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Abstract

Friends-and-strangers graphs, coined by Defant and Kravitz, are graphs on n!
vertices denoted by FS(X,Y) where X and Y are both graphs on n vertices. The
graph X represents positions and edges denote adjacent positions while the graph Y’
represents people and edges denote friendships. The vertex set of FS(X,Y") consists
of all one-to-one placements of people on positions, and there is an edge between
any two placements if it is possible to swap two people who are friends and on
adjacent positions to get from one placement to the other. Previous papers have
studied when FS(X,Y") is connected. In this paper, we consider when FS(X,Y) is
k-connected where a graph is k-connected if it remains connected after removing
any k — 1 or less vertices. The connectivity of a graph is the largest k for which it is
k-connected. We first consider FS(X,Y) when Y is a complete graph or star graph.
We find tight bounds on their connectivity, proving their connectivity equals their
minimum degree. We show that asymptotically similar conditions as the conditions
mentioned by Bangachev are sufficient for FS(X,Y") to be k-connected. Finally, we
consider when X and Y are independent Erd6s—Rényi random graphs on n vertices
and edge probability p; and po, respectively. We show that for py = p—1/2+o(1),
if p1pa > p? and p1, p2 > w(n)py where w(n) — 0 as n — oo, then FS(X,Y) is
k-connected with high probability. This is asymptotically tight as we show that
below an asymptotically similar threshold p{, = n~1/2+o)  the graph FS(X,Y) is
disconnected with high probability if p1pa < (p})?2.

Mathematics Subject Classifications: 05C35, 05C40, 05C80

1 Introduction
1.1 Background

The friends-and-strangers graph was introduced by Defant and Kravitz [4].

Definition 1. Given simple n-vertex graphs X = (V(X), E(X)) and Y = (V(Y), E(Y)),
define the friends-and-strangers graph FS(X,Y’) as follows. Its vertex set is the set of
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bijections o : V(X) — V(Y), and (o, 7) is an edge if and only if o = 70 (¢, j') for some
i',j" € V(X) with (¢,j") € E(X) and (0(i'),0(5)) € E(Y). In this case, we say ¢ and 7
differ by an (X,Y)-friendly swap.

We make the assumption that V(X) = V(YY) = [n] by relabeling the vertices of X
and Y. As a result, the bijections of FS(X,Y’) can be thought of as permutations in
the symmetric group &,,. Also note that FS(X,Y) = FS(Y, X)) given by the isomorphism
f:V(FS(X,Y)) — V(FS(Y, X)) where f(o) = oc~'. As a convention in this paper, we
will generally mark vertices with primes to denote that they are in the X graph and not
mark them with primes to denote that they are in the Y graph.

This setup for a friends-and-strangers graph has the following natural interpretation.
Imagine there are n people where people who are friends are connected in the graph Y
and n positions where adjacent positions are connected in the graph X. Place the people
on the positions with one person standing on each position. An (X,Y)-friendly swap is
then a swap of two people such that they are friends and they are standing on adjacent
positions. The graph FS(X,Y) then has a vertex for each possible placement with an
edge connecting two placements if they differ by a single (X, Y')-friendly swap.

Example 2. Let X =Y = P; be the path graph on 3 vertices. Then FS(X,Y") is the
graph shown in Figure 1. This example was also mentioned in Defant and Kravitz [4,
Example 1.1].

213 123 132
o—o—o

231 321 312
o—o—o

Figure 1: The graph FS(Ps, P;). The labels on the vertices mark the bijection from
the positions to the people the vertex corresponds to, e.g., 312 represents person 3 is at
position 1, person 1 is at position 2, and person 2 is at position 3.

These graphs can model other combinatorial problems. For example, as noted by
Defant and Kravitz [4], friends-and-strangers graphs generalize slide puzzles such as the
famous 15-puzzle, which consists of the numbers 1 through 15, inclusive, placed on a 4 x 4
grid, leaving one cell empty. Then any number adjacent to the empty cell is allowed
to move to the empty cell, leaving its original position empty, and the goal is to reach a
predetermined configuration of numbers, canonically the numbers 1 through 15 in reading
order, with the empty cell at the bottom right. Such sliding puzzles can be represented
by FS(X,Y) where Y is a star graph with the empty cell as the central vertex adjacent
to all other vertices, and X being the adjacency graph of the sliding puzzle, i.e., Gridgxy
for the 15-puzzle where Gridgy.y is 4 x 4 grid graph.

In their initial paper, Defant and Kravitz [4] studied the basic properties of FS(X,Y")
as well as the structures of FS(P,,Y’) and FS(C,,Y) where C, is the cycle graph on n
vertices. In a later paper, Alon, Defant, and Kravitz [1] considered the case when X
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and Y are both Erdés—Rényi random graphs G(n, p), identifying a threshold probability
Peen = /2 above which FS(X,Y) is connected with high probability, and below
which FS(X,Y) is disconnected with high probability. Wang and Chen [11] considered the
asymmetric variation of the problem where X = G(n,p;) and Y = G(n, ps). Milojevié¢ [10]
continued explorations of probabilistic questions, refining bounds on p,e, and examining
a generalization of friends-and-strangers graphs where X and Y have different numbers
of vertices. Jeong [8] examined the diameters of friends-and-strangers graphs.

In addition, some extremal questions about friends-and-strangers graphs have been
examined. Alon, Defant, and Kravitz [1] first posed the question of the smallest value of
d,, such that if 6(X), 6(Y') > d,, where 6(G) is the minimum degree of G, then FS(X,Y)
is connected. They proved that 3n/5 —2 < d, for all n and d,, < 9n/14 + 2 when
n > 16. Bangachev [2] refined the upper bound by proving that d,, < [3n/5], showing
that d,, = 3n/5 + O(1).

This paper generalizes some of these extremal and probabilistic results, applying it
to vertex connectivity. Recall a graph is k-connected if we can remove any k — 1 or less
vertices and the remaining induced graph is still connected, or equivalently, for any two
vertices v and v, there exist k paths between u and v whose vertices are pairwise disjoint
(other than vertices u and v themselves). The connectivity (also known as the vertex
connectivity) of a graph is the maximum k for which it is k-connected.

One reason for studying connectivity is it relates very naturally to sliding block puzzles
like the 15-puzzle as k-connectedness implies that for any £ — 1 forbidden configurations
of the puzzle, there still exists a path between any two of the remaining configurations.

1.2 Main Results

In this section, we will establish the main results that will be proved in this paper. We start
by turning the condition of vertex connectivity into an easier condition of the existence
of disjoint paths between ¢ and o o (u/,v") for some ', v" € V(X). To do this, we find the
connectivity of FS(X, K,,).

Theorem 3. Forn > 3, if G = FS(X, K,,) where X is connected, its connectivity is equal
to its minimum degree.

Through this theorem and Theorem 25, a result which shows how to combine disjoint
paths between vertices, we have the following proposition which simplifies the condition
of vertex connectivity.

Proposition 4. Let n > k+ 1. Assume that for any o € V(FS(X,Y)) and u',v" € V(X)
where (u',v") € E(X), there exist k disjoint paths between o and oo(u',v"). Then, FS(X,Y)
is k-connected.

We also extend Wilson’s Theorem, which we formally state in Section 2, to vertex
connectivity.

Theorem 5. Forn > 3, if G = FS(X, Star,,) where X is connected, the connectivity of
its connected components is equal to its minimum degree.
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We use Theorems 4 and 5 in the proofs of the two theorems below which show two
sets of sufficient conditions for FS(X,Y’) to be k-connected.

Theorem 6. Let X and Y be two graphs on n vertices satisfying
e §(X),0(Y)>n/2,
e 2min{d(X),5(Y)} + 3max{0(X),d(Y)} > 3n+ 2k — 4,

where k > 2. Then for sufficiently large n, namely n > 5(1+ (k —1)(k+6) + 2k — 3), we
have FS(X,Y") is k-connected.

Notice that for fixed k, the bounds are asymptotically the same as the bound conditions
for classical 1-connectivity proven by Bangachev [2]; we discuss this and other previous
results in more detail in Section 2. Moreover, we know there do not exist o < 3 for which
the right hand side of the second bound condition becomes ~ an as a result of Proposition
1.6 of [2]. Conjecture 8.2 in [2] conjectures the bounds of Theorem 6 are tight in the sense
that there is a counter example for minimum degrees not satisfying the bounds. We also
have the following result which eliminates the §(X), §(Y) > n/2 condition at the cost of
a worsened second bound condition.

Theorem 7. Let X and Y be two connected graphs on n vertices satisfying
e 6(X)+4Y)>n+k—1,

e min{J(X),0(Y)} 4+ 2max{d(X),s(Y)} > 2n,
where k > 2. Then FS(X,Y') is k-connected.

The bound conditions are asymptotically the same as the corresponding bounds for
classical 1-connectivity [2].

We also resolve the following question of Milojevi¢ with Theorem 9, showing that under
the conditions of the question, for all k, for sufficiently large n, we have that FS(X,Y) is
k-connected.

Question 8 ([10, Question 6.3]). Let p(n) = n~Y2*°(1) and let X and Y be random
graphs in G(n,p). For which values of k is the graph FS(X,Y’) k-connected with high
probability?

Theorem 9. Fiz some small € > 0 and a positive integer k > 1. Let X and Y be
independently-chosen random graphs in G(n,p1) and G(n,ps) where p; = p1(n) and py =
po(n) both depend on n. If

logn
pip2 <€ )
n

then FS(X,Y) is disconnected with high probability. If pyps > p3 and py,p2 > po/l where

exp((k +7)/4 - (logn)?/?)
pO Z 1 )
nl/2

and { = M, then FS(X,Y") is k-connected with high probability.

As a result for all k, assuming the conditions of Theorem 8, FS(X,Y) is k-connected
with high probability.
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1.3 Overview

In Section 2, we provide the notation and terminology used throughout the paper and
some related results in 1-connectivity, i.e., classical connectivity. Then in Section 3, we
show how to extend the idea of exchangeability [1] in classical connectivity to vertex con-
nectivity. In Section 4, we prove Theorem 5 which extends Wilson’s theorem to determine
when FS(X, Star,,) is k-connected. In Section 5, we prove Theorem 6 and Theorem 7, and
in Section 6, we prove Theorem 9.

