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Abstract

In this work we study Schiitzenberger’s promotion operator on standard Young
tableaux via a corresponding graphical construction known as m—diagrams. In
particular, we prove that certain internal structures of SYT are preserved under
promotion and correspond to distinct components of m—diagrams. By treating
these structures as atomic parts of the m—diagram, we provide a simple algorithm
for computing the promotion orbit length of rectangular SYT. We conclude the
paper by applying our results to (column) semi-standard Young tableaux and prove
a formula for the promotion orbit lengths of rectangular (column) SSYT.

Mathematics Subject Classifications: 05E10, 05C10

1 Introduction

Young tableaux are fundamental combinatorial objects. With various choices of fillings
and rules for manipulations, Young tableaux encode important data and processes from
across mathematics [4]. We focus on Schiitzenberger’s promotion operator on standard
Young tableauz [19]. Promotion features in the study of representations and algebraic
operations on representations [1, 6, 9, 13, 27|, Schubert varieties and the cohomology
ring structure induced by Schubert classes [24, 25], and other constructions in algebra
and geometry [3, 11]. The promotion map acts bijectively on the set of standard Young
tableaux of a fixed shape so it is reasonable to ask about the orbits of this map.

Initial results in this area address the natural question of whether the size of an orbit
can be determined from only one representative tableau. The promotion order of the
shape A is the minimum N such that PY(T) = T for every tableaux T of shape \. In
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general, the promotion order is not well-behaved. For instance, the promotion order of
the shape A = (8,6) - 14 is 7,554,844,752 [21]. Seminal — and very surprising — work of
Haiman shows that when we restrict to m x n rectangular standard Young tableaux, the
order of promotion is mn [6]. Haiman in fact completely characterizes all shapes A such
that the order of promotion is |A|, showing that their constituent pieces are rectangles and
variations of what he calls staircases. Subsequent work has focused on rectangles. Rhoades
used cyclic-sieving phenomena to obtain data about the structure and sizes of promotion
orbits, showing that the number of rectangular tableaux fixed by n applications of the
promotion operator is measured by the quantum hook-length polynomial [15, 16]. This
has been explored and extended in different contexts, using related operators [10, 22, 23] or
equivariant maps to other sets of objects equipped with a cyclic group action [2, 12, 17, 26].

Yet, little has been done to analyze the sizes and elements of promotion orbits for
specific standard Young tableaux, despite analogous classification and stability questions
in representation theory. The only exception we found is a bijection between the set of
rectangular tableaux in minimal promotion orbits and the symmetric group in the number
of columns, due to Purbhoo and Rhee [14].

In this paper, we give a process for computing the size of a rectangular tableau’s promo-
tion orbit by exploiting the geometry of an object called an m—diagram. An m—diagram
is a union of noncrossing matchings; the connected components of an m— diagram refine
the data of a noncrossing partition. While promotion of rectangular tableaux is not equiv-
ariant with rotation of m—diagrams, we show that the m—diagrams nonetheless encode
important information. In particular, we do the following:

1. Define a notion of uniformly equivalent tableaux and investigate promotion via the
graphical construction of m—diagrams.

2. Provide an algorithm to determine the orbit length of a tableau based on geomet-
ric symmetries of the connected components in its corresponding m—diagram. In
particular, this allows us to analyze orbit lengths when the m—diagrams are discon-
nected (see Theorem 25).

3. Extend our ideas to (column) semi-standard Young tableaux and provide a formula
for the orbit lengths of these tableaux.

