Structured and Punctured Nullstellensatze

Erhard Aichinger® John R. Schmitt® Henry Zhan®

Submitted: Jan 16, 2026; Accepted: May 21, 2026; Published: Aug 7, 2026
(©) The authors. Released under the CC BY-ND license (International 4.0).

Abstract

A Nullstellensatz is a theorem providing information on polynomials that vanish
on a certain set: David Hilbert’s Nullstellensatz (1893) is a cornerstone of algebraic
geometry, and Noga Alon’s Combinatorial Nullstellensatz (1999) is a powerful tool
in the Polynomial Method, a technique used in combinatorics. Alon’s Theorem
excludes that a polynomial vanishing on a grid contains a monomial with certain
properties. This theorem has been generalized in several directions, two of which we
will consider in detail: Terence Tao and Van H. Vu (2006), Uwe Schauz (2008) and
Michat Lason (2010) exclude more monomials, and recently, Bogdan Nica (2023) im-
proved the result for grids with additional symmetries in their side edges. Simeon
Ball and Oriol Serra (2009) incorporated the multiplicity of zeros and gave Null-
stellensétze for punctured grids, which are sets of the form X \ Y with both XY
grids.

We generalize some of these results; in particular, we provide a common gener-
alization to the results of Schauz and Nica. To this end, we establish that during
multivariate polynomial division, certain monomials are unaffected. This also allows
us to generalize Pete L. Clark’s proof of Alon and Fiiredi’s theorem on the number
of nonvanishing points to punctured grids.

Mathematics Subject Classifications: 13B25, 11T06, 05D40

1 Introduction

For a field K, a natural number n > 1 and a subset S of K", we say that a polynomial
f € Klzy,...,x,] vanishes on S if f(a) = 0 for all @ € S. We will be particularly
interested in the case that S is a grid. Here we say that a subset S of K" is a grid over
K if there are finite subsets Si,...,.5, of K such that S = X?Zl S;; we do not assume
that S is nonempty, which can be useful when considering sets of the form 7'\ S where
both S and T are grids. For a polynomial f € Klzy,...,z,], we denote its total degree
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by deg(f) (with deg(0) = —o0). We write N for the set of positive natural numbers
and set Ny := NU {0} and n := {1,2,...,n}. The model of our results will be Alon’s
Combinatorial Nullstellensatz.

Theorem 1.1 (Alon’s Combinatorial Nullstellensatz [3, Theorem 1.2]). Let S = X, S;
be a grid over K, and let f € K[xy,...,x,] be such that f contains a monomial x7* - - - x2"
with o; < |S;| for all i € n. Then if

> = des(f) (L1)

there is s € S such that f(s) # 0.

The proof relies on the fact (see [3, Theorem 1.1]) that the set I(.S) of those polynomials
in K[zy, ..., z,] that vanish on S is the ideal of K[z1, ..., z,] generated by g1, . .., gn, where
9i = [lues, (xi —a), and on the fact that every f € I(S) can be written as " | h;g; with
deg(h;g;) < deg(f) for all i € n. For ensuring the existence of a point in a grid at which
f does not vanish, Alon’s Theorem requires that f contains a monomial of maximal total
degree such that the degree in each variable is smaller than the corresponding side length
of the grid. Several subsequent results relax the condition (1.1) on such a monomial, and
a simple condition was given in [14]: For o = (ay,..., ) and g = (f1,...,5.) € N§,
we write o C S if a; < f; forall t € n, and o C f if  C § and a # 5. The monomial
ot 29 is also written as . Clearly, a monomial  divides a monomial z” if and
only if « C . For a polynomial f = ZaeN{; cox®, we let Mon(f) := {z® | a € Njj, ¢, # 0}
be the set of monomials that appear in f, and Supp(f) = {a € Ny | ¢, # 0} be the set
of exponents of these monomials, called the support of f. Now [14, Theorem 2| tells that
Theorem 1.1 still holds if we replace (1.1) by the weaker condition

(v, ..., ) is maximal in Supp(f) with respect to C . (1.2)

Stated differently, (1.2) requires that Supp(f) does not contain a v € Ny with o C « and
a # . For fields of characteristic 0, this result had been contained in [19, Exercise 9.1.4].
This condition (1.2) can also be stated as

for every monomial &7 € Mon(f) \ {®}, there is i € n such that v; < «;. (1.3)

A stronger result is given in [17, Theorem 3.2(ii)]. This result says that Theorem 1.1 still
holds if we replace (1.1) by

for every monomial 7 € Mon(f) \ {z“},
there is ¢ € n such that v; # a; and v; < |S;|. (1.4)

Schauz’s result also applies to rings other than fields, but in the ring case needs additional
assumptions on the grid. In the present note, we restrict our attention to grids over fields.
In [6], Ball and Serra incorporate the multiplicity of zeros into Alon’s theorem, and they
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extend the result from grids to punctured grids; these are sets that can be written as
X\ Y with both X and Y grids. Kés and Rényai [13] generalized Alon’s theorem to grids
whose edges are multisets; such grids will be considered in Section 7.

Nica [15, Theorem 3.1] gives a different lever to achieve generalizations of Theorem 1.1
by taking into account the structure of the grid. For A € Ny, we call a univariate poly-
nomial f € Klz] of degree v € Ny A-lacunary if in f, the coefficients of all z* with
v — A < a < v vanish. Then [15] defines a finite set A C K to be A-null if the poly-
nomial [ . (2 — a) is A-lacunary. For example, over the complex numbers C, the set
{a € C| a™ =1} is (n — 1)-null because the polynomial 2" — 1 is (n — 1)-lacunary, every
finite subset of a field K is 0-null, and a finite subset S of K is 1-nullif } 7 _ca = 0. Nica’s
Theorem states:

Theorem 1.2 (Nica’s Combinatorial Nullstellensatz for Structured Grids, [15, Theo-
rem 3.1]). Let S = X, S; be a grid over the field K, and let X € Ny be such that each S;
is A-null. Let f € K[zy,...,2,) and let (aq,...,a,) € N§ with a; < |S;| for alli € n be

such that f contains the monomial x7" ---x%*. Then if

Zaz deg(f) — A (1.5)

there is s € S such that f(s) # 0.

We can therefore see that Alon’s theorem has already been extended along four lines
in the literature: In one line are the extensions of Ball and Serra [6] and Kés and Rényai
[13] including the multiplicities of zeros. Another line is the extension of the theorems
to sets that are not grids as in Ball and Serra’s extension to punctured grids. Nica’s
extension applies to structured grids, and Lasori’s, Tao and Vu’s and Schauz’s extensions
put different conditions on the set of monomials appearing in the polynomial. We will
call such extensions based on the set of monomials support-based.

In the present paper, we combine these threads and obtain generalizations of some of
these theorems. Essential in our proofs is an analysis of multivariate polynomial division;
here we borrow some terms from the theory of Grobner bases [8, 7, 1].

2 Results

Our first result incorporates Nica’s improvement of the Combinatorial Nullstellensatz
for structured grids ([15, Theorem 3.1]) into Schauz’s result [17, Theorem 3.2(ii)] and
surprisingly yields more than the union of the two statements. Nica also assumed that
all S; are A-null for the same \; we relax this condition. For a,b € Ny, the interval [a, ]
is defined by [a,b] := {x € Ny | a < < b}. For a > b, we then have [a,b] = &

Theorem 2.1 (Support-based Structured Nullstellensatz). Let n € N and let )\1, A €
Ny. For each v € n, let S; be a \j-null subset of the field K, and let S := X S Let
f €Kz, ...,z and let (o, ..., a,) € Ny with a; < |S;| for all i € n be such that f
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contains the monomial x7* - - - x&. Furthermore, we assume that for every monomial x”
in Mon(f) \ {x*}, there is i € n such that

i € [O,Cki — 1] U [Oéi + 1, |Sz| — 1] U [|SZ|,OQ + )\z] (21)
Then there is s € S such that f(s) # 0.
The proof is given in Section 5. We note that if we replace (2.1) by

Yi < [0,0zi — 1],
we obtain Lasoni’s result [14, Theorem 2|. If we replace (2.1) by
Vi € [O,(l/i — 1] U [OZZ‘ + 1, |Sl| — 1],

we obtain Schauz’s result [17, Theorem 3.2(ii)]. In fact, in the case \y = --- =\, = 0,
Theorem 2.1 specializes to this theorem. Another consequence of Theorem 2.1 is obtained
using the observation that

Hence replacing (2.1) by the stronger condition
Y € [0, Q; — 1] U [ai + 1, o; + )\l], (23)

we obtain a result that implies Nica’s Combinatorial Nullstellensatz [15, Theorem 3.1]
(Theorem 1.2). If we have |S;| — 1 > «a; + \; for at least one i € n, then for this i,
the inclusion in (2.2) is proper and Condition (2.1) is therefore strictly weaker than
Condition (2.3), and thus Theorem 2.1 provides a stronger result. Altogether, Theorem 2.1
subsumes the results of Lason, Schauz, and Nica. An extension to multisets is given in
Theorem 7.2.