2 Preliminaries

2.1 Notation and Terminology

We assume that all graphs are simple if not otherwise stated. For a graph G, let V(G)
denote the vertex set of G, and let E(G) denote the edge set of G. The following graphs
with vertex set [n| will reoccur throughout the paper.

e K, - the complete graph which has edge set {(i,7) : 1 <i < j < n};
e Star, - the star graph which has edge set {(i,n) : 1 <1i <n}.
e Star; - a graph with edge set {(i,n): 1 <i<n-—1}U{(1,2)}.

e P, - the path graph which has edge set {(i,7 + 1) : 1 <i < n}. Note that we use n
for the number of vertices instead of the number of edges.

e C, - the cycle graph which has edge set {(i,i+1):1<i<n}U{(1,n)}.
We use additional terminology to describe a graph G.

e For some subset Vj of V(G), the induced subgraph denoted by G|y, is the graph H
where V(H) = Vy and E(H) ={(i,j) : 4,5 € Vo, (1,7) € E(G)}.

e Define 6(G) to be the minimum degree of G.

e We say G is k-connected for any set of £ — 1 or less vertices, after removing them,
the remaining induced graph is connected. Specifically if G satisfies this property
for k = 2, we refer to G as biconnected. Note that we recover the classical definition
of a graph being connected with the case k = 1. We define the connectivity of G to
be the maximum k for which G is k-connected.

o A cut vertex of G is v € V(G) such that G|y (g)\ (v} has more connected components
than G.

e Two paths, P, and P, in G are disjoint if P; and P, share no other vertices other
than their starting vertex or ending vertex.

ot
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e For a graph G, we define the open neighborhood N(v) for vertex v € V(G) to be
the set of vertices adjacent to v. We further define the closed neighborhood N[v] =

N(v)U{v}.

e For aset S C V(G), we define N(S) to be the set of vertices in G that are not in S
but which are adjacent to a vertex of .S.

One property of friends-and-strangers graphs that we will use implicitly throughout
this paper is how FS(X,Y’) changes on restricting to a subgraph of X.

Proposition 10 ([4, Proposition 2.1]). Let X, X,Y,Y be e graphs on n vertices such that
X is a subgraph of X and Y is a subgraph of Y. Then FS(X Y) is a subgraph of FS(X,Y").

This proposition holds more generally as long as X and Y have the same number of
vertices which is not necessarily the same as the number of vertices X and Y have.

2.2 Prior Results on Connectivity of FS(X,Y)

We summarize relevant work on friends-and-strangers graphs.

2.2.1 Challenges to Connectivity

There are two major obstructions to connectivity in FS(X,Y’). The first one is when there
exists a cut vertex in both X and Y.

Proposition 11 ([4, Proposition 2.6]). Let X and Y be connected graphs, each onn > 3
vertices. Suppose xg € X and yo € Y are cut vertices such that the connected components
of X|v@)\{ao} are Xi,..., X, and the connected components of Y |v(yy\(yoy are Yi,...,Ys.
Let M = M(X,Y, xzg,y0) denote the set of r x s matrices with nonnegative integer entries
in which the ith row sums to |V (X;)| and the jth column sums to |V (Y;)|. Then the number
of connected components of FS(X,Y') is at least | M|.

Let X and Y be graphs on n > 3 vertices such that both graphs have a cut vertex.
As mentioned in the discussion following Proposition 2.6 in [4],because |[M| > 2 since
r,s > 2, we know FS(X,Y’) must be disconnected.

In addition, if X and Y are bipartite graphs, we run into a parity obstruction which
forces FS(X,Y') to be disconnected. For a permutation o, let sgn(o) be the sign of o,
which is 1 if ¢ is even, i.e., a product of an even number of transpositions, and —1 if o is

odd.

Proposition 12 ([4, Proposition 2.7]). Let X andY be bipartite graphs on n > 3 vertices
with vertex bipartitions V(X) = Ax UBx and V(Y') = Ay U By. Given a permutation o,

let
+1
p(o) = |o(Ax) N AY|+%.

If the permutations o and T are in the same connected component of FS(X,Y"), then p(o)
and p(T) have the same parity.
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Note that both parities can be achieved as mentioned in the last paragraph of [4,
Proposition 2.7]. Consider any permutation o. Notice that for n > 3, at least one of Ax
or Bx has more than 1 vertex. Without loss of generality, let |Ax| > 2. Let i, j' € Ax
where i’ # j', and let 0/ = oo (¢, j'). Notice that |o0(Ax) N Ay| = |o'(Ax) N Ay| since the
swap from o to o’ was contained within Ay, but sgn(o) # sgn(o’) because the number of
transpositions changed by 1. Therefore both parities can be achieved, meaning FS(X,Y)
is disconnected.

2.2.2 Star Graphs

As a result of the previous propositions, if we consider the special case X = Star,,, we can
completely classify the graphs X such that FS(X, Star,) is connected through Wilson’s
Theorem stated below.

Theorem 13 ([13, Theorem 1]). Suppose that X is a graph on n > 3 vertices satisfying
the following properties:

o X s biconnected,
o X is not bipartite,
e X is not isomorphic to C,, forn >4,

e X is not isomorphic to the graph 0y depicted in Figure 2.

Figure 2: The graph 6.

Then FS(X, Star,,) is connected.

We will refer to graphs Y satisfying all four above properties as being Wilsonian. Be-
cause of the previous propositions, notice that if Y doesn’t satisfy the first two properties
of Wilsonian graphs, for n > 3, we have that FS(X,Y") must be disconnected. In addition,
as Defant and Kravitz [4] mentioned before their Theorem 2.5, FS(Star,,, C,,) must have
(n —2)! connected components, meaning that Y not satisfying the third property are also
disconnected. Finally, FS(Star;, 6y) has 6 connected components, showing that we have a
complete characterization of connected FS(Star,,Y’) graphs for n > 3.
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2.2.3 Minimum Degree Conditions

Bangachev [2] studied connectivity of FS(X,Y"), using notions of (X, Y')-exchangeability
developed in [1]. In particular, vertices u,v € V(Y) are (X,Y)-exchangeable if for every
permutation o, there exists a series of (X, Y)-friendly swaps which turns ¢ into (u,v) o 0.

Lemma 14 ([1, Lemma 2.9]). Let X and Y be two graphs on n vertices. Assume that
for all vertices u,v € V(Y), and all permutations, o, where (6= (u),07*(v)) € E(X), we
have that u and v are (X,Y)-exchangeable. Then FS(X,Y") is connected.

This notion is powerful because it reduces the global problem of connectivity into a
more localized problem of swapping just two values in a permutation. Using these ideas

as well as Theorem 13, Bangachev proved two asymmetric conditions on connectivity of
FS(X,Y).

Theorem 15 ([2, Theorem 1.4]). Suppose that X andY are two graphs on n > 6 vertices
satisfying:

e §(X),0(Y)>n/2,

e 2min{§(X),d(Y)} + 3max{d(X),s(Y)} > 3n.
Then FS(X,Y") is connected.

Theorem 16 ([2, Theorem 1.5]). Suppose that X and Y are two graphs on n vertices
satisfying:

e X andY are both connected,
e min{J(X),0(Y)} 4+ 2max{d(X),ds(Y)} > 2n.
Then FS(X,Y") is connected.

Notice that d,, < [3n/5] follows from Theorem 15. Theorem 6 and Theorem 7 extend
these results to £ > 1.

2.2.4 Probability Thresholds

Alon, Defant, and Kravitz [1] studied the case when X and Y are graphs independently
chosen in G(n,p). They found a probability threshold below which FS(X,Y) is discon-
nected with high probability and above which FS(X,Y) is connected with high probability.

Theorem 17 ([1, Theorem 1.1)). Fiz some small ¢ > 0 and a positive integer k > 1. Let
X and Y be independently-chosen random graphs in G(n,p), where p = p(n) depends on
n. If

271/2 _ ¢

—

then FS(X,Y") is disconnected with high probability. If

exp(2(log n)*?)
>
- n1/2 Y

then FS(X,Y") is connected with high probability.

p=
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Milojevié [10] improved the disconnected with high probability bound by showing the
following theorem.

Theorem 18 ([10, Theorem 1.2]). There exists a constant € > 0 with the following
property. For a large positive integer n and

1 1/2
pes (B
n
if we choose random graphs X and'Y in G(n,p) independently, FS(X,Y') has an isolated
vertex with high probability.

Wang and Chen [11] generalized Theorem 17 to an asymmetric variant.

Theorem 19 ([11, Theorem 1.3]). Fiz some small € > 0, and let X and Y be indepen-
dently chosen random graphs in G(n,p1) and G(n,pa), respectively, where p; = p1(n) and
p2 = pa(n) depend on n. Let py = exp(2(logn)?/3)n=1/2. If either

(1—¢)/2 logn

andplvp? > ’
n

p1p2 <

or
logn + ¢(n)
n

min{py, pa} < for some c¢(n) — —oo,

where £ = M, then FS(X,Y") is disconnected with high probability. If

2 1
pip2 = Py and  pi,p2 > —po,

then FS(X,Y") is connected with high probability.

An extension of Theorem 18 implies the disconnected side of Theorem 9. The con-
nected side on the other hand is an extension of Theorem 19.

2.3 Menger’s Theorem

Menger’s theorem is a connection between two different ideas of connectivity.

Theorem 20 ([9]). Let G be a graph and A, B C V(G). The minimum number of vertices
v € V(G)\ AU B that need to be removed to disconnect A and B is equal to the mazimum
number of pairwise disjoint paths between A and B.

As a corollary, we see that when G has more than k vertices, G is k-connected if
and only if there exist k disjoint paths between any two vertices of G [5, Theorem 3.3.6].
When G has k vertices, notice that G is k-connected only when G is the complete graph
on k vertices.

