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Abstract

The two subjects in the title are related via the specialization of symmetric
polynomials at roots of unity. Let f(z1,...,2,) € Z[z1,...,2,] be a symmetric
polynomial with integer coefficients and let w be a primitive dth root of unity. If
din or d|(n — 1) then we have f(1,w,...,w" 1) € Z. If d|n then of course we
have f(w,w?,...,w") = f(l,w,...,w" 1) € Z, but when d|(n + 1) we also have
flw,w?,...,w") € Z. We investigate these three families of integers in the case f =
h,gb), where h,ib) is the coefficient of t* in the generating function [}, (1+zit+- -+
(z;t)*~1). These polynomials were previously considered by several authors. They
interpolate between the elementary symmetric polynomials (b = 2) and the complete
homogeneous symmetric polynomials (b — oco). When ged(b,d) = 1 with d|n or
d|(n—1) we find that the integers h,gb)(l, w,...,w" 1) are related to cyclic sieving of
multisets with multiplicities bounded above by b, generalizing the well-known cyclic

sieving results for sets (b = 2) and multisets (b — oo0). When ged(b,d) = 1 and
d|(n + 1) we find that the integers h,(cb) (w,w?,...,w") are related to the Frobenius
coin problem with two coins. The case ged(b,d) # 1 is more complicated. At the
end of the paper we combine these results with the expansion of hg)) in various bases
of the ring of symmetric polynomials.

Mathematics Subject Classifications: 05A30,05E05,05E18,11D07
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1 Summary

We begin with a brief summary of our main results. Let the numbers (Z) ®) ¢ N be defined

by
N
Z(k) th=(Lt4 -+t

k

and let the polynomials [}] L(]b) € N|g] be defined by

IO , ‘
> M =T+ gt +-+ (gt)").

k q =0

If n or k is not an integer we define (Z) ®.— 0 and m ((Ib) = 0.

Let w be a primitive dth root of unity. It is a basic fact (see Observation 3 and Remark
7) that [}] S)) is an integer when d[n or d|(n — 1), and that w*[}] S) is an integer when
d|(n 4+ 1). We are interested in combinatorial interpretations of these integers.

If d|n and ged(b, d) = 1 then we have (Theorem 5a):

=10
Z {k:| tk _ (1 + td 4t (td)bfl)n/d’

-G

Let X be the set of k-multisubsets from {1,...,n} whose multiplicities are less than b. It
is easy to check (see Theorem 2a) that (Zﬁ) @ is also equal to the number of elements of
X fixed by the permutation p of {1,...,n} defined by i — i+ n/d mod n. The situation
for ged(b, d) # 1 is more complicated.

If d|(n — 1) and ged(b, d) = 1 then we have (Theorem 5b):

which implies that

(b)
Z |:n} tk _ (1 ot —i—tb_l)(l —I—td 4t (td)b—l)(n—l)/d7

R

w =0

which implies that

It is easy to check (see Theorem 2b) that this number also counts the elements of X
fixed by the permutation 7 : {1,...,n} defined by n — n and i — i + (n — 1)/d mod
n—1forie {1,...,n— 1}. The situation for ged(b,d) # 1 is more complicated. These
results generalize the two most basic examples of cyclic sieving [14, Theorem 1.1], which
correspond to the cases b = 2 (subsets) and b — oo (unbounded multisets).
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If d|(n+ 1) and gcd(b,d) = 1 then we have (Theorem 5c):

n (b) i (1_|_td_|_.“+(td)b—1)(n+1)/d
Zw = b—1
- k], 1+t4---+1

Y

which is a polynomial in Z[t]. This time we do not have an interpretation in terms
of cyclic actions on multisets. Instead, we find that the coefficients are related to the
Frobenius coin problem. As a teaser, we mention one interesting result (Corollary 13).
Let (dg,...,04—1) be the permutation of (0,...,d — 1) defined by 6,0 = r mod d. Then
for all r € {0,...,d — 1} we have

(0)

r+kd n r+kd _ d
> w [de}t == £ (),

k>0 w

where f,(t) € N[t] is a polynomial with positive, unimodal coefficients, and where

o = +1 5’r<51;
" )l=1 6, >4

The situation for ged(b, d) # 1 is more complicated.

At the very end of this project we stumbled upon a surprising formula. Recall that a
partition A of length ¢ = [()\) is a sequence A = (A1,...,\;) € N where A\ > --- > )\, > 1.
We write |A| = k when ) . \; = k. Let m; = #{j : A\; = i} be the number of parts of A
equal to 7 and let z) =[], "™ - m;!. For each b > 2 let [,(\) = #{j : b|\;} be the number
of parts of A divisible by b. Then for all n, k,b € N we have (Proposition 14)

()
(Z) = Z 211 = b)eMpt™y,

A=k

We obtain this as the specialization of an identity involving symmetric polynomials. Corol-
lary 16 gives the analogous specializations at roots of unity.

The paper is organized as follows. Section 2 discusses the cyclic sieving phenomenon.
In this section we state and partially prove Theorems 2a and 2b on cyclic sieving of
multisets with bounded multiplicity. In Section 3 we discuss the b-bounded symmetric
polynomials and their specializations at roots of unity. The main result is Theorem 5.
We use parts (a) and (b) of Theorem 5 to complete the proof of Theorem 2. Part (c)
of Theorem 5 is not related to cyclic sieving. Instead, we show that it is related to the
Frobenius coin problem, which we discuss in Section 4. Finally, in Section 5 we discuss the
expansion of b-bounded symmetric polynomials in various bases for the ring of symmetric
polynomials. In particular, the expansion in power sums yields the surprising formula.

2 Cyclic Sieving

This investigation began with the experimental observation (see Theorem 2a) that certain
collections of multisets with bounded multiplicity obey a cyclic sieving property. We recall
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the setup from Reiner, Stanton and White [14].} Suppose that a cyclic group (p) acts on a
finite set X. Let f(q) = > cx ¢****(*) be the generating polynomial for a certain function
stat : X — N, so f(1) = #X. Let N = #(p). We say that the triple (X, f(q), (p))
exhibits the cyclic sieving phenomenon (CSP) if for any primitive dth root of unity w
with d|N we have
flw) = #xP" = #reX:pNt. g =2z}

Reiner, Stanton and White observed that this concept unifies many disparate examples
in which a combinatorially defined polynomial f(q) yields integers when evaluated at

certain roots of unity. The most basic examples of CSP occur when f(q) is a g-binomial
coeflicient, which we define as usual:

[7],!

g =1+q+--+q"", [nly! = [nly[n —1],---[1], and [Z] kg — K

q

It is well-known that m . is a polynomial with positive integer coefficients. A k-multisubset
of {1,...,n} has the form

{17,272 .. on"} ={1,...,1,2,...,2....n,...,n},
x1 times xo times x, times

where the symbol ¢ is repeated x; times and where z1 + --- 4+ x, = k. We can identify
each multiset with its vector of multiplicities x = (z1,...,z,) € N™. Subsets without
repetition correspond to binary vectors (xy,...,z,) € {0,1}". More generally, for any
integers b, n, k € N we consider k-multisubsets with multiplicities bounded above by b:

Xy ={(x1,...,2,) € N" 1 z; < b for all i},
Xylk] = {(21,...,2,) € N" : z; < b for all ¢ and le = k}. (1)
The notation is suggested by the fact that #X;" = b". Note that X'[k] = X} ,[k] for

all b > k hence we may define X7 [k] := X!, ,[k]. Thus X3[k] is the set of k-subsets and
X [k] is the set of k-multisubsets of {1,...,n}. We have

e = (),
e = ("7, 7).

Consider the permutations p, 7 : XJ'[k] — X['[k] where p cycles all n coordinates and 7
cycles the first n — 1 coordinates, leaving the nth coordinate fixed:

P (T1,x9, ... xy) = (T, ..., Ty, T1),

T (1, T, ,xpn) = (Ta, ..., Ty1, X1, Tp).

Here is the most basic result in the theory of cyclic sieving.