Let us compare Theorem 2.1 to other Nullstellensatze by looking at an example:
Consider the 4-null sets S; = Sy = {2z € C | 2° =1}, let S := 51 X Sy, and let * := x?x3.
Each of the compared results yields a set of monomials M such that every polynomial that
is a sum of x3z35 and a linear combination of monomials in M has a point in S at which it
does not vanish. In Figure 1 (made with Mathematica [20]) we draw the representations
{(71,72) € N2 | 2]'z3*> € M} of these sets of monomials. For an in-depth comparison
of allowable monomials for various versions of the Nullstellensatz, we point the reader to
[16].

All of these results can be stated using a family (Fy)aeny of spoiling monomials. The
theorems can then be stated as follows: if there is an o € N such that a € Supp(f)
and F,, N Supp(f) = @ (in this case Supp(f) contains a but no monomials that could
spoil the role of «), then there is a point in the set S at which f does not vanish.
For Theorem 1.1, F,, = {y € Nj | 3" v > >, a;}. For obtaining Theorem 1.2,
Fo={veNy| > ,7%>A+> o} Theorem 2.1 can be expressed in this way by
setting

R, = (>< ({ai} U [max (|Si], s + A + 1), oo))) \ {a}.

€N
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Figure 1: 2223 + any linear combination of the dotted monomials does not vanish on

S ={(z1,22) € C* | 2} = a5 = 1}.
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Our next goal is to incorporate multiplicities. Let K be a field, let f € K[z, ..., x,],
let t € Ny, and let ¢ = (¢1,...,¢,) € K". We say that ¢ is a zero of multiplicity t or a
t-fold zero of f if the polynomial f. := f(ci+x1,...,cy+12y,) lies in the ideal (zy, ..., x,)",
which holds if and only if f. contains no monomials of total degree less than ¢. We note
that every ¢ € K" is a 0-fold zero of f, and that ¢ is a 1-fold zero of f if and only if
f(e) = 0. Furthermore, in our definition, a t-fold zero is a #'-fold zero for all ¢’ < ¢.

Theorem 2.2 (Support-based Structured Nullstellensatz with multiplicities). Let n,t €
N and let X € Njj. For each i € n, let S; be a \;-null subset of the field K, and let
S = X?Zl S;. Let f € Klzy,...,x,] and let (ay, ..., a,) € Ny be such that

forall BENG Y Bi=t=>(Fi€n: o< pBiS) (2.4)

i=1
and f contains the monomial x{* ---x%™. Furthermore, we assume that for every mono-
mial 7 in Mon(f) \ {x*}, there is i € n with v; # «; such that
v €10, — 1] U [a; + 1,0 + Ni] or

VBEeNy: (O Bi=tand B >0)= (3j€n:y < BlS)). (25)

Then there is s € S such that s is not a t-fold zero of f.

The proof is given in Section 6. Setting t = 1, we obtain Theorem 2.1 since s is a
1-fold zero of f if and only if f(s) = 0. As a corollary, we obtain a common generalization
of [15, Theorem 3.1] and [6, Corollary 3.2].

Corollary 2.3 (Structured Nullstellensatz with multiplicities). Let n € N and let A € Ny.
For each i € n, let S; be a A-null subset of the field K, and let S = )(?:1 S;. Let
feKxy,...,z,) and let (o, ..., a,) € Ny be such that

for all € Ny : Zﬁi =t= (FJien: o <Bl|Si),
i=1

f contains the monomial x7* - - x%", and

n ’

Z a; = deg(f) — A (2.6)

Then there is s € S such that s is not a t-fold zero of f.
Next, we consider generalizations from grids to punctured grids.

Theorem 2.4 (Support-based Structured Nullstellensatz for punctured grids). Let X =
X:.L:l X, Y = X?Zl Y; be grids over the field K with Y; C X; for alli € n, let P := X\ Y,
and let A\i,..., N\, € Ng. We assume that for each i € n, both X; and Y; are \j-null. Let
feKxy,...,z,) and let (o, ..., a,) € Supp(f) be such that
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(1) for alli € n, a; < |Xi],
(2) there exists i € n such that oy < |X;| — |Yi,

(3) for all 7 € Mon(f)\ {x*}, there exists i € n such that at least one of the following
three conditions holds:

(a) Y € [0,0éi — 1] U [Oli+1,()éi+)\i],

(b) vi € [a; +1,[ X3 — 1] and | X;| = |Yi,

(¢) vi € [ +1,|X;| — 1] and there is j € n with v; < |X;| — |Y;].
Then there is z € P with f(z) # 0.

The proof is given in Section 8. We note that if there is a £ € n with Y, = &, then
this result specializes to Theorem 2.1. As a consequence, we obtain:

Corollary 2.5 (Structured Nullstellensatz for punctured grids). Let X = X_ X;,Y =
X?ZlYi be grids over the field K with Y; C X; for alli € n, let P := X \'Y, and let
A € Ng. We assume that for each i € n, both X; and Y; are A\-null. Let f € K[zy, ..., x,]
and let (o, ..., a,) € Supp(f) be such that

(1) for allie€n, oy <|X;l,
(2) there exists i € n such that a; < |X;| — Y],
(3) Sor i a; = deg(f) — .

Then there is z € P with f(z) # 0.

The investigation of punctured grids also yields the following extension of Alon and
Fiiredi’s Theorem [4, Theorem 5] on the number of points on which a polynomial does
not vanish. The recent book manuscript by Clark [10] contains other extensions and was
the basis for ours. For f € K[zy,...,x,], we write V(f) for the set {a € K" | f(a) = 0}

of zeros of f.

Theorem 2.6 (Counting of nonvanishing points for punctured grids). Let X = X?Zl X;
and Y = X?Zl Y; be grids over the field K with Y; C X; for alli € n, let P:= X \Y, and
let f € Klzy,...,x,)\{0}. Fori€n, let a; :=|X;| and b; :=|Y].

(1) Let
A:={(y1,...,yn) € N"|

Vien:1<yi<a AJien:y>b A Y >y a—deg(f)}
=1 =1
If P\ V(f) # @, then
IPAV(f)| = min{] [y — [[min(y:, b:) | (w1, .- 9a) € A}. (2.7)
=1 =1
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(2) We assume that for all i € n, we have deg, (f) < a;. Let

B:={(y1,..-,yn) EN"|Vien:a—deg, (f) <y < a; and Zyi = Zai—deg(f)}.
i=1

=1

If P\V(f) # @, then

IPAV(f)] > min{H Yi — Hmin(yijbi) | (y1,--.,yn) € B} (2.8)

The proof is given in Section 9. Let us give an overview how these results are proved.
Theorem 2.1 claims that a polynomial containing certain monomials does not vanish on
the whole grid S. From [3, Theorem 1.1] we know that the ideal I(S) of polynomials
vanishing on S is generated by {g; | i € n} with g; == [[,cs (¥: — @). The polynomial
¢; has leading term xLS"l. For proving f ¢ I(S), we show that its remainder r modulo
G = {g; | i € n} after multivariate polynomial division by G is nonzero. The conditions
on f and the g;’s ensure that the monomial £® can never be reduced in the course of
the division, and that all other monomials in f have too small exponents to be able to
produce a term c,x® that would allow to cancel ® before it stays — remains — in the
remainder. Such an approach only works if all polynomials in I(S) will have remainder 0
after multivariate division by . This is guaranteed when G is not only a generating set
for I(.S), but also a Grdbner basis. For the generating set G considered in the proof of
Theorem 2.1 this is ensured by the fact that leading monomials of the polynomials in G
are coprime to each other. In the proof of Theorem 2.2, we will use a Grébner basis of the
tth power of the ideal I(S) and we find this Grobner basis by establishing an extension of
Buchberger’s First Criterion in Theorem 6.4.

