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Abstract

There are precisely four arrangements of two point-hyperplane antiflags. We
consider the corresponding relations on the set of such antiflags and show that each
of them can be recovered from any other except in one special case. If the field
consists of two elements, then one of the relations cannot be used to recover each
of the remaining three. This is related to a bijection between antiflags and exterior
points of the hyperbolic polar space which exists in this case.

Mathematics Subject Classifications: 51A10, 51A50

1 Introduction

Let F be a field (not necessarily finite) and let n be a natural number not less than three.
Consider the n-dimensional vector space V = F" and the associated projective space
PG(n — 1,F). A point-hyperplane antiflag of PG(n — 1,F) is a pair (p, H), where p is a
point and H is a hyperplane such that p ¢ H. The set of all such antiflags will be denoted
by A. We will work with the four relations ~;, i € {1,2,3,4} on A defined as follows.
For distinct antiflags A; = (p;, H;) with j € {1,2} we write

Aj ~1 A, if and only if either p; = py or Hy = Hy;

Ay ~9 Ay if and only if py # py, Hy # Hy, p1 ¢ Hy and py € Hy;

Ay ~3 A, if and only if either p; € Hy and ps & Hy or py & Hy and py € Hy;
Ay ~4 Ay if and only if p; € Hy and py € Hj.

It is clear that every pair of antiflags satisfies just one of the above four conditions. For
every i € {1,2,3,4} denote by T'; the simple graph whose vertex set is A and distinct
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antiflags Ay, A are adjacent vertices of this graph if and only if A; ~; As. In what follows,
we will say that antiflags Ay, Ay are i-adjacent if Ay ~; As.

Note that each of the relations ~s, ~3 and ~4 can be defined via ~, or more precisely,
via the distance d in the graph I';. Let A~ be the neighborhood in I'; of an antiflag A.
Then for distinct antiflags A; = {p;, H;} with j € {1, 2} the following hold.

o Ay ~y Ay ifand only if d(A;, As) = 2 and |AT*NAS| > 1. In this case, AT*NAJ! =
{(p1, Ha), (p2, H1)}.

o Ay ~3 Ay if and only if d(A;, Ay) = 2 and |AT* N AS*| = 1. The unique element of
AT M AT is (py, Hy) or (pe, Hy).

o Ay ~4 Ay if and only if d(A;, A3) = 3. In this case, AT N A = () and there are
All € ATl and A/2 € A;l such that All ~3 A2 and Al ~3 A,Z

In particular, the graph I'y has diameter 3.

It is well-known that ~; can be recovered from ~y (see, for example, [2, 10]). Hence,
we can also recover ~gy and ~3 from ~y, since they are recoverable from ~;. In the
present paper, we shall show that every ~; with ¢ # 2 can be recovered from ~s and,
when |F| > 3, we can also recover every ~; with i # 3 from ~j.

The projective space PG(n—1,F) can be recovered from I'; up to duality (see [7] or [11,
Section 3.7]). Consequently, the automorphism group of the graph I'; is the semidirect
product PT'L(n,F) x Cy. In view of the main result of this paper, the same holds for
Aut(T;) for every ¢ € {2,3,4}, provided that |F| > 3 when i = 3.

In the exceptional case, when |F| = 2, the impossibility to recover any of the relations
~1,~g Or ~y from ~j3 is due to the existence of a bijection between the antiflags of
PG(n — 1,2) and the non-singular points of a hyperbolic form on F2" or, equivalently,
the exterior points of the quadric O (2n,2) (see [12]; an alternative description of this
bijection will be offered Section 4). This bijection is actually an isomorphism from I's to
the collinearity graph of the point-line geometry with the non-singular points of PG(2n —
1,2) as points and the lines of PG(2n — 1, 2) exterior to O (2n,2) as lines. This point-line
geometry admits the same automorphism group as O1(2n,2). Accordingly, when |F| = 2
the automorphism group of I's is isomorphic to O%(2n,2). This group is larger than
SL(n,2) x Cy which, as explained above, when |F| = 2 is isomorphic to Aut(I’;) for every
ie€{1,2,4}.

Note that the relations ~4 and ~; play an important role in the geometry of the
classical groups [6, 7]. Suppose that char(F) # 2. For every involution u € GL(n, F) there
are subspaces Sy (u),S_(u) C V such that V = S, (u) & S_(u) and the restriction of u
to Sy (u) and S_(u) is id and —id, respectively. The involution w is called a (k,n — k)-
involution, where dim(Sy (u)) = k (hence dim(S_(u)) = n—k). For every k € {1,...,n—
1} all (k,n — k)-involutions form a conjugacy class in GL(n,F). Every point-hyperplane
antiflag of PG(n — 1,F) determines some (1,7 — 1)-involution u as well as the (n —1,1)-
involution —u. For k = 1,n — 1 two distinct (k, n — k)-involutions commute if and only if
the corresponding antiflags are related by ~y. Recall that ¢t € GL(n,F) is a transvection
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if
t(r) = x + a(x)zo,
where v : V' — F is a linear functional and x is a non-zero vector in the kernel of «.. For
k =1,n—1 the composition of two distinct (k,n — k)-involutions is a transvection if and
only if the corresponding antiflags are related by ~;. The relations ~4 and ~; applied to
(1,n — 1)-involutions are used in the description of automorphisms of the group GL(n,TF)
(see [6, 7] and [11, Section 3.7] for more information).
It should be noted that various characterizations of distances in terms of other dis-

tances for Grassmann graphs and graphs related to polar spaces can be found in [1, 3, 4,
5, 9].