1See [15] for a more recent survey.
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Proposition 1 ([14, Theorem 1.1]). If C = (p) or C' = (7) then the following exhibit

CSP:
<Xg[k], ch) : (Xgo[k], {n - ]1 + kk’c) |

In other words, if w is a primitive dth root of unity with d|n then we have

b =

{n—1+k

] e

and if w is a primitive dth root of unity with d|(n — 1) then we have

n nir1r(n—1)/d
M s

n—1+k n (717 (n—1)/d
" e
In general the set of vectors X;'[k] corresponds to k-multisubsets of {1,...,n} whose

multiplicities are bounded above by b. We will use the notation

(Z) ",

so that

The generating function is

(b—1)n n (b)
( ) th=Q4+t+- +tH"
k=0 k
These numbers have a long history and appear often in probability because (Z) ® /b is
the chance of getting a sum of k in n rolls of a fair die with sides labeled {0,1,...,b—1}.
Belbachir and Igueroufa [3] have collected an extensive list of references going back to
Euler. It is surprising that there is no standard notation; we use a modified form of
Euler’s notation.

Our main results in this paper have to do with the natural g-analogue defined by

(b=D)n n (b) n—1 ' ' ' n—1
> M =T+t + (g0 +-+ (@)"") = [[ )y
k=0 q =0 =0

(S8
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which is the generating function for the statistic g + 223 + -+ 4+ (n — 1)x,, on the set

X7 [k]: "
{n] _ Z qx2+2x3+--~+(n—1)xn'
klg xeX[[K]

This is a generalization of the ¢g-binomial coefficients in the sense that

(2)
{"} _ qk(kq)/z {”]
k q k q

[n]<°°>_[n—1+k]
kq k q

Here is the result that motivated the current paper.

Theorem 2 (Cyclic Sieving of Multisets with Bounded Multiplicity). Let X['[k] be the
set of n-tuples (x1,...,x,) € {0,1,...,0 — 1} with 1 + --- + x,, = k and consider the
permutations p, T of X['[k] defined by

P (xthv R 7In) = (x27 s 7In7$1)7
T (21,29, ..., xp) 1= (T2, ..., Tp_1, X1, Tp).

(a) If ged(b,n) =1 then the triple (X[k], [}] ;b), (p)) exhibits the CSP. More precisely,

if wis a primitive dth root of unity with d|n and ged(b,d) = 1 then we have

n]® a
=

w

(b) If ged(b,n — 1) = 1 then the triple (XP[k], [}] ;b), (1)) exhibits the CSP. More pre-
cisely, if w is a primitive dth root of unity with d|(n — 1) and ged(b,d) = 1 then we
have

n ®) iy rn—1/d
RS L

Here we will give the combinatorial portion of the proof. The algebraic portion of the
proof follows from parts (a) and (b) of Theorem 5 in the next section.

Proof. Let w be a primitive dth root of unity.
First suppose that d|n. If d { k then X?[k]"’" = 0. If d|k then we have a bijection

X2k d) — XP[K)P" defined by
(1'1, .. ,l‘n/d) — (ZL‘l,. s Tngdy ey Ty ,I‘n/d),
where the string (z1,...,%,/q) is repeated d times on the right hand side. Hence we have

n/d)<w.

BT = 1) = ()]
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In other words, we have the generating function

Z #Xgl[k;]pn/dtk — (1 4 td 44 (td>b—1)n/d'
k

Theorem 5a below shows that the numbers m ff)

but only when ged(b, d) = 1.
Next suppose that d|(n —1). Any x € X]'[k]

satisfy the same generating function,

n—1)/d
7=D/% has the form

(.Tl, s 7‘rn> = (271, <oy L(n=1)/ds -+ L1y - 7$(n—1)/d7xn)7
where the string (21, ..., 2n-1)/4) is repeated d times. Since the coordinates sum to & we
have z,, + dzgizl)/d r; = k. If &, = { then z1,...,24_1)/¢ sum to (k — £)/d, hence there
are (((Z:;))//j) ) ways to choose x1,...,7(—1)/q4. It follows that
(b)
(n—1)/d (n — 1)/d
XJk|™ = )
£20

In other words, we have the generating function

SN = (Lt (Lt (),
k

Theorem 5b below shows that the numbers m ((f) satisfy the same generating function,
but only when ged(b, d) = 1. O

Let us observe how Theorem 2 generalizes Proposition 1. Let w be a primitive dth
root of unity. If b is larger than k& (and coprime to d) then we have

n (b)_ n (Oo)_ n—1+k
kUJ_ kUJ B k w’

so in this case we recover the multiset portion of Proposition 1. If b = 2 then Theorem 2
only applies when d is odd, i.e., when ged(2,d) = 1. In this case one can show with some
tedious checking of signs and vanishing conditions that

n]®@ n n
— JRE=1)/2 _
R A
2

whenever d[n or d|(n — 1).2 If d is even, so ged(b,d) # 1, it still turns out that [}] 7 =

w

+ mw, and the negative signs can be fixed by multiplying [Z] 22) with a suitable power of

2We regard this fact as a small coincidence. In general, it seems that one should just admit that
[Z] 22) = qk(kfl)/ 2 [Z]q is the appropriate g-analogue of binomial coefficients when dealing with sets,
n (OO) _ [n—1+k
Wy =1

while . is the appropriate analogue when dealing with multisets.
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g. A similar phenomenon happens whenever ged(b, d) = 2, but for general ged(b,d) # 1

with d|n or d|(n — 1) the integers [}] g)) seem unrelated to cyclic actions on XJ'[k]. For

example, consider b =d =n = k = 3 with

410
M =q¢"(1+2q9+ ¢ +2¢° + ¢*),
q

and consider the set
Xgl:?)] = {(O’ ]" 2)7 (07 2’ ]'>7 (17 07 2)7 (1’ 2’ 0)7 (27 07 1)’ (27 17 0)7 (1’ ]‘7 1)}

Since p acts on X3[3] by cycling all three coordinates we have X3[3]* = {(1,1,1)}, but if
w is a primitive 3rd root of unity then

41®
{3} = w1+ 2w + w? + 2w° + W)

w

= w4+ 2w+ 1+ 2w+ w?
=1+ 3w+ 3w?
=1+3w+3(-1-w)
= -2

# #X3[3]".

We first observed Theorem 2a in the case b = n + 1 and then discovered the result for
ged(b,d) = 1 in the course of proving it. We discovered Theorem 2b much later, after a
first draft of this paper was already written, and only then realized the connection to the
“nearly free cyclic action” in Theorem 1.1 of Reiner, Stanton and White [14]. We believe
this accidental rediscovery confirms the inevitability of the idea.

Reiner, Stanton and White gave two proofs of Proposition 1. Their first proof inter-
prets the g-binomial coefficients evaluated at roots of unity as character values for certain
GL, representations, which can also be viewed as principal specializations of symmetric
polynomials. Their second proof uses “brute force” arguments to show that enumeration
and the g-substitutions have the same explicit formula.

Our point of view is that there is not a big distance between the two proofs. In
Theorem 5 below we observe that Reiner, Stanton and White’s ad hoc collection of ¢-
binomial evaluations [14, Proposition 4.2] can be unified via specialization of certain
symmetric polynomials at roots of unity. This is a case where generalization leads to
simplification.

Unfortunately, it seems that a fully representation-theoretic proof of Theorem 2 along
the lines of Reiner, Stanton and White might be difficult because the relevant symmetric
polynomials do not have positive Schur coefficients (see Section 5). Perhaps the point of

view in Doty and Walker [7] can be used to generalize the representation-theoretic proof
in [14].
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3 Bounded Symmetric Polynomials

In this section we develop the relationship between Theorem 2 and symmetric polynomials.
Though this is not strictly necessary for the proof, we believe that it is the correct context
for the problem and it leads to further interesting questions.

Recall that f(z1,...,2,) € Z[z1, ..., z,) is called symmetric if for any permutation 7
of {1,...,n} we have

f(Zw(l): . ,Zﬁ(n)) = f(zl, Ce ,Zn).

The following observation guides the shape of this paper. It is surely well-known, but we
have not seen it explicitly stated. We do not call this a lemma because we will not use
these results in later proofs. Parts (b) and (c) of the observation use some basic Galois
theory; however, they also follow from Theorem 5 below. See Remark 7.

Observation 3. Let f(z1,...,2,) € Z[z1, ..., 2,] be a symmetric polynomial with integer
coefficients and let w be a primitive dth root of unity.