In order to state these ideas precisely, we will make use of some notions from com-
putational commutative algebra, in particular of multivariate polynomial division. In
Section 3, we prove that products and quotients of lacunary polynomials are lacunary
(Lemma 3.2), and in Section 4 we examine polynomial division of a polynomial f by a
set of polynomials GG. Here, it will be crucial that each polynomial g in the divisor G has
a dominating monomial; this is a monomial of g that is a multiple of all other monomials
of g. Theorem 4.5 then provides monomials of f that cannot disappear during division
by G, making it impossible for f to have remainder 0.

The Nullstellensatze that we present are not independent. Those not involving mul-
tisets are in fact all subsumed by either the “Support-Based Structured Nullstellensatz
with multiplicities” (Theorem 2.2) or the “Support-Based Structured Nullstellensatz for
punctured grids” (Theorem 2.4). Hence the question arises whether these two theorems
can be combined into one result. In the proof of both of these theorems, vanishing of a
polynomial can be reduced to membership in an ideal of which we can explicitly write
down a Grobner basis. The authors are not aware of such a basis when “punctured” and
“multiplicities” are combined, which for the moment blocks the road to such a common
generalization.
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3 Lacunary multivariate polynomials

In this section, we extend the definition of lacunary polynomials to multivariate polyno-
mials.

We sort monomials using admissible orderings: A partial order <, on Nf is admissible
if it is total, and for all a, 5,7 € N§j, we have (¢ C f = a <, ) and (a <, 8 = a+7 <,
B+7). When a <, 3, we will also write 2% <, =, and a <, 8 stands for (o <, 8 and
a # B). If a € Nj is maximal in Supp(f) with respect to <,, then x* is called the leading
monomial of f and abbreviated by LMm(f), and « is the leading ezponent or multidegree of
f, abbreviated by LEXP(f). The coefficient ¢, of the leading monomial ® is the leading
coefficient, abbreviated as Lc(f), and coz® = Le(f) - LM(f) = Le(f)z2"*) is the
leading term of f, denoted by Lt(f). Of course, LM(f) depends also on the monomial
ordering we choose, but we refrain from writing LM (f), LEXP<_ (f), Loc, (f), Lr<, (f)
because the ordering will always be clear from the context. It is also known that every
admissible ordering is a well ordering, i.e., it is total and has no infinite descending chains
(cf. [7, Theorem 5.5(ii)]; a proof can also be found, e.g., in the survey [2] (Lemma 9.2)).

Definition 3.1. Let A € Ny, and let g € K[zy,...,z,]. The polynomial g is A-lacunary
if it contains a monomial * such that for each ” € Mon(g) and for each i € n, we have
vi < p; — N or vy = py. A set G C Klay,...,x,] is called Mlacunary if every g € G is
A-lacunary.

We note that then v C p for all ¥ € Mon(g), and therefore * is the leading monomial
of g with respect to every admissible monomial ordering <,.

Lemma 3.2. Let A € N, and let f,g,h € K[zy,...,x,] with f = gh. Then we have:
(1) If g and h are A-lacunary, then f is A\-lacunary.
(2) If f and g are A-lacunary, then h is A-lacunary.

Proof. Let <, be an admissible monomial ordering, and let * := LM(f), ¥ := LM(g)
and x” := LM(h). Then u = v + p. For showing item (1), we fix 7 € n and show that for
each monomial £® € Mon(f), we have a; = p; or oy < p; — A;. We write f as ;‘;0 fjxg,
where f; € Klz1,..., 221, %it1,...,2,] for all j with 0 < j < g, and we set f; = 0 for
J > ;. Similarly,

123 Pi
g= Zgjxg and h = Z h;x]. (3.1)
=0 =0

Since g and h are A-lacunary, we have g; = 0 for all j with v, =\, <j<v;—1and h; =0
for all 7 with p; — \; <7 < p; — 1. Now let £ € N be such that

pi — A < k< py— 1

Then f;, = Zf:o gihik—;. We will show f, = 0 by establishing that all k+1 summands are 0.
To thisend, welet ! € {0,..., k}. Ifl < v;—\;, then k—1 > k—v+X\; = pi—Ni—vi+ X\ = pi,
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and thus hy_; =0. If v, — N\, <I<y;—1, wehave g, =0. If v <I < k—p;+ N\, we
have k-1l > p;—Nand k-1 < k—v; < p;—1—v; = p; — 1 and thus hy_; = 0. If
l>2k—p;+ XN+ 1, thenl > pu;— N —pi+ M\ +1=r;+1, and therefore g, = 0. Thus
fr = 0. Hence f contains no monomial & with p; — \; < a; < pu; — 1. This completes
the proof of item (1).

For proving item (2), we assume that ¢ is A-lacunary and h is not A-lacunary. Then
there are £* € Mon(h) and i € n with

pi — N <oy < p— 1L

Again, we write f = Y07, fixl g = P g;x) and h = > hjal. Since * € Mon(h),
we have h,, # 0. We have

vita;g

fVi-i-Oéi - E gui—l—ai—lhl'
=0

For | < o, we have g,,1q,-1 = 0. For | = a;, we obtain the summand g,,h,,. For [ with
a; <l <o+ A\, we obtain v; — \; < v; + o; — | < v;, and therefore g,,14,—1h; = 0. For
Il > a; + A\, we have | > p;, and therefore h; = 0. Hence f,. 1o, = gu,ha, # 0. Since
Wi—Ni=vi+pi— XN <vi+a; <v;+p;—1=p; — 1, f can then not be \-lacunary. [J

4 Multivariate Polynomial Division

In this section, we analyze the stability of certain monomials during multivariate polyno-
mial division. Over the integers, a division of f by g with g # 0 produces a quotient h and
a remainder r with f = hg+r and |r| <|g|. If f,g1,...,gs are multivariate polynomials
in K[zy,...,2,], then division produces an expression f = > 7 | h;g; + r with certain
properties of both the “quotients” hy,...,hs and the remainder r. Following [12], the
equation f = >7 | h;g; + r is then called a standard expression. We will need to write
the h;’s as sums of monomials, and we observe that the multivariate polynomial division
algorithm explained, e.g., in [7, Proposition 5.22], [11, Chapter 2, §3], [1, Algorithm 1.5.1]
or [18, Algorithm 2.3.4] can easily be modified to produce what we will call a natural
standard expression. Every natural standard expression with remainder 0 is a standard

representation in the sense of [7, Definition 5.59).

Definition 4.1. Let G C Klzy,...,z,] \ {0}. A natural standard expression of f by G
with remainder r with respect to the admissible ordering <, is an equality

t
f= Z C; $5jgj + (4.1)
j=1

where t € Ny, ¢1,...,¢ € K\ {0}, 01,...,0, € N}, ¢1,..., 9t € G, r € K[zy,...,x,], and
for each j € t, we have

j—1

Lm(c; &% g;) € Mon(f = > ciz’g;) (4.2)

=1
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and '
j
Lm(c; 2% g;) ¢ Mon(f — Zciw‘sigi), (4.3)
i=1

and r does not contain a monomial that is divisible by any monomial in {LM(g) | g € G}.

This definition expresses that during the jth step in the division of f by G, the term
c; x% LM(g;) appears in the intermediate polynomial that we seck to reduce, and this term
is eliminated by subtracting c;xz%g;. There are two differences to standard expressions as
used in the literature: first (cf. [12, p.334]), standard expressions are often written in a
collected form > 7 | h;g; +r with h; € K[zy, ..., z,]. The second main difference is that
a standard representation as defined in [7, Definition 5.59] need not come from an actual
execution of the division algorithm; for example setting f = 22%y + x, g1 = 2y, g» = 22,
we obtain f = x - g1 + y - 9o + x, which is a standard representation, but an execution
of the division algorithm would always reduce the monomial 2z%y in one step, yielding,
e.g., the natural standard expression f = 2xg; + . The definitions in [12, 7] do not grasp
this aspect of division, and hence for our purposes, we prefer the refinement to natural
standard expressions given in Definition 4.1.