2 Main result

The following is the main result of this paper.
Theorem 1. The following assertions are fulfilled:

(1) If |F| > 3 or i # 3 then for any distinct 1,5 € {1,2,3,4} the relation ~; can be
recovered from ~;.

(2) If |[F| =2, then no ~;, j € {1,2,4} can be recovered from ~s.

Every semilinear automorphism of V' induces an automorphism of the graph I';. Sim-
ilarly, if u is a semilinear isomorphism of V' to the dual vector space V*, then the map

(p H) = (u(H)", u(p)")

(we write X° for the annihilator of a subspace X) is an automorphism of T;.
We have previously noticed that Aut(I'y) = PI'L(n,F) x Cy. So, the first part of
Theorem 1 yields the following.

Corollary 2. Suppose that |F| > 3 ori # 3. Then every automorphism of I'; is induced
by a semilinear automorphism of V' or a semilinear isomorphism of V to V*. Hence
Aut(FZ) = PFL(H,]F) X CQ.

Remark 3. If i € {3,4}, then for any two pairs of i-adjacent antiflags there is a linear
automorphism of V' sending one of these pairs to the other. Similarly, any pair of 1-
adjacent antiflags can be transferred to any other pair of 1-adjacent antiflags by a linear
automorphism of V' or a transformation of A induced by a linear isomorphism from V to
V*. So, I';, i € {1, 3,4} is edge-transitive. If (p;, Hy) and (py, Hs) are 2-adjacent antiflags,
then the line (py, p2) intersects H; N Hy or it intersects H; and Hs in distinct points. The
second possibility occurs if and only if [F| > 3. Therefore, I'y is edge-transitive only when
IF| = 2.
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Remark 4. If |F| > 3, then ~5 can be split into two relations ~} and ~J as follows:

(p1, H1) ~% (pa, Hy) if the line (p1, p2) intersects Hy N Hy and (p1, Hy) ~5 (p2, Ho) if this
line intersects Hy and Hs in distinct points. By [8], the five relations ~y, ~), ~5, ~3, ~y
,~5 define the structure of an association scheme on the set of point-line antiflags of a
finite projective plane greater than the Fano plane. Verifying the same fact for a higher
dimension requires complicated calculations.

The relation ~j3 for the case when |F| = 2 will be considered in Section 4. The second
part of Theorem 1 will be obtained as a simple consequence of the description of the
automorphism group of the graph ['s.

3 Proof of the first part of Theorem 1

3.1 Recovering from ~; and ~y4

If X is a subset of the set of antiflags A, then for every ¢ € {1,2,3,4} denote by X~
the set of all antiflags i-adjacent to every antiflag from X'. By Mackey [10] (see also [11,
Lemma 3.10] and Cohen et al. [2, Lemma 2.6]), the relation ~; can be characterized in
terms of the relation ~, as follows.

Proposition 5. Distinct antiflags A1, Ay are 1-adjacent if and only if for any distinct
antiflags A}, Ay € ({A1, A2}™)™* we have

{A1 A7 = ({Ar, A}

As noticed in the Introduction, the both relations ~5 and ~3 can be recovered from
~1. So, characterizations of ~3 and ~5 in terms of ~, are implicit in Proposition 5. To
sum up, for any distinct ¢ € {1,4} and j € {1,2,3,4} the relation ~; can be recovered
from ~;.

3.2 Recovering from ~,

Let X be the family of all subsets {A;, A2}™2, where Ay, Ay are i-adjacent antiflags and
i # 2. We characterize the relations ~;, i € {1,3,4} in terms of the poset (X, C) for
almost all cases.

Proposition 6. Suppose that |F| > 3 orn > 4. Then the following assertions are fulfilled:
o If Ay ~1 Ay, then {A1, A2}~ is a non-minimal and mazimal element of (X, C).
o [f Ay ~3 Ay, then {Ay, A} ™2 is a minimal and non-mazimal element of (X, C).
o [f Ay ~4 Ay, then {Ay, A} ™2 is a minimal and mazimal element of (X, C).

The case when |F| = 2 and n = 3 will be considered at the end of this subsection. To
prove Proposition 6 we use the following.
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Lemma 7. For mutually distinct hyperplanes Hy, Hy, H3 the following assertions are

Fulfilled:

e [fHi NHy ¢ Hs and |F| = 3 orn > 4, then there are at least two points outside of
H,UH,U Hs.

e [f HHN Hy C Hjs and |F| > 3, then there are more than two points outside of
H,U HyU Hj.