Our use of m—diagrams is motivated by their role as the intermediate step in con-
structing a kind of planar graph called a web graph [26]. Web graphs are the morphisms
in a diagrammatic version of the representation category for U,(sl,) and can be used to
construct U, (sl,,)-invariant vectors [8]. The number of m x n standard tableaux turns out
to count the size of a basis for U,(sl,)-invariant vectors with mn tensor factors [7]. When
n = 2 or n = 3, the natural bijection between m x n standard tableaux and web graphs is
equivariant with respect to promotion and rotation, in the sense that the web correspond-
ing to the promotion of T can be obtained from the web corresponding to 7" by rotating
[12]. For larger n, identifying web bases that preserve this equivariance with respect to
promotion and rotation is an active area of research; recent work of Gaetz et alia pro-
poses one such basis for n = 4 [5]. The m—diagrams used in this paper are monochrome
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versions of a stranding that appears in [18] as the intermediate step in constructing a
basis of sl,, web graphs. In short, both the general question of understanding promotion
orbits of tableaux and the specific graph construction of m—diagrams are important in
representation theory and knot theory. However, this technical context is unnecessary in
the paper at hand, so we omit it in what follows.

In addition, our paper does not examine the structure of m—diagrams in great detail.
We leave as an open question whether sharper analysis would give more information about
promotion orbits.

Outline

In Section 2 we provide the necessary background on standard Young tableaux and
m—diagrams. Our main results on the promotion orbit lengths of rectangular SY'T are
contained in Section 3. We conclude the paper by applying our results to (column) semi-
standard Young tableaux in Section 4.

2 Preliminaries

2.1 Tableaux

We begin by fixing notations and conventions for tableaux.

Definition 1 (Standard Young Tableau). Suppose A = (A = Ay = -+ = A;) is a
partition of n. A Young diagram of shape X is a grid of left- and top-aligned boxes with
\; boxes in the i** row for each 1 < i < k. If all parts of the partition )\ are the same then
we call A a rectangular partition and its Young diagram a rectangular Young diagram.

A standard Young tableau (SYT) is a filling of the Young diagram for A with val-
ues 1,...,n without repetition such that rows strictly increase left-to-right and columns
strictly increase top-to-bottom. The content of a tableau T is the collection of integers
filling its boxes.

Given two partitions g and A with p; < \; for all ¢, the set of boxes belonging to the
Young diagram corresponding to shape A but not p yields a skew diagram of shape A/ p.
A skew tableau is a filling of a skew diagram such that for each box, all entries to the right
and below are strictly larger.

Given a tableau T, we denote the number of boxes in T as |T'| and the entry in the i"
row and j column of T" as Tj;. Next, we review Schiitzenberger’s jeu de taquin promotion
on SYT, which is a function from SYT of fixed shape A to SYT of the same shape [19, 20].

Definition 2 (Promotion). Given an SYT T, the promotion of T'is the SYT P(T') created
as follows:

1. Erase 1 in the top left corner of T" and leave an empty box.

2. Given the configuration b | and b < a then slide b left; else if a < b slide a up.
a

THE ELECTRONIC JOURNAL OF COMBINATORICS 33(3) (2026), #P3.42 3



3. Repeat the above process until there are no nonempty boxes below or to the right
of the empty box.

4. Decrement all entries by 1 and insert the largest entry of T" into the empty box.

Example 3. Figure 1 gives an example of an SYT T and its promotion P(T'). This
tableau will serve as our running example.

1 7 [14]19 1]5]6][13[17]18
3|8 |915]18]21 2 [ 71]8[14][19]20
T = y = P(T)
4 [10]11]16(20(23 319 ]10[15]21]22
5 [12]13]17]22]24 4 [11]12]16]23]24

Figure 1: The tableau T" and its promotion P(T")

We are particularly interested in the orbits of tableaux under promotion. For a given
SYT T, we denote the promotion orbit of T by O(T'). The key observation in our approach
is that certain internal structures of SYT are preserved during promotion. To this end,
we introduce the following definition.

Definition 4 (Equivalence). Suppose S and T are skew tableaux with |S| = |T'| and
contents {s1,S2,...,8n}, {t1,t2,...,t,}. We say that S is equivalent to T, or S =T, if S
and T are the same after each tableau is left justified with the entries relabeled smallest
to largest so that the content becomes {1,2,...,n}. Moreover, we say S is uniformly
equivalent to T if the content of S is {k + i1,k +i2,...,k + i,} and the content of T" is
{l+ 11,0 +iy,...,0+1,} for some k,¢ and S =T.