(a) If d|n then we have w™ =1, hence
flw,? .. w") = flw,w? .., w" 1) = f(Lw,...,w" ).

If, moreover, f is homogeneous of degree k with d t k then we have

(b) If dln or d|(n — 1) then f(1,w,...,w" ') € Z.
(c) If dn or d|(n+ 1) then f(w,w?, ... ,w") € Z.
(d) If d|(n — 1) then f(w,w?, ..., w") need not be an integer.
(e) If d|(n+1) then f(1,w,...,w" ) need not be an integer.
Proof. (a): If d|n and if f is homogeneous of degree k then
flw,w?, . w") = f(Lw,. ., ) = W fw,w?, .. wh).

If f(w,w?, ...,w") # 0 then this implies that w* = 1, hence d|k.

Parts (b) and (c) use the following setup from Galois theory. Let (,, denote a primitive
mth root of unity. The Galois group of Q((n)/Q is {¢, : ged(r,m) = 1}, where the
automorphism ¢, : Q((n) = Q((n) is defined by ¢, ((n) = (. If @ € Q((,,) satisfies
or(a) = « for all ged(r,m) = 1 then it follows that a € Q. If we also have a € Z[(,)]
then « satisfies a monic polynomial over Z, which implies that a € Z.

Let w be a primitive dth root of unity and let w = (w,...,w% 1) and write powers to
denote concatenation of sequences. If ged(r,d) = 1 then the automorphism ¢, (w) = w"
permutes the sequence w, hence it permutes sequences of the following four types:

(Lw)", (v, )" (Lw)" 1), ((w,1)"w)
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(b): If d|n and ged(r,n) = 1 then we also have ged(r,d) = 1, hence the sequence
(1,w,...,w" ") = (1,w)™? is permuted by ¢,. Since f is symmetric it follows that

Qor(f(l?w? S ’wn_l)) = f(@T(lvw)n/d) = f((lv("J)n/d) = f(lvwv ce ’wn_l)'

Then since f(1,w,...,w" ) € Z[¢,] we have f(l,w,...,w™ ') € Z. If d|(n — 1) and
ged(r,n — 1) = 1 then we also have ged(r,d) = 1, hence the sequence (1,w,...,w" 1) =
(1, w)n=1/d 1) s permuted by ¢,. Since f is symmetric, the automorphism ¢, of

Q(¢n-1) ﬁxe f(Lw,...,w™ 1), and since f(l w,...,w" 1) € Z[(,_1] this implies that
f(l,w,. e ( ) If d\n then (w,w? w”) = (w,1)™? and if d|(n + 1) then
(w, w? ) (w, 1)(”+1)/d w). The rest of the proof is the same as (b).
(d ) Ifd]( - 1) ndf(zl,...,zn):,Zl—i-~'~—|—znthenf(w,wQ,...,w”):wgzz. (e):
Ifdl(n+1)and f(z1,...,2,) =21+ -+ 2, then f(L,w,..., 0" ) = —w & Z. O
For an indeterminate ¢ and a symmetric polynomial f(z1,...,2,) € Z[z1,...,2,] we

consider the principal specialization

fq,¢%....4" ") € Z[q).

The evaluation of ¢ at roots of unity appears often in the literature for specific families
of f, but we have not seen it spelled out that this is a general phenomenon with three
different cases: d|n, d|(n—1) and d|(n+1). The incompatibility of the cases d|(n—1) and
d|(n 4+ 1) leads to some ambiguity whether one should define the principal specialization
as f(1,...,¢" Y or f(q,...,q"). The former is the standard convention.

In this paper we are interested in the case when f is a certain generalization of the
elementary symmetric polynomials e, and the complete symmetric polynomials hy. Recall
the generating functions

=1 k>0
n

H(t 21, 7Zn):H 1_22 E hk Zla y % )
=1 k>0

and the reciprocity relation E(—t;zy,...,2,)H(t;z1,...,2,) = 1. The principal special-
izations of e and hy satisfy

_ _ n
en(l,q,...,q" ") = ¢"k=172 M : (2)
q
— 14k
he(lg . gy =" .
k( 4, ,q ) |: n—1 :|q (3)

For any b > 2 we consider the b-bounded symmetric polynomials h,gb) with generating
function

n

HOt 2, z) =3 0 (e za)t® = T+ 2t + (zit)? + -+ (2t)7Y).

k>0 i=1
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Note that h,(f) = e and h,(gb) = hy when b > k. We can express the generating function
H® in terms of £ and H. This formula appears in several places; see, e.g., [7, Theorem
3.12].

Lemma 4.
HOt: 2,0 20) = B(—t% 28, 2D H(t 2, 2).

rn

Proof.

HOt; 20, z) = [ [+ 2t + (2t)? + - + (2t)")

. H 1— (Zit)b

n
It follows that
SRzt = S el NS Bzt
k>0 20 m>0
= Z ( Z (=1)ee(22, ..., 22 A (21, . .. ,zn)> t*
k>0 \bl+m=Fk
= Z (Z(—l)eeg(zll’, ce ,ZZ)hk,bg(Zl, cey Zn)> tk
k>0 \ £>0
and hence
b
h/r(€ )(21, ey Zn) = Z(—l)eeg(zi’, o D (2, 20), (4)
20

where we define hy = 0 for negative k. This result can also be proved by inclusion-
exclusion. In terms of the set (1) we have

h,(f)(zl,...,zn): Z 2z

(@150 ) EX VK]

so that h,gb) is the generating function for k-multisets with multiplicities bounded above
by b. Using notation from the previous section, we have

(b)
(1) =00y = #n,

n times
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where (Z) ®) is the coefficient of * in (1+t+---+ "1™ The principal specialization
gives a natural g-analogue

n|" (b) 1
[k] =h"(1,q,...,¢")
q

_ Z qx2+2:t3+---+(n*l)zn_
(:vl,...,acn)EXgL [k]

Since ey (1,q,...,q""") = ¢/ [Z]q and hp,(1,q,...,q"71) = [”71+m}q, equation (4)

implies the explicit formula

=10
|:]€:| - Z(_l)Z‘eé ((qo)bv (q1>b7 T (qn—1>b) hk_be(l’ 4 - ’qn_l)

=) (=D ((")" (@) (@) ) haewe(Lg, -, ")

n—1+k—0bl
}, (5)
q

=Sy

though we will never use this formula because our proof of Theorem 5 below follows from
more elegant generatin% function arguments.

The polynomials hkb)(zl, ...,2n) have been studied by several authors. Doty and
Walker [7] called them modular complete symmetric functions and showed that when
b = p is prime they are related to mod p representation theory of GL,. We take the
notation h,(cb) from Fu and Mei [8] who called these the truncated homogeneous symmetric
functions. More recently, Grinberg [9] computed the Schur expansion, which he showed
has coefficients in {0, 1, —1}. He called h,(gb) a Petrie symmetric function because the Schur
coefficients are determinants of certain Petrie matrices (see the end of Section 5). After
publicizing his results, Grinberg learned about several previous occurrences of these func-
tions and collected an extensive list of references in the introduction to [9]. In private
communication, he indicated that he would not have chosen the name Petrie if he had
known about the previous occurrences. It seems that such a basic concept should have a
basic name; in consultation with Grinberg we arrived at the name b-bounded. Of course,
one need not use the letter b.

Let w be a primitive dth root of unity. Since hg’)(zl, coyZn) € Lz, ..., 2p) 1S sym-
metric we know from Observation 3 that

(b)
[Z} = h,gb)(l,w, R L = hg’)(w,uﬂ, ...,w") € Z when d|n,

w

(b)
lZ] = hg})(l,w, ...,w"™') € Z when d|(n — 1), and

(b)
wh [n] = hg’)(w,cf, ...,w") € Z when d|(n + 1).
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Our main theorem gives generating functions for these integers. The proof is not difficult
but the result is quite natural and seems to have been overlooked until now. It can be
viewed as a systematization and generalization of Proposition 4.2 of Reiner, Stanton and
White [14]. See Remark 6 below.

