A determinantal formula for cluster variables in
cluster algebras from surfaces

Javier De Loera Chavez

Submitted: Nov 9, 2025; Accepted: Jul 3, 2026; Published: Aug 7, 2026
(©) The author. Released under the CC BY license (International 4.0).

Abstract

For cluster algebras of surface type, Musiker, Schiffler and Williams gave an
expansion formula for cluster variables in terms of perfect matchings of snake graphs.
Building on this, we provide a simple determinantal formula for cluster variables
via a weighting of the biadjacency matrix of the associated snake graphs, thus
circumventing the enumeration of their perfect matchings.

Mathematics Subject Classifications: 13F60, 05C70.

1 Introduction

Cluster algebras are a broad class of commutative algebras introduced by Fomin and
Zelevinsky in [6] as a combinatorial framework for the study of total positivity and canon-
ical bases. They are recursively defined from an initial set of data by a combinatorial
process called mutation. In [5], Fomin, Shapiro, and Thurston introduced and studied a
class of cluster algebras whose combinatorics are governed by flips of tagged triangula-
tions in surfaces with marked points. In [10], Musiker, Schiffler and Williams gave cluster
expansion formulas for the cluster variables of these cluster algebras in terms of the per-
fect matchings of certain planar graphs called snake graphs. These graphs were studied
further in [2], where a remarkable connection to continued fractions was developed.

In this note, we use a classical idea of matching theory to give a reformulation of
Musiker’s, Schiffler’s, and Williams’ cluster expansion formula into a determinantal for-
mula for the cluster variables associated to plain arcs (Theorem 30). This gives a simple
way to avoid the enumeration of the perfect matchings of the corresponding snake graph.
The formula works by using an algebraic device to count all of the perfect matchings
of a graph. The formulas for cluster variables associated to singly and doubly notched
arcs given in [10] are expressed in terms of more restrictive matchings, and they were
simplified by Wilson in [13], were they are instead obtained in terms of good matchings
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Figure 1: Example in type A. To the right, a principal weighting of G, with the minimal
matching M_ depicted in blue.

of loop graphs. A related construction was used before in [11] to build an explicit linear
basis for a cluster algebra coming from an unpunctured surface via band graphs. As an
illustration, we provide a similar determinantal formula to compute the Laurent polyno-
mials associated to band graphs, up to a pair of auxiliary variables (Theorem 41). Our
main result is the following:

Theorem 1. Let A(X,M) be a surface cluster algebra with principal coefficients at the
initial seed (Ty,Xo,¥0), where Ty is an ideal triangulation of 3. For every plain (general-
ized) arc y ¢ Ty, let G, be its associated snake graph. Let B(w,) be a principal biadjacency
matriz of G, and cross(7y, Ty) the crossing monomial of v with respect to Ty. Then

det B(w,)
cross(y, Tp)

The definition of a principal biadjacency matrix of G, will be given in section 4. In
a word, it is a matrix obtained from a weighted adjacency matrix of an orientation of
the snake graph G, that is associated to an arc v of the bordered surface (X,M). The
choice of weights allow to compute the cluster expansion of z., from the matchings of G,
without having to compute the heights monomials that give the correct coefficients as
in [10], while the orientation allows to compute the matchings algebraically by using a
determinant. The main advantage of our formula is conceptual, as it expresses a cluster
variable as a determinant of a matrix obtained from the base combinatorial object of the
snake graph. Moreover, proposition 31 gives a way to express all cluster variables of a
type A cluster algebra as minors of a square matrix, in a manner reminiscent but distinct
to the usual Plucker coordiantes.

Example 2. Consider the cluster algebra with principal coefficients determined by the
triangulated polygon of figure 1. The cluster variable associated to the red arc v may be
computed by using the perfect matchings of the snake graph G, to the right. A principal
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biadjacency matrix of G, is

1 0 0 0
—X2Ys3 T3 0 \/ZZ 0

B = 0 —Z4Ye6 Ts 0 0 s
O 7 7S VATT R 0
—1 0 0 —TyN/Ys T3

and det(B) = z3w5T6Y2 + ToTiYaysYale + ToTaTsYaysys + TalYolYale + Tsyals + TaTsTe +
T3T4YsYe + T3T5Y4. In this polynomial, every term corresponds to a matching M of the
graph G, and it is given by the product of the weights of each edge in M. Furthermore,
the coefficients in the y-variables indicate the tiles enclosed by the symmetric difference
(MUM_)\ (MnNM_), where M_ is the matching depicted in blue.

There is a multitude of methods for computing cluster expansions for surface type
cluster variables using combinatorial information. In type A, several strategies are de-
scribed in A. Claussen’s thesis [4] and the references within. In [12], Pilaud, Reading and
Schroll gave a general framework to compute cluster expansions in surface type by using
the order ideals of certain posets that encode the crossing pattern of an arc with respect
to an ideal triangulation. These posets are now usually called fence posets, as well as loop
fence posets, and they are closely related to Wilson’s loop graphs. In [8], Kantarci Oguz
and Yildirim gave a particularly efficient method of computation via oriented posets, using
products of 2 X 2 matrices; we remark that since the biadjacency matrices of snake graphs
are sparse and may be chosen to be 4-diagonal, the number of multiplications needed to
compute our formula is also of linear order. It is often the case that cluster variables
are given by minors or determinants of particular matrices, as in the case of the type A
cluster algebra. However, our reformulation of the expansion formula in [10] appears to
be new.

The paper is organized as follows. In section 2, we recollect some basic notions on
cluster algebras from surfaces. In section 3, we recall the well known machinery that allows
for the automatic enumeration of matchings of planar graphs, following [9]. In section 4
we recall the construction of snake graphs due to Musiker, Schiffler and Williams given in
[10], and we introduce the notion of a principal weighting and of the principal biadjacency
matrices of snake graphs and then apply it to give theorem 1. Finally, in section 5 we
extend this approach to give a similar formula for band graphs.