Proof. If F is infinite, then there are infinitely many points outside of H; U Hy U H3 in
the both cases. Suppose that |F| = ¢. If H; N Hy ¢ Hs, then

|HyUHyUH;3| = |Hy|+ |Ho| + |Hs| — |HiNHy| — |HiNHs| — |HyN Hs|+ |HiNHyN Hy| =

3" =1 =3(¢" -1 +¢"P -1 (3¢ —3q+1)g"* -1

qg—1 qg—1
which means that there are precisely

oo = 3 30 g

— _12n—3
| 1 (¢—1)q

points outside of H; U Hy U H3. This number is not less than 2 if ¢ > 3 or n > 4. If
Hi N H, C Hs, then

3¢ =1 —2(¢" 7 - 1)

|H1 U H2 U H3| -
qg—1
and we obtain that
¢"—1 ¢ —3q+2)q"* -
qg—1 qg—1
This number is greater than 2 if ¢ > 3. ]

Lemma 8. Suppose that |F| > 3 or n > 4. If antiflags A; = (P;, H;), j € {1,2} are
1-adjacent for i # 2, then the following assertions are fulfilled:

(1) For any point p distinct from py,pa there is an antiflag (p/, H') € {A1, A2}™2 such
that p € H'.

(2) For any hyperplane H distinct from Hy, Hy there is an antiflag (p”, H") € {A;, Ay}™?
such that p” € H.

Remark 9. If |F| > 3 or n > 4, then Lemma 8 shows that
({A1, Ag}7™2)™ = { Ay, Ao}

for any i-adjacent antiflags Ay, Ay with ¢ # 2. In the case when |F| = 2 and n = 3, this
fails, see Proposition 10.

o
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Proof of Lemma 8. The statement (2) follows from the statement (1) by duality. Also,
it is sufficient to prove the statement (1) for the case when A;, Ay are i-adjacent with
i€ {3,4}.

Indeed, if p; = po, then we take any point p, € H; \ (Hs U {p}). The antiflags
Ay = (p1, Hy) and A}, = (ph, Hy) are 3-adjacent. If (p/, H') belongs to {A;, A,}™2, then
p & Hy and p; = ps &€ H' which means that (p/, H') is 2-adjacent to As.

Similarly, if H; = H,, then we consider A = (pq, Hj), where H} is a hyperplane which
contains p; and does not contain py. As above, A; and A, are 3-adjacent. If (p/, H')
belongs to {Ay, Ay}~2, then p’ ¢ Hy = Hy and py & H', ie. (p/, H') is 2-adjacent to As.

From here on, we suppose that the antiflags Ay, Ay are i-adjacent for i € {3,4}. Then
p1 # p2, Hi # Hy and at least one of p; is contained in Hz_;. Without loss of generality
we assume that py € Hj.

Consider the case when |F| > 3. Suppose that p is not on the line (p;,ps). By our
assumption, H; intersects this line precisely in p;. The intersection point of Hy and
(p1, p2) may be distinct from p;. Since there are at least four points on (p1, p2), the line
contains a point p € H; U Hy distinct from py, po. We take any hyperplane H' passing
through p and intersecting (p1, p2) precisely in p.

Suppose now that p € (py,pa2). Then p & H; (since po € Hy and (p1,p2) ¢ Hy). If
p is the intersection point of Hy and (pi, ps), then there is a hyperplane H' intersecting
(p1,pe) precisely in p and distinct from Hy. If p & H,, then we take any hyperplane H’
which intersects (p1, p2) precisely in p.

In each of these cases, we have H' # Hy, Hy, p € H' and py,p; ¢ H'. By Lemma 7,
there are at least two points outside of H; U Hy, U H’. This fact implies the existence of
a point p’ & Hy U Hy U H' distinct from p;. The antiflag (p/, H') is 2-adjacent to both
Ar, A,

Consider the case when |F| =2 and n > 4.

If p € (p1, pa), then p & Hy. We choose a hyperplane S of H; distinct from HyN Hy and
such that py € S. The hyperplane H' = (p, S) does not contain H; N Hy and intersects
(p1, p2) precisely in p.

Suppose that p & (p1,p2). Let ¢ be the line joining p with the point of (p;, p2) distinct
from p1, ps and let p be the intersection point of H; and ¢. The points p and p are not
necessarily distinct. On the other hand, p # p, (otherwise, (p1,p2) = £ and p € (p1, ps)
which contradicts our assumption). Since n > 4, hyperplanes are not lines. Therefore
there is a hyperplane S of H; distinct from H; N Hy and such that p € S, pos € S. The
hyperplane H' = (¢, S) contains p, does not contain H; N Hy and intersects (p1,p2) in a
point distinct from p; and ps.

In each of these cases, we have Hi N Hy ¢ H', p € H and p;,p; € H'. Lemma 7
implies the existence of a point p’ & H; U Hy U H' distinct from p;. The antiflag (p’, H')
is as required. O]

Proof of Proposition 6. Let Aj = (p;, H;), j € {1,2} be i-adjacent antiflags and let A’ =
(P}, Hj), j € {1,2} be i'-adjacent antiflags such that each of i, is distinct from 2. We
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shall show that the inclusions
{Ay, Ap}™ C {A], Ay (1)

and
{105} C{p1,po} and {Hy, Hy} C {H,, Ha} (2)

are equivalent. The implication (2) = (1) is obvious. Conversely, if p’ is distinct from
p1, P2, then, by Lemma 8, there is (p, H) € {A;, A2}~2 such that p’ € H which means
that (p, H) ¢ {A}, Ay}~2. Similarly, if H is distinct from Hy, Hy, then there exists
(p, H) € {Aq, A2} such that p € Hj and (p, H) € {A}, A5}~ again. So, (1) = (2).

We are now going to prove the statement of the proposition. We will do it in several
steps.

(I). Suppose that each of 4,7 is distinct from 1. Then

1 # D2, p/1 #plza H, # H,, H{ # Hé-

The inclusion (2) implies that

{pllvp/Q} = {Php2} and {H{,Hé} = {Hl,HQ}.