Note that when we are discussing FS(X,Y) where X and Y are graphs on n vertices,
we will generally restrict to n > 3. As a result notice that FS(X,Y’) cannot be a complete
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graph since the number of vertices in FS(X,Y') is n! but the maximum possible degree
of a vertex in FS(X,Y) is n(n — 1)/2 which occurs when X =Y = K, since then any
of n(n — 1)/2 transpositions can be made on a permutation. Because n > 3, we know
n!>n(n —1)/2 + 1 meaning FS(X,Y) is not complete.

Therefore, when n > 3, we know FS(X,Y) is k-connected if and only if there exist k
disjoint paths between any two vertices of FS(X, Y'). We use this fact implicitly throughout
the paper.

2.4 Atomic parts

We now introduce atomic parts which we will also sometimes refer to as atoms. Let G be
a graph. Define a cutset as follows.

Definition 21. A cutset, C, is a set of vertices in G such that G|V(G)\C is disconnected.

We further define C to be the set of cutsets of cardinality k, the connectivity of G, i.e.,
the minimum cardinality. Let p(G) be the size of the smallest connected component out
of all components generated by removing some cutset in C from G.

Definition 22. An atomic part is a connected component, A, generated by removing a
cutset of C such that |V (A)| = p(G).

From Watkins [12], we have the following theorems about atomic parts which will be
relied on heavily throughout the paper.

Theorem 23 ([12, Theorem 1]). In a connected graph, atomic parts are disjoint.

Lemma 24 ([12, Lemma 3.5]). Let A and A" be two atomic parts. If there exists a vertex
in V(A)NN(V(A)), then V(A') C N(V(A)).

3 Exchangeability

As mentioned, a key part of connectivity proofs is (X, Y)-exchangeability which converts
connectivity into a local problem. This section extends those ideas to vertex connectivity.

Proposition 25. Let k > 2 be an integer. Let u and v be two vertices in a graph G. Let
a; > 1 be integers for 1 <1 < k. Let ;; for 1 < j <a, and1 <t <k be distinct vertices
n G. Let x;9 =w and ;4,41 = v for all 1 < i < k. If there exist k disjoint paths between
x;; and x; i1 for 1 <1 < k and 0 < j < a;, then there exist k disjoint paths between u
and v.

Proof. Proving that there exist k& disjoint paths between u and v is equivalent to showing
that removing any k£ — 1 vertices which are not u or v from G does not disconnect u and
v. Notice that if we remove k — 1 vertices from G, there must exist some 1 < i < k such
that for all z; ; for 1 < j < a; have not been removed from G. Because there are k disjoint
paths from z; ; to ; ;41 for 0 < j < a;, we know that z; ; and z; ;11 could not have been
disconnected by removing k — 1 vertices. Therefore, there exists a path between u and
V. O
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T1,1 T1,2 13 T1,a,-2 Tla1-1 Ll,ag

T21 22 L2,3 T2a3-2 T2a9—1 L2,a9

Figure 3: The schematic for the paths described in Theorem 25 in the case of £ = 2. The
black curves represent between vertices are paths in GG between those two vertices.

For a more intuitive understanding of Theorem 25, it is as if there are k£ “meta” paths
from u to v where each step represents k disjoint paths. Figure 3 depicts these paths
for kK = 2. We now consider FS(X, K,,) and show Theorem 3, which we restate below for
convenience.

Theorem 3. Forn > 3, if G = FS(X, K,,) where X is connected, its connectivity is equal
to its minimum degree.

Proof. We will use the fact that 6(G) = |E(X)| implicitly throughout the proof. We
utilize the idea of atomic parts. For this argument, we will consider the atomic parts of
G. Recall that for any atomic part A, we have N(V(A)) is a cutset in C. Thus, if we show
that |N(V(A))|> 6(G) for any atomic part, this proves G is §(G)-connected because the
connectivity of G equals [N(V(A))| > 0(G) and is less than or equal to 6(G). The general
idea will be to find a structure for these atomic parts and then show that any one atomic
part is adjacent to vertices of many other atomic parts. Because of Theorem 24, we then
have a good lower bound on the size of the neighborhood of the atoms which we will show
is larger than 6(G).

Notice that as a result of vertex transitivity, for any two vertices ¢ and 7 in V(G),
there exists an automorphism f on G where f(o) = 7, ie., f(7) = Too 'om Asa
result, we can group all vertices in V(G) into different atomic parts Ay, As, ..., A, for
some integer w. These atomic parts must be disjoint by Theorem 23, so they partition
V(G). Let A and A’ be two of these atomic parts.

Fix a vertex o in V(A). Consider the set of transpositions R given by (i, j') € E(X)
such that o o (¢, 7') is a vertex in V(A). Let us show that for any 7 € V(A’), the vertex
7' =70 (i,7) where (i,7') € Ris in V(A’) as well for any atomic part A’

Assume for the sake of contradiction that 7" is not in V(A’). Then, notice that we
can create a new atomic part including both 7 and 7’ because of the f on G mapping o
to 7. As a result, f(o) = 7 and f(o o (¢,j")) = 7/, and because there exists an atomic
part containing ¢ and o o (¢, j'), through the automorphism, there must exist an atom
containing 7 and 7’. But that would mean that there exist two atomic parts which are
not disjoint which is a contradiction. It also follows that if o o (k’,¢) is not a vertex in
A for some (K, ¢') € E(X) then for 7 € V(A’), we have 7o (k',¢') is not a vertex in A’
either.
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Let X' be the subgraph of X where V(X’) = V(X) and E(X’) = R. Notice that
A is isomorphic to the connected components of FS(X’, K,,) since for every vertex, o €
V(FS(X', K,,)), the swaps given by (¢, j') € R satisfy o o (¢/,j') is in the same connected
component of ¢ similar to how the same swap of a vertex in A takes the vertex to another
vertex in A. Therefore, each connected component is isomorphic to A.

Let T be the set of edges in E(X) which have endpoints in different connected com-
ponents of X’. Note that 7" and R are disjoint.

Let us first determine |V(A)|. Because it is the size of a connected component in
FS(X', K,,), we just need to determine all permutations that can be reached from a per-
mutation, o € &,,. Let the connected components of X’ be labeled X/, X},..., X/ . For
each connected component, we can permute the people standing on those vertices in any
way. Notice that people can’t change connected components since there are no edges
between components. Thus, the size of each component is

[ XT[HX [ - [ X = [V(A)].

Let us now find a lower bound on the number of atomic parts that contain a vertex
adjacent to a o in A. Assume that we performed the swap (7', /) to move from o to 7 and
we performed the swap (£, ¢') to move from o to p where (i',5'), (k',¢') € T where (i, j')
and (k',0') are different swaps. Let us show that 7 and p are in different atomic parts.
Assume that they were in the same atomic part; then there would exist a series of swaps,

(2),4) o (a4, a) 0 -+ (a1, %), where (zh,_,,7},) € R. Therefore,

() o (#,25) o (g, 2y) 0 -+ 0 (e, ) o (K, )

is the identity permutation.

Consider the idea of people standing on vertices in V' (X’). If we swap (7, j'), then per-
son o(i') who was originally in some connected component X, moves a different connected
component X/, and the person ¢(j’) who was originally in connected component X; moves
to the connected component X/. The swaps of the form (z},z},,) are only swaps within
connected components. In order to return the people back to their original locations, the
swap (k', ") must be returning person o (i) back to connected component X, and person
a(j') to connected component X; but because it returns then to their exact locations that
would mean that (k',¢') = (i, j'). Therefore, if (k',¢') # (i, '), then 7 and p must be in
different atomic parts.

Thus, the number of atomic parts adjacent to a vertex in A is at least |T'|. Moreover,
because if a vertex in A is adjacent to a vertex in A’ then every vertex in A" is adjacent
to some vertex in A by Theorem 24 we have that

IN(VAD] = [TV (A = TX X[ (X

We will now show that |T'|-|V(A)| > §(G) which will finish the proof. We will start by
bounding §(G). The maximum number of edges of X within components occurs when all
components are cliques. The number of edges between connected components of X is |T|.
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We know that the §(G) is equal to the number of edges in X. Let r, 79, ..., 7, be a list
of sizes of all components of X’ of size at least 2. We have

—1 -1 m/'\I'm/ — 1
56y < |r)+ =D el =) e 1),
2 2 2
Thus, because
|T[(r ol ot =1) >y lrgl e =1

as |T|> 1 since there must be multiple connected components in X’ in order to ensure
the atoms of G aren’t the whole graphs themselves, it suffices to show
7"1(7“1 — 1) TQ(T’Q — ].) Tm’(rm’ — 1)

rlrgl el —1 > 5 + 5 +... 5

We will prove this through induction on 7y + ...+ r,, for fixed m’ where the base case is
ry=---=r, = 2. In the base case,

o 1 >m/,

which is true for all nonnegative integers m’. For the inductive case assume that we have
shown this for r; through r,,, and without loss of generality we increment r; by 1.

(ry + Dol et =1 > (ryt gl oL =1) (r + 1),

ri(ry —1)  re(ry—1) Pt (T — 1)

> 1 e+

> (r1 + )( SR T 5 ,
ri+1 (ri(r;—1) ro(ry — 1) Pt (T — 1)

> _

=1 ( 2 L R
ri(ri+1)  ro(re — 1) Pt (T — 1)

> . _—

> 5 -+ 5 + + 9 ,

finishing the proof. [

Let X and Y be graphs on n vertices. We now show Theorem 4 will give conditions
for which FS(X,Y’) is k-connected. We restate it below for convenience.

Proposition 4. Let n > k+ 1. Assume that for any o € V(FS(X,Y)) and v',v" € V(X)
where (u',v") € E(X), there exist k disjoint paths between o and oco(u’,v"). Then, FS(X,Y)
is k-connected.

Proof. Consider FS(X, K,,). The degree of each vertex is |E(X)| > n — 1 because X
must be connected so that FS(X, K,,) is connected. If FS(X, K,,) is not connected, it is
impossible for FS(X,Y') to be connected as FS(X,Y") is a subgraph of FS(X, K,,). Because
n > k + 1, we therefore have that FS(X, K,,) is k-connected by Theorem 3.