An important observation about polynomial division is that any monomial of f that
can neither be reduced nor cancelled out during division by G survives in the remainder
r. We will always assume that the divisors are A-lacunary polynomials. We note that for
a A-lacunary polynomial g, the leading monomial is the same for all admissible monomial
orderings <,. Hence the following definitions do not depend on the choice of the admissible
monomial ordering <, used to determine LM(g). The first definition tries to identify
monomials " in a polynomial f that, in the course of a multivariate polynomial division
of f by G, have the potential to produce a term cx® that might cancel £%. We will call
these threats to *’s ability to remain intact during the division process (G, A, «)-shading
monomials.

Definition 4.2. Let a,v,A € Nj, let G be a A-lacunary subset of K[z1,...,z,] and let
<, be an admissible monomial ordering. The monomial &” is (G, A, «)-shading if

(1) a Eyand a#7,
(2) for all i € n with a; < v, there is g € G with LM(g) | 7 and deg, (g) > 0, and
(3) for all i € n with a; < ~;, we have a; + \; < ;.

The next definition tries to single out monomials that will not be affected by division
by G. Lemma 4.4 then shows that these monomials indeed remain intact.

Definition 4.3. Let G C K[zy,...,z,), let a, A € N§, let f € Klzy,...,x,], and let <,
be an admissible monomial ordering. We say that &® is a (G, A)-stable monomial in f if
the following conditions hold:

(1) o« € Supp(f),
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(2) there is no g € G with LMm(g) | %, and
(3) f contains no (G, A\, a)-shading monomial.

We now prove that, upon dividing f by G, every (G, A)-stable monomial of f appears
in the remainder (Theorem 4.5). The key point is that (G, \)-stability is invariant under
each reduction step, which will be established in the following lemma.

Lemma 4.4. Let A € Nj, and let G be a A-lacunary subset of K[zy,...,x,]. Let f €
Klzy,...,z,], and let g € G, § € NI be such that Lm(z%g) € Mon(f). Let £* be a
(G, \)-stable monomial in f, let ¢ € K\ {0}, and let

h=f—cxly.
Then x* is a (G, \)-stable monomial in h.

Proof. Let i := LEXP(g). We first show Condition (1) of Definition 4.3. This condition
1s
a € Supp(h). (4.4)

Seeking a contradiction, we suppose a € Supp(h). Then o € Supp(z’g). Thus there
is ¢ € Mon(g) with % = x’z°. If 2° = LM(g), then LM(g) | %, which violates
Condition (2) of Definition 4.3, and hence ® is not (G, A)-stable in f, contradicting the
assumptions. In the case that ¢ # LM(g), we show that

x'z" is a (G, \, a)-shading monomial in f. (4.5)
To this end, we first show that z’z# satisfies Condition (1) of Definition 4.2. Since g is
lacunary, we have ¢ C u, and therefore « = § + ¢ C § 4+ p. Since € # u, we also have
a # ¢ + pu. This completes the proof of Condition (1) of Definition 4.2. Next, we show
Conditions (2) and (3) of Definition 4.2. To this end, we fix i € n and assume «; < 0; + ;.
Then 6; +¢; < d; + p;, and therefore €; < p;. Hence p; # 0, and thus g witnesses that
Condition (2) is satisfied. Since G is A-lacunary, we obtain ; < p; — \;, which implies
a; + A\ =0+ + N <8 + g, completing the proof of Condition (3) and of (4.5). Since
z’xz" € Mon(f), this monomial violates Condition (3) of Definition 4.3 and therefore
witnesses that £ is not (G, A)-stable in f, contradicting the assumptions and completing
the proof of (4.4).

Continuing to show that ® is (G, \)-stable in h, we observe that Condition (2) of
Definition 4.3 is inherited from the assumption that z® is (G, A)-stable in f. Hence we
turn to Condition (3). Seeking a contradiction, we assume that h contains a (G, A, a)-
shading monomial 7. Since f contains no (G, A, a)-shading monomial, we know that
x7 € Mon(x°g) and =¥ # x’z*. Thus there is p € Supp(g) \ {i} such that

SxP.

=z
Let 4 := 6 + p. We show that then
z7 is a (G, )\, a)-shading monomial in f. (4.6)
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To this end, we first show that 7 satisfies Condition (1) of Definition 4.2. Since g is
lacunary, we have p C u, and therefore

N=0+pCo+pu=7. (4.7)

Since 7 is (G, A, a)-shading, we have o C +, and therefore &« C 4. This completes
the proof of Condition (1) of Definition 4.2. Next, we show Conditions (2) and (3) of
Definition 4.2. To this end, we fix ¢ € n and assume that «; < ;.

We first consider the case that o; < 7;. Since x” is (G, \, a)-shading in h, we obtain
a g € G with deg, (¢') > 0 and LM(g’) | 7, and that a; + A; < 7;. Since v C 7, we then
have LM(¢') | 7 and «; + A\; < ;. Thus in this case, (4.6) holds.

Now consider the case a; = 7;. Then v; < 7;, and thus p; < ;. We claim that then g
witnesses Condition (2) of Definition 4.2 needed to verify for proving that z7 is (G, A, a)-
shading. By the definition of 7, we obtain LM(g) = x* | z°z* = 7. Since p; > p;, we
have deg,.(g) > 0. We still have to show Condition (3), which claims that

Since p; < p;, the fact that g is A-lacunary yields p; < p; — A;, and therefore a; = v; =
0i + pi < 0;i + pi — N\i = 7 — \;, establishing (4.8) and completing the proof of (4.6). Since
z’z* € Mon(f), this monomial violates Condition (3) of Definition 4.3 and therefore

witnesses that £ is not (G, A)-stable in f, contradicting the assumptions and completing
the proof that * is (G, A)-stable in h. O

Theorem 4.5. Let A € Njj, let G be a A-lacunary subset of K|xy, ..., z,], and let <, be
an admissible ordering of Nij. Let

t
=Y ciagi+r (4.9)
j=1

be a natural standard expression of f by G. Then all (G, \)-stable elements of Mon(f)
are also elements of Mon(r).

Proof. Let ® be a (G, A)-stable monomial in f. By induction on s, we show that x® is

also (G, \)-stable in
f- Z c; % g;.
j=1

For s = 0, there is nothing to prove. Now assume that s € {0,...,¢ — 1}. As inductive
hypothesis, we assume that ® is (G, A)-stable in f — ijl c¢j % g;. Then by Lemma 4.4,
z is also (G, A)-stable in f — Y77 ¢; x%g; — co1@’+1gyy1, completing the induction
step. ]
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5 A support-based Nullstellensatz for structured grids

In this Section, we will prove Theorem 2.1. We first recall the following well-known fact
on the vanishing ideal of a grid.

Lemma 5.1. Let S = X?: S; be a grid over the field K, let <, be an admissible monomial
ordering, and for i € n, let g; := [[,eq,(vi —a). Then G := {g1,...,9.} is a Grébner
basis of 1(S).