Remark 5. Note that if i1,...,4, is equal to 1,...,n and S,T are not skew, then S and
T are uniformly equivalent to an SYT.

Uniform equivalence is a powerful condition that allows us to treat uniformly proper
sub-tableaux as atomic parts of the corresponding m-diagrams (and webs; see Section 2.2).
However, there are contexts in which more generality is useful.

Definition 6 (Uniformly Proper sub-tableau). Suppose T is a tableau with n rows and
S C T is a (skew) sub-tableau. We call S uniformly proper if:

1. S has n rows
2. S is uniformly equivalent to a standard Young tableau

We call S a uniformly proper rectangular sub-tableau if in addition all of its rows have
the same length. If T' contains no uniformly proper rectangular sub-tableau, we say that
T is minimal.
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Given two skew tableaux T" and T”, we write TT" to refer to the tableau resulting
from the horizontal concatenation of 7" and 7" when such an operation makes sense. In
particular, if T" is an SYT that is not minimal, and thus has some uniformly proper
rectangular sub-tableau S, we can write the tableau T as the horizontal concatenation
T =T, ST, where T7 and T; are also sub-tableaux of T'. Figure 2 gives an example.

Note that if we fix a uniformly proper rectangular sub-tableau S of T, there is a
unique pair T3, T5 that decompose T as T15T,. However, if T contains multiple uniformly
proper rectangular sub-tableaux then there are many ways to decompose 7' as a horizontal
concatenation.

1 7114119 112 67114 19
3 15[18 (21 B 3 819 (15 18121
4110|11(16{20|23 4 10({11|16 20123
5112113117 (22(24 5 121317 22124
T T S T,

Figure 2: Decomposition of tableau 7" with uniformly proper rectangular sub-tableau S

We will see in Section 3 that the problem of determining the orbit length |O(T)| of
any non-minimal tableau T can be reduced to determining the orbit lengths of a subset
of its minimal uniformly proper sub-tableaux.

2.2 m-diagrams

We are motivated by open questions about webs, which are planar graphs that repre-
sent functions in a diagrammatic category for certain representations of quantum groups
U,(sl,,) [8]. There is a rich literature on how promotion of tableaux corresponds to rota-
tion of webs in the cases n = 2 and n = 3 [12, 17, 26]; but this is constrained for larger n
by our limited understanding of webs in that case (though see [5] for a rotation-invariant
basis when n = 4).

For this reason, we instead focus on an intermediary between webs and tableaux:
m-~diagrams, which are collections of arcs that satisfy certain noncrossing conditions.

Definition 7 (m-Diagram). A matching M on the set {1,2,...,n} is a set of pairs

M = {(i1, 1), (i2, 52)s - - -, (iy 7)Y € {1,2, ... ,n} x {1,2,...,n}

such that each element of {1,...,n} occurs in at most one pair. We often refer to the pair
(7,7) as an arc and assume in our notation that i < j. We say that ¢, are the endpoints
of the arc and that an integer i’ is on the arc (i,7) if ¢/ € {i,j} or below the arc (i,7) if
i<i <j.

A matching M is:

e perfect if every number 1,2,...,n is used on an arc;

ot
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e crossing if it contains two arcs (i, 7), (7', j') € M with 1 <’ < j < j';
e noncrossing if it is not crossing;
e with repetition if it contains at least one arc of the form (i,1);

e standard if every integer i’ below an arc (7, j) is itself on an arc.

An m-diagram on the set {1,2,...,n} is the union |J;_, M; where each M; is a noncross-
ing matching.