2 Cluster algebras from surfaces

We begin by briefly recalling the definition of surface cluster algebras following [5]. Let
Y be a Riemann surface with boundary 0%, and let M C ¥ be a non-empty finite set of
marked points such that M N C' # () for each connected component C' of 9X. The pair
(3,M) is a bordered surface, the marked points are called 0% ideal points, and those in
the interior of ¥ punctures. A boundary arc of ¥ is a curve with endpoints in M that
is contained in 03. A generalized arc in ¥ is a curve v with endpoints in M such that
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its relative interior is disjoint from M and it is not homotopic to a boundary arc or to
a point, while an arc is a generalized arc with no self-intersections. All such curves are
considered up to isotopy. We call an arc with an endpoint at a puncture a radius. Finally,
a kink in a generalized arc < is any segment of v from one of its interior point to itself.
Note that kinks of v cannot be resolved with an isotopy.

Two arcs are said to be compatible if they do not intersect in their relative interiors,
up to homotopy. A maximal collection T of distinct pairwise compatible arcs in 3 along
with all the boundary arcs of 3 is an ideal triangulation of (X, M). All ideal triangulations
of (X, M) have 6g + 3b+ 3p + ¢ — 6 arcs. It may happen that not all triangles of an ideal
triangulation 7" have three sides: when a loop [ encircles a puncture p, there is exactly
one arc r joining the base of [ to p that is compatible with /. The shape formed by [ and
r is called a self-folded triangle, where r is the self-folded side.

Pick an initial ideal triangulation Ty with arcs 7,...,7,. For each triangle A in Tj,
let B® = (b%)lgign,lgjgn, where

1 if ¢; follows ¢; in clockwise order,
bfj = ¢ —1 if ¢; follows ¢; in counterclockwise order,

0 otherwise.

The signed adjacency matriz B = B(Ty) is given by B = >~ , B®, where the sum is taken
over all triangles of T that are not self-folded.

Consider the tropical semifield P := Trop(y,...,y,) defined as the multiplicative
abelian group freely generated by v, ..., y, with the auziliary sum

Hyf D Hyf = Hy;ni“(%bi)
=1 =1 i=1

Take a tuple of xg = (z1,...,x,) of algebraically independent generators of the field
of rational functions QP(uy, ..., u,). Such a tuple is called a cluster. Let yo € P". The
triple (xo,y,, B) is called the initial seed. For each k € {1,...,n} define the mutation in
direction k pg(xo,¥q, Bo) := (X', y’, B") by the following rule:

e The matrix B’ = (b};) is defined by

o by if ke {i,j},
i — bi 1 |bri bk |br 4 .
J bij + i b g b1kl | L wklbesl  otherwise .

/
n

e The cluster x’ = (x7,...,2}) is given by x} = x; if i # k, and

dom o (e T T o™

By ;>0 By.;<0
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e The coefficient tuple y’ is given by

=AY ' i=k,
’ yjy/r: ax(o’bkj)(yk @ 1)7% otherwise.

The matrix B’ = pu,(B(Tp)) is in fact the adjacency matrix of the triangulation ob-
tained by flipping the edge 75, and the set pg(xo) is again a cluster. Let X be the set
of cluster variables: this is, all variables contained in all possible clusters obtained by se-
quences of mutations starting from the initial seed xy. The cluster algebra with principal
coefficients associated to the surface with marked points (3, M) is the algebra A := QP[X].
It is independent of the chosen triangulation Tp, so it really is associated to the surface
(3,M). The cluster algebra A has principal coefficients (at ty) when yo = (y1,...,Yn),
and this is denoted by A4(7p). There is a bijection between the cluster variables of A4 (7))
and the tagged arcs of ¥. With this in mind, we will also write y,, for y;. A tagged arc is
obtained by drawing a notch at one or both ends of a regular or plain arc, up to certain
restrictions, and a tagged triangulation is a maximal collection of tagged arcs subject to
additional compatibility conditions.

As a consequence of the Laurent Phenomenon, for each arc of v we may write the
cluster variable z, as a Laurent polynomial in the cluster variables x, ..., x, that corre-
spond to the diagonals of Tj. We call such an expression the cluster expansion of x., with
respect to Tj.

The tagging of arcs, introduced and developed in [5], allows to fully model the mutation
of all cluster variables associated with any initial tagged triangulation, as the self-folded
side of a self-folded triangle cannot be flipped in the usual way. For simplicity, we have
defined the cluster algebra A4, (7p) for an initial seed given by an ideal triangulation, but it
can be done as well using a tagged triangulation. However, for the purpose of computing
cluster expansions, it is enough to consider seeds given by ideal triangulations, as per
Proposition 3.16 of [10].

3 Perfect matchings

In this section, we recall preliminary notions on perfect matchings of general planar graphs.
In subsequent sections, we will use these results to provide our determinantal formula.
The material of this section is well known and we mainly follow [9], though definition 3
and thus lemma 9 is given in slightly more generality here. We will consider only finite
and loopless graphs. Let G be a graph with vertex set V' = {vy,...,v,} and edge set
E. Denote by E(i,j) the set of edges between v; and v;. Write s(G) for the underlying
simple graph of G, and m(i,j) = |E(i, j)|. Of course, if G is simple then s(G) = G and
m(i,j) € {0,1} for all 1 < 4,5 < n. If G is an orientation of G, then E(i,j) will also
denote the set of arrows with tail v; and head v;.

A perfect matching of G is a subset M C FE such that each v € V is an endpoint of
exactly one member of M. Thus, |M| = |V]|/2, so a graph that admits a perfect matching
has an even number of vertices. Graphs with an even number of vertices will be simply
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be called even graphs. Denote by Match(G) the set of perfect matchings of GG, and let
®(G) = |Match(G)|. We will use a simple but useful device to keep track of all perfect
matchings of G, the so-called method of variables, as in [9].

Definition 3. (Weighted adjacency matrix) Let G be a graph with vertex set V =
{vi,...,v,}. For each edge e of s(G), consider the formal variable z., and let a;; =
m(i,7)z.. The matrix Ag(z) := (a;;) is called the weighted adjacency matriz of G.

Furthermore, if 8 is an orientation of G with no oriented 2-cycles, write

a; ;= €(i,j)m(i,j)z., where €(i,j):=< —1 E(j,i)#0,
0 otherwise .

Az (2) := (aj;) is the weighted skew-symmetric adjacency matriz of a.

Remark 4. The matrices of definition 3 are defined up to a relabeling of the vertex set of
G, and thus a simultaneous permutation of rows and columns. We choose the notation
Ag(z) with the symbol z so as to underline the fact that the adjacency matrix is weighted.
By setting z. = 1, we recover the usual adjacency matrices of G and G, so we denote
them by Ag(1) and Az(1), respectively.