Theorem 5 (Main Theorem). Let w be a primitive dth root of unity. Recall that we define
(Z) © — 0 and m ;b) =0 when n or k is not an integer.
(a) If d|n and ged(b,d) = g then

(b—1)n

n (b)tk _ (1 - 75bd/g)g n/d
k 1 —¢d '
k=0 w

When g = 1 this becomes

and hence

(b) If d|(n — 1) and ged(b,d) = g then

n (b) . (1 _tbd/g)g (n—1)/d
= (S |

y 1 — td

(b—1)n

> |

When g = 1 this becomes

and hence

(c) If d|(n+ 1) and ged(b,d) = g then

(b—1)n n (b) 1 (1 _ tbd/g)g (n+1)/d
ALeem ()
pr S T (bl

S

When g = 1 this becomes

(b—1)n

wk n (b)tk o L[b}("Jrl)/d (6)
kl, L
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The explicit computation of the coefficients is related to the Frobenius coin problem.
See Corollary 13 in the next section. For later use in Section 5 we simply mention
the special case when b =2 and d =n+ 1. If ged(2,n + 1) = g then one can check

that ( 2(+1)/)
1 1 — =\ 9)9
— =1—t+t*— - (=1)"t"
m( T ) T S
and hence
@) —1)F k<n+1
er(w,w?, ..., w") = ’“ln] = ’f(kﬂ)/?{n] _ ’
Kl e k.~ Yo k>n+l.

Proof. Let w be a primitive dth root of unity and let 7" be an indeterminate, so that
H;.l;é(l —wT) = 1—T¢ 1If ged(b,d) = 1, then the sequence 1,w’, ..., w@ D is a

permutation of 1, w, ..., w% !, hence we also have Hd o(1=w?T) = 1-T%. More generally,
let g = ged(b, d), so that w’ is a primitive (d/g)th root of unity. Since ged(d/g,b/g) =1
this implies that 1,w’, ..., w(@9=D ig a permutation of 1,w?, ..., w9719 hence

d—1 d/g—1 g

[[a-w'T)= | J] 0 —oT)| =@ -1

=0 =0

Finally, if d|N then we note that
N-1 d—1 N/d
H —w'T) = (Hu — wij)> = ((1—T9))N/d.
i= =0

Next we consider the generating function for the principal specializations of h,(gb)

HO(t1,q,...,¢" ") = Z h,(fb)(l, ¢ -, q" )t

k>0

n—1

H(l + ¢t + -+ (q]t)(b_l))

i=0
1

<
I

3

1 — ¢
1—¢it’

=0

.

(a): If d|n then taking T' = t° gives

1y Hjj}(l — wi(th)) (1= () Hayamid (1 — gila)s n/d
) ()

T 0wy | (- e

(b): For the case d|(n — 1) we first observe that

HOM: 1w, ..., w

p n—2

. 1 — ¢n=1b¢ 1 — g% nm2q ke
H(b)(t,l,q,7q 1): — [b]qnfltH—4-

_ on—1 —nJ
1—gq tjzol ¢t
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If d|(n — 1) then we have [b],n-1; = [b];. So taking N =n — 1 and T = t° gives

o ) (n—1)/d
- 1 — wibeh (1 — 9
HO 1w, .. w I)Z[b]tnm:[b]t (W) |

(c): For the case d|(n + 1) we first observe that

1 — gt 1 o l—gtt
HOtq,....q¢") =] — [] .
(t:0,--.0") e 1—¢it [b] g1 =0 1 —qit

If d|(n + 1) then we have [b]n+1; = [b];. So taking N =n+ 1 and T = t® gives

n

HO(t; w, 0 . I[-—- Lowth 1 (1= ey
Tw, WL = — = — :
b]t i 1 — wit [b]t 1-— td

]

Remark 6. Parts (a) and (b) of Theorem 5 generalize and explain Proposition 4.2 in
Reiner, Stanton and White [14]. Their identities 4.2(i) and 4.2(ii) correspond to part (a)
with b = oo and b = 2, respectively. Their 4.2(iii) and 4.2(iv) correspond to part (b) with
b= oo and b = 2, respectively. Part (c¢) has no analogue in [14].

Remark 7. Special cases of this theorem give a combinatorial proof of Observation 3 that
avoids Galois theory. That is, in the case b = 2 this theorem shows that the appropriate
specializations of hf) = ¢, are integers. (When d is odd this involves some sign book-
keeping, so perhaps it is more natural to use the case b = co when h,goo) = hy.) It is well
known that any symmetric polynomial in Z[z, ..., z,] can be expressed (uniquely) as a
polynomial in eg, ey, . .. , €, (also as a polynomial in hq, hy, .. ., h,) with integer coefficients.

Our original proof of Theorem 5a was based on the explicit formula (5) and involved
lots of annoying case by case analysis, using the identities from [14, Prop 4.2]. A similar
brute force proof of Theorem 5b could be carried out along the same lines. It seems more
difficult to prove Theorem 5c¢ without using generating functions.

In the next section we will study the coefficients in equation (6). To end this section
we mention an interesting corollary of Theorem 5.

Corollary 8. Let w be a primitive dth root of unity.
(a) If d|n then we have

n)|® e ged(b,d) =1,
Z [k] B {0 ged(b, d) # 1.
(b) If d|(n — 1) then we have

"

0 gcd( )#1

k=0 w
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(¢) If d|(n+ 1) then we have

(e i O [pr ged(vd) =1,
y _
k 0 ged(b, d) # 1.

k=0 w

Proof. For ged(b,d) = 1 this follows easily by setting ¢ = 1 in Theorem 5. For ged(b, d) =
g # 1 we use L’Hospital’s rule to observe that
(1— tbd/g)g d (1 — tbd/9)9

ma ) qlimd Ty _ 4bd/g\g—14d(b—g)/g _
R fim T(1 — ¢ Him b1 — #19)7 0

]

The case ged(b,d) = 1 of parts (a) and (b) also follows bijectively from Theorem 2.
To see this for part (a), note from Theorem 2a that the sum in Corollary 8a is the size of
the set (X7)?"* of all words (x1,...,2,) € {0,1,...,b— 1}" fixed by the rotation p"/?.
But we have a bijection X7 — (X7")*""* sending

(1, Tpya) = (T1, - Tngds - 1o Tpjd)s

which shows that #(X7)?"" = b/ Part (c) is related to “g-analogues” of some number-

theoretic congruences. Note that

(b=bm 1) (b=bm 1 (0)

k k __ k
d g M th=>" M (qt)
k=0 q =0 q

[ —

1
(1 + qi+1t N (qi—l-lt)b—l)

n

I
o

|

@
I
—_

[b] qit-

If w is a primitive dth root of unity then substituting ¢ = w is the same as taking the
equivalence class modulo the cyclotomic polynomial ®4(q). If ged(b,d) = 1 and d|(n + 1)
then Corollary 8c becomes

n

H[b]qi = p" /AL mod By(q).

i=1
If p is prime then the pth cyclotomic polynomial is ®,(¢) =1+ q+---+ ¢ = [p],. If
n+1=d =pand ptb then this becomes

p—1

H[b]qi = 1 mod [p],,

=1

which Pan and Sun [12, Formula 1.6] call a “g-analogue” of Fermat’s little theorem. Other
instances of Corollary 8c may be interesting in this context.
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4 Sylvester Coin Polynomials

We have seen that parts (a) and (b) of Theorem 5 are related to cyclic sieving of multisets.
In this section we investigate the combinatorial meaning of the integers in Theorem 5c.
If ged(b, d) = 1 then it follows indirectly from Theorem 5c¢ that the expression [b].a/[b]; is
a polynomial with integer coefficients. While investigating this polynomial we discovered
a relation to the Frobenius coin problem, which we now describe.

Given a list of positive integers a = (ay,...,a,) € N\ {0} and a natural number
n € N, let v4(n) be the number of ways to express n as a linear combination of ay, ..., a,,
with non-negative coefficients:

va(n) = #{(k1,..., kn) e N" 1 kja; + -+ - + kpay, = n}.

In terms of generating functions we have

> va(n)t" = m;a
n>0 Hi:1(1 —t 7')
The numbers v, (n) are associated with the names Frobenius and Sylvester. Sylvester [17]
called these numbers “denumerants”. Alfred Brauer [4] attributed the general problem
to Frobenius, “who mentioned it occasionally in his lectures”. Today it is called the
Frobenius coin problem, or the Diophantine Frobenius problem. See [13] for a survey.