Thus between any permutations o, p € V(FS(X, K,,)) there exist k disjoint paths in
FS(X, K,,). Because the adjacencies in each of these paths are given by swaps of the form
(u',v") € E(X) for some intermediate permutation 7, this implies by Theorem 25 that
FS(X,Y) is k-connected since the disjoint paths in FS(X, K,,) act like the metapaths of
Theorem 25 and each of the swaps along of the metapaths can be broken down k-disjoint
paths of FS(X,Y). ]
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4 Connectivity of FS(X, Star,,)

In this section, we prove Theorem 5, which we restate below for convenience, as well as
some variations and corollaries.

Theorem 5. Forn > 3, if G = FS(X, Star,,) where X is connected, the connectivity of
its connected components is equal to its minimum degree.

Proof. First note that 6(G) = 6(X); we will use this fact implicitly throughout the proof.
Let k be the connectivity of G. We begin by defining types.

Definition 26. The type of 0 € V(G) is 07 (n) € V(X).

Types are useful because if o and p in FS(X, Star,) are vertices of the same type,
then they are essentially identical since all vertices of Star, except the center vertex, n,
are essentially identical, so any permutation of those friends standing on the vertices
of X are essentially identical. In other words, there exists a graph automorphism f :
V(FS(X, Star,,)) — V(FS(X, Star,,)), such that f(o) = p.

For this argument, we will consider the atomic parts of G. As mentioned at the start
of Theorem 3, it suffices to show that k = |[N(V(A))| > 6(G) for an atomic part A.

Let A be an atomic part of G. We will only be considering the atomic part A from
NOW On.

Notice that if |A| # 1 and there is some vertex o in N(V(A)) which is adjacent to
only one vertex 7 in A, then 7 can be removed from A to get a new induced subgraph
A'. Therefore, |[N(V(A"))] < |N(V(A))|, and A" has less vertices than A, meaning the
connected components of A’ contain less vertices, and their neighborhoods contain at
most the same number of vertices in the neighborhood of A, so A cannot be an atomic
part which is a contradiction. As a result, either |A| = 1 or all vertices in N(V(A)) are
adjacent to at least 2 vertices in A.

If |[A] = 1, we are done because |[N(V(A))| = |N(o)| > §(G) where o is the only vertex
in A. Therefore, we may assume all vertices in N (V' (A)) are adjacent to at least 2 vertices
in A.

Let S C V(X) be the set of all types included in A. Assume that |S| < n. Therefore,
N(S) is nonempty as X is connected, so there exists some ¢ € N(S). Let us show that
vertex o of type ¢ in N(V(A)) cannot be adjacent to multiple vertices of A. Assume for
the sake of contradiction that p of type a’ and 7 of type b’ are vertices in A adjacent to
o. Notice that if p and 7 are vertices of the same type, then this is obviously true since
N(p) and N(1) are disjoint since no vertex can neighbor two vertices of the same type
due to the uniqueness of the transposition to get between two vertices of differing types.
As a result, we have 7 = po (d/,c) o (¢, V), so p(¢) # ().

At the same time, there must exist a path between p and 7 within A since A is
connected. Thus 7 = po(a',2}) o (2}, 24) 0o (2, b) for some x|,z ..., z... But notice
that a7, 25, ...,z are all types of vertices that are contained in A. Thus, there is no
swap of the form (¢, ;") where one of ¢ or j' is ¢. Therefore, p(¢’) = 7(c’) which is a
contradiction.
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But this contradicts that all vertices in N(V (A)) are adjacent to at least 2 vertices in
A, so |S| =n.

Because A is an atomic part meaning its neighborhood is nonempty, there exists some
m in N(V(A)). Notice that there must be p € A where the types of p and 7 are the
same as all types are contained in S. Because there exists a graph isomorphism from p
to 7, there must exist an atomic part A’ containing 7. But then by Theorem 24, A’ is
contained in N(V(A)), so [IN(V(A))| > n. Because §(G) = §(X) < n, we therefore have
that |[N(V(A))| > 6(G), completing the proof. O

Combining Theorem 5 with Wilson’s Theorem, we have the following theorem.

Theorem 27. Let X be a graph on n vertices. Then, FS(X, Star,,) is k-connected if the
following conditions are satisfied:

o X s biconnected,

e X is not bipartite,

e /(X) >k,

e X is not isomorphic to C,, forn >4,

e X is not isomorphic to the graph 6y on 7 vertices shown in Figure 2.

We now consider Star! which will be useful in proving later results as in cases when
FS(X,Star,) is disconnected because X is bipartite, FS(X, Star;"). Recall that Star] =
{(i,n):1<i<n-—1}U{(1,2)}. We start by proving the following lemma for the result
that follows.

Lemma 28. Let G be a k-connected graph. Then for vertex u and distinct vertices v; for
1 < i <k there exist disjoint paths from u to v; for 1 <i <k.

Proof. Add a new vertex v to the graph which is adjacent to only vy, vs, ..., v to form a
new graph, GG'. Notice that G’ is still k-connected. To see this, let us remove any k — 1
vertices from G’. If we remove v, we must remove k — 2 vertices from G, but the graph
must remain connected because G is k-connected. If we remove k — 1 vertices from G,
then G must be connected, and v must still be connected to the rest of G because v is
connected to k vertices in G.

As a result, there exist £ disjoint paths from u to v, but this also generates disjoint
paths from u to v; for 1 < i < k. O

We can now determine when FS(Star!,Y) is k-connected.

Theorem 29. Let X be a graph on n > 3 vertices. Then, FS(X,Star}) is k-connected if
the following conditions are satisfied:

o X s biconnected,
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e /(X)) >k,
e X is not isomorphic to C,, for n > 4,
e X is not isomorphic to the graph 6.

Proof. Note that if X is not bipartite, then FS(X, Star,") is k-connected since FS(X, Star,,)
is k-connected. Therefore, let X be bipartite with a bipartition of A and B. As mentioned
in the Remark 2.8 by Defant and Kravitz [4], the connected components of FS(X, Star,,)
are given by

{0 €6, :p(c)=0 (mod 2)} {c€6,:p(c)=1 (mod 2)},

where

sgn(o) +1

—

Because X is biconnected, we know that the two connected components are both k-
connected by Theorem 5 since 6(X) > k. We now consider the additional edges created
in FS(X, Star!) as a result of the edge (1,2) € F(Star,"). Let 0 € &,, be some permutation.
Consider ¢’ = 0 o (1,2). Notice that

p(o) = [o(ln —1]) N A[ +

sgn(o) + 1
2

= /(1 - 1 aj+ (2R

p(o) =|o(ln—1])NA| + + 1) (mod 2),
which is just p(c’) +1 (mod 2). Therefore, swapping along (1,2) creates an edge from the
first connected component to the second connected component. Because 6(Y) > k, we
have |E(Y')| > k, so there are at least k edges formed by swapping along (1,2). Let these
edges be between p; € G,, in the first connected component and p; € &,, in the second
connected component for 1 < i < k.

Consider any two vertices, 71,7 € &,,. If 74 and 75 are in the same connected com-
ponent, then there already exist £ disjoint paths between the two vertices since each
component is k-connected. If 7y and 75 are in different components, say the first and
second component, respectively, there exist disjoint paths from 71 to p; for 1 < i < k by
Theorem 28. From there, the edge swap along (1,2) converts p; into p} for 1 < i < k.
Finally, there exist disjoint paths from p} for 1 < ¢ < k to 7 by Theorem 28, finishing
the proof that FS(X,Star)) is k-connected. O

Note that the last two conditions in both Theorems 27 and 29 are irrelevant for & > 3.

5 Bounds on Minimum Degree

5.1 Theorem 6

This subsection is devoted to proving Theorem 6, which we restate below for convenience.

Theorem 6. Let X and Y be two graphs on n vertices satisfying
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o 6(X),5(Y) > n/2,
o 2min{8(X),8(Y)} + 3max{5(X),8(Y)} > 3n + 2k — 4,

where k > 2. Then for sufficiently large n, namely n > 5(1+ (k —1)(k+6) + 2k — 3), we
have FS(X,Y") is k-connected.

First note that n > 5(1 + (k — 1)(k + 6) + 2k — 3) > 2k + 6 for k£ > 2. This will be
used implicitly throughout this section.

Define Y to be k-Wilsonian to mean that FS(Star,,Y’) is k-connected, and define Y
to be almost k-Wilsonian if FS(Star;,Y) is k-connected. We then have the following
lemma. Essentially the same proof as the one in Bangachev’s paper [2] holds for vertex
connectivity where we use Theorem 27 and Theorem 29 to deduce claims involving vertex
connectivity, so the proof of the lemma will be omitted.

Lemma 30 ([2, Lemma 4.1]). Let G be a graph on m vertices with minimum degree 6(G).
Let () be any subset of V(G) such that we have |Q| > k + 5 and we have 2|Q| + 30(G) >
3m + 2k — 2. Then G|g has at most two connected components. Furthermore:

1. If G|q has exactly two connected components, Fy and Fy, then both Fy and F» are
k-Wilsonian, and the following inequalities are satisfied:

0(G) +1+1Q[ —m < [V(F)| <m—=0(G) =1, () > (G) + Q| —m,
0(G)+1+[Q—m < [V(F)[ <m—=6(G) -1, 0(F) =6(G)+|Q —m.

2. If G|g has a single connected component F, then one of the following holds:

o I is almost k-Wilsonian

o There exists a cut vertex, v, such that F|y @y has exactly two connected
components, F| and Fy. Furthermore both F| and Fj are k-Wilsonian, and the
following inequalities are satisfied:

0(G) + QI =m < |V(F)| <m —6(G) =1, 4(F))
0(G) + QI —m < [V(F)| <m —6(G) =1, (F)

>
>0(G)+ Q| —m — 1.

Finally if |N(v) NV (FT)| > k, then the graph Fly ey s k-Wilsonian, and
likewise for FJ.

Without loss of generality, let §(X) < 6(Y) so that the second condition on the
minimum degree is 26(X) + 36(Y) > 3n + 2k — 4.