Definition 5. Let G be a graph and E’ be the edge set of s(G). The matching generating
function of G is the polynomial ¢g € Z[z. | e € E’'| given by

(bG = Z Zep Tt Rey, -

{e1,...,ex FEMatch(G)

Definition 6. Let C' = (¢; ;) be a skew-symmetric matrix of size 2n > 2 over a commu-
tative unit ring A. For each partition into two element sets P = {{i1, j1},..., {in,jn}} of
the set {1,2,...,2n — 1,2n}, define

(1 2 ... 2n—1 2n
Op = . .

. . Cp ‘= 8gniop)Ci; i, - C;_ 4
i .- in ]n) ) g ( ) 11,]1 TnsJn )

where sgn(op) denotes the sign of the permutation o. The pfaffian of C is pff(C) :=
2.pcp-

Remark 7. The term cp is independent of the order of labeling of each part in P. Indeed,
switching the roles of i, and j, changes the sign of op by —1, but ¢;, ;, = —¢;, j.. Thus,
cp depends only on the partition P. Note that a partition of 1,...,2n into two element
subsets corresponds to a perfect matching of Ks,,, the complete graph in 2n vertices, and
that cp # 0 if and only if such a potential matching corresponds to an actual matching
of G.

The pfaffian and determinant of a skew-symmetric matrix are closely related. The
following lemma is due to Cayley [3]. A proof can be found in [1], where it appears as
Theorem 5.6.

THE ELECTRONIC JOURNAL OF COMBINATORICS 33(3) (2026), #P3.35 6



5 6 3 6

Figure 2: To the left, an example of an orientation that is not pfaffian. It can be made
into a pfaffian orientation, pictured on the right, by reversing the orientation of the edge
joining vertices 1 and 4.

Lemma 8. If B is a skew-symmetric matriz of even size, det B = pff(B)?.

The next well known lemma gives a way to keep track of the perfect matchings of a
graph G.

Lemma 9. Let G be an even graph, and let 8 be an arbitrary orientation of G. The sum
of the absolute value of the coefficients of pff(Az(2)) is ®(G).

Proof. Take the vertex set V of G to be {1,...,n}, and consider the simple graph s(G)
with edge set E'. Let k = n/2. Each partition P = {{i;, i} | 1 <1 < k} as in definition
6 corresponds to a possible set of independent edges in the simple graph s(G). For
C = Az(z), the associated term cp is

0 if {is,js} ¢ E' for some 1 < s < k,
Cp = .. . .
Hle €(i1, ji)m(iy, J1)2g, 5,3 otherwise.

Thus, cp # 0 if and only if P corresponds to a perfect matching M in s(G), as P is a
partition. Note that the coefficient Hle m(iy, ji) is the number of ways of getting the
matching M in s(G) from a matching in G. Since different matchings of s(G) differ by at
least one edge, terms corresponding to distinct matchings cannot cancel each other. This
completes the proof. O

As observed by Tutte in [14], the previous argument and Lemma 8 imply that a
graph GG admits a perfect matching if and only if there is some orientation 8 for which
det(Az(z)) # 0. Call the polynomial pff(Az(z)) the pfaffian of 8, and denote it by

pff(G). Note that this polynomial is defined only up to a sign that depends on the
chosen labeling of the vertices of G.

Corollary 10. Let & be an oriented graph. Then |pff(Az(1))] < ®(G).

An orientation 8 of G for which the equality is attained in the previous corollary is a
pfaffian orientation. Likewise, a graph is pfaffian if it admits a pfaffian orientation. For

such an orientation, the pfaffian of G is a polynomial whose coefficients all have the same
sign. Indeed, in such a case pff(G') = £¢g. We cite the following useful characterization
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of pfaffian orientations. Call a cycle C' of a graph G nice if G — V(C') admits a perfect
matching. An oriented even cycle is oddly oriented if it has an odd number of arrows that
agree with any of its two opposite cyclic orientations.

Theorem 11. ([9], Theorem 8.53.2) Let G be an even graph and 8 an orientation of G.
Then G s pfaffian if and only if each even nice cycle of G is oddly oriented.

Example 12. Consider the graph G on figure 2, with orientations 81 to the left and 82 to
the right. The 4-cycles on {1,2,3,4} and,{3,4, 5,6} are nice, while the 3-cycles on {1,4, 5}
and {2,3,6} are not. Observe that the cycle on {1,2,3,4} is not oddly oriented. In 81,
the partition P = {{1,2}, {3,4}, {5,6}} has sign —1, while P' = {{1,5},{3,4},{5,6}} has

sign 1, so G is not Pfaffian. In the orientation on the right, all partitions corresponding
to matchings have sign 1 because all nice cycles are oddly oriented.

Furthermore, the following theorem is classic. A proof can be found in [9], theorem
8.3.4.

Theorem 13. (Kasteleyn) Every even planar graph is pfaffian.

Let G be bipartite with bipartition V' = U U W such that |U| = |W] (if @ has a

perfect matching, this is the case). The weighted skew symmetric adjacency matrix of
takes the form

Ag(2) = (_ B§<Z>T B%<z)) , (3.1)

for any labeling V' = {uy, ..., ug, w1, ..., w;} such that v; € U and w; € W for 1 < i <k,

1<y<l. Bg (x) is called the weighted biadjacency matriz of 8 The following lemma is
given as an exercise in [7] (though there seems to be a sign missing therein). We include
a proof.