Since p; € Hz_; for at least one j € {1, 2}, the inclusion (1) holds if and only if {A;, A2} =
{47, A3}

(IT). For ¢ = 1 we have p; = py or H; = H, which means that (2) holds if and only
if {A;, Ay} = {A], AL}, Since the inclusions (1) and (2) are equivalent, {41, A3} is a
maximal element of the poset (X, C).

(III). Consider the case when i € {3,4} and i’ = 1. Since p; ¢ H;_; for each j € {1,2},
the inclusion (2) guarantees that p; ¢ Hs_; for a certain j € {1,2} and, consequently,
i = 3. So, the inclusion (1) is impossible for ¢ = 4. This observation and the previous
steps show that if i = 4 then {A;, A5}™2 is a minimal and maximal element of the poset
(%, Q).

Suppose that i = 3 (and i = 1 as above). Without loss of generality we assume that
p1 € Hy and po € Hy. Then the inclusion (1) holds if and only if {A], A}} is

{A1 = (p1, H1), (p1, Ha)} or {(p1, H2), Az = (p2, H2)}.

By the step (II), the inclusion reverse to (1) fails for each of these cases. Therefore,
{A;, A3}~ is a minimal and non-maximal element of the poset (X, C) if i = 3.

(IV). It A), A} are l-adjacent, then {A], A5}~ is a maximal element of the poset
(X, C). We need to show that this element is non-minimal, i.e. the inclusion (1) holds for
some 3-adjacent Ay, Ay. If p} # p,, and H] = H), then we take any hyperplane Hy which
contains pj and does not contain pj (such a hyperplane is distinct from H] = HJ) and
put

A= All = (pllaHi% Ay = (p/27H2)'
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In the case when p| = p,, and H| # H), there is a point py € H; \ H} (such a point is
distinct from p} = p),) and

Al = All = (pllaHi% A2 = (pQ’Hé)
are as required. O

Proposition 6 does not cover the case when |F| = 2 and n = 3. In this case, we charac-
terize ~4 in terms of ~5. Then ~; can be characterized in terms of ~5 by Proposition 5.
As we know, the relation ~3 can in turn be characterized in terms of ~1; hence, it can be
characterized in terms of ~4y too.

Proposition 10. Suppose that |[F| =2 and n = 3. Then antiflags Ay, Ay are 4-adjacent
if and only if {A1, A3}~ is non-empty.

Proof. Since n = 3, hyperplanes are lines. Let A; = (p;,¢;), j € {1,2} be distinct
antiflags.

Suppose that Ay, Ay are 4-adjacent. Then p; € l5_; for each j € {1,2}. There is a
unique line ¢ which intersects /1, ¢, in two distinct points different from p;, p» and there
is a unique point p € £ U {1 U l5. The antiflag (p, £) is the unique element of {A;, A3}™2.

In the remaining cases (if A;, As are l-adjacent, then we assume that ¢; # ¢ by
duality), there is at most one point outside of £;UlsU{p1, po} which means that {A;, A}~
is empty. 0

3.3 Recovering from ~j3. The case when |F| > 4

Let C be a coclique of the graph I's, i.e. a subset of A, where any two distinct antiflags are
not 3-adjacent. We say that C is linear if all antiflags from C have a common hyperplane
and there is a line containing the point of every antiflag from C. The coclique is said
to be dually linear if all antiflags from C have a common point and there is a line of the
dual projective space containing the hyperplane of every antiflag from C. Any two distinct
antiflags in a linear or dually linear coclique are 1-adjacent. Every bijective transformation
of A induced by a semilinear automorphism of V' to V* sends linear cocliques to dually
linear cocliques and vice versa.

Lemma 11. IfC is a linear or dually linear coclique of I's, then for every antiflag A & C
one of the following possibilities is realized:

1) A NC is empty,

2) A~ NC is a singleton,

3) A~ NC contains all antiflags of C except one,

(1)
(2)
(3)
(4) C C A™s.
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Proof. We can assume that C is linear by duality. Let A = (p,H) € A\ C and let ¢, H'
be the line and hyperplane corresponding to the linear coclique C.

Suppose first that p € H'. If ¢ C H, then A is 4-adjacent to every antiflag from C
and, consequently, A~ NC = (). Assume that £ ¢ H and p’ is the intersection point of
¢ and H. If the points of the antiflags of C are distinct from p’, then A is 3-adjacent to
all antiflags of C, i.e. C C A™3. Otherwise, the antiflag (p’, H') belongs to C and A~ NC
contains all antiflags of C except (p/, H').

Suppose now that p € H'. If £ C H, then A is 3-adjacent to all antiflags from C and
we obtain that C C A™3. Assume that ¢ ¢ H and p’ is the intersection point of £ and H.
Suppose first that p’ € H'. If p & £, then all elements of C are 2-adjacent to A; while if
p € {, then (p, H') ~1 A and all elements of C \ {(p, H')} are 2-adjacent to A. In both
cases A~ NC = (.