The first theorem in this subject says that if gcd(a) = 1 then there exists a largest n
with v,(n) = 0. (Alfonsin [13, Theorem 1.0.1] calls this a “folk result”.) When ged(a) = 1
we will denote the finite set of non-representable numbers by

Sa :={n € N\ {0} : va(n) = 0}.

The letter S is for Sylvester, who considered this set in the case of two parameters, and
proved that #5S,, 4, = (a1 — 1)(a2 — 1)/2. We call the generating polynomial for these
numbers the Sylvester coin polynomial:

Salt) =Y _t°.

SESa

For example, we have S35(t) = ¢ +t? + t* + 7. The general Frobenius problem is very
difficult. In this paper we are interested in the easiest, but still quite interesting, case of
two coprime parameters. We will call these parameters (a;, az) = (b, d) to agree with the
notation in Theorem 5.

The main result connecting our Theorem 5c to the Frobenius coin problem is the
following. Brown and Shiue [5] attribute this result to Ozliik. Krattenthaler and Miiller
[10, Lemma 5] studied the polynomial [b];a/[b]; in the context of cyclic sieving, but did
not notice the connection to the Frobenius problem.

Lemma 9. Let ged(b,d) =1 and consider the finite set Spq C N. Then we have

th —1 1
Sha(t) = T "1-¢
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and hence

1+@—1ﬁm@%:1+(0_#%@_1”—0::1_“%by_t_MW

(1 —0)(1 — td) L—td 11—t [b],
By symmetry we also have [d]p/[d]; =14 (t — 1)Sp4(t).
For example, when (b,d) = (7,5) we have

S75=1{1,2,3,4,6,8,9,11,13,16, 18,23},
Srs(t) =t + 7+ +t" 10+ 15487 4 ¢ 4t 4 10 4 18 4 %,
[T /[Tl =1+ (t = 1)S75(2)
L6 8 1l 413 416 418 423

Note that the coefficients of [7];5/[7]; are in {0,1, —1}. See Theorem 12a below for a nice
interpretation of these coefficients. Though Lemma 9 is not new, we will give a complete
proof because it will allow us to set up notation (the “double abacus”) that we need for

the proof of Theorem 12. We will obtain Lemma 9 as a corollary of Lemma 10.
Fix ged(b, d) = 1 and consider the labeling A : Z* — Z defined by

Mz, y) := xd + yb.

We note that X increases by d when we take a step to the right and increases by b when
we take a step up. We can also think of A(z,y) as the “height” of the point (z,y) relative
to the line xd + yb = 0. We are interested in the discrete half-plane of points with
non-negative labels, which we call the double abacus:?

A= {(z,y) € Z*: xd + yb > 0}.

Figure 1 shows the double abacus when (b,d) = (7,5). The proofs in this section are
easiest to understand visually, so we advise the reader always to keep an eye on this
figure.

Now we describe a certain decomposition of the double abacus, which is indicated in the
figure by black lines. Note that the labeling A is not injective. Indeed, for any (z,y) € Z*
and k € Z we have Az — bk,y + dk) = A(x,y). We can take as a fundamental domain
any d consecutive rows (or any b consecutive columns). Let Ry = {(z,y) € A:y =k} be
the kth row of A and define the fundamental row abacus:

RZ:R()URlU...URd_l.

This is the shaded region in Figure 1. Note that the leftmost label in row k is 6(k), where
d(k) € {0,1,...,d — 1} satisfies §(k) = bk mod d. Thus A gives a bijection from the set
of points Ry, to the set of labels (k) + dN. Since ged(b, d) = 1 we observe that § defines

3The double abacus was introduced in the theory of simultaneous core partitions. See [1] and [16].
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0 5 10 15 20 25 30135 40 45 50 55 60 65}70 75 80 85 90 95 100§105
3 8 13 18 23|28 33 38 43 48 53 5863 68 73 78 83 88 93] 98

1 6 11 16]21 26 31 36 41 46 51156 61 66 71 76 81 86] 91

4 9114 19 24 29 34 39 44149 54 59 64 69 74 T9] 84

207 12 17 22 27 32 37|42 47 52 57 62 67 7277

0 5 10 15 20 25 30]35 40 45 50 55 60 65 70
3 8 13 18 23|28 33 38 43 48 53 58| 63

1 6 11 16]21 26 31 36 41 46 51| 56

4 9114 19 24 29 34 39 44149

2017 12 17 22 27 32 3742

0 5 10 15 20 25 30} 35
3 8 13 18 23| 28

Figure 1: The double abacus for (b,d) = (7,5)

a permutation of {0,1,...,d — 1}, hence each label n € N occurs exactly once in the row
abacus R, and we obtain a bijection

A R— N

The double abacus A is the disjoint union of the translated row abaci R+ k(—b, d) for all
k € Z. We find it useful to consider a further decomposition by columns. For each k& > 0
we consider the kth block of R:*

B :={(z,y) € R: (k—1)b < x < kb}.

Thus R is the disjoint union of By, By, Bs, ..., where for each k£ > 1 the block Bj has
the shape of a b x d rectangle and the zeroth block By has the shape of a triangle. The
translated sets By + ¢(—b,d) with £k > 0 and ¢ € Z give a decomposition of the whole
double abacus into disjoint rectangles and triangles, which is shown in Figure 1. Observe
that the labels inside the zeroth block B, are just the Sylvester set of non-representable
numbers:

S7s=11,2,3,4,6,8,9,11,13,16, 18,23} .

The following result generalizes this fact.

Lemma 10. Fiz ged(b,d) = 1 and recall that we have a bijection X\ : R — N from the
fundamental row abacus to the set of all natural numbers. For each n € N recall that

4This is not related to the representation-theoretic meaning of “block” used in [16].
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vpa(n) is the number of distinct representations n = kb + €d with (k,¢) € N?. Then
Upa(n) = k if and only if the label n occurs in the kth block of R:

I/b7d(n) =k < )\_1(71) € By.
If n > bd then it follows from this that vy, 4(n — bd) = vp4(n) — 1.

Proof. For the first statement, fix a point (z,y) € A in the double abacus and let n =
Az, y) = xd + yb be its label. Consider the following two sets:

X = {(k,0) € N* : kd + (b = n},
Y =A@ y)eA:2' <z, v <yand \(z/,y) =0}.

The set X consists of all representations of n as an N-linear combination of b and d,
so that #X = 1,4(n). The set Y consists of all points in the double abacus that are
below and to the left of (x,y), and have label 0. It is easy to check that the maps
(k,0) = (xr —k,y—{) and (2',y') — (x —a’,y — ') are inverse bijections between X and
Y, hence #Y = 1}, 4(n). Now the result follows from the observation that each point in
the kth block By has exactly k points below and to its left with label 0.

For the second part of the lemma, suppose that n > bd. Since A : R — N is a bijection
there exist unique points (z,y), (z',y') € R with A\(x,y) = n and A(2/,y’) = n — bd. But
Mz —b,y) = (x —b)d+yb= (zd+yb) — bd = n — bd so we must have (z/,y') = (v — b, y).
To complete the proof we observe that

Vb7d(n) =k <~ (i[},y) € Bk
< (r—10b,y) € By
< l/b’d(n — bd) =k—-1.

]

For example, consider the double abacus in Figure 1 with (b,d) = (7,5). The label
n = 41 occurs at position (z,y) = (4, 3) in block B;. The unique point (2, y’) with 2’ < z,
Yy <yand A(z',y') =0is (2/,y") = (0,0), which corresponds to the unique representation
41 = 5(x —2') + T(y — v') = 5(4) + 7(3). Next consider the label n = 88 at position
(z,y) = (5,9) which is in a translation of block B,. (The bijection in the proof of Lemma
10 is invariant under translation by (—b,d).) The two relevant points (2’,y') with 2’ < =,
y' < yand A(2/,y') = 0 are (0,0) and (—7,5), which correspond to the representations
88 = 5(5 — 0) + 7(9 — 0) = 5(5) + 7(9) and 88 = 5(5 — (—7)) + 7(9 — 5) = 5(12) + 7(4).