Proof. By [3, Theorem 1.1], I(.S) is the ideal generated by G. Since the leading monomials
of the polynomials in G are coprime, [7, Lemma 5.66] yields that the set G is a Grobner
basis of I(G) (cf. [11, p.89, Exercise 11]). O

Next, we analyze the impact of lacunarity on G: Fori € n, welet fi(z) := [[,cq (z—a),
and we let g; :== fi(z;). If each f; is a univariate \;-lacunary polynomial in K][z|, then for
eachi € n, g;isa (A, ..., A\,)-lacunary polynomial in K[z, ..., z,]. With this observation
in mind, we can apply Theorem 4.5 to prove the main result:

Proof of Theorem 2.1. Let A := (A1,..., ), and for each i € n, let g; := [],cq (7i —
a). By Lemma 5.1, G = {g1,...,9,} is Grobner basis of I(S). Now we seek to apply
Theorem 4.5. For each i € n, S; is A;-null and therefore the polynomial g; is (A1, ..., \,)-
lacunary. We will now show that &* is a (G, \)-stable monomial in f with respect to
<,. First, we observe that for each i € n we have a; < |S;| and therefore the monomial
LM(g;) = :1ULSi| does not divide %, which establishes Condition (2) of Definition 4.3. Next,
we show that f contains no (G, A, a)-shading monomial. Let 7 € Mon(f). If v = a,
then 7 violates Condition (1) of Definition 4.2 and is therefore not (G, A, «)-shading. If
v # «, the assumption yields an ¢ € n such that

%i € [0, 05 = 1] U [y + 1, [Si] = 1] U [[Si], i + A

If v € [0,a; — 1], then Condition (1) of Definition 4.2 is violated, and so " is not
(G, \, a)-shading. If v; € [o; + 1,|S;| — 1] and Condition (2) of Definition 4.2 is satisfied,
then LM(g;) | 7, and therefore |S;| < ~;, contradicting v; < |S;| — 1. We conclude that
also in the case v; € [a;+1,]S;| — 1], 7 is not (G, \, «)-shading. If ; € [|.S;], a; + A;], then
we have v; > |S;| > a;. If Condition (3) of Definition 4.2 is satisfied, we have v; > a; + \;,
contradicting v; < «; + A;. Hence also in this case 7 is not (G, A, «)-shading. Thus f
contains no (G, A, «)-shading monomial and therefore, * is (G, \)-stable.

Let f = 23:1 c; a:‘sfgij + r be a natural standard expression of f by G. Since % is a
(G, \)-stable monomial in f, Theorem 4.5 yields that £* € Mon(r). Since G is a Grébner
basis of I(S), all elements of I(.S) have zero remainder in every standard expression by
G. From this, we conclude f ¢ I(S), and therefore, f does not vanish on all points in
Sl X X Sn ]
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6 A support-based Nullstellensatz for structured grids with mul-
tiplicity

In this section, we will prove Theorem 2.2 and Corollary 2.3. For this purpose, we first
determine generators of the ideal consisting of those polynomials that vanish at each point
in X with multiplicity ¢ (Lemma 6.3). Theorem 6.4 then shows that these generators form
a Grobner basis, paving the way for proving Theorem 2.2.

Let K be a field, and let ¢ € N. For X C K", we define [;(X) as the set of all
f € Klzy,...,z,] that have a t-fold zero at each @ € X. Hence Iy(X) = K[z1,...,x,]
since every point is a 0-fold zero of every polynomial, and I;(X) = I(X). For X being
a grid, [6] provides a basis of I;(X). We will obtain this basis by establishing that for
an arbitrary finite set X C K", I;(X) is the tth power of I(X), and hence generators of
I:(X) can be determined from generators of I(X). We provide a proof that relies on some
basic facts on ideals of rings given, e.g., in [5]. For an ideal I of K[zy,...,z,] and t € N,
the tth power It of the ideal I is defined to be the ideal generated by all products ; - - - 4
with (not necessarily distinct) i1,...,4, € I. The product of two ideals I, J is the ideal
generated by {ij | i € I,j € J} and denoted by IJ.

Lemma 6.1. Let R be a commutative ring with unit, let s,t € N, and let My, ..., M be
distinct marimal ideals of R. Then (e, Mi)' = ;e M}

Proof. For all 4,j € {1,...,s} with i # j we have M; + M, = R and thus by [5, Propo-
sition 1.16] also M} + Mj = R. Now by [5, Proposition 1.10], we have ([, M;)" =
(ITics M) = [1,e, M{. Using that M{+ M} = R for i # j, we apply [5, Proposition 1.10]
again and obtain [ [, M} = ;e M/ O

Lemma 6.2. Let X be a finite subset of K", and let t € N. Then I,(X) = I(X)".

Proof. For a € X, let M, := I({a}). Then I(X) = (,cx Ma. We observe that by
definition, a is a ¢-fold zero of f if and only if f(z + a) lies in the ideal (z1,...,x,)"
Applying the isomorphism o : K[zy,...,x,] — K[z1,...,2,], with o(x;) := x; — a;, we
obtain that f(x + a) € (x1,...,x,)" if and only if f(x) € (z1 —ay,..., 21 — a,)*, which is
equivalent to f(x) € M.. Hence I;(X) = (,cx ME. Now Lemma 6.1 yields the required
equality I(X)! = I,(X). O

As a consequence, we obtain a set of generators of I,(.S) for a grid S. For a finite subset
G of K[zy,...,x,], we define G :={g1---g: | 91,-..,9: € G}. The ideal of K[zy,...,z,]
that is generated by G is denoted by (G).

Lemma 6.3 ([6, Theorem 3.1]). Let S = X_ S; be a grid over K. For each i € n, let
9i = [lues,(xi — a), and let G := {g1,...,gn}. Then G* generates the ideal T,(S).

Proof. By [3, Theorem 1.1], G generates the ideal I(S). Therefore, G* generates the ideal
1(S)*, which is equal to I,(S) by Lemma 6.2. O
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We have therefore found generators for the ideal I;(S). In fact, Lemma 6.3 yields that
every f € [,(S) can be written as f = Zle hig: with k € No, hy,..., i € Klzq,. .., 2]
and ¢i,..., g, € G'. As an additional piece of information, [6, Theorem 3.1] ensures that
we can pick these summands in a way that deg(hig,) < deg(f). We give an alternative
argument for these degree bounds by showing that G* is a Grobner basis. For this purpose,
we extend Buchberger’s First Criterion [7, Lemma 5.66].

Theorem 6.4. Let s,t € N, let <, be an admissible ordering of monomials, and let
G1s---,9s € Kz, ..., 2,) \ {0} be such that fori,j € s with i # j, LM(g;) and LM(g;) do
not have any variable in common, i.e., ged(LM(g;), LM(g;)) = 1. Then

G' = {gi - g

s
Ap,y...,05 eNo,ZOti:t}
i=1

is a Grobner basis of the ideal (G)' with respect to <,.

Proof. Clearly, the set G* generates the ideal (G). We now show that G* is a Grobner
basis. To this end, we use Buchberger’s Characterization Theorem for Grébner bases
[7, Theorem 5.64] (cf. [8, Theorem 6.2], [12, Theorem 15.8]) which states that G' is a
Grobner basis if for all f,h € GY, the S-polynomial S(f,h) has a standard expression by
G' with remainder 0. Without loss of generality, we assume that g;,...,gs are normed,
i.e., Lc(g;) = 1 for all i € s, and we show that every S-polynomial of G* has a standard
expression by G* with remainder 0. To this end, let f = g{* -+ ¢% and h = g’f L. g% be
elements of G*. The S-polynomial S(f,h) can be computed as

lem(LM(f), Lm(R)) . lem(LM(f), Lm(h))
LM(f) LMm(h)

S(f,h) = h.

We have
lem(LM(f), LM(h)) = lem (LM(H ) LM(H 9))
— lem (H Lm(g;), H LM(gi)ﬁi)

i=1

_ ﬁ LM(gi)max(ai,b’i)’

i=1

where the last equality holds because the LM(g;) are coprime. Now let [ = {i € s | a; >
Bi} and J ={j € s | a; < f;}. Then

S(f.h) = (] Lm(gy)* ) g - g0 — (] Lmalga) %) g - - gl

jeJ iel
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Since ([T,c, 97~ ™) g5 -+ g2 = (Ties 95 7) 94" -+ - g8, we have

= ([[ g% = T Lm(g) ) gi* - - g
el i€l
— (I g = ] Lma(gy) =) g5 -+ g2 (6.1)

JjeJ jedJ

We show that this is a standard expression of S(f,h) by G'. If at least one of the
two summands in the right hand side of (6.1) is 0, then we are done. Otherwise we
establish that the two summands have different multidegree. Seeking a contradiction,
we suppose that they have the same multidegree. Then since [[,.; LM(g;)** divides the
leading monomial of the second summand in the right hand side of (6.1), it also divides
the leading monomial of the first summand. Using that for i € I and j & I, Lm(g;)® is
coprime to LM(g;)%, we obtain that

HLM(gi)ai divides LM((Hg i HLM oi—Pi HLM (9:) ) (6.2)

el el el el

We have LM([[,; g [Tic; LM(g:)* %) <o Tlic; LM(g:)* %, and therefore the
degree of the right hand side is less (w.r.t <,) than the degree of the left hand side
of (6.2). Since the right hand side is not 0, this is a contradiction. O

Lemma 6.3 and Theorem 6.4 allow us to determine a Grobner basis for the ideal I;(5)
associated with a grid S.