Now let p' ¢ H'. Then (p', H') ~3 A. If p & ¢, then all antiflags in C \ {(p/, H')} are
2-adjacent to A; while if p € ¢, then (p, H') ~1 A and all elements of C\ {(p', H'), (p, H')}
are 2-adjacent to A. In both cases A~ NC = {(p', H')} or A~ NC is empty. O

We say that a coclique C of I's satisfies the property (L) if for every antiflag A & C
one of the possibilities described in Lemma 11 is realized. This property holds for every
coclique of I's containing less than four elements. Note that linear and dually linear
cocliques of I's containing four elements exist only when |F| > 4.

Proposition 12. Suppose that |F| > 4. A 4-element coclique of T's is linear or dually
linear if and only if it satisfies the property (L).

If |F| > 4, then any two l-adjacent antiflags belong to a linear or dually linear 4-
element coclique of I's and Proposition 12 yields the following characterization of the
relation ~ in terms of the relation ~s.

Corollary 13. In the case when |F| > 4, two distinct antiflags are 1-adjacent if and only
if they belong to a 4-element coclique of T's satisfying the property (L).

Therefore, since both ~9 and ~y can be characterized in terms of ~y, if [F| > 4, then
~, and ~9 can be characterized in terms of ~3. In order to prove Proposition 12 we need
the following.

Lemma 14. If |F| > 4, then for any set formed by five points of PG(n — 1,FF) and any
point from this set there is a hyperplane of PG(n — 1,F) intersecting this set precisely in
this point.

Proof. Let {pi1,...,ps} be a set of points. We shall show that there is a hyperplane
intersecting this set precisely in ps. Denote by S the subspace of PG(n — 1,F) spanned
by this set. If S is a line, then any hyperplane intersecting this line precisely in p5 is as
required. If S is a plane, then it contains at least five lines passing through ps; and at
least one of them does not intersect the set {p1, p2, ps, p4}; we take any hyperplane which
intersects S precisely in this line.
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Suppose that S is a solid. There is a plane S’ C S which does not contain ps. For
every i € {1,2,3,4} denote by p! the intersection point of S’ and the line (p;,ps). As
above, there is a line ¢ C S’ which does not intersects the set {p}, ph, p5, p}. We take any
hyperplane intersecting S precisely in the plane spanned by ¢ and ps.

Similarly, if S is 4-dimensional, then we choose a solid S’ C S which does not contain
ps and for every i € {1,2,3,4} denote by p) the intersection point of S” and the line
(pi, ps). As in the previous case, we establish the existence of a plane S” C S” which does
not intersect the set {p}, py, ps, P4 }. Any hyperplane intersecting S precisely in the solid
spanned by S” and ps is as required. H

Proof of Proposition 12. By Lemma 11, the property (L) holds for every linear or dually
linear coclique of I's. Let C = {(p;, H;)}j_, be a 4-element coclique of I's satisfying (L).
We need to show that C is linear or dually linear.

Suppose that the points pi, ps, p3, ps as well as the hyperplanes Hy, Hy, H3, H, are
mutually distinct. We consider Hy; N Hy, Hy N H3, H; N H, as hyperplanes of H; and
choose a point

pGHl\(HQUH3UH4).

It is possible that p € {ps, p3, p4}, but we can assume that p # py without loss of generality.
Lemma 14 implies the existence of a hyperplane H such that

H N {p1,p2,p3, 01,0} = {p2}-

The antiflag (p, H) is 3-adjacent to (p;, H;) if and only if ¢ € {1,2}. Then (p,H) ¢ C
(since C is a coclique of I's) and (L) fails, a contradiction.

So, there are distinct ¢, j € {1,2,3,4} such that p; = p; or H; = H;. We can assume
that |{H1, HQ, Hg, H4}| <3 by duahty

Consider the case when |{Hy, Ho, H3, Hy}| = 3, say Hy = Hy =: H and H', H3, H,
are mutually distinct. By Lemma 14, there is a hyperplane H such that

H O {p1,p2.p3,pa, P’ = {p'},
where p’ is a point outside of H'. Then H' # H. As above, we choose a point
pe H \ (H3UHyUH).
The antiflag (p, H) is 3-adjacent to (p;, H;) if and only if ¢ € {1, 2} which contradicts (L).
Therefore, |{Hy, Ho, Hs, Hy }| < 2.

Suppose now that |{Hy, Hy, Hy, Hy}| = 2, say Hy = Hy = Hy =: H and Hy, # H'.
Lemma 14 implies the existence of a hyperplane H such that

Hn {p17p27p37p47p,} = {p3}7
where p’ € H'. Then H' # H and there is a point
pe H'\ (HyUH).
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The antiflag (p, H) is 3-adjacent to (p;, H;) if and only if ¢ € {1,2} which contradicts (L)
again.

We obtain that H; = Hy = H3 = Hy =: H’'. If no line contains {p1, p2, p3, ps}, then
for some distinct 7,5 € {1,2,3,4} the line (p;, p;) does not contain the remaining two p;
and it is easy to see that there is a hyperplane H intersecting {p1, p2, p3, p4} precisely in
two points. Let

H N {p1,p2,ps3,pa} = {3, pa}-
Since H' # H, there is p € H'\ H. The antiflag (p, H) is 3-adjacent to (p;, H') if and
only if i € {1,2} in contrast to our assumption. Therefore, {p1, p2, p3, p4} is contained in
a line and the coclique C is linear. n

3.4 Recovering from ~3. The case when F is finite

The case of |F| = 3 remains to be considered. However, the arguments to be used to fix
this case work as well for any finite field. So, throughout this subsection we assume that
F is finite, |F| = 2 being allowed. Thus, we shall be able to show why when |F| = 2 the
relations ~; with i # 3 cannot be recovered from ~s3.