Lemma 14. Let B be a square matriz of size n. If

0 B
A= (_BT O) )
then ptf(A) = (=1)"=1/2 det B.

Proof. Let V. ={1,...,2n}, U ={1,...,n} and W = {n+1,...,2n}. Fix some partition
P={{i1,j1},...,{in, jn}}. By remark 7, we can assume that j; = n+i for each 1 < i < n,

SO
1 2 3 4 .. 2n—1 2n
Op = . . .
iWwon+1 iua n+2 ... in 2n
Note that i1,...,7, < n <n+ 1= j;1, so the indices 7; amount to n — 1 inversions with

respect to j;. Similarly, n — 2 of the 4; give n — 2 inversions with j5, and so on. This gives
a total of n(n — 1)/2 inversions. Thus,

_ 1 2 ... n—1 n n+1 ... 2n—1 2n
— (_ n(n—1)/2
senfop) = (=1) el <i1 iy oo i1 dp mH1 . 2m—1 2n>'
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It follows that sgn(op) = (—1)""~Y/2sgn(o%), where

, (1 2 ... n—=1n
L U P A MR I

Thus, bp = (—1)""=V/2sgn(0)bi, i1 - - - by, 20 Summing over all P we obtain the result.
O]

4 Snake graphs and cluster expansion formula

A tile is a graph isomorphic to a square drawn in the plane. A snake graph G is a plane
graph obtained from a sequence of d tiles Gy,..., G4 such that each successive tile is
placed on top or to the right of the previous tile, as in figure 4. That is, for 1 <7 < d—1,
tiles GG; and G,;; share their right and left edge, respectively, or their top and bottom
edge, respectively. The edges of G that lie on its unbounded face are called boundary
edges, and the rest of the edges are internal. It is easily seen by induction that snake
graphs are bipartite and always admit perfect matchings, and that a snake graph with d
tiles has 2d + 2 vertices and 3d + 1 edges.

Snake graphs were used in [10] to provide manifestly positive expansions of the cluster
variables in cluster algebras from surfaces. We briefly recall their construction. Fix a bor-
dered surface (3, M) and an initial seed (x¢, Yo, B(70)), where T} is an ideal triangulation
and let A(7p) be the associated cluster algebra with principal coefficients at Tp. Let
be a generalized arc of 3 that does not belong to Ty. Orient y ¢ T} so that it crosses the
diagonals 7;,, ..., 7;, of Ty in order. Each 7;; is contained in exactly two triangles A; and
A’ Let G be the quadrilateral formed by the triangles A; and A’. Give each side s of
G, the weight w(s) = x, if it is the internal diagonal of Tj associated to zy, and give it
the weight w(s) = 1 if it is a boundary edge of Tj. The graph G, is the weighted snake
graph with tiles Gy, ..., G4 obtained by gluing G; and G, on the common side of A;
and A;;;. For complete details on how the tiles G; are glued to obtain G, see [10].

We now recall the definition of the specialized height monomial from [11].

Definition 15. Let Ty = {7y,...,7,} be an ideal triangulation of (X, M) and v ¢ Tj a
plain arc. By lemma 4.7 of [10], the symmetric difference M & M_ encloses a union of
tiles Uje;G,. The specialized height monomial of M is given by

y) =], .

jeJ

where y. = y, if 7 is not a radius, and y/. = y,./y;, when r is a radius inside a self folded
triangle enclosed by the loop I.

Example 16. Observe figure 1. There is a unique matching M of G, that uses all of its
vertical edges. The symmetric difference of M and M_ encloses tiles yo and y4, so the
specialized height monomial of M is yoy,.
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As discussed in the previous section, each tagged arc v in X corresponds to a cluster
variable z.,, and if v ¢ T}, then x, is not part of the initial cluster x¢, so one must perform
a series of mutations to find the expansion of x., with respect to xo. When + is a plain
arc, this can be avoided by virtue of the following.

Theorem 17. ([10], Theorem 4.9) Let (3, M) be a bordered surface and Ty be a trian-
gulation of ¥... Let v ¢ Ty be plain. Let v cross the diagonals 7, ..., 7, of Ty in order.
Then ]
= Myy(M
x'Y CI'OSS(’}/’T0> Z x( )y( )
MeMatch(G)

where x(M) is the product of all weights of the edges occurring in the matching M, y(M)
is the specialized height monomial of M, and cross(y,Ty) := Ty Tiy - - - T4y -

By theorem 5.3 of [11], the set of perfect matchings of G, is a distributive lattice
Match(G,). In this lattice, a matching M covers another matching M’ when M can be
obtained from M’ via a local moved called a face twist: that is, there is a tile G; of G, with
edges eq, e, €3, eq such that M © M' = {ey, ea,e3,e4} and M = (M’ \ {e1,e2}) U {es, eq}.
The perfect matching lattice of G, can be built up from sequences of face twists beginning
at the minimal matching M_. Thus, if the matching M is obtained by applying the
sequence of face twists at tiles G, ..., G, y(M) = Yrj, *** Yry, - There are exactly two
matchings of G, consisting of boundary edges, M_ and M, whose union is the boundary
cycle of G,. If tile G is drawn in the plane in such a way that its orientation agrees
with its orientation on X, M_ is the matching that includes the south edge of GG, and it
is called the minimal matching of G,. We will always assume that a snake graph coming
from an arc v ¢ T} is drawn in such a way (in other words, in the language of [10], the
tile G; has relative orientation 1).

Note that the height monomial y(M) is the product of the variables y; that correspond
to the diagonals of the tiles enclosed by M & M_ (with a slight correction needed for the
tiles corresponding to self-folded triangles). Observe that several tiles of G, may have the
same diagonal.

Remark 18. A subset I of a poset P is an order ideal if for every y € I, x <p y implies
x € I. It is well known that a finite distributive lattice L is isomorphic to the lattice of
order ideals of the poset Pj, of the join irreducible elements of L. In a finite distributive
lattice, an element is join irreducible if and only if it covers exactly one other element.
For a snake graph on d tiles, G, the poset Py of join irreducibles of Match(G) is always a
fence poset, meaning its Hasse diagram is an orientation of a path on d vertices (theorem
5.4 of [11]). The order ideal of Py that corresponds to a matching M is given by the set
of tiles enclosed by the cycles of M & M_.

We now describe an alternative weight scheme for the edges of G, that recovers the
specialized height monomial of each matching.

Definition 19. (Principal weighting) Let G, be the snake graph on n tiles associated to
the arc v ¢ Tp as in theorem 17, and let w be its corresponding weighting. Consider the
minimal matching M_. We define the weighting w of the edges of G, in three steps:
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Figure 3: To the left, a snake graph G with the pfaffian orientation P(G). To the right,
the inductive step in the proof of Proposition 23

1. Set wy(e) =1 for all edges of G.,.

2. For each 1 < i < n, pick a boundary edge of e of G; such that e ¢ M_ and set
wsy(€e) = y,,, if such an edge exists. If tile G; corresponds to the radius of a self-folded
triangle whose loop is [, we set wsy(€) = y,./y;.

3. If all boundary edges of G; are in M_, then the consecutive tiles G;_1, G;, G; 11 form
a straight snake subgraph of G,. Pick a boundary edge e of G;_; and a boundary
edge € of G, 1, respectively, and let d, d’ be the edges of GG; that are not in M_. Set
ws(x) = /y; for each x € {e, €', d,d'}.