Let us start by fixing a bijection o. Let u,v € V(Y') such that (v/,v") € E(X) where
v = o (u) and v = o7 (v). If we show that there exist k disjoint paths between o and
oo (u,v"), then because n > k + 1 and X is connected as §(X) > n/2, we must have by
Theorem 4 that FS(X,Y") is k-connected. Assume for the sake of contradiction that there
do not exist k disjoint paths between ¢ and o o (u/,v’).
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For an edge, e = (7', j') € E(X), define o(e) = (4, j) where i = o(i') and j = o(j'). Let
us first consider the case when u and v are adjacent. Consider the edges (i,7) € E(Y)
where (¢, j') € E(X) as well. Note that n > 2(k 4 12) for £ > 2. We have

nd(X) né(Y) n(n-—1)

[EY)No(BEX))| 2 —5—+—— ——5—
:g(é(X)—i—é(Y)—n—i—l),
n (26(X)+35(Y)  8(X)
_§< 5 + 3 —n+1)
g(3n+§k_4+k_;12—n+l)23n22n—3+(k—1).

As a result there must exist k — 1 such edges where i € {u,v} and j & {u, v}, as there are
at most 2n — 3 edges incident to either u or v. So, our paths can be to first swap along
that edge, then swap (u,v) then swap along the edge again to create k — 1 disjoint paths.
Alternatively, we directly swap along (u,v) creating one more disjoint path, completing
this case of the proof of Theorem 6.

We now assume that (u,v) € E(Y). Let A’ = N(') N N(v'), B = N(u) N N(v),
A = o0(A"), and B' = 07(B). The following lemmas are slight modifications of lemmas
in Bangachev [2] and so their proofs are not included. The lemmas assume that there
do not exist k-disjoint paths between o and ¢ o (v/,v’), and in the proofs of Bangachev
2], exchangeability is replaced with k-exchangeability which refers to the existence of
k-disjoint paths between ¢ and ¢ o (v, ") for all o.

Lemma 31 ([2, Lemma 4.2]). The following inequalities hold:
|IBNo(NW))| <k-—1,
|IBNo(N())| <k-—1.

Lemma 32 ([2, Lemma 4.3)). The following inequalities hold:

|B| >20(Y) +2 —n,
|A'| > 20(X) +20(Y) — 2n — 2k + 4.

Notice that because §(Y) > 6(X), we have that 6(Y) > 3n/5. Therefore, we have
|IB| >20(Y)+2—n>n/5+2.

Let W = B\ (o(N(u)) Ua(N(v))). We also know that |[BNo(N(w'))| < k—1 and
|IBNo(N(@))| <k-—1,so

(W[ >n/5+4—2k>1+ (k—1)(k+6).

Let w € W. Denote w’ = ¢ *(w). Consider the intersection between A and N(w).
Note that w ¢ A because w ¢ o(N(u')). We have

|IN(w)NA|= |[N[w]NA|> |[N[w]|+|A|—n > (6(Y)+1)+(20(X)+20(Y)—2n—2k+4)—n > 1.
Thus, w has a neighbor z(w) € A. Let 2/ (w) = o~ (z(w)).
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w w

Figure 4: The vertices w', v/, v', and z'(w) as well as the corresponding vertices in Y. Black
edges represent edges in the graph and red edges represent edges which do not exist in
the graph.

Lemma 33. There are at most k — 1 elements w € W for which x'(w) is adjacent to
w' = o Hw).

Proof. Assume for the sake of contradiction that there are at least k elements w € W
which satisfy 2/(w) is adjacent to w’ = o~ (w) as shown in Figure 4. Notice that for each
of those elements we can construct a path,

(W', &' (w)), (&' (w), &), (', "), (v/, 2 (w)), (2 (w), w').

Notice that for two distinct such w, w* € W, these paths are disjoint since after the first
swap until the last swap, the first path has w in a different position than o~ (w) and w*
in the same position as the start while in the second path the opposite is true. Thus,
these two paths must be disjoint. Thus, with these k elements w € W we can construct k
disjoint paths between ¢ and o o (u/,v"), contradicting our assumption that k& such paths
do not exist. O]

Define W) to be the subset of W consisting of the w € W such that z/(w) is not
adjacent to w’ = o~ (w). We will now consider the following sets

P(w) = N(a'(w)) N N (w'),
R(w) = N[w'] no Y (Nw]).
Note that v/, v" € P(w) and u/,v" € R(w) because v',v" & N(w').

Lemma 34. There exist at most 2k — 2 elements w € Wy where R(w) and N[z'(w)] are
not disjoint.

Proof. If w satisfies that R(w) and N[z'(w)] share a vertex h(w) as shown in Figure 5
then the (X, Y)-friendly swaps,

(W', B (w)), (W (w), 2" (w)), (&' (w), u), (', 0"), (v, 2" (w)), (' (w), b (w)), (W (w), w'),
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Figure 5: The vertices w’,u/,v', h'(w) and z’'(w) and the sets of vertices P(w) and R(w)
as well as the corresponding vertices and sets in Y. Black edges represent edges in the
graph and red edges represent edges which do not exist in the graph.

swaps © and v while maintaining the positions of the other vertices. Consider w, w* € Wj.
We refer to the path formed by the swaps above as the first path, and the path formed
by the swaps where w is replaced by w* as the second path. Notice that different w and
w* must have disjoint corresponding paths if w # h(w*) or w* # h(w). If w # h(w*)
and w* # h(w), this is true because in the first path the position of w changes while the
position of w* stays the same, and in the second path, the position of w* changes while the
position of w stays the same. Therefore, in intermediate permutations of the first path,
w’ corresponds to a person who is not w and w* corresponds to w* while in the second
path w’ corresponds to w and w* corresponds to a person who is not w* meaning none
of the permutations are shared. If w # h(w*) and w* = h(w), then after the first swap
of the first path, the position of w* is ¢~!(w) and in the second path, w* never reaches
this position as w # h(w*). Thus, the paths are disjoint. By similar logic if w* # h(w*)
and w* = h(w), the paths are disjoint. It follows that there exist at most 2k — 2 elements
w € W where R(w) and N[z/(w)] are not disjoint as any more elements would create
k disjoint paths since for each w in W7, there is at most one other w*, i.e., w* = h(w),
which can have a path which shares a vertex with the path of w. O

Define W5 to be the subset of WW; consisting of the w € W; such that R(w) and
N[z'(w)] are disjoint.

Lemma 35. There are at most (k—1)(k + 3) elements w € Wy such that some vertez in
o(P(w)) has more than one neighbor in o(R(w)).

Proof. Assume that w € W5 satisfies that h(w) € o(P(w)) has more than one neighbor
in o(R(w)). Let ¢1(w) and go(w) be these neighbors. Let W'(w) = o' (h(w)), ¢)(w) =
o Hq1(w)) and gh(w) = 0! (ga(w)). We illustrate these vertices in Figure 6.

Notice that w ¢ {¢(w), g2(w)} since that would imply h(w) € R(w) which is im-
possible by the assumption that R(w) and N[z'(w)] are disjoint. We therefore have the
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Figure 6: The vertices w', v/, v', k' (w), ¢} (w), ¢5(w) and 2’ (w) and the sets of vertices P(w)
and R(w) as well as the corresponding vertices and sets in Y. Black edges represent edges
in the graph and red edges represent edges which do not exist in the graph.

following sequence of (X, Y')-swaps which swaps the position of u and v. The path below
will be referred to as the path of w.

~ —~
S\
S
—~
£
—
S\

=
g

(W', gy (w)), (B (w), w'), (w', gy(w)),
(7 (w), ' (w)), ('( @ (w)), (B (w), 2 (w)),
(w', 1 (w)), (W', gy (w)), (w', gy(w)), (A (w), w'), (w', ¢ (w)).

Consider w* € Wj such that w* ¢ {q(w), g2(w), h(w)}. Let us now determine all w*
whose corresponding path might share a vertex with the above path. We refer to the
path created by replacing w with w* in the swaps above as the path of w*. Consider the
positions person w* reaches. Notice that in the path of w, the position of w* remains
fixed, so in the path of w*, the only intermediate permutations which could be shared
with the path of w are 7 where 771 (w*) = o~ (w*).

There are exactly 2 such permutations in the entire path, pg and pgw*), where

P (W (w) = a(w?), o (g () = ga(w), B (@h(w*) = h(w 0.0 i (wh) =
x(w*), pgw )(u’) = u, and pg )(v’) = v and pé R 1s 1dent1cal except ,02 ( ') = v, and

péw) (v") = u. We will only consider pg ") because if p1 is shared in the path of w, then

péw*) must be shared as well and vice versa.

Notice that pgw*) just cycles h(w*), ¢1(w*), and ga(w*). Thus, we just need to find all
intermediate permutations, 7, in the path of w where the permutation cycles the positions
of three people. This occurs only at p§“’) and m where w(h/'(w)) = ¢1(w), m(w') = h(w),
and 7(q;(w)) = w. These permutations are shown in Figure 7.

Notice that if pg = pgw ), then h(w*) = h(w), ¢1(w*) = ¢1(w), and ga(w*) = ga(w) or

qi(w

@ (w?) = hw), go(w*) = q1(w), and h(w*) = u(w) or gs(w*) = h(w), h(w*) = g (w), and
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Figure 7: Depictions of pgw) and 7. In each depiction, the graph of the underlying X
graph is shown. The labels of the vertices are the people standing on the vertices of the
graph. The vertices of the X graph are placed in analogous positions to Figure 6.

¢ (w*) = ga(w), i.e., the positions of h(w*), ¢ (w*), and go(w*) are one of three rotations
of h(w), ¢1(w), and ga(w).

Similarly if 7 = pgw*), then h(w*) = h(w), ¢1(w*) = ¢(w), and g(w*) = w or
@ (w) = h(w), g2(w*) = q1(w), and h(w*) = w or qi(w*) = h(w), g2(w*) = @ (w), and
h(w*) = w or g(w*) = h(w), h(w*) = ¢ (w), and ¢(w*) = w, i.e., the positions of
h(w*), g1 (w*), and g(w*) are one of three rotations of h(w), ¢;(w), and w.