Proposition 15. Suppose that |F| = q. Let A; = (pi, H;), i € {1,2} be distinct antiflags
such that Ay ob3 As. Then the following assertions are fulfilled:

(1) ]f Al ~y AQ, then |{A1, AQ}N3| = 4((]”72 — 1)((] — 1)qn73.
(2) ]f Al ~1 Ag, then ‘{Al, AQ}N3| = q2n—3 — 2qn—2‘

(3) If Ay ~9 Ay and the line joining py and py intersects Hy N Hy in a point, then
|{A1, A2}~3| — 4qn—2(qn—2 _ qn—S) _ 2qn—2'

(4) If Ay ~o Ay and the line joining p1 and ps does not intersect Hy N Hy, then
{A1, Ao} =4(¢"? = 1) (¢ — 1)¢" > + 2¢" 2.

For ¢ = 2 the fourth possibility of Proposition 15 cannot occur and the numbers (1)-
(3) are mutually equal. If ¢ > 3, then all above numbers are mutually different. Hence
those numbers yields characterizations of each of the relations ~;, i € {1,2,4} in terms
of ~3.

Proof of Proposition 15. The complement of a hyperplane of PG(n — 1, q) consists of ¢"~!
points and there are precisely (¢ — 1)¢" 2 points outside of the union of two distinct
hyperplanes of PG(n — 1,¢). Let H{, H), H; be mutually distinct hyperplanes of PG(n —
1,q). If H{NH, ¢ H}, then there are precisely (¢—1)%¢"® points outside of Hj U HjU Hj.
In the case when Hj N H) C H}, the number of such points is (g — 2)¢" 2.

(1). Suppose that A; ~4 Ay. Then p; € Hs_; for i € {1,2}. If an antiflag (p, H)
belongs to {A;, A3}™3, then one of the following possibilities is realized:

e p € Hy N Hy and H intersects (p1, pe) in a point distinct from p; and po;
e p ¢ HiUHyU (p1,p2) and (p1,p2) C H;
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e for one of i € {1,2} we have p € H; \ (Hs_; U{ps_;}), pi ¢ H and p3_;, € H.
There are precisely
n—2
q —1 n— n— n—
T (g—=1" = ("= D(g— )"

antiflags satisfying the first condition (we consider H as a point of the dual projective
space which is not in the union of the hyperplanes corresponding to p, p1, p2). The second
condition holds for precisely

(g=1)g"? = (g=1)-¢" = (¢" = (g — g"

antiflags and for each ¢ € {1,2} there are precisely

(" =1)(g—1)g""

antiflags satisfying the third condition. We get the claim.
(2). Suppose that A; ~; Ay. By duality, we assume that p; = p;. Then for every
antiflag (p, H) belonging to {A;, A2}~ one of the following possibilities is realized:

e pc HiNHyand p, =py & H;
e pZ HHUHyU{py =p2} and py =py € H.
There are precisely

qn—2 -1

P Ul )" =(¢"?=1)¢"* and ((¢—1)¢" > =1)-¢""

antiflags satisfying the first and second condition, respectively. The sum of these two
numbers is ¢?" 3 — 2¢" 2.

(3) and (4). If Ay ~o Ay, then {p1,pa} N (H; U Hy) = 0 and for every antiflag (p, H)
belonging to {A;, A2}~ one of the following possibilities is realized:

e p € Hy N Hy and H intersects (p1,pe) in a point distinct from p; and po;
e p & HiUHyU (py,p2) and (p1,p2) C H;
e for one of i € {1,2} we have p € H; \ Hs_;, p; ¢ H and p3_; € H.
Suppose first that (p, ps) intersects H; N Hy in a point p’. There are precisely
n—2
q —1 2 n—3
T " 1) (-1
( = ) (¢—1)%q

antiflags (p, H) with p # p’ and (q — 2)¢" 2 antiflags (p/, H) which satisfy the first condi-
tion; the sum of these numbers is

("2 =1)(g—1)g" > —¢" .
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The second condition holds for precisely

((q—1)¢"?=q)-¢"°

antiflags and for each ¢ € {1,2} there are precisely

" (q—1)g"

antiflags satisfying the third condition. A direct calculation shows that the sum

@ ?=Dqg-D¢"?—¢"+((¢—D¢"* = q)¢" > +2(q — 1)¢*"°

is as required.

Suppose now that (pj,ps) intersects H; and Hs in distinct points p} and p}, respec-
tively. As in the case when A; ~4 As, the number of antiflags satisfying the first or second
condition is

("= D@—1)¢"".

Also, for each i € {1,2} we have the same number of antiflags (p, H) with p # p/ satisfying
the third condition. Since the assumption that ps_; € H and p; ¢ H implies that p, & H,
the number of antiflags (p}, H) satisfying the third condition is ¢" 2. We obtain the
required equality. O

4 Non-singular points of the hyperbolic form over the field of
two elements as antiflags

As above, we suppose that V =F"and n > 3. If x € V and x* € V*, then z* - © denotes
the value of the functional z* on the vector x. Recall that for non-zero x* € V* the
annihilator (z*)° is the (n — 1)-dimensional subspace of V formed by all z € V satisfying
z*-x=0.