Let w, be the weighting of G, obtained by combining these weights together: write
we(e) := w(e)w; (e)wq(e)ws(e) for each edge e. We call w, a principal weighting of G,.

Example 20. Let us look at figure 1 once more. Notice that the third tile has no
boundary edge e with e ¢ M_. Thus we must split the associated coefficient y, into the
neighboring tiles, replacing it with /y4.

Theorem 21. Let G, be the snake graph of the arc v ¢ Ty. For each M € Match(G,), let
wWe(M) :=T],cps wa(e). Then

T, = __ > we(M).

MeMatch(G)

Proof. By virtue of theorem 17, we just need to show that we(M) = x(M)y(M). By
definition, x(M) divides wq(M) and there is no power of x; that divides we(M)/z(M),
for any ¢. Thus, it is enough to show that each variable y; appears with equal multiplicity
in both we(M) and y(M). Now, y; appears once in y(M) for each tile G; with diagonal
7; that is enclosed by the edges M © M_. If there is a boundary edge e of G; in M, then
e ¢ M_, so M includes all boundary edges of G; (one if G is a corner tile, two otherwise),
and therefore y; | we(M). If there is no boundary edge of G; in M, then both are in
M_, and Gj; is in such a position as in the third tile of figure 1. Let e, e’ be the edges
in G; N M_, with e adjacent to ay,as and €' adjacent to a},a,. Since G; is enclosed by
M & M_, M must include one element e; of {a,as} and one element e; of {a},a)}. In all
cases, We(€1) = \/Y; = We(€2), 80 Y; | we(M). Reciprocally, any matching M that includes
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the edge a; must also include either a} or a), so M & M_ encloses G; and y; appears in

both y(M) and we(M). O

The main advantage of the previous theorem is that it allows one to ignore the lattice
structure of the corresponding snake graph. To wit, the height of each matching, with
respect to the minimal matching, is computed automatically from the weights. Thus we
have encoded both the information of the initial cluster variables appearing in a monomial
of x, as well as that of the its coefficients in the edges of the corresponding snake graph
without having to appeal to a further structure.

Now, by Theorem 13, snake graphs are pfaffian, and Theorem 11 immediately suggests
a pfaffian orientation:

Definition 22. Let G be a snake graph with tiles Gy, . .., G4. Define the orientation P(G)
as follows:

1. Orient the boundary edges of G cyclically and counterclockwise.

2. Orient every internal vertical edge from bottom to top, and every internal horizontal
edge from right to left.

3. Reverse the orientation of the left edge of G;.
The following is readily seen on account of Theorem 11, but we give a direct proof.
Theorem 23. For every snake graph G, P(G) is a pfaffian orientation.

Proof. We proceed by induction in d, the number of tiles. When d = 1, say G has vertices
uy, wq, Uz, we listed in cyclic order. The weighted biadjacency matrix of P(G) is

( Zuqwq Zuzwl)
_Zulwg Zugwg
so that pff(P(G)) = Zuyw, Zusws + Zupw: Zusws- Lake G with tiles Gy,...,Gg1, d > 1 and
give it the orientation P(G). Let G’ be the snake graph with tiles Go, ..., G411 obtained by
deleting the two leftmost vertices of G. Observe that the induced orientation on G is P(G'),
so by induction the coefficients of the pfaffian of G’ all have the same sign ¢ € {1, —1}.
By circling the boundary of G counterclockwise, we obtain a bipartition {uy,...,u,} U
{wy,...,w,} of its vertices. Relabel V' (G) so that G has vertices wy, 1, Uy, Wy, Up41 as in
figure 4, and write a; ; and a; ; for the entries of Ap(g)(2) and Ap(g)(2), respectively. Note
that Ap(g)(x) is obtained from Apg(z) by adding a row and a column corresponding to
vertices w11 and wy, .

Any perfect matching M of G either contains the edge u, 1w, 1 or the edges u,. 1w,
and u,w,,1. In the first case, M restricts to a perfect matching of G’, and its associated
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term in pff(P(G)) is

G — som 1 2 ... 2n—1 2n 2n+1 2n+2 w o A(—z )
M = S8 i .. i jn 2n 41 2n o) Givdre e Ginn Unt+1Wnt1
1 2 ... 2n—1 2n
= sgn il jl o Zn ]n @iy gy - - - ain:j7l(_zun+1wn+l)
= _Ezuilel e Zu’bnwjn Zu”+1wn+1

In the second case, M contains edges u, 1w, and u,w, 1. Such matchings are in bijective
correspondence to matchings M’ of G’ containing wu,w,. The associated term aj; in

pft(P(G)) is

som 1 2 ... 2n—1 2n 2n+1 2n+2 0 o s ,
i i 2 —1 2042 21 2n ) T T B B

The corresponding term ay; is

a—sn12"'2n_12na-~ o s
MZSERNG L 2n—1 2n) Mo e Funun -

Note ajs can be obtained from ay; by substituting 2y, w, With —2zuy,w, 1 Zu, 1w, for their
associated permutations have opposite signs. Thus,

Ay = —C€2u; wyy " R, Wi, Rn Wit Plnp1Wn 3
so every term of pff(P(G)) has coefficient —e. O

Remark 24. As in the previous proof, one can label the vertices cyclically by circling
the boundary of G in the clockwise direction, starting from the leftmost bottom vertex
v1. Call this the cyclical labeling of G. With this labeling, the perfect matching of P(G)
given by the boundary edges v1vq, v3vy, . .., Vo,_1v9, has positive sign in pff(G), as it is
associated to the identity permutation. Thus, every coefficient of pff(P(G)) is positive
with respect to this labeling.

Remark 25. The adjacency matrix of G with respect to the cyclic labeling is not of the form
3.1. To fix this, we relabel the vertices of G via the permutation o given by o(i) = (i+1)/2
for odd i and o(j) = i/2 + n for even j, which maps the odd numbered vertices in the
cyclic labeling of G onto the set {1,...,n}, and the even numbered vertices onto the set
{n+1,...,2n}. Moreover, sgn(c) = (—1)""Y/2 as can be seen by counting the negative
slope segments with endpoints in {(i,0(i)) € R* | i € {1,...,2n}}.