Notice that when pg W) = pgw then w* is always adjacent to either ¢;(w) or go(w) and
w¥ = o~ (w*) is always adJacent to h'(w), ¢} (w), and ¢h(w). Without loss of generality,
let w* be neighbors with ¢;(w). We can then use the following path to swap u and v.

(g (w), w™), (W™, B (w)), (w', B (w)), (b (w), " (w)), (@' (w), v), (v, ),
(v, ' (w)), (h(w), 2" (w)), (w', b (w)), (w*, h'(w)), (¢; (w), w™).
If 7= pgw*) on the other hand, then we know that w* is adjacent to ¢;(w) or w* is
adjacent to both w and h(w). In the first case, we can use the same path as above to swap
u and v. Otherwise, we can use the path

(w1 (w), (', W (w), (W (w), ' (w), (& (w), ), (o, ),
(/2! (w)), (R (w), &/ (w)), (', 1 (w)), (", ] (w)).

Notice that for different wi and w3 the corresponding paths are disjoint because in the
first path, all intermediate permutations satisfy that w7} changes position while w} remains
fixed and in the second path, all intermediate permutations satisfy that wj] remains fixed
while w} changes position. Therefore, if there are more than k£ — 1 such w*, there exist k
disjoint paths between o and o o (u,v).
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Thus for any w, there are at most k + 3 elements w* including w, ¢;(w), ¢2(w), and
h(w) which satisfy that some vertex in o(P(w)) has more than one neighbor in o(R(w))
and the path of w* is not disjoint from the path of w. It follows that there are at most
(k—1)(k+3) elements satisfying that some vertex in o(P(w*)) has more than one neighbor
in o(R(w*)) as any more would create k disjoint paths. O

Combining the previous three lemmas, because |W| > (k — 1)(k + 6), we know that
there must exist a vertex, w € W such that z’(w) is not adjacent to w’, R(w) and N[z’ (w)]
are disjoint, and no vertices in o(P(w)) have more than one neighbor in o(R(w)). From
this point, the same idea as the end of Bangachev’s proof finishes this proof [2, p. 18-19].

5.2 Theorem 7

As a result of Theorem 27 we have Theorem 7, which we restate below for convenience.
The proof is analogous to the one provided by Bangachev for Theorem 16 [2, p. 11-12].
We use Theorem 4 in place of [2, Lemma 2.11] and we invoke Theorem 5 together with
the lower bound of k£ on the minimum degree of Y|y as defined in [2].

Theorem 7. Let X and Y be two connected graphs on n vertices satisfying
e 6(X)+Y)>n+k—1,
e min{J(X),0(Y)} 4+ 2max{d(X),ds(Y)} > 2n,

where k > 2. Then FS(X,Y') is k-connected.

6 Random Graphs

We now extend the results of Alon, Defant, and Kravitz [1], Milojevi¢ [10], and Wang and
Chen [11] where X and Y are random graphs G(n, p) by identifying a threshold probability
p above which FS(X,Y") is k-connected.

6.1 Starcle Connectivity

We start by considering starcle graphs. Finding the connectivity of the friends-and-
strangers graph formed by a starcle and a star graph is important as we will show that
X contains a starcle graph and Y contains a star graph with high probability where
X ~ G(n,p1) and Y ~ G(n,ps) which will then give a highly connected subgraph of
FS(X,Y). We define the starcle graph on n vertices and diagonal tuple (z1,...,z5_1)
where 1 <21 <29 < - <xp_1 <n—1and k <n — 2 to be the graph with vertex set
[n] and edge set {(i,i+1):1<i<n}U{(l,n)}U{(x;,n):1<i<k}. Intuitively these
graphs look like a cycle combined with a star where the center of the star lies at one of
the vertices of the cycle. Let us prove the following lemma on the existence of disjoint
paths in FS(X, Star,) where X is a starcle graph.
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Lemma 36. Letn > 3 and k > 2. Let X be the starcle graph on n vertices and diagonal
tuple (x1,...,xx_1). Let xg = 1 and xx = n — 1. Assume that there exists 1 < i < k
such that x; — x;_1 is odd, i.e., X has an odd cycle. Also assume that x;1 — x; > k for
0<i<k-—1. Let G =FS(X,Star,). Then there exist k disjoint paths between any two
distinct vertices o and p where o= (n) = p~t(n) = n.

Proof. Define m; € S, to be the cycle (z;41, 01 — 1,...,2;) for 0 <i < k—1. We will
show that these m; generate all permutations in &,,_;. First, note that G is connected by
Theorem 13 as X is biconnected, not bipartite, not isomorphic to a cycle graph, and not
isomorphic to 6.

Let 0 and p be defined as above. There must exist a path between o and p as G
is connected. Define 71, 7,...7, to be a consecutive subset of the vertices of the path
between o and p such that 7, '(n) = 7, '(n) = n and no 1 < i < ¢ satisfies 7, '(n) = n.
Notice that 7, '(n) = z, and 7,7 (n) = z, for some p and ¢. Assume without loss of
generality that p < ¢. Then 7 = 7y om,_; omy_90--- 0y, viewing the 7; as elements in
S,,—1 by adding n as a fixed point. Therefore, the path from o to p can be broken up
into a composition of permutations of the form ;, and because ¢ and p are completely
arbitrary aside from the condition that c~!(n) = p~!(n) = n we know 7; must generate
St

Next, note that the set of permutations P = {m; : 0 < i < k — 1} is a minimal
generating set of &,,_1. Let H be the Cayley graph with vertex set &,,_; and edge set
such that there exists an edge between 7 and 7/ if 771 o7’ or (7/)"'o7 isin P. As shown by
Godsil [6], we then have that H is |PUP™!|-connected, where P~! = {7;' : 0 <i < k—1}.
Because ;41 — x; > 2, we know |P U P‘1] = 2k, so H is 2k-connected.

Let J be the directed graph with vertex set &,,_; and edge set such that there exists a
directed edge from 7 to 7/ if 771 o7 € P. Let us show that there exist & disjoint directed
paths from o|p,_q) to plp—q in J.

Because Menger’s theorem holds for directed graphs (e.g. see Goring [7]), the existence
of k disjoint paths is equivalent to showing that all vertex cuts between o\[n_l] to p][n_l]
have at least k vertices. Let A be a subset of V(H). Let Ny (A) be the set of vertices
T ¢ A such that there exists a directed edge in J from a vertex in A to 7. Let Ni,(A) be
the set of vertices 7 ¢ A such that there exists a directed edge in J from 7 to a vertex
in A. Showing that all vertex cuts have at least k vertices is equivalent to showing that
for all A with AU Noyi(A) # V(H), we have | Noyi(A)| > k. If there is a cut of k vertices,
then any connected component of the remaining graph has |Nou(A)| < k, and any other
connected component is not in its neighborhood, and if some set A satisfies | Nout(A)| < k,
then removing its neighborhood disconnects the graph.

Let us show that |Now(A)| = |Nin(A)|. If there were no directed edges between two
vertices of A, because for any vertex 7 in A, |Niy(7)| = [Now ()| = k, we have | Now (A)| =
| Nin(A)]. For every additional directed edge between two vertices of A, it removes an edge
moving out of a vertex of A and it removes a vertex moving into a vertex of A. Therefore
with every additional directed edge, both |Nyu(A)| and |Ni,(A)| decrease by 1.

Let N(A) = Nouw(A) U Nin(A). Note that it suffices to show |N(A)| > 2k, as this
implies |Noyi(A)| > k. If AUN(A) # V(H), then because H is 2k-connected, we know

THE ELECTRONIC JOURNAL OF COMBINATORICS 33(3) (2026), #P3.41 24



by definition that |[N(A)| > 2k.

We now consider when AU N(A) = V(H). Let us show that the girth of J is greater
than or equal to k. We define girth for a directed graph to be the minimum length of a
directed cycle. We will do this by considering any cycle. Let the intermediate permuta-
tions of this cycle be 19,71, ..., 7, where 79 = 7. Start by performing any permutation
i = (i1, ..., ;) to move from 7y to 73. There must be some vertex v € [n — 1] such
that 7, (v) # 7, ' (v). After the series of permutations, person v must be restored to their
original position.

Notice that there must be some 7; such that 7, '(v) > 7,.}(v) as otherwise, the
position of v will just keep increasing. Notice that the first j where this is possible is
T — 75 (v). If Tjjrll(v) > 41, then v must have reached at least position z;,o which
requires at least k applications of a permutation. Therefore, we only need to consider
when 7']111 (v) < x;. From this position, we can either increment the position of v by 1
or move v back. Therefore, the minimum number of moves required to return v to its
original position is 7, 1(v) — x;. Therefore, the minimum number of swaps is x;.1 —x; > k.

Recall we have A U Nyw(A) # V(H) and AU N(A) = V(H). Let S = Niy(A) \
(Nin(A) N Nyt (A)). Notice that we may assume |S| < k, as otherwise |Nowt (A) \ (Nin(A4) N
Nowt(A))| = |S| > k and thus |[N(A)| > 2k, which would complete the proof. Let 7 be
a vertex in S. This vertex must exist by the assumptions that AU Ny (A) # V(H) and
AUN(A) = V(H). Consider Ni,(7), the set of k vertices where there exists a directed
edge from that vertex to 7. Because Nj,(7) N A is empty by definition, we know that
Nin(7) € N(A). If Niy(7) has no vertices in S, then Niy(7) € Noue(A), so [ Now(A4)| > k.
Otherwise, for every 7 € S, there must exist a directed edge to 7 from another vertex in S.
Notice that this must create a cycle within .S, but because |S| < k, this is impossible as the
girth of J is greater than or equal to k. This shows that for all A with AUN,(A) # V(H),
we have |Nou(A)| > k. Thus, there exist & disjoint directed paths in J from o|p_q] to
plin-1]-

| Ni)tice that m; can be expressed as the following series of transpositions:

(n, xi+1) @) <$i+1,$i+1 — 1) O-+-0 (LUZ + 1, LEZ) @) (l‘“n>

Notice that replacing each directed edge in these k paths with friendly transpositions
corresponding to the permutation in P creates k paths from o to p. Note that these k
paths from o to p are on a transposition level in FS(X,Y") as opposed to a permutation
level in H.