Consider the non-degenerate quadratic form ) on the 2n-dimensional vector space

V x V* defined as follows:
Q(x)=z"-z for x=(r,2") € V x V*,

It is clear that
I={(z,0): 2 €V} and ¥ ={(0,2"):2" € V*}

are maximal singular subspaces of (). Also, (x,z*) ¢ ITU X is a non-singular vector of @)
if and only if (z) and (2*)? form an antiflag.

Singular points of PG(2n—1,F), i.e. corresponding to singular 1-dimensional subspaces
of @, form the hyperbolic polar space O (2n,F) (we write O (2n,¢q) in the case when
|F| = q). The remaining points of PG(2n — 1,F) are said to be non-singular.

Let f be the map of the set of non-singular points of PG(2n—1,F) to the set of antiflags
A sending every non-singular point ((x, z*)) to the antiflag formed by (z) and (z*)°. This
map is surjective, but it is not injective if |F| > 3. Indeed, if |F| > 3, p = ((z,2)) is a
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non-singular point and a € F\ {0, 1}, then p’ = ((z, axz*)) is a non-singular point distinct
from p and f(p) = £(p).

So, f is bijective if and only if |F| = 2.

From now on we assume that |F| = 2. The next proposition is the main result of [12].
The setting we have introduced above allows us to give a very short proof of that result.

Proposition 16. Suppose that |F| = 2. For distinct non-singular points py, ps the third
point on the line joining them is non-singular if and only if the antiflags f(p1), f(p2) are
3-adjacent.

Proof. Let p; = ((x;,x})), i € {1,2} be distinct non-singular points. Then z} - z; = 1 for
every i. The third point on the line (py, p2) is ((z1 + 22, 2} + 23)) and

* * * * * * * *
(2] +a5) - (v1+22) =] -1 + ] - X+ 25 - 1y + T - Ty =] - Ty + T Ty
is non-zero if and only if precisely one of z7-x9, 5 -2 is non-zero. This gives the claim. [

Using the map f, we identify non-singular points of the form () with antiflags of
PG(n—1,2). By Proposition 16, I's is the collinearity graph of the point-line geometry of
non-singular points and totally non-singular lines (lines formed by non-singular points).

Theorem 17. The polar space O (2n,2) can be recovered from the graph Ts.

The automorphism group of the polar space O7(2n,2) is the orthogonal group
O7(2n,2). Every element of this group induces an automorphism of the graph I's. In
particular, elements of O (2n,2) preserving each of the singular subspaces IT and X cor-
respond to linear automorphisms of V', elements transposing these subspaces are related
to linear isomorphisms of V' to V*.

Conversely, Theorem 17 shows that every automorphism of I'; induces an automor-
phism of the polar space O (2n,2). This fact implies the following.

Corollary 18. If |F| = 2, then Aut(I's) = O (2n,2).

Let i € {1,2,4}. By the first part of Theorem 1, the relation ~3 can be recovered
from ~;. Therefore, if ~; can be recovered from ~s3, then the graphs I'; and I'; have the
same automorphism group which contradicts Corollaries 2 and 18. We obtain the second
part of Theorem 1.

5 Proof of Theorem 17
Consider the non-degenerate bilinear form F' on V' x V* defined as follows:
Fx,y)=y" -z+a2" -y for x=(x,2%),y = (y,y") €V x V™.

The associated orthogonal relation on PG(2n — 1,2) will be denoted by L. We use the
following simple observations:
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e Two distinct singular points are orthogonal if and only if the line joining them is
singular.

e Two distinct non-singular points are non-orthogonal if and only if the line joining
them is totally non-singular.

e A singular point p and a non-singular point q are orthogonal if and only if the third
point on the line (p,q) is non-singular.

Recall that non-singular points of the form ) are identified with antiflags of PG(n —
1,2) and '3 is the collinearity graph of the point-line geometry of non-singular points and
totally non-singular lines. So, totally non-singular lines are cliques of the graph I's. Our
first step is the following characterization of such lines in therms of the relation ~j.

Proposition 19. Let C be a 3-element clique of I's. Then C is a line if and only if the
following condition is satisfied:

(NS) every non-singular point p & C is 3-adjacent to precisely two points of C or it is not
3-adjacent to any point of C.

This shows that every totally non-singular line is a maximal clique of I's.

Proof of Proposition 19. Suppose that C = {pi1,p2, p3} is a totally non-singular line.
Then pi N py C p; and the projective space PG(2n — 1,2) is the union of the hy-
perplanes pi,py,Ps. S0, a non-singular point p € C is contained in precisely one of
these hyperplanes or in their intersection. This implies (NS); in particular, every totally
non-singular line is a maximal clique of I's.

We shall now show that (NS) fails if C = {p1, p2, p3} spans a plane A. Let this be
the case. There is a solid S containing A and such that the restriction of F' to the 4-
dimensional subspace of V' x V* corresponding to S is non-degenerate. We denote this
restriction by F’. For every plane X C S there is a unique point px € X such that
SNnpx = X.

Since the line (p;, p;) is totally non-singular for any distinct ¢, j € {1,2, 3}, all points
of A are non-singular except p4. Let B and C' be the remaining two planes of S passing
through the line (po, p3). If one of the points pg, pc is non-singular, say pg, then pp
and p; are 3-adjacent (these points are non-orthogonal, since F” is non-degenerate). On
the other hand, pp is not 3-adjacent to ps, ps, which contradicts (NS).