Definition 26. Let G be a snake graph. Let Bpg)(2) denote the weighted biadjacency
matrix of G obtained from the relabeling in remark 25. That is, when walking the bound-
ary cycle of G in the counterclockwise sense starting from the southwest vertex of the first
tile of G, we get the sequence of labels 1,n/2+1,2,n/242,...,n/2,n.
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Note that all non zero entries of Bpg)(2) below the have negative sign below the
diagonal, and positive sign above it. In view of lemma 14 and remarks 24 and 25, we have
the following:

Corollary 27. Let G be a snake graph. Then det Bpg)(z) = ¢g .

Remark 28. There is a shorter proof of proposition 23 that uses the lattice structure of
Match(G). To wit, let the matching M be covered by M’, and write oy, oy for their
associated permutations, with respect to some labeling of V(G). If M’ is obtained by
twisting the face f with the vertices u;, w;, ug, w;, then o’ = (i l)o, but since f is oddly
oriented by theorem 11, b; jb; x = —b;;b;x, so the terms corresponding to M and M’ have
the same sign in pff G. Thus, we may more generally take any pfaffian orientation of G
and label its vertices in such a way that for some given matching M (say, the minimal
matching M_), the permutation o), is the identity. Similarly, one can see inductively that
it is also possible to label the edges of G in such a way that if vertices ¢ and j" are adjacent,
then i — 5/ < 2, as all vertices have degree at most 4. Thus, one can take Bp(gy(2) to be
4-diagonal.
With remark 28 in mind, we give the following definition.

Definition 29. Let G, be the snake graph associated to the plain arc v ¢ Tj. Fix any
pfaffian orientation of G, and label its vertex set so that o) = Id. Let B(z) be the
corresponding weighted biadjacency matrix of G,. Denote by B(w,) the matrix obtained
by substituting the weight w,e(e) in each entry of B(z). We will say B(ws,) is a principal
biadjacency matrix of G,.

We can now compactly state our determinantal formula, which follows from corollary
27.

Theorem 30. Let A,(3, M) be a surface cluster algebra with principal coefficients at
the initial seed (Ty,Xo,y0), where Ty is an ideal triangulation of ¥. For every plain
(generalized) arc v ¢ To, let G, be its associated snake graph. Let B(w,) be a principal
biadjacency matriz of G,. Then

det B(ws,)
Ty = ———— .
7 cross(v, Tp)

A nice consequence of the previous formula is that, in the case of the cluster algebra
associated to a triangulated polygon I, it allows to compute all cluster variables from the
matrix associated to the longest arc of Y, in the following way.

Proposition 31. Let ¥ be a polygon with a fized triangulation Ty. Let v be the unique
arc of X that crosses all diagonals of Ty, and write Gy, ...,Gq for the tiles of G,. Let
B(w,)(Gy) be a principal biadjacency matriz of G. Let n be an arc of ¥ that crosses the
diagonals i, ..., 1y, of To. Then G, is isomorphic to the subgraph of G, on tiles iy, ..., 1.
Furthermore, write B" for the |V (G,)| x|V (G,)| submatriz of B(w.)(G,) indezed by V(G,).
If tile G; does not appear in G,, set y; =1 in B'. Then

det B’

n = cross(n, Ty)
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Proof. The tiles G1,...,G4 are quadrilaterals on ¥ that are numbered according to an
orientation of . Notice that, since ~ intersects all diagonals of T}, all arcs of > have end-
points at some G;. Orient 7 so that its source is a vertex of tile GG;, and its target a vertex
of tile G;,, with 43 < i9. The arc 7 intersects a subset of the diagonals of Tj in the same
order and with the same intersection pattern as . Moreover, the weights for the edges of
G, that involve the cluster variables x; are completely determined by 7. Thus, ignoring
y-variables, G, coincides with the weighted snake graph given by tiles Gy, , ..., G,, up to a
possible reflection when k; is even. The matrix B’ is a biadjacency matrix for G,, and the
restriction of the Pfaffian orientation P(G,) to G, is Pfaffian by theorem 11. Now, every
matching M of G, extends to a matching M’ of G,, and the specialized height monomial
y(M) if G, is obtained from any corresponding monomial y(M’) by setting the variables
not appearing in M to 1. The only case in which an irrelevant y-variable may occur in
M is when there is some three-tile straight snake subgraph G’ of G, such that its middle
tile has no edges of M_ on its boundary and G, does not contain the middle tile of G'. In
that case, the corresponding weight ,/y; has been set it to 1 in 5. O]

Observe again figure 1. The weighted snake subgraph given by the two rightmost tiles
correctly calculates the cluster variable given by the arc 7 joining the vertex 73 N 74
and 77 N 7g, even if the induced weighting of its edges is not a principal weighting, as per
definition 19. Notice, however, that this is not the case for the cluster variable associated
to the flip of 74, since we need first to set \/ys = 1.

Remark 32. One can read the monomial cross(n) only by looking at the highest degree
monomial in the y; that occurs as a coeflicient in one of the terms of det(B(w,)(G,)).
Thus, when ¥ is an n-gon, one can compute all cluster variables of A4(7}) only by taking
certain minors of a fixed square matrix of size n — 1.

We finish this section with the following example involving a self-folded triangle.

Example 33. Consider figure 4. The snake graph associated to v is depicted to the right,
computed from left to right according to the rules in section 4.1 of [10]. When crossing a
self folded triangle, one must attach a triple tile that is always a zig-zag snake graph on
three tiles. Note that any As per definition 15, the unique boundary edge e of the fourth
tile receives the weight wo(e) = y4/ys, so that we(e) = x3y4/ys. The principal biadjacency
matrix B(w,) obtained from the labeling in remark 25 is

1 0 0 0 0 0
—T1 ) 0 0 0 Ty 0

0 —Y3Ty Tq T4 0 T4 0

B(w,) = 0 0 —ysxrs 1 T 0 0
0 0 0 —Us I3 0 0

0 0 0 0 —g—il’g T3 0

-1 0 0 0 0 —UY2T3 To
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Ys

T3Y1/ Y3 s
‘ T3 vy | Y305
\\ y T2 |Y2T3

1 YTy

T X2

Figure 4: A triangulation of the punctured disc with a self-folded triangle. To the right,
the snake graph G associated to the red arc ~, labeled with a principal weighting ws,.
Unlabeled edges have weight 1.