We will now show that these paths are disjoint in FS(X,Y"). Recall that the type of
a vertex o € G is 0~ !(n). If there is a vertex 7 shared by two paths, then notice that the
type of 7 cannot be n as then the k£ directed paths in J wouldn’t be disjoint. Say the
type of 7 is x; for some 1 <7 < k — 1. Then in the two paths, () and R, that share 7, the
permutation in () just before or after 7 must be of type n. Similarly, the permutation just
before or after 7 in R must be of type n. These two vertices must be the same as they
are created by the same transposition. Then, the k directed paths in J aren’t disjoint.
Finally, if 7 is of any other type, the type determines the overall permutation ; that
is being performed. Then by completing the permutation, both paths must end on the
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same vertex of type n which contradicts that the k directed paths in J are disjoint. This
completes the proof of the existence of k disjoint paths. ]

We also consider when multiple starcle graphs are put together to form the X graph
in FS(X, Star,,).

Lemma 37. Let X be a graph on n > 4 vertices. Assume X has two subgraphs A and B
such that V(A)UV(B) = V(X). Let Gy = FS(A, Star,|y(a)) and Gy = FS(B, Star, |y (s)).
Assumen € V(X) is in both V(A) and V(B) and assume there exist k > 2 disjoint paths
between any two vertices T, and 5 in Gy and similarly for Gy where 7, (n) = 7, 1(n) = n.
Let I = V(A)NV(B)\{n} and suppose |I| > k. Then, there exist k disjoint paths between
any two vertices o and p in G = FS(X, Star,,) where c7*(n) = p~1(n) = n.

Proof. We start by splitting the path from ¢ to p into two phases divided into smaller
steps. Let the subgraph list of a person ¢ be the subset of {A, B} consisting of the
subgraphs that p~1() is in. The first phase is to move the people around such that they
are in one of the subgraphs of their subgraph list. The second phase is to order the people
within these subgraphs until they are in the right position.

Let us start with the first phase. Our goal is to break up this phase into smaller steps
where in each step, we are permuting the vertices of just one of the subgraphs. To achieve
the first phase, it suffices to get all people whose subgraph lists only contain B to be on
vertices in V' (B) \ I. We do this using the following algorithm.

1. Let S be the set of people standing on vertices in A whose subgraph list only contains
B.

2. Move ¢ = min{|S|, |I|) of these people onto positions in I through a permutation in
subgraph A, maintaining the position of person n. Notice that n is in subgraph A,
so this permutation must be possible.

3. Move the ¢ vertices from I to positions in V(B)\ I without adding any other people
whose subgraph list only contains B into I through a permutation in subgraph B
maintaining the position of person n. We must always be able to do this as the total
number of people whose subgraph list consists of B is |V(B) \ I|. Notice that n is
in subgraph B, so this permutation must be possible.

4. Repeat from (1).

For the second phase, we know all people standing on vertices in subgraph A have
a subgraph list that contains A. Therefore, we can perform a permutation on subgraph
A to put all of them in their correct position. Finally we can perform a permutation in
subgraph B to put the remaining people in the right positions.

Let the sequence of these permutations be 7y, 7o, ..., m, for some r where m; € V(G).
Note that in all of the intermediate permutations except for o and p in this path, the
ordering of the people standing on vertices in I does not matter. Because |I| > k, there
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must exist at least & distinct permutations of the vertices on /. We refer to any one of
these k£ permutations of m; as m; ; for 1 < j < k.

Let us show that in G; and G, from any permutation 7, for permutations 71, 7o, . .., T
where 7,7, ..., 7 are all distinct, there exist disjoint paths from 7 to 7; where 771(n) =
77 (n) = nfor all 1 <i < k. Without loss of generality, we just consider G. Add a vertex
7’ to form a new graph G7 where 7’ is adjacent to 7; for all 1 <i < k.

Let us show there exist k& disjoint paths from 7 to 7’. If we consider any cut of size
k —1, one of the 7; cannot have been removed, say ¢ = j. Then there exist k disjoint paths
from 7 to 7;, so removing k — 1 vertices cannot disconnect them. As a result, there exists
a path from 7 to 7/, so by Menger’s Theorem [5], there exist k disjoint paths from 7 to 7/
which means there exist disjoint paths from 7 to 7; for 1 <1 < k.

As a result, we have that there exist disjoint paths from ;; and 74, for fixed
1 <i<r—1andfixed 1 <j <k and variable 1 < ¢ < k. There also exist disjoint paths
from o to m ; for 1 < j < k.

Consider a vertex cut of k — 1 vertices. Because k — 1 are removed, there must exist a
path from o to 7, for some j;. Similarly, there must exist a path from 7 ; to m;, for
some jo. We can continue this process until we reach =, ; for some j,. Notice that there
exist k disjoint paths between 7, ; and p, so there must exist some path between them.
Therefore, no cut of k — 1 vertices disconnects o and p, so there must exist k£ disjoint
paths between the two. O

6.2 Main Proof

We now proceed with the main proof of Theorem 9, which we restate below for conve-
nience.

Theorem 9. Fix some small ¢ > 0 and a positive integer k > 1. Let X and Y be
independently-chosen random graphs in G(n,p1) and G(n,ps) where p; = p1(n) and py =
pa(n) both depend on n. If

logn
pip2 S € )
n

then FS(X,Y') is disconnected with high probability. If pyps > p2 and py,ps > po/l where

exp((k+7)/4 - (logn)?/3)
pO Z 1 )
nl/2

and { = M then FS(X,Y") is k-connected with high probability.

We first show the disconnected with high probability condition and then show the
connected with high probability condition.

6.2.1 Disconnected with high probability

We extend Theorem 18 for an asymmetric condition.
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Proposition 38. There exists a constant € > 0 with the following property. For a large
positive integer n and p; and py such that

clogn

p1p2 <

if we choose X from G(n,p1) and 'Y from G(n,ps), then FS(X,Y) has an isolated vertex
with high probability.

Proof. As mentioned by Alon, Defant, and Kravitz [1], an isolated vertex in FS(X,Y)
corresponds to a packing of X and Y in K,,. Plugging in k£ = 2 to Theorem 1 of Bollobas,
Janson, and Scott [3] yields the following statement: there exists a constant ¢ > 0 such
that for p; and ps where pips < elogn/n, there exists a packing of X and Y in K, with
high probability. Therefore FS(X,Y’) has an isolated vertex with high probability. O]

6.2.2 Connected with high probability
Our goal is to prove the following proposition.

Proposition 39. Let X and Y be independently-chosen random graphs in G(n,p;) and

G(n,p2), respectively. Let py = exp((k+7)n/;4/~2(logn)2/3) and { = M' If

2 1
pip2 = Py and  py,p2 > ZPOa

then FS(X,Y") is k-connected with high probability.

We start by restating definitions established by Alon, Defant, and Kravitz [1] and
Wang and Chen [11].

Let m be a positive integer. Let G and H be graphs with vertex set [m]. Let X and
Y be graphs on n vertices, and let ¢ € V(FS(X,Y’)) be a permutation. Let Vi, V5, ..., V,,
be pairwise disjoint subsets of Y.

We say that (G, H) is embeddable in (X,Y") with respect to sets Vi,...,V,, and per-
mutation o if there exist v; € V; for all ¢ such that if (4,5) € E(H), then (v;,v;) € E(Y)
and if (i,7) € E(G) then (¢ (v;),07(v;)) € E(X).

Let q1,qo, ..., q, be nonnegative integers such that ¢ + ¢ + --- + ¢ < n. We say
(G,H) is (q1,q2, - - -, qm)-embeddable if for every list Vi, Vs, ..., V,, where V; contains g;
vertices and every permutation o, (G, H) is embeddable in (X,Y’) with respect to sets
Vi,...,V, and permutation o.

We start with the following lemma of Wang and Chen [11] which is just an asymmetric
version of Lemma 3.2 of Alon, Defant, and Kravitz [1].

Lemma 40 ([11, Lemma 3.3]). Let m,n,q,...,qn be positive integers such that Q) =
G+t g < n, and let G and H be two graphs on the vertex set [m]. Let X and
Y be independently chosen random graphs in G(n,p1) and G(n,ps) where py and py are
functions of n. If for every set J C [m] satisfying |E(G|;)| + |E(H|s)| > 1 we have

E(G E(H m
pF PP T g5 > 3 271 Qlog n,
JjeJ
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then the probability that the pair (G, H) is (q1, . . ., qm)-embeddable in FS(X,Y") is at least
1—n@.

We now follow the strategy explained in Alon, Defant and Kravitz [1] and Wang and
Chen [11]. Let n be a large integer, and let

m = \_(logn)Q/‘gJ :

We will construct specific graphs G* and H* on the vertex set [m+2] such that there exist
k disjoint paths in FS(G*, H*) from the identity permutation to the permutation where
m + 1 and m + 2 are swapped. Then we will use Theorem 40 in order to show that for
graphs X and Y independently-chosen in G(n, p;) and G(n, p3), vertices u,v € V(Y'), and
permutation o € V(FS(X,Y)), with high probability there exists an embedding ¢ of G*
into X and an embedding 1 of H* in Y, such that o(m+1) = o~} (u), p(m+2) = o7 (v),
and ¢ oe = o 01 where ¢ is the identity map from V(G*) to V(H*). This implies that
with high probability, there exist k-disjoint paths from o to (u, v) oo. The proof will then
follow from Theorem 4.

