple
is either abc, abd or acd. Adding abd is going back, acd is already in B, so the only
possible case is adding abc, which yields [abdce]s,,

e The triangle bde is symmetric and yields the neighbor [acbde]s, .

e If we remove the triangle bce, we get degree sequence 23241. We cannot get rid of
the element of degree 4, so in this case there are no neighbors in S5/Ds5. To get a
sequence 24342 (or a permutation), we must use element e and cannot use element
d. Then the triple to add is either abe, ace or bce. The triple bce goes back and the
triple ace yields degree sequence 33342, not corresponding to a base-cobase. So the
triple to add must be abe, which yields [cbade]sg, .

e The triangle abd is symmetric and yields the neighbor [abedc]g,.

Now consider a base-cobase [abede]p,. The analysis above shows that its neighbors in
S5/ Sy are [abedels,, [bedeals,, [cdeabls,, [deabcls, and [eabed]s,. It cannot be connected
to a vertex in S5/ Dj since its degree sequence is 33333, so by removing a triangle the only
way to recover the same degree sequence is by putting the same triangle back. O]

As as corollary we obtain the following.

Corollary 28. The base-cobase graph of Rig is bipartite and therefore not Hamiltonian
connected.
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Proof. Each permutation abcde in Sy has a sign, which is preserved by reversal and cyclic
shifts. Thus, the sign of a class [abede]s, and [abede]p, is well-defined.
We propose the following partition of Gg,, s,

e X are the vertices [abcde] p, with odd sign, and the vertices [abcde]s, with even sign.

e Y are the vertices [abcde] p, with even sign, and the vertices [abede]g, with odd sign.

By Theorem 27, an element [abede]p, connects only with the elements with same sign
(and thus in opposite side of the partition) [abedels,, [bedeals,, [cdeab]s,, [deabc]s, and
leabed] s, -

An element [abede]s, connects with the vertex with the same sign (and opposite side of
the partition) [abcde]p,. Its other neighbors are [cbadels,, [abede]s,, [abdcels,, [abedc]s,,
which are one transposition away. Therefore they have opposite sign, so they are also in
the opposite side of the partition. This proves that the graph is bipartite.

O

We remark that with the help of a computer, we could verify that the base-cobase
graph of Ry, is Hamiltonian laceable. The above raises the following question.

Question 29. Are the bipartiton classes of any bipartite base-cobase graph equicardinal?

Note that a negative answer would in particular yield a non-Hamiltonian base-cobase
graph.
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6 Appendix: Whirls as transversal matroids

Proposition 30. The matroids N, and W™ are isomorphic.

Proof. The proposed isomorphism is sending the edge 7 in W™ to the element ¢ in N,,.
We show the isomorphism via bases.

The outer cycle of W maps to the elements 1,3,5,...,2n — 1 of N,,, which clearly is
a transversal for Iy,...,I,. Any other base of W" is a spanning tree T of W,,. To show
that the elements corresponding to 1" yield a transversal in N, it is enough by Hall’s

THE ELECTRONIC JOURNAL OF COMBINATORICS 33(3) (2026), #P3.30 26



matching theorem [35] to show that in the union of any k intervals from Iy, ..., I, there
are at least k elements of T'. This is certainly true for k£ = n, since then the union is the
whole graph, with n + 1 vertices and exactly n edges from 7.

Now, each I; is a claw centered at vertex v;,;. Any union of k£ of them may be split
into blocks corresponding to claws centered at consecutive vertices. We show inductively
that a block corresponding to ¢ < n vertices has at least ¢ edges from 7. Such a block
has ¢ + 2 vertices and 2¢ 4 1 edges.

For ¢ = 1, T has an edge incident to the center of the claw. Suppose the result is
true for a block for ¢ — 1 consecutive vertices and consider a block corresponding to /¢
consecutive vertices wy, wy, ..., w,. Let wg be the vertex before wy and wy o the vertex
after wy. If any of the edges wowy, cwy, wec or wywpyq are in T', we may remove the first
or last claw and apply the inductive hypothesis to get £ — 1 edges of T" and return the
claw to get ¢ edges. The remaining case is that none of those edges are in T'. But then
T must connect the vertices wy, ..., wy to the rest of the graph via ¢, so the restriction
of T to wy,...wy, c must be spanning. Therefore, this restriction has at least ¢ edges, as
desired. This finishes the inductive step.

Now suppose that n elements from {1,2,...,2n} are a transversal for Ir,...  I,. If
these elements do not correspond to the edges of a spanning tree of W,,, it is because these
edges form a cycle. If this is the outer cycle, then there is no problem, as this is a base of
W". Otherwise, we may assume this cycle is minimal and without loss of generality to be
V1, Vs, ..., 0, c, using then ¢ + 1 edges. But since the chosen elements are a transversal,
then in the claws centered at vyyq,...,v, we must have at least some additional n — ¢
edges. This yields at least ({ 4+ 1) 4+ (n —¢) = n+ 1 edges, contradicting the fact that we
originally chose n. [
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