Now we can prove Lemma 9.
Proof. Fix ged(b,d) = 1 and note that

1
(1 —)(1 =)

=@+ YA ) =D ()t

n=0
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Applying Lemma 10 gives

bd

n+bd
(1—tb l—td Zybd t ZVbd
n=0 n=0
—Zybdn—bd Zl/bd
n=>bd n=0
bd—1
:—Zybd t+zl/bdn_bd_l/bd( )]
n>bd
bd—1
R SOV
n=0 n>bd
and hence bt
thd—1 1 -
+ = [1 — d(n)]t“.
— ) (1 — ¢d _ :
(=1 —t) 1-t =
But every number 0 < n < bd — 1 satisfies v 4(n) = 0 or v, 4(n) = 1, and every number

n € N with v, 4(n) =0 satlsﬁes n < bd — 1. Hence

th—1
t" =5 O
A= —w) " = 2 valt
neN
V,d(n)=0

We will use this result to give two different explicit formulas (Theorem 11 and Corollary
13) for the coefficients in Theorem 5c. Recall that (}) ®) i the coefficient of ¢* in [b]} and
7" [}] ;b) is the coefficient of ¢* in [b],[b],2 - - - [b]gn. If w is a primitive dth root of unity with

d|(n + 1) and if ged(b,d) = 1 then Theorem 5c¢ says that

(b—1)n

®)

k|7 k 1 (n+1)/d
=

v M o, e

Combining this with Lemma 9 gives the following.

k=0

Theorem 11. Let ged(b,d) = 1 and recall that Sy 4 is the finite set of integers s > 1 that
cannot be represented as s = bk + dl with k,¢ > 0. If w is a primitive dth root of unity
with d|(n + 1) then we have

AL ) R )

w SESbyd SESbyd

where we define (Z) ® — 0 when u or v is not an integer.
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Proof. From Theorem 5c¢ and Lemma 9 we have

(b—1)n (b
k| T E_ (0] (n+1)/d—1
R N
k=0 w
= (1+ (t = 1)Sya(t) [l ™"
— [b]§g+1)/d 1+( _ )S[Ld( )[b](TH*l)/dfl
(n+1)/d =1\ i . /d—1 v
= Z( , t >t Z ¢,
y4 SEde
Taking the coefficient of t* gives the result. O

It is not clear from this alternating formula when the coefficients are zero, positive or
negative. Corollary 13 will give an explicit criterion for this. It is based on the following
theorem, which we believe has independent interest.

Theorem 12. Let ged(b,d) = 1. Let (dg,...,04-1) be the permutation of (0,...,d — 1)
defined by 6,b = r mod d and let (Bo, - .., Bp—1) be the permutation of (0,...,b—1) defined
by B.d =1 mod b.

(a) We have the following formula that is symmetric in b and d:

b d
= = Bulale o~ iluld b
The coefficients of [B1]a[01] are in {0, 1}, the coefficients of —t[b— [1]ald— 1], are
in {0, —1}, and there is no cancellation. That is, there are 161 coefficients equal to
1 and (b— B1)(d — &1) coefficients equal to —1.

(b) We also have the following non-symmetric formula for the d-multisections of

b];a/[b]¢. For all v € {0,1,...,d — 1} define v, := (6,b —r)/d € {0,...,b — 1}.

Then we have o
= Z trfv" (td)v
r=0

B 0y < 01,
fr(t) - {_t%-—b+,31 [b — ﬁl]t or = 01.

where

Before giving the proof, we would like to indicate that the expression in Theorem 12a
has a simple geometric meaning. Namely, let Xy C R be the 8; x d; rectangle of points
in the fundamental row abacus whose bottom left point has label 0, and let X; C R be
the (b — f1) x (d — 6;) rectangle of points whose bottom left point has label 1. Because
of the way that the labels A are defined we have

Z ) = [B1]zal01]i»  and Z ) t[b — Birald — ).

x€Xy xEX1
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Since the labeling A : R — N is injective and since the rectangles X, X; are disjoint,
there can be no cancellation between these two polynomials.

For example, consider Figure 1 where (b,d) = (7,5). The relevant permutations are
(Bo, .., Bs) = (0,3,6,2,5,1,4) and (,...,0) = (0,3,1,4,2), hence B; = 6, = 3. The
b1 X 61 = 3 x 3 rectangle X contains the labels

A Xo) ={0,5,10,7,12,17,14, 19, 24},
while the rectangle X; of shape (b — 1) x (d — 6;) = 4 x 2 contains the labels
A(Xy) ={1,6,11,16,8,13,18,23}.

Hence

(7] /[7) = Z ) — Z A

x€Xp x€X1

= [Bl]td [51]tb - t[b - ﬁl]td [d - 51]tb

= [3]s[3)7 — t[4]s[2]er

S 1 P T 10 12 1T 19
L p S g8 113 416 418 423

We will give an example of Theorem 12b at the end of this section.

Proof. We will apply Lemma 9 and the double abacus. Throughout the proof we advise
the reader to refer to Figure 2. The key idea is that for any point (z,y) € A and k,¢ € N,
the generating polynomial for labels in the k x ¢ rectangle {(z + K,y +¢) : 0 < k' <
k—1,0< 0 <l—1}is

Z t/\(x-l-k’,y-i-f’): Z t(x—i—k’)d—i—(y—&-ﬁ’)b

0<k'<k—1 0<k’'<k—1
0/ <e—1 0/ <e—1
! !
0<k/ <k—1
0O/ <e—1
/ ’
0<k/<k—1 o< <e—-1

= k][

If, furthermore, we have k < b and ¢ < d then since ged(b, d) = 1 the points of the k x £
rectangle have distinct labels, hence this polynomial has coefficients in {0, 1}.
We will prove part (a) by showing that [b];a/[b]; has the form

[b]sa/[b]¢ = Z e Z tA(X)’

x€Xo x€eX1
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Figure 2: The configuration in the proof of Theorem 12

where X is a 1 x d; rectangle whose bottom left point has label 0, and X is a (b— 1) X
(d — 671) rectangle disjoint from X, whose bottom left point has label 1. To show this, we
recall that the Sylvester coin polynomial has the form

Z t/\(x),

x€EBg
where the “zeroth block” By is the triangular set of points weakly to the left and below
the point (—1,d —1). From the definition of the numbers /3; and §; we note that the label
1 occurs at the lowest point of the column containing label 8;d and at the leftmost point
of the row containing label §;b. That is, the label 1 occurs at point (—b + (;,6;). Since
A(b, —d) = 0 we also have A(f1,01 —d) = A((=b+ 1) + b, (61) —d) = A(=b+ p1,01) = 1.
Define the shifted triangle

B(,) = BO + (ﬁl,él — d) = {([L‘,y) + (61751 — d) . (:r,y) € Bo}

We note that B, contains every point of the triangle weakly to the left and below the
point (=1,d — 1) + (f1,01 —d) = (/1 — 1,81 — 1), except for the point (0,0). Indeed,
since

Mz + B,y + 01 —d) = Mz, y) + AN(P1,01 — d) = ANz, y) + 1,
we see that each label in B{ is one larger than the corresponding label in By, so the label
0 does not occur. Since the labels in By are the Sylvester set we know from Lemma 9
that

[Bea/[Bl = 1+ (£ — 1) > 2

x€ By
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R DA P

x€ By x€By
=14 ) 0=y ™
x€B| x€Bo
= Z A Z )
x€B{U{(0,0)} x€By
— Z ) Z t/\(x),
xeB{ x€Bo

where Bj := B{jU{(0,0)}. This can be simplified by observing that the triangular shapes
By and B|] are not disjoint. Their intersection is the smaller triangle 77 below and to the
left of the point (—1,0; — 1). (This is the triangle containing the label r in Figure 2.)
Hence

B/l = > 29— Y 6,

xE€BY\T1 x€Bo\T1

This can be simplified still further. Let T, be the triangle below and to the left of the
point (—=b+ f; —1,d—1). (This is the triangle containing the label s in Figure 2.) Let X;
be the rectangle of size (b— [31) x (d — ¢1) with bottom left corner (—b+ (1, d1) and let X
be the 8; x §; rectangle with bottom left corner (0,0). Then we have By =17 U X; U T
and B =T1 U XU (75 + (b, —d)). But the labels in the triangles 75 and T + (b, —d) are
the same. Hence