We start by describing the graphs G* and H*. Note that ¢ is essentially |y/m/2] Note
that because floors do not matter for asymptotics, we omit them for the rest of the section.
Let the elements of [m] be

W, W1yeooy W11y 3Ty Yty Yty 215y 2m—20—k-

Let w = m without loss of generality (though we will still be using w to refer to this
vertex). Let us describe H* first. Let it have edge set containing all (w,v) for all other
vertices v, all (m + 1, ;) for 1 <i </, and all (m + 2,y;) for 1 < i < ¢. We also define
H** = H*|;,. For G*, we start constructing G** by arranging the elements of [m] in
a cycle such that the vertices zq,..., 212 appear in that order. We then add the edges
(21, 26), (22, 24), (27, 212), (28, 210), and (w, w;) for 1 <i < k — 1. We make sure G* has the
following properties. Note that in the following points, distance refers to distance along
the large cycle not including the additional edges.

e G* contains the edges (24, 25), (25, 26), (210, 211), and (z11, z12). Thus 24, z5, and zg
occur consecutively and zjg, 211, and z15 occur consecutively.

e The clockwise distance between z3 and z5 is £ — 1. Similarly, the clockwise distance
between zg and zy; is £ — 1.

e The 20 + k vertices w,wq, ..., Wg_1,T1,...,Te,Y1,--.,Yyr are placed such that the
distance between any two of them and the distance between any one of them and
one of z3, 25, 29, 211 is at least m/(3¢) which is at least k for sufficiently large n.

e The k vertices w,wy, ..., w1 are placed in clockwise order around the cycle such
that they lie between z; and z; or between z; and zg. The vertices w and w; are
between z7; and zg in the clockwise direction, and the clockwise distance between w
and w, is an even number. The total number of vertices on the clockwise path from
z1 to z9 or the clockwise path from z7 to zg is at least k + 1.
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e For k > 4, there exist at least two vertices w; and w; which are on the clockwise
path from z; to zo. If k = 2, there are no such vertices, and if £ = 3, there is one
such vertex.

e The girth of the entire graph G** is at least m/(k + 6), and m is sufficiently large
so that m/(k +6) > k + 2.

The graph G* is obtained from G** by adding the edges (m + 1, 23), (m + 1, z11), (m +
2, 25), (m+2, z9), and (m+1,m+2). From now on, we refer to the cycle in G** containing
all vertices in [m] as the large cycle.

m+1 W Wk m+ 2

Figure 8: Schematic diagrams G* (left) and H* (right). Blue, black, and green curves
represent edges in the graph. Red curves represent collection of vertices and edges. The
vertices xq,...,xy and yy,...,y, are not marked in G*. The diagram of G* shows w and
w; for i € {iy,...i5} where 1 <43 <...<iz<k—1.

We now show that we can form k disjoint paths that swap m + 1 and m + 2.

Lemma 41. Let G* and H* be the graphs constructed above (see Figure 8). Let o be

the identity permutation. There exist k disjoint paths from o to o o (m + 1,m + 2) in
FS(G*, H*).

Proof. Let G** = G*|py and G*™* = G*|pt2)\{25,21,}- Note that G** contains a starcle
graph on m vertices with diagonal tuple (wy,...,wg_1). There is an odd cycle as the
distance between w and w, is even along the large cycle. By Theorem 36, we know that
in FS(G™, H*), there exist k disjoint paths between any two vertices p; and py where
pr(w) = pyt(w) = w.

As for G***, consider the graph G’ created by removing all edges of the form (w,w;)
for 1 <i <k —1. Notice that F(G") is the non-disjoint union of three cycles, depicted in
Figure 9, which we call A’, B’, and C".
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Figure 9: Cycles A’, B’,C" (in left to right order) which are subgraphs of G’. Dotted
curves represent vertices and edges that existed in G’ but not in the cycle. Notice that
every vertex and edge in G’ is included it at least one of these cycles. As before, blue and
black curves represent edges in the graph while red curves represent collection of vertices
and edges.

Notice that w,wr, ..., wy are in all of the cycles. Let A, B, C' be the graphs A’, B', (',
respectively, after the edges (w,w;) for 1 < i < k are added. Notice then that A, B,C
are starcle graphs (up to relabeling vertices appropriately) satisfying the conditions of
Theorem 36. Define graph D € {A, B,C}. Let D’ be the star graph centered at w with
vertex set V(D). We know that there exist k disjoint paths between two vertices 7, and
7 in FS(D, D) if p; H(w) = py H(w) = w.

Therefore, because A, B, C' share at least k vertices aside from w, namely the k vertices
on clockwise path from z; to z5 or the clockwise path from z7; to zg not including w, we
know that by applying Theorem 37 twice, there exist k disjoint paths between 71 and 7
in FS(G™*, H*) if p; ' (w) = py '(w) = w.

We now construct the k disjoint paths from o to o o (m + 1,m + 2). We will start
by creating an overarching structure. Let 71 be a permutation on [m + 2| satisfying the
following properties:

e The vertices 7; ' (x1), 77 *(22),...,7; *(z¢) appear consecutively in the large cycle of
G* such that 7, (1) = 23 and T l(l’g) = zs,

e The vertices 7; (yl) ), . !(y¢) appear consecutively in the large cycle of
G* such that 7, (y1) = 29 and 7'1 ( ) = 211,

e We have 77 '(m +1) =m+ 1 and 7, '(m +2) = m + 2.
Define the following permutation as a composition of several transpositions.
S =(m+ 1,77 (@) o (7 (@), 7y (@) 0+ o (7 (wemr) 0 1y ()0
(m+ 2,77 (y1)) o (i (ya) o 71 ' (y2)) 0+ o (7 (Yo 71 ().

Let 7 = 71 0 ¥ so that T{l(m—i— 1) = z5 and T{l(m—i— 2) = 2.
Let 73 be a permutation where Tgl(:ﬁl) =m+ 2, Tgfl(yl) =m4+1, T:;l(m 1) =z,
and T?)_l(m +2) = 21;. Let 7y = 73 0 33 where

22 = (25,m + 2) o (le,m + 1)
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For all of these permutations 7 € {7, 73, 73, 74 }, assume 7(w) = w. Define 7, for 1 <r <k
to be distinct permutations of the form 7 o 7 where 7 is a permutation of the vertices
on the clockwise path from z; to z,. Similarly, define 73, for 1 < r < k to be distinct
permutations of the form 75 o m where 7 is a permutation of the vertices on the clockwise
path from z; to 2. Let 7o, = 71, 0 31, and let 74, = 73, 0 3s.

Consider the paths from 7y, to 7, by performing the transpositions comprising >; in
order. Notice that for distinct r and s the path from 71, to 7, and the path from 7 5 to
To,s are disjoint as the positions of the people standing on vertices on the clockwise path
from z; to zy are unchanged by the swaps of >;.

Similarly the paths from 73, to 74, by performing the transpositions ¥ are also
disjoint. Moreover, none of these paths can share a vertex with a path from 7 ¢ to 7.
In intermediate permutations of the path from 73, to 74,, the position corresponding to
m+ 1 is either z5 or m + 2, and the position corresponding to m + 2 is either z;; or m+ 1
respectively. This only happens in the path from 7, to 755 at 75 where the position
corresponding to m + 1 is z; and the position corresponding to m + 2 is z1;. But notice
that the position of x; is m + 1 and the position of y; is m + 2 in 75 ;. This never happens
in the path from 73, to 74,.

Consider a vertex cut between ¢ and o o (m + 1, m + 2) of k — 1 vertices. Because the
paths from 71, to 7, and the paths from 73, to 74, are all disjoint, if we remove k — 1
vertices, there must always be some 7’ for which there still exists a path between 7,/ to
To,» and there exists a path between 73, and 74, .

Note that in FS(G**, H**) there are k disjoint paths between o and 7 ,.. These paths
also exist in FS(G*, H*). Therefore removing k — 1 vertices doesn’t disconnect o and 7y ,.
There must also exist k disjoint paths between 7p,» and 73, in FS(G*™*, H*), so again
Ty and 73,» must remain connected. Finally 74,» and o o (m + 1,m + 2) must remain
connected since there exist k disjoint paths between them in FS(G*™, H**). So we have a
path between o and o o (m+ 1, m+2). Note that the claims of the existence of k disjoint
paths are due to Theorem 36.

Therefore, there exist k disjoint paths between them by Menger’s Theorem [5]. O

We now present the following lemma about the embeddability of (G*, H*). Because
the proof is almost identical to that of Wang and Chen [11], we omit it.

Lemma 42 ([11, Lemma 3.5]). Let n be a large positive integer, and let m, ¢, G**, and H**
be as described above. Let T' = {x1,..., 24,41, .., Y, 23, 25, 29, 211 }- Let ¢z = |pon/(5L)]
for alli e, and let ¢; = |n/(2m)] for all i € [m]\ ' where py be a probability such that

S exp((k+7)/4 - logn)¥?
0= nl/2 :

Let py and py be probabilities such that pips > p? and py > p1 > po/l. Let X and
Y be independently-chosen random graphs in G(n,p1) and G(n,ps), respectively. If n is
sufficiently large, then the probability that the pair (G**, H*™) is (qu, ..., qm)-embeddable
in (X,Y) is at least 1 —n™"/3.
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As a result of these lemmas, we have Theorem 39 which completes the proof of The-
orem 9. We omit its proof due to its similarity to the proof in Wang and Chen [11].

7 Future Research Directions

Relating to Theorem 5, we think this result can be generalized to the following two
conjectures. There is already some evidence of this with Theorem 36, which discusses
starcle graphs, as we found that the number of disjoint paths between o and p from the
lemma statement was significantly higher than the minimum degree of the starcle graph.

Conjecture 43. Let G = FS(X, Star,,) where X is a graph on n vertices. Assume G is
connected. If o and p are permutations in V' (G), the maximum number of disjoint paths
between o and p is min{deg(o), deg(p)}.

Another interesting direction is to consider the following question posed by Colin
Defant.

Question 44. What are the connectivities of the connected components of FS(X, P,) or
FS(X, C,) where X is a graph on n vertices?

For these graphs, the method of atomic parts does not seem to work as there are very
few useful graph automorphisms.

In Theorems 6, 7 and 9, we fixed £ and varied n and found that similar bounding
conditions to the analogs in classical connectivity show FS(X,Y’) is k-connected. The
following question considers letting k scale with n.

Problem 45. Choose k = k(n) to be some function on n. What are the bounds on the
minimum degree to ensure FS(X,Y) is k-connected as in Theorems 6 and 7. What are
the bounds on the threshold probability as in Theorem 97
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