Computing det(B(w.,)), we see

1

2 2 2
Ty = —($1$3I4$5yly2y3y4y5 + ToX3T4X5Y3YaYs + T3TaT5Y1Y3YaYs5+
2
X1X2T353T4X5

2 2 2 2
THX3T4T5Y3 + ToX3TaT5Y1Ys + ToT3T4T5YaYs + T2X3T4T5Y1YaYs5+

3 2 2.2 2
ToT3T4Y5 + ToT3T4Y1Ys5 + T3T3T4 + ToXZT4Y1) -

5 Band graphs

In this section we give a slight modification of principal weightings to express more gen-
eral Laurent polynomials obtained from band graphs, introduced in [11]. We recall their
definition.

Let G be a snake graph with tiles Gy, ..., G4. Let us write N(G;),W(G;), E(G;) and
S(G;) for the north, west, east and south edge of G;, respectively. We write SW(G;) :=
{S(G;), N(G;)} and NE(G;) = {N(G,), E(G;)}. A sign function on G is an assignment
of signs —, + to its edges in such a way that, at each tile G;, both elements of SW(G;)
share the sign €, while the elements of NFE(G;) both have sign —e. Note that there are
exactly two sign functions on any snake graph determined by the two possible choices of
signs for the tile G;.

Definition 34. (Band graph) Let G be a snake graph with tiles Gy,...,G4. Let f be
a sign function on G. Let ¢ € SW(G;) and ¢ € NE(G,) such that f(c) = f(). If, as
segments drawn in the plane, ¢ and ¢’ are parallel, we identify them with a twist: this is,
we orient them in opposite directions and identify them accordingly. Otherwise, ¢ and ¢
are orthogonal: If ¢ is the west edge of G and ¢ is the north edge of G4, and we identify
them by x ~ 2’ and y ~ 1/, where z is the north vertex of ¢, 2’ the west vertex of ¢, and
y, y' the other vertices of ¢ and ¢, respectively. On the other hand, if ¢ is horizontal and
¢ vertical, we let x be the east vertex of ¢ and 2’ the south vertex of ¢’. The resulting
graph G° is called a band graph, and the edge ¢ ~ ¢ is called the cut edge.
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Observe that when ¢ and ¢ are parallel, the band graph G° sits inside a Mobius band,
whereas when ¢ and ¢ are orthogonal, G° sits inside an annulus. If ¢ = {x,y} and
¢ ={2',y'}, are identified by x ~ 2’ and y ~ ¢/, a twist can be seen if, by drawing a pair
of arcs in the outside face of the snake graph G, one connecting x and 2’ and the other
y ~ ', the connecting arcs intersect. The identification described above can be found
in a more detailed form in [11], were a weighted band graph is associated to each closed
loop ¢ of a bordered surface with no punctures, in an analogous way as a snake graph is
associated to a generalized arc. Let us denote such a band graph by G¢.

Definition 35. Let G° be a band graph. A good matching of G° is a perfect matching of
G° that can be extended to a perfect matching of G.

By definition, the set of good matchings of G° can be identified with a subset of
the matchings of its underlying snake graph. Furthermore, as it is the case with the
perfect matchings of snake graphs, the set of good matchings of G° has the structure of a
distributive lattice, as proved in [11]. We denote this lattice by GMatch(G®).

Remark 36. Let ¢ = {x,y} and ¢ = {2/, 3/} be a cut edge of G*. As explained in [11], a
good matching M of G° matches both x and y to vertices on the same side of the cut. In
other words, either ¢, ¢ € M or x and y are both matched to vertices in the same tile of G.
Let G, G, and G, denote the induced subgraphs of G on V(G) \ {z,y}, V(G) \ {«, ¢}
and , respectively. For a band graph G° with cut edge ¢ ~ ¢, notice that good matchings
are obtained from extensions of the perfect matchings of G., G (these extensions coincide
exactly when they can be restricted to matchings of G. ). Thus, the band graph G° has
exactly [V (G.)|+ |V(Go)| — |V (Gee)| good matchings.

Remark 37. For a band graph G°, one can obtain the poset Pgo of its join irreducible good
matchings by adding a single extra cover relation to the poset Py of the join irreducible
perfect matchings of G, according to the following rule ([11], definition 5.6): if the cut
edge of tile G; is horizontal, then we add the relation 1 > d. Otherwise, we add d < 1
(here we are under the convention that G, is drawn with relative orientation 1).

Definition 38. ([11], Definition 3.14) Let (X, M) be a marked and unpunctured surface.
Let ¢ be a non contractible closed loop with no contractible kinks. Suppose that, when
looping around 7 once, the arcs of Tj that are crossed are 7;,,...,7;,. Define

ro=—— S a(M)y(M)

Cross (<7 TO) MEGMatCh(gg)

where (M) is the product of the weights of the edges in M, y(M’) is the specialized height
monomial of the matching M’ of G that extends M, and cross(vy, Ty) = x4y iy - - - T4y

We now give a slight modification of principal weightings that will be useful for band
graphs.

Definition 39. Let Gy be the weighted band graph on tiles G, ..., G4 obtained from
the closed loop ¢, and write G for its underlying snake graph. Let w.(G) be a principal
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weighting of G. Write Pgo for the poset from remark 37. Let ¢; and ¢y be the edges of G
that are glued in G¢. Pick edges m;, m;, in G; such that m; is in the minimal matching M_
of G and m] is not, for i = 1,d. We choose m/, m/, in such a way that y; divides w,(m})
and y, divides we(m};). Consider a formal variable € with e = 0. We define the modified
principal weighting wg(G) as follows: if 1 >p_, d, set wg(m}) = eyqws(m}), and wg(mq) =
cwq(myg). Similarly, if 1 <p_, d, set wg(mi) = cws(my) and wy(m);) = eyrwa(m}). In
both cases, set wg(e) = w,(e) for all other edges of G.

In analogy with definition 29, we consider the weighted biadjacency matrices obtained
from modified principal weightings, as follows.

Definition 40. Let G° denote a band graph obtained from the snake graph G. Fix any
pfaffian orientation of G and label its vertex set so that oy, = Id. Let B(z) be the
corresponding weighted biadjacency matrix of G. Let B(wg) be the matrix obtained by
substituting the modified principal weighting wg(e) in each entry of B(z), We call B(wj)
a principal biadjacency matrix of G°.