[Blea /By = > 209 = Y~ 20

XEBS x€By
x€ Xy xeX1

This completes the proof of part (a). To prove part (b), observe that the terms t*®) in
[b]4a/[b]; with A(x) = r mod d come from the points x in the row containing label r, i.e.,
in the row containing label §,b. Let r € {0,...,d — 1} and define v, := (6,0 — r)/d € N.
This is the “width” of the triangle By in the row containing label r, as in Figure 2. If
0, < 01 then the row containing r intersects the rectangle X, at the sequence of points
with labels 6,b,0,b +d, ..., 8.b+ (81 — 1)d. The sum of t**) over these points is

p1—1
Z forbtkd _ th[ﬁl]td = tr(td)Z[Bl]td'
k=0
Hence
2 1= 3 B
x€Xo Osr<d—1

57‘ <51

THE ELECTRONIC JOURNAL OF COMBINATORICS 33(3) (2026), #P3.40 25



If 9, > 6; then the row containing r intersects the rectangle X; at the sequence of points
with labels ¢,c+d,...,c+ (b — f1 — 1)d, where ¢ = r + (7, — b+ p1)d. (In Figure 2 we
have used the letter s for this case instead of r.) The sum of t*) over these points is

b—p1—1
Z totkd — 4l — B0 = (1) 0P — By]4a.
k=0
Hence
S S e gl
x€X1 Osr<d—1
0r>01
O
Finally, we apply Theorem 12 to obtain a more precise formula for the integers w*[}] S))

when w"*' = 1. In particular, this formula determines the sign and vanishing of these
integers.

Corollary 13. Let w be a primitive dth root of unity with d|(n+ 1) and let ged(b,d) = 1.
Then for any r € {0,...,d — 1} we have

+dk n ) +dk d
s t'f‘ — tT - t ,
Swrr] | = e

k>0

where Nt
)t [51]t[b]§n+ = 0p < 01,

rt — n —
g ( ) {_t’w—b'i‘ﬁl [b_ﬂl]t[b]g +1)/d—1 57« 2 51.

We observe that each g,(t) is (plus or minus) a unimodal polynomial since products of
t-integers are unimodal; see [2, Theorem 3.9].

Proof. Recall from Theorem 5c¢ that we have

(b—1)n

(b) b]
o {n} b [0]a p(n+D)/d-1
k=0 k w [b]t [ ]td

Now use Theorem 12b. O

To end this section, we complete our example with (b,d) = (7,5). Recall that the
relevant permutations are (S, ..., ) = (0,3,6,2,5,1,4) and (d,...,d4) = (0,3,1,4,2),
hence 51 = 3 and b— ; = 4. To compute the 5-multisections of [7];5/[7]; we note that the
numbers 7, = (6,b—r)/d are (7o, ...,71) = (0,4,1,5,2), which are the lengths of the rows
in the fundamental triangle By (including the empty bottom row), permuted according
to congruence class mod d = 5. Thus we have

[T /[Tl = > 47 (°) " [8lis = > #7(°) "4l
ogsr<4 og<r<4
5-<3 r23
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=123];s — t'[4]s + 2 (t°) 3]s — P (°) 4] s + 1 (£7)?[3] 5

Finally, if w is a d = 5th root of unity and 5|(n + 1), then we have

6n
Zwk {n] (7)tk _ &[7](?1)/5—1
k=0 k w [7]?5 K ’

and hence

(

[3]155 [7](n+1)/5—1 P = O7

5

1

)
waf[ ”Sk} R [3] e oy
o R ) W1 =
|

()28 [7)5 T =4

In particular, we have mfj) > 0 when (kmod5) € {0,2,4} and mfj) < 0 when
(k mod 5) € {1,3}. The criterion for [}] S) = 0 is a bit complicated to state.

5 Other Symmetric Polynomials

In this paper We have studied the principal specialization of the b-bounded symmetric
polynomials hk, at roots of unity. It may be interesting to compare these specializations

to the expansion of h/,c in various bases for the ring of symmetric polynomials. Here we
follow the standard notation from Macdonald [11].

An integer partition is a sequence A = (A1, Ag, ..., ) € N® satisfying \y > Ay > -+ > 0,
where only finitely many entries are non-zero. We define the weight of A (also called size)
by |A] = >, A If [A] = k then we say that X is a partition of k (another notation is
A F k). We let [(\) denote the maximum ¢ such that A\, # 0, which is called the length
of . We write m;(\) = #{j : \; =i} (or just m; when X is understood) for the number
of parts of A equal to i. We can also express this colloquially as A = (1™2™2...). Note
that |A\| = >, 4m;. The following quantity also shows up frequently:®

N = ]I'lTnI . ml'

=1

Its significance is the fact that for |A| = n the number of permutations of {1,2,...,n} with
cycle type A is nlz; . For any integer partition A we define the corresponding elementary
and complete symmetric polynomials

ex(z1, ...y 2n) == He,\i(zl, ey Zn),
i

5The integer zy has nothing to do with the variables z;.
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ha(zey .oy 2n) == Hh&(zla ey Zn)s

with the convention that eg = hg = 1. By analogy we define the b-bounded polynomials

hE\b)(Zh ey Bp) = th\i)(zl, ey Zn)s

so that h(f) = e, and hf\oo) = h,. Furthermore, we define the power sum symmetric
polynomials px(z1, ..., zn) == [[; Pr, (21, . -, 2n), Where
pk(zla~"7zn> :Zf++z7li>

and pg = 1. The Fundamental Theorem of Symmetric Polynomials says that the set {ey}
is a Z-linear basis for the ring A,, = Z[z1, ..., 2,]°" of symmetric polynomials with integer
coefficients. It is also true that {h,} is a Z-linear basis for A,, while the set {p,} is a
Q-linear basis for A, ® Q. The expansions of e, and hy in terms of p, are called “Newton’s
identities” [11, Equation 2.14|:

he(z1, ...y 2n) = Z 2 oa(21, s 2n),s
=k

ex(21, .oy 2n) = Z SN =D (2,0 2).
A=k

The generalization of these formulas to b-bounded symmetric polynomials follows from
Proposition 3.15 and Remark 3.16(2) in Doty and Walker [7], which they attribute to
Macdonald. We think it is interesting to reproduce the proof here. Note that Doty and
Walker did not consider the specialization z; = 1. In Corollary 16 we will consider the
specializations z; = w'™! and z; = w’ for roots of unity w.

Proposition 14. Let b,n,k € N with b > 2. For an integer partition X let l,(\) denote
the number of parts of A that are divisible by b. Then we have

W (21, z) = Y 2 (1 =0 (z, . 2),

I\=k

and substituting z; = 1 for all © gives

(b)
(") = 37 1 - b)),
k

A=k

For example, we consider the case (n, k) = (3,3) for various b. The partitions of k = 3
are A € {(3),(2,1),(1,1,1)}, with 23y = 3, 221) = 2 and 21,1y = 6. For any b > 3 we
have [,(A) = 0 for all |A\| = 3, hence

3143\ _ 3\ _3)'-b° (300" (3°1-b°
( ! ) (3) = g L — e
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When b = 3 we have [3(3) =1, [35(2,1) = 0 and [5(1,1,1) = 0, hence

<z)<3> (3)1(=2)" | (3)%(=2)° | (3)3(~2)°

When b = 2 we have [5(3) =0, [5(2,1) =1 and l5(1,1,1) = 0, hence

+ +

3 3 3 2 6

(3) B (3)<2> _ B0, @AY B

When b > k we note that [,(\) = 0 for all |A\| = k& and when b = 2 one can check that

|A| = I(A) and l5(X\) have the same parity, so these cases reduce to the classical Newton

identities.

The key idea in the proof is the introduction of the polynomials p,(gb). Doty and Walker
called these modular power sums and they defined them in a slightly different way. Walker

(0)

[18] says that the formula relating p,” and py, is a “surprising observation” of Macdonald.