Corollary 6.5. Let S = )(7;:1 S; be a grid over K, for each i € n, let g; :== HaGSi (x; —a),
let G := {g1,...,9.}, and let <, be an admissible monomial ordering. Then G' is a
Grébner basis of 1;(.S) with respect to <,

Proof. By Lemma 6.3, G* generates I;(.S) and by Theorem 6.4, G* is a Grobner basis. [
After these preparations, we can now prove the main results established in this section.

Proof of Theorem 2.2. For eachi € n, let g; := [[,cq,(zi—a). Let G ={g1,...,gn},and I
be the ideal of K[z1, ..., z,] given by I := (G)'. By Lemma 6.3 all elements of S are ¢-fold
zeros of f if and only if f € I. Now we seek to apply Theorem 4.5. For each i € n, S; is \;-
null and thus the polynomial g; is A-lacunary. Therefore, by Lemma 3.2 each polynomial
in G* is A-lacunary. We will now show that “ is a (G*, \)-stable monomial in f. First,
suppose that there is h € G* such that LM(h) divides . Let (1, ..., 5, € Ny such that
ST Bi=tandh =g - . Then Lm(h) =[] LM(g,)*BZ =11, = Gl and thus, we
have f3;]5;| < a; for all ¢ € N contradlctlng the assurnptlon stated in (2. 4) Therefore the
monomial LM(h) does not divide %, which establishes Condition (2) of Definition 4.3.
Next, we show that f contains no (G*, \, @)-shading monomial. Let &7 € Mon(f). If
« = 7, then 7 violates Condition (1) of Definition 4.2 and is therefore not (G*, \, «)-
shading. If v # «, the assumption yields an i € n such that v; # «; and (2.5) holds. If
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i € [0, a; — 1], then Condition (1) of Definition 4.2 is violated, and so 7 is not (G*, \, «)-
shading. If v; € [ + 1, a; + \;], then Condition (3) of Definition 4.2 is violated and thus
x” is not (G', A\, a)-shading. Now we turn to the case that the last alternative in (2.5)
holds and that 7; > «; + A;. Seeking a contradiction, we suppose that Condition (2) of
Definition 4.2 is satisfied. This condition tells that there is 5 € N} such that Z;LZI Bj=t
and Lm(gl" ... g%) | &7 and 3|S;] > 0. Since LMm(gi* ... g%) | @7, we have $,]S;| < v;
for all j € n. This contradicts the case assumption that the last alternative in (2.5) holds.
Hence Condition (2) of Definition 4.2 fails, and thus &” is not (G*, A, a)-shading.
Therefore, f contains no (G*, A, a)-shading monomial and thus, % is (G, \)-stable.
Let f = Z;Zl c; a:‘sjgij + r be a natural standard expression of f by G. Since x® is a
(G*, \)-stable monomial in f, Theorem 4.5 yields that £® € Mon(r). By Corollary 6.5,
G' is a Grobner basis of I. Since then all elements of I have zero remainder in every
standard expression by G!, we obtain f &€ I, and therefore, not all points in S; X - - x S,
are t-fold zeros of f. O

Proof of Corollary 2.3. We assume that » .  «; > deg(f) — A, and we show that for
A = -+ = )\, = A, the assumptions of Theorem 2.2 are satisfied. Suppose that the
assumption on the monomials 7 € Mon(f) \ {®} fails. Then there is a monomial
7 € Mon(f) with v # « such that for all i € n, we have v; = a; or ; > a; + A. Then
deg(f) > deg(z”) > (>°1, a;) + A, contradicting the assumption (2.6) of Corollary 2.3.
Now Theorem 2.2 yields the result. 0

7 A support-based Nullstellensatz for grids of multisets

In this section, we add two improvements to Kés and Ronyai’s Nullstellensatz for multisets
given in [13, Theorem 6]: we consider structured grids, and we give a generalization in
terms of conditions on the monomials in the spirit of [17]. Let f € K[zy,...,x,], and
let (my,...,my,) € Nj. We say that ¢ is a zero with multiplicity vector (my,...,my,)
if f(x+c¢) e (af",...,2"). Let T be a mapping from the finite set U to Ny. Then
we also call T a multiset and U the domain of T. Let Si,...,S, be multisets with
domains Uy, ...,U,. For n € N, the multigrid S denoted by X,_, S; is a mapping with
domain U; X -+ x U,, codomain Nij and S(u1, ..., u,) = (S1(u1),...,S.(uy,)). Suppose
that Uy,...,U, are subsets of a field K. Then we say that f € Klzy,...,z,]| vanishes
on the multigrid S if for all v = (uy,...,u,) € X?Zl U;, u is a zero with multiplicity
vector S(u) = (S1(u1), ..., Sn(uy)). The first part of the following result is a consequence
of [13, Theorem 1], and the second part follows from Buchberger’s First Criterion |7,
Lemma 5.66], which can also be seen as the case t = 1 of Theorem 6.4.

Theorem 7.1. Let S be a multigrid with domain X?Zl Ui, and let f € K[z, ...,x,]. Then
f vanishes on S if and only if f lies in the ideal (g1, ..., gn), where gi := [ ],y (z;—u)%®,

Furthermore, {qg1,...,gn} is a Grobner basis with respect to every admissible ordering <.

We say that a multiset S; : U; — Ny is A;-null if HueUi (z; — )%™ is \;-lacunary. Now
our generalization of [13, Theorem 6] is:
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Theorem 7.2 (Support-based Structured Nullstellensatz for multisets). Let S = )(?:1 Si
be a multigrid with domain X?Zl Ui, let f € Klzy,...,x,], and let o = (o, ..., ) and
A= (A,...,\y) be elements of Ni. We assume that each S; is Ai-null. Let ||S;|| :=
> ucr, Si(u). We assume that o; < ||Si|| for all i € n and that f contains the monomial
it a8, Furthermore, we assume that for every monomial 7 in Mon(f)\ {x*}, there
18 © € n such that

Then f does not vanish on the multigrid S.

Proof. For each i € n, let g; == [[,cp. (v — u)%™ . Then the leading monomial of g; is

xL'SZ‘”. Let I be the ideal of K[z, ..., x,] generated by G = {¢1,...,gn}. By Theorem 7.1,
a polynomial f vanishes on the multigrid S; x --- x S, if and only if it lies in I. The
remainder of the proof is an almost verbatim copy of the proof of Theorem 2.1; again, we
seek to apply Theorem 4.5. For each i € n, S; is A\;-null and therefore the polynomial g;
is (A1, ..., Ap)-lacunary. We will now show that ® is a (G, A)-stable monomial in f with
respect to <,. First, we observe that for each i € n we have a; < ||5;]| and therefore the
monomial LM(g;) does not divide ®, which establishes Condition (2) of Definition 4.3.
Next, we show that f contains no (G, \, a)-shading monomial. Let &7 € Mon(f). If
a = 7, then 7 violates Condition (1) of Definition 4.2 and is therefore not (G, \, a)-
shading. If v # «, the assumption yields an 7 € n such that

v €10, — 1) U [ou + 1, ||Si]| = 1] U [||Si]l, cu + A

If v; € [0, a;—1], then Condition (1) of Definition 4.2 is violated, and so &” is not (G, A, a)-
shading. If v; € [a; + 1,|Si|| — 1] and Condition (2) of Definition 4.2 is satisfied, then
LM(g;) | 7, and therefore ||.S;|| < i, contradicting ~; < ||S;|| — 1. We conclude that also
in the case v; € [a; + 1, ||Si]| — 1], 7 is not (G, A\, )-shading. If 7; € [||Si]|, oz + A;], then
we have v; > [|Si|| > «a;. If Condition (3) of Definition 4.2 is satisfied, we have ; > a;+ \;,
contradicting v; < «; + A;. Hence also in this case &7 is not (G, A, a)-shading. Therefore,
f contains no (G, A, «)-shading monomial. Therefore, ® is (G, \)-stable.