Theorem 41. Let (X, M) be an unpunctured bordered surface, and let G5 be the weighted
band graph G = G, associated to the closed loop (. Write w(c) for the weight of the cut
edge ¢ ~ . Let B’ be the square submatriz of B(wg) obtained from deleting the rows and

columns corresponding to edges ¢ and ¢'. Let ¢ = det(B(wg)) — (w(c)* — w(c)) det(B’).
Write qbgood(gg) for the expression obtained from ¢ after the substitution ¢ = 1. Then

T — (bgood(gg)
T cross(¢, Ty)

Proof. Since B(wg) is obtained from a pfaffian orientation of G, each term of the poly-

nomial det(B(wg)) corresponds to some matching of G. Write each such term as by =
[I.ca we(e). Note that by, = 0 if and only if € appears twice as a weight of an edge in
M. By remark 18, this happens if and only if by, corresponds to a matching M of G that
involves the edges m/ and my if 1 >p,. d, or the edges m; and ml, if 1 <pgo d. Let M be
such a matching, and observe that it is not a good matching: by definition of m;, m} and
ma, m,;, M corresponds to a subset of {1,...,d} that either contains 1 but not d when
1 >pg d, or it contains d but not 1 when 1 < Pgo d. Thus, it is not an order ideal of
Pgo. By remark 18, the good matchings of G° correspond to the order ideals of Pg.. This
implies that the non zero terms of det(B(wg)) are in bijection with good matchings. The
weights of a good matching not containing ¢ or ¢ are computed by w.. However, in the
expression det(B(wy)), the weight of ¢ appears with multiplicity 2 in each good matching
that contains the cut edge, so we correct this by using the matrix B’ whose determinant
enumerates the matchings of M that include both ¢ and ¢'. O]

Remark 42. Observe that by remark 36, we can avoid the use of the variable ¢ altogether
and compute ¢4 = det By + det By — (w(c)? — w(c)) det B3, where By, By and Bj are
the submatrices of B(wg) corresponding to G., G- and G, », respectively.

THE ELECTRONIC JOURNAL OF COMBINATORICS 33(3) (2026), #P3.35 18



Acknowledgments

The author received support from Daniel Labardini Fragoso’s grant UNAM-PAPIIT-
IN109824, and Secretaria de Ciencias, Humanidades, Tecnologia e Innovacién grant CVU
1230679. This work was presented at the first meeting of the project “Cluster algebras
and related topics” financed by bando Galileo 2024- G24-215 and held at the department
S.B.A.I. of Sapienza Universita di Roma in June 2024. The author thanks the partici-
pants, in particular Giovanni Cerulli Irelli, Pierre-Guy Plamondon and Ralf Schiffler for
valuable comments. The author thanks Daniel Labardini-Fragoso for his kind support
and encouragement. The author is grateful to Giovanni Cerulli Irelli and Salvatore Stella
for their hospitality, to Jon Wilson for his kind comments on a previous draft, and to the
anonymous referees for their kind and useful suggestions.

References

[1] M. Aigner, A Course in Enumeration. Graduate Texts in Mathematics, vol. 238,
Springer, Berlin, 2007.

2] I. Canakei and R. Schiffler. Snake graphs and continued fractions. European J. Com-
bin. 86 (2020), pp. 103081, 19. doi:10.1016/3.ejc.2020.103081.

[3] A. Cayley. Sur les déterminants gauches. Journal fiir die reine und angewandte Math-
ematik 38 (1849), pp. 93-96.

[4] A. Claussen. Expansion posets for polygon cluster algebras. PhD Thesis. 2020.
doi:10.25335/qdm3-£k69

[5] S. Fomin, M. Shapiro, D. Thurston. Cluster algebras and triangulated
surfaces. Part I. Cluster complexes. Acta Math. 201, pp. 83-146 (2008).
doi:10.1007/s11511-008-0030-7

[6] S. Fomin and A. Zelevinsky. Cluster algebras I: Foundations. J. Amer. Math. Soc.
15.2 (2002), pp. 497-529. doi:10.1090/50894-0347-01-00385-X

[7] C. D. Godsil, Algebraic Combinatorics, Chapman € Hall, New York, 1993.

8] E. Kantarci Oguz and E. Yidirim. Cluster expansions: T-walks, labeled
posets and matrix calculations. Journal of Algebra 669 (2025), pp. 183-219.
doi:10.1016/j.jalgebra.2025.01.024

[9] L. Lovéasz and M. D. Plummer, Matching Theory. North-Holland Mathematics Stud-
1es, vol. 121; Annals of Discrete Mathematics, vol. 29, North-Holland Publishing Co.,
Amsterdam, 1986.

[10] G. Musiker, R. Schiffler, and L. Williams. Positivity for cluster al-
gebras from surfaces,. Adv. Math. 227 (2011), no. 6, pp. 2241-2308.
doi:10.1016/j.aim.2011.04.018.

[11] Musiker, Schiffler R, Williams L. Bases for cluster algebras from surfaces. Compositio
Mathematica. 2013;149(2):217-263. doi:10.1112/S0010437X12000450

THE ELECTRONIC JOURNAL OF COMBINATORICS 33(3) (2026), #P3.35 19


https://doi.org/10.1016/j.ejc.2020.103081
https://doi.org/10.25335/qdm3-fk69
https://doi.org/10.1007/s11511-008-0030-7
https://doi.org/10.1090/S0894-0347-01-00385-X
https://doi.org/10.1016/j.jalgebra.2025.01.024
https://doi.org/10.1016/j.aim.2011.04.018
https://doi.org/10.1112/S0010437X12000450

[12] V. Pilaud, N. Reading and S. Schroll. Posets for F-polynomials in cluster algebras
from surfaces. arXiv:2311.06033, 2024.

[13] J. Wilson. Surface cluster algebra expansion formulae via loop graphs.
arXiv:2006.13218, 2020.

[14] W. T. Tutte. The factorization of linear graphs. J. London Math. Soc. 22(2):107-111,
(1947).

THE ELECTRONIC JOURNAL OF COMBINATORICS 33(3) (2026), #P3.35 20


https://arxiv.org/abs/2311.06033
https://arxiv.org/abs/2006.13218

	Introduction
	Cluster algebras from surfaces
	Perfect matchings
	Snake graphs and cluster expansion formula
	Band graphs