Proof. Recall the generating function

HO®: 2, ..., 2,) = Zh](cb)(zla---vzn)tk _ H zZ;

k=0 i=1

Taking logarithms gives
log HO(t; 21, ..., 2) = Z log(1 — 22t%) — Z log(1 — zt)
i=1 i=1

= — Zn: Z %sztkb + Zn: Z %zftk

i=1 k>1 i=1 k>1

1 1
- Z Epkb(zh szt Z Epk(zl, o)t

k>1 k>1

It is convenient to write this last expression as

1
Z Epl(cb) (Zl, ceey Zn)tk,

k>1

where we define

b
p,(f)(zl,...

Zn) = (1 =b)pr(z1,.-.,2n) blk,
1 <n Pe(21, -y 2n) bt k.

For any integer partition A\ we also write

pg\b)(zl, ey Zn) = pr\l?(zl, s zn) = (1= 0Ny (2, 2).
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Then taking exponentials gives®

® 't
HONt: 2y, 0 2,) = L
( 321, y % ) H exXp i

=1

=112

i m;
<pz t )
ml ;
i=1 m; >0 v

- H Z gmi . m; | )mthmz

=1 m; >0

=2 > At

k>0 |\|=k

— Z Z lb()‘) )\t ]

k>0 |\|=k

]

Let us see what happens to Proposition 14 under specialization at roots of unity. The
specialization of the power sums is easy, so we omit the proof.

Lemma 15. Let w be a primitive dth root of unity. For an integer partition \ recall that
la(X) is the number of parts of A divisible by d.

(a) If d|n then we have

n dlk,

2w =p(Lw,. . w0 =
pk(w7w7 , W ) pk( , W, , W ) {O d)f]{i,

and hence

n'™ d|\; for all i,

p,\(w,wQ, cowh) =p(lw,. .. ,w”_l) =
0 else.

(b) If d|(n — 1) then we have
d|k
pk(lvwa---7wn_1) = {n | ’

and hence py(1,w, ...,w" ") = nld®,

(¢) If d|(n+ 1) then we have

and hence py(w,w?, ... ,w") = nla®) (1)) = (—p)la) (1)1,

6We omit variables to save space.
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Corollary 16. Let w be a primitive dth root of unity.
(a) If d|n then combining Proposition 14 with Lemma 15a gives

(b)
m D e ) L)
k

w A=k
d|\; for all i

For each term in the sum we can write X\ = du for some partition p = k/d. Then
using the facts [(\) = l(u) and z), = d'Wz, gives

1= 5 -,

© |ul=h/d

In the special case ged(b,d) = 1 we also have ly(dp) = ly(1), and hence

[Z} ®) = 3 21— b)) (n/d) ) = (Z?Z) (b)7

v lul=k/d
which recovers the identity from Theorem 5a.

(b) If d|(n — 1) then we have

(¢) If d|(n+ 1) then we have

(b)
A1) = 5 - o,
k
v [A=k

To end this paper we also consider the expansion of h,(gb) in the bases ey, m, and
sx. The monomial symmetric polynomials my(z1,...,2,) are defined as follows. Let A
be a partition of length [(\) = ¢ < n. We will write A = (Aq,..., A, Adeg1, .-, Ay) with
Ait1 = Appo = -+ = A, = 0. Suppose that A = (0™01™12™2...) ie., that A has m; parts
equal to 7. In particular, we have mg =n — ¢ and Y _; m; = n. Then we define’

1 Ae(t) A Arin
ma(21, ..., 2n) = W § 5 V™ ) € Lz, 2
=0""" res,

This can be more simply described as the sum over all distinct monomials in the variables
Z1, ..., 2, Whose coefficients are a rearrangement of the list \;,..., \,. For example, we
have

2.2 2.2 2.2
m(z,z)(Z’h 29, 23) = m(2,2,0)(2’17 29, 23) = 2%y + 2123 + 2323,

"The use of the same letter m for the unrelated my and m; is unfortunate.
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2 2 2 2 2 2
m2,1)(21, 22, 23) = My2,1,0)(21, 22, 23) = 2122 + 25321 + 2123 + 2321 + 2523 + 232.

The Schur polynomials sy(z1, ..., z,) are most easily defined as a ratio of determinants of
n X n matrices:

sx(21, -y z) = det(2] 7YY/ det(27) € Zz, - -, 2.

These polynomials have a rich theory that we will not discuss here. Given an integer
partition A = (A1, A, ...), the conjugate partition N = (N}, A}, ...) is defined by N, :=
#{j : \; = i}, so that m;(\) = A} — X\/;. Note that |A\| = |X\|. We have the following
expansions for h,gb)(zl, ..., 2p) in terms of various bases for A,, which follow easily from
the theory of duality for symmetric functions (see Macdonald [11, Chapter 1.4]). None
of these formulas is new, but we believe it is interesting to show that they all have the
same proof. After the proof we will give references and discuss possible connections to
Theorem 5.

Proposition 17. Let n,k,b € N with b > 2 and let { be a primitive bth root of unity.
Then the polynomial h,(cb)(zl, .. 2Zn) has the following expressions:

(@) 3 onei (=D)AL DA 20,
(5) (—1)F S e (G s Mz, 20),
(¢) (=1)* ek malCs - ¢ ealzr, s 2n),
(d) (=1 g sn(Coe s 8214 20)-

Proof. For any variables x1, 29, ...,y1,Ys,..., the dual Cauchy kernel has the following
expansions, where each sum is over all integer partitions A [11, Equations 4.1,, 4.2', 4.3]:

H H(l + 2y;) = Z(—l)l/“_l(/\)z,\_lp,\(xh Ta, .- )PA(Y1: Y2, - - )

i=1 j=1 A
= Z 6,\($1, T, .. ~)mA(y1, Y2y - - )
A

= ZmA(SUL Lo, .. -)€A(917 Ya, .- )
A

= Z S)\/(.flfl, T, .. -)S)\<y1a Ya, - - ')7
A

N(O)W let ¢ be a primitive bth root of unity. We can express the generating function for
hkb as

HO(t: 2, ... 2) = Zh,(fb)(zl, A
k
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I
=

(T4 zjt 4+ ()"

@T.
—_ =

i=1 j=1

o
I

We can obtain this generating function by substituting
(.171,1'2, .. ) = (g, ce ,Cb_170,0, .. .),

(y1,Y2,...) = (—21t, —2at, ..., —2,1,0,0,...),
into the dual Cauchy kernel. Then to compute the coefficient of t* we use the fact that
=zt —zt, . —zpt) = (=) (21, 20)
for any homogeneous polynomial fy of degree |A|. O]

Proposition 17a is equivalent to Proposition 14 because Lemma 15c¢ says
PA(G -, ) = (0= )P (1)) = (1 — ) (1)
Recall from Theorem 5¢ that

_1)\k
en(w,w?, ... w1l = (—1)F k<,
0 k> b.

It follows from this that

B —1)RP X\ < b for all 4,
ex(¢,.... ¢ 1):{é )

else.

Thus Proposition 17b just says that hlgb)(zl, s Zn) = > _yma(z1, ..., 2,), where the sum
is over partitions A with |[A| = k in which each part is less than b, which is obviously true.

The last two parts are more interesting. Proposition 17c¢ appears in Doty and Walker
[7, Remark 3.10(3)]. We do not know a general formula for the integers my (¢, ..., ¢ ).
Yamaguchi et al. [19] give formulas for some special cases. If w is a primitive dth root of
unity then the specializations of Proposition 17¢ at z; +— w' and z; + w®~! should involve
an interesting mix of bth and dth roots of unity.

The coefficients sy (¢, ..., ¢"1) in Proposition 17d were studied by Grinberg. His main
result [9, Corollary 2.9] says that

h,gb)(zl, ey Zn) = Z pety(A)sa(z1, .-+, 2n),

I\=k

where pet,(A) € {0,—1,1} is the determinant of a certain b x b Petrie matriz that has
entries in {0, 1} and is determined by A. Cheng et al. [6, Theorem 1.3] gave an expression
for pet,(A) in terms of the b-core and b-quotient of the partition A\. When w is a primitive
dth root of unity with d|n, Reiner, Stanton and White [14, Proposition 4.3] gave an
expression for sy(1,w,...,w" 1) in terms of the d-core and d-quotient of A. It would be
interesting to see how these two formulas interact, particularly in the case ged(b,d) = 1.
Perhaps there is a nice connection to the theory of simultaneous core partitions.
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