Let f = Z§'=1 c; x’ gi; + 1 be a natural standard expression of f by G. Since z“ is a
(G, \)-stable monomial in f, Theorem 4.5 yields that £* € Mon(r). By Theorem 7.1, G is
a Grobner basis of I. Since then all elements of I have zero remainder in every standard
expression by G, we obtain f ¢ I, and therefore, f does not vanish on the multigrid

S. []

8 Nullstellensatze for punctured and structured grids

In this Section, we prove Theorem 2.4 and Corollary 2.5. We start with the description
of the vanishing ideal of a punctured grid. We note that a similar result that includes
multiplicities has been given in [6, Theorem 4.1], but our proof is different. For a subset
J of K[xy,...,z,) and f € Klxy,...,z,], we write V(J) for the set {a € K" | f(a) =
0 for all f € J} of common zeros of J.
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Theorem 8.1 (cf. [6, Theorem 4.1]). Let X \'Y = (X[, X;) \ (X_, i) be a punctured
grid with Y; C X; for all i € N, let g; := Hani (x; —a), letl; :== HaeY (x; — ), and let
feKxy,...,z,). Then f vanishes on X \Y if and only if f € <g1,...,gn,Hl 1 7 9. Fur-
thermore, for every admissible monomial ordering <., {g1, .., gn, [ L1 T %1 4s a Grébner
basis with respect to <,

Proof. We first compute generators of the vanishing ideal ]I(X \ Y). We have X \ Y =
X\mienXl X X 1><Y><XZ+1>< -x X, XﬂUlen XX Xy X (X3 \ YG) X

Xipgp X x Xy = XN U, KX x Kx (X3 \ V) x Kox - XK XN Ui, V() =
XN V([ %). Now for ﬁnlte X Clark’s Finitesatz [9, Theorem 7] tells that for any

€en ;
ideal J of Klzy,...,x,], we have ]I(X NV(J)) =1(X)+ J, and therefore
— Jivy _ gz gz
H(X\Y)_]I(XQV(HT)) H gl,...,gn,H
ien ¢ ien €N

In order to show that G := {g1,..., gn,[[;c, ¥} is a Grébner basis, we again use Buch-
berger’s Characterization Theorem for Grébner bases [7, Theorem 5. 64] and we therefore
look at the S-polynomials of G. First, we note that for i, 7 € n with i # j, the leading
monomials of g; and g; are coprime, and therefore the S-polynomial of g; and g; has a
standard expression by {g;,¢;} with remainder 0 ([7, Lemma 5.66]); such an expression
can also be obtained by setting ¢ := 1 in the proof of Theorem 6.4. For checking the other
S-polynomials, let j € n, and let p := []. . We compute S(g;,p). Let a; := | X;| and

i€n l
= |Y;]. Then
LM(g;) = 2}’ and Lm(p H:B”” ‘.
zEn
Now let ¢ := HZ@L\{]} 7 then ql = p. Then we have
S(gs.p) = ( [ 2¢7")g; —27p = Lm(q) g; — Lm(l)) p.
ien\{j}

Since l;p = qg;, we have
Lm(q) g; — Lm(l) p = (I; — Lm(l;)) p — (¢ — Lm(q)) g;-

We show that S(g;,p) = (I, —LM(l;)) p—(¢—LM(q)) g; is a standard expression of S(g;, p)
by {g;,p}. If at least one of the summands is 0, we are done. Otherwise, we show that the
two summands have different multidegree. Suppose that both summands are nonzero and
that they have the same multidegree. Then LM(g;) divides LM((l; — LMm(Z;)) p). We have
deg, (LM(g;)) = a; and deg, (LM((l; — LM(l;)) p)) = deg, (LM(l; — LMm(l;)) Lm(p)) =
deg, (Lm(l; — LM(l))) + deg, (LM(p)) < deg, (LM(l; — LM(l;))) + deg,, (p) < (b —1) +
(a; —bj) = a; — 1. But then LMm(g;) { LM((l; — LMm(1;)) p).

Since all S-polynomials have a standard expression by G with remainder 0, Buch-
berger’s Characterization Theorem yields that G is a Grébner basis. m
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Proof of Theorem 2.4. Let p := [[;_, ¥, and let G’ := {g1,...,g,,p}. We first show
that % is a (G’, A)-stable monomial in f. Let us first show that there is no g € G
with LM(g) | . If there is ¢ € n with LM(g;) | =%, then |X;| < «;, contradicting
Assumption (1). If LM(p) | %, then we have | X;| — |Yi| < «; for all ¢ € n, contradicting
Assumption (2). It remains to show that f contains no (G, \, «)-shading monomial.
Let 7 € Mon(f) \ {z®}. By the assumptions, there is i € n such that one of the
Conditions (3a), (3b), (3c) holds. We first consider the case that v; € [0,a; — 1]. Then
Condition (1) of Definition 4.2 fails, and thus &” is not (G’, A\, a)-shading. In the case
vi € [a; + 1, a; + A;], Condition (3) of Definition 4.2 fails, and thus 7 is not (G', A, «)-
shading. In the case that v; € [o; +1, | X;| —1] and | X;| = |Y;|, we show that Condition (2)
of Definition 4.2 fails. Seeking a contradiction, we suppose that Condition (2) holds.
Then there is ¢ € G’ with deg, (g) > 0 and LM(g) | 7. Since | X;| = |Yj|, deg,. (p) = 0
and thus ¢ = ¢;. Hence |X;| < =, contradicting the assumptions. Thus Condition (2)
of Definition 4.2 fails, and 7 is not (G’, A\, a)-shading. Now we consider the case that
v € [oui + 1,]X;] — 1] and that there is j € n with v; < |Xj| — |Y;|. Supposing again
that v is (G', A\, a)-shading, we obtain that LM(g;) | ¥ or Lm(p) | 7. If LM(g;) | 27,
then | X;| < =, contradicting the assumptions. If LMm(p) | 7, then for all j € n, we have
| X;| — |Y;| < ;. This is also excluded by the case assumption.
Therefore * is a (G', A)-stable monomial in f. Let g,,+1 := pandlet f = Z;Zl c; :Béjgij—i-

r be a natural standard expression of f by G’. We note that g1, ..., g, are A-lacunary
by assumption. Furthermore, for each i € n, g; and [; are A-lacunary and hence by
Lemma 3.2, p =[], ?—Z is A\-lacunary. Since z® is a (G’, A)-stable monomial in f and all
g € G’ are A\-lacunary, Theorem 4.5 yields that £® € Mon(r). By Theorem 8.1, the set G’
is a Grobner basis of I(X \ V). Since then all elements of I(X \ Y') have zero remainder in
every standard expression by G’, we obtain f ¢ [(X \Y'), and therefore, there is s € X \Y
with f(s) # 0. O

Proof of Corollary 2.5. We show that for A\ = --- = A, = A, the assumptions of Theo-
rem 2.4 are satisfied. Assume that Assumption (3) of Theorem 2.4 fails. Then there is a
monomial 7 € Mon(f)\{a} such that for alli € n, v; &€ [0, ;—1] U [a;+1, a; + A;], which
means that for all i € n, 7, = o; or 7; > o; + A;. Then deg(f) > deg(x) > (-1, ;) + A,
contradicting Assumption (3) of Corollary 2.5. Now Theorem 2.4 yields the result. O]

9 A punctured version of the Alon-Fiiredi Theorem

In [10], Clark gives a proof of the Alon-Fiiredi Theorem for counting the number of points
on a grid at which a polynomial does not vanish that is based on the fact that for a
finite set X C K", the vector space dimension of K[z,...,z,]/I(X) is equal to | X]|, and
this dimension can be determined as the number of monomials £® that are not leading
monomials of any polynomial in I(X). We proceed by adapting some methods from [10]
to punctured grids. For a subset G of K[z, .., z,] and an admissible monomial ordering
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<,, we define two subsets of {x® | « € Njj}.

GT = {z%|aeNjand Jg € G : LM(g) divides z“},
A(G) = {z" |a e Ng}\ (GT) =
{z* | a € N} and there is no g € G such that LM(g) divides z“}.