Suppose now that pg, pc are singular. Since pp is orthogonal to ps, ps and (ps, ps)
is totally non-singular, every point of B distinct from pp is non-singular. The same holds
for the plane C'. Therefore, all points of S are non-singular except pa, pgr,Pc- These
points are mutually non-orthogonal (since F” is non-degenerate) and, consequently, they
span a plane D. Then there is a plane of S intersecting D in a totally non-singular line.
This plane is formed by non-singular points. However, this is impossible (every totally
non-singular line is a maximal clique of I'3). So, at least one of the points pg,pc is
non-singular. It follows that (NS) fails. O
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For every 2-element coclique {p, q} of I's the third point on the line (p, q) is singular.
Two distinct 2-element cocliques of I's are said to be parallel if the corresponding lines
intersect in a singular point. Every singular point is determined by a class of parallel
2-element cocliques of I';. So, we need to characterize such classes in terms of the relation
~s.

For any two parallel 2-element cocliques of I'5 the corresponding lines are intersecting in
a singular point p and span a plane contained in p*. There are precisely two possibilities:

(1) all points on the plane except p are non-singular,
(2) singular points of the plane form a line.

We say that these are parallel cocliques of the first or the second type if the corresponding
possibility is realized.

Proposition 19 provides a characterization of totally non-singular lines in terms of
~3. Therefore, parallel cocliques of the first type can be characterized in terms of ~3 as
follows.

Lemma 20. Let Cy,Cy be distinct 2-element cocliques of I's. These are parallel cocliques of
the first type if and only if there are two distinct totally non-singular lines which intersect
each of these cocliques and are intersecting outside of Cy U Cs.

Proof. Easy verification. O]

Lemma 21. Let Cy,Cy be distinct 2-element cocliques of I's which are not parallel cocliques
of the first type. These are parallel cocliques of the second type if and only if there is
a 2-element coclique C' such that C;,C’' are parallel cocliques of the first type for every
ie{1,2}.

Proof. Let ¢ and /5 be the lines containing C; and Cs, respectively. If there is C’ such
that C;,C’" are parallel cocliques of the first type for every i € {1,2}, then ¢; and ¢, are
intersecting in a singular point which means that C;,Cy are parallel.

Suppose now that C;,Cy are parallel cocliques of the second type and the lines /1, /5
intersect in a singular point p. We take non-singular points p; € ¢; and ps € f5. These
points are orthogonal (since C;,Cy are parallel cocliques of the second type). The line
(p1, p2) does not pass through p which guarantees that the intersections of pt with p;
and py are distinct. It is sufficient to show that there is a non-singular point

aep-\(pi Upy).

Indeed, if ' € (p,q) is distinct from p and q, then q' is non-singular and the coclique
C' = {q,q'} is as required.

If n > 3, then there is a 6-dimensional subspace of V' x V* containing ¢; U /5 and such
that the restriction of F' to this subspace is non-degenerate of Witt index equal to 3. For
this reason we can assume with no loss that n = 3. Then p* N p; N py is the plane
spanned by ¢; U fy; we denote this plane by S. For every i € {1,2} there are precisely
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four non-singular points in (p* N p;) \ p3_; (the line joining p; with any singular point
from (pt Np;) \ p3_; contains a non-singular point). These four non-singular points are
lying on two lines passing through p. Let S; be the plane spanned by these lines. Then
SN S; is the singular line of S passing through p. Therefore, pt N p; is spanned by S;
and f3_;. We take any non-singular point

a € (P Npi)\ps.

Then ¢, C qf and, consequently, gi does not contain S, (otherwise p* N q; coincides
with pt N py which is impossible, since p € (qi, p2)). So, qi intersects Sy in a line. This
implies the existence of a non-singular point

a € (prNpy) \ pr

non-orthogonal to q;. The non-singular point q € (qi,qs) distinct from qi,qs is as
required. O]

Combining Lemmas 20 and 21 we obtain a characterization of parallel classes of 2-
element cocliques of I'3 in terms of the relation ~3. So, the set of points of the polar space
O7(2n,2) can be recovered from the graph I's. Singular lines are recovered from I's as
follows.

Proposition 22. Let py, ps, p3 be mutually distinct singular points and let €;, 1 € {1,2,3}
be the parallel class of 2-element cocliques corresponding to p;. These points form a line
if and only if there are cocliques C; € €1,Cy € €y,C3 € €3 such that C; N Cj is a point for
every choice of distinct indices i,j € {1,2,3} and the points C1NCy, CoNC3 and C3NCYy
are mutually distinct.

Proof. If { = {py, P2, P3} is a line, then ¢+ is a (2n — 3)-dimensional subspace of PG(2n —
1,2) and, consequently, it contains a non-singular point p (since n > 3). There are
precisely four non-singular points on the plane spanned by ¢ and p. This plane contains
three cocliques satisfying the required condition.

Conversely, suppose that C; € €1,Cy € €5,C3 € €3 are mutually intersecting in three
distinct points. Then ¢; = C; U {p;} is a line for every i € {1,2,3} and these lines span
a plane. Therefore, the third point on the line (p1,p2) belongs to ¢3 \ (¢; U ¢3) and,
consequently, this point is p3. O
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