Theorem 9.1 (Clark’s formula, [10]). Let K be a field, and let X be a finite subset of
K", and let f € K[zq,...,x,]. Then

XAV =AIX)) \ AIX) + (H)]-
Proof. For every finite subset Y of K", we have
Y] = [AI(Y))]- (9-1)

To prove this, let € : K[zy,...,z,] = KY, &(p) := p|y, where p is the function from K" to
K induced by p, and p|y denotes its restriction to Y. Then kere = I(Y), and ¢ is surjective
because every mapping from Y to K can be interpolated by a polynomial. Since ¢ is a
homomorphism of K-vector spaces, we get dimg (K[zy,...,z,]/I(Y)) = dimg(K¥) = |Y].
The vector space dimension of the residue class ring dimg Kz, ..., z,|/I(Y) is equal to
|IA(I(Y))] because {x* + I(Y) | z* € A(I(Y))} is a basis of this vector space. This
proves (9.1). Hence | X NV(f)| = [AI(X NV(f)))|. By Clark’s Finitesatz [9, Theorem 7],
the last expression is equal to |A(I(X) + (f))|. Thus | X \ V(f)| = |X| = | X NV(f)| =
[AIX))| = [AIX) + (f))]. Since [(X) C I(X)+(f), we have A(I(X) +(f)) € A(I(X)),
and therefore [A(I(X))[ — [A(I(X) + ()] = [AI(X)) \ AIX) + (/)] O

For a,b € Ny, we will denote the interval {x € Ny | a < z < b} by [a, b).

Lemma 9.2. Let X = X?: X, Y = X:Lzl Y; be grids over the field K with Y; C X, for
all i € n, and for each i € n, let a; := | X;| and b; :==|Y;|. Then A((X\Y)) ={z* |a €
Kienl0,ai) \ Xie,lai = biy i)}

Proof. Let gi := [l,ex, (i — a), and l; := [[,ey,(z; — a). Then by Theorem 8.1, G' :=
{g1,- 9, [Ty %} is a Grobner basis for I(X \ V). Hence A(I(X \Y)) = A(G') =

A({gr,--.9.3) NARTTL £3) = AHg1, -+ g ) NI Tim #5310 = {2 | € X, ,[0,a:) \
X la; — bi,a;)}. O

€N

The Monomial Alon-Fiiredi Theorem given in [10] provides a lower bound on the
number of points in a grid at which a polynomial f does not vanish, thereby providing
an algebraic proof of Alon and Fiiredi’s Theorem [4, Theorem 5|. The key idea extends
to finite subsets beyond grids:

Theorem 9.3 (cf. [10]). Let X be a finite subset of K", let f € K[xq,...,x,], and let
g € I(X)+ (f) with g #0. Then

[(XAVN] = AIX)) N {Lm(g) ]
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Proof. Since g € I(X) + (f), g vanishes on V(f)N X, and thus X NV(f) C XNV(g), and
therefore X \ V(f) O X \ V(g). Now by Theorem 9.1, we have | X \ V(g)| = |[A(I(X)) \

A(I(X) + ()] T addition, A(I(X))\ AI(X) + (9)) = A(X)) N (I(X) + (g))F 2
A(I(X)) N {g} = A(I(X)) N {Lyi(g)}1. Altogether, [X \ V()| > [A(I(X)) 0 {La(g)H].

L=

Using this observation, we can extend Clark’s lower bound to punctured grids.

Theorem 9.4 (Support-based Alon-Fiiredi-Theorem for punctured grids). Let X =
X?Zl XY = X?:l Y; be grids over the field K with Y; C X; for alli € n, let P:= X \Y,
let f € Klxy,...,x,], and for i € n, let a; := | X;| and b; :=|Y;|. Let <, be an admissible
monomial ordering, and let g € I(P) + (f) with LMm(g) = «7* -+ - 28 and e; < a; for all
1 €n. Then

[PA\V(f ﬁ -)—ﬁmin(bi,ai—ei).
=1 i=1

Proof. By Theorem 9.3, we have

[PAV(A] = [AIP)) 0 {LM(g) 1],
By Lemma 9.2, we have A(I(P)) N {LM(g)}1 = {z® | @ € E'}, where E is given by

E = (X10,a:) \ Xlai = bi, a;)) N Xlei, a;).

i€n i€n i€n

Then we have

E = Xlei,a;) \ Xlai = b;,a;)) = Xlei, ai) \ (Xes ai) N Xlai — b, a;))

€N 1EN €N i€n €N

= Xlei, a;) \ X[max(e;, a; — b;), a;).

i€n i€en

Since a; — max(e;, a; — b;) = min(a; — €;,b;), we can now compute |E| =[] (a; — ¢;) —

[T, min(b;, a; — e;). O
We note that similar to Clark’s version for unpunctured grids in [10], this lower bound
can be attained for every choice of (ey, ..., e,) with e¢; < a; for all i € n.

Proposition 9.5. Let X = X?:l X;,Y = X:L: Y; be grids over the field K with Y; C X;
for all i € n, and let P := X \'Y. For each i € n, let a; := |X;|, by = |Y;|, let

€ [0,a; — 1) and let E; C X; be such that |E;| =e; and (E; C X;\Y; or X;\Y; C E;).
Let f; := HaeE (x; —a) and f =[], fi. Then for every admissible monomial ordering,
LMm(f) = a7 -2, and [P\ V(f)| = [ (a; — &) — [[;=; min(b;, a; — ;).
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Proof. 1t is easy to see that LM(f) = x7* - - - ¢ and that the points in X at which f does
not vanish are given by X \ V(f) = X?Zl(Xi \ E;), and hence | X\ V(f)| =], (a;i —€).
We will now compute how many of these points lie in Y. To this end, we observe that

n

XX\ E) N XY = X(Y;\ E).

i=1 i=1 i=1
In the case that F; C X; \ Y;, we have Y; \ E; =Y}, and therefore |Y; \ E;| = b;. In the
YO\ E) =Y\ E) U@ =Y\ E;, and therefore |Y; \ E;| = a; — e;. In each of these
cases, |Y; \ E;| = min(a; — e;,b;). Therefore, |[P\ V(f)| = | X\ V(f)| = [Y \ V(f)| =
L= (ai — e;) — [T, min(bi, a; — €;). O

Based on Theorem 9.4, we can now prove Theorem 2.6.

Proof of Theorem 2.6. We fix an admissible ordering <, such that > " v < D" 6
implies 7 <, x’. For example, the graded lexicographic ordering defined by v <y § if
YooY < Yoy or (Z?:1 Vi =y, 0 and3jen : ((Vie J=1liy =8Ny <
5j)) will satisfy the required property. For proving (1), we divide f by G’, where G’
is the Grobner basis of I(P) given in Theorem 8.1 and obtain a standard expression
f= Z?:ll hig; 4+ r such that the remainder  contains no monomial divisible by a LMm(¢’)
with ¢ € G'. If r = 0, then f € I(P), and thus I(P) \ V(f) = @. If r # 0, then
deg(r) < deg(f). Let (eq,...,e,) := LEXP(r). Now Theorem 9.4 for g := r yields
\P\V(f)| > 1l (a; — &) — [[}=, min(b;, a; — e;). Set y; := a; —e;. Then 1 <y; < a;. If
y; < b; for all i € n, then a;—b; < e; for all i € n, and thus LM(r) is divisible by the leading

monomial [, 297 of one of the elements of G. Hence there is i € n with y; > b;. Now

Do Vi = 2lar =) = 320 ai — Do e = 3o a; — deg(r) = 301, a; — deg(f).
Hence (y1,...,yn) € A, which proves (2.7).

For proving (2), let (eq,...,e,) := LEXP(f). Now Theorem 9.4 for g := f yields
IPA\V(f)| = IT-,(ai—e) =], min(b;, a;—e;). Set y; := a;—e;. Then since e; < deg, (f),
we have a; — deg,,(f) < i < a;. Now D0y =30 (a5 —e) =D 01— e =
Yoy a; —deg(f). Hence (y1,...,y,) € B, which proves (2.8). O

Setting Y; := @ for all ¢ € n, one recovers the classical Alon-Fiiredi Theorem for grids.
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