Note that an m-diagram may not itself be a noncrossing matching since arcs from
one matching are allowed to cross arcs from another matching. An m-diagram may have
arcs of the form (¢,4) but is itself not a multiset, so each arc appears at most once in an
m-~diagram regardless of how many different matchings contain it.

We represent matchings and m-diagrams by drawing semicircular arcs in the upper
half plane between the points ¢ and 7 on the z-axis, as in Figure 3. The next lemma
demonstrates a simple bijection between SYT and m—diagrams, the proof of which can
be found in [17, Lemma 1] and [26, Prop. 2.4]. We include a sketch of the main arguments
for completeness.

Lemma 8. Let T' be an SYT with r rows and content {1,...,n}. For each 1 <i<r—1
the following recursive process constructs a noncrossing matching M; on the integers
filling rows © and i+ 1 of T':

1. If row i of T has X\; boxes then denote them by t;(1),t:(2),...,t:(N;) and similarly
for row i + 1.

2. Create an arc (t;(j), tiy1(1)) where

j = maX{l <s < )\z . tl(S) < tl+1(1>}

3. Iftii (1), ... tig1(£) are all on arcs then create an arc (t;(5),tiv1(€ + 1)) where

' max 1<s< A ti(s) <tip1(0+1) and
J= (ti(s),ti1(4")) is not an arc for any j/ < £

Proof. For each row ¢ + 1 and each entry ¢;,1(¢) in that row, there are at least ¢ integers
in row 7 of value at most ¢;,1(¢) because the entries of T" are increasing row- and column-
wise. These integers are all distinct because the values in each row of T increase strictly
and so the recursive process constructs an arc for each box in row ¢ + 1 of T'.

Suppose (t;(¢),t;+1(¢')) is an arc in the matching M,. If j is an integer on row i + 1
with j < t;41(¢) then j is the endpoint of the arc created in an earlier step by the recursive
construction to build M;. Thus M; is a standard matching on the set of integers filling
rows i and i + 1 of T. Moreover the arc (j',7) satisfies t;(¢) < j' since otherwise the
recursive construction would have paired j with ¢;(£). Thus the arc (5, j) does not cross
(t;(€),ti + 1(¢)). Similarly, if j is an integer on row ¢ with t,(¢) < j < t;11(¢) then j
must be on an arc (j,t;41(¢")) for some ¢" < ¢ else j = t;({) by construction. So M; is
noncrossing. This completes the proof. O]
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In the following result, all of the proofs are immediate from the previous lemma to-
gether with the definitions.

Corollary 9. The algorithm in Lemma 8 defines a function o(T) = My from r-row SYT
to m-diagrams built from r — 1 matchings. In addition, all of the following hold:

e The number of arcs in matching M; equals the number of bozxes in row i+ 1 of T'.
e Fach matching M; is without repetition.
e The matching M; is standard with respect to the entries in rows i and i+ 1 of T.

e [fT is a standard Young tableau on a rectangular Young diagram then o(T) = My
1s the uniton of r — 1 matchings M; of the same cardinality. Moreover every integer
1,2,...,|T| is one of three types: both the end of an arc in M; and the start of an
arc in M1, or the start of an arc on My, or the end of an arc in M, _;.

Figure 3 gives an example of an m—diagram corresponding to an SYT.

671(14(19
9115|1821

8
i eolml 2L Lol YA Y LYY A >

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24
12113(17|22|24

T o(T)

QU = W]+~

Figure 3: Tableau T" and its corresponding m—diagram ¢(7")

We define a rotation operation on m-diagrams algebraically as follows. Intuitively, it
consists of connecting the endpoints of the boundary to form a circle, rotating the circle
one step clockwise, and then disconnecting the circle to again form a boundary line.

Definition 10 (Rotation). Denote by p: {1,2,...,n} — {1,2,...,n} the cyclic permu-
tation given by p(i) =i —1 mod n. Then p induces a map from the set of matchings on
{1,2,...,n} to itself by sending each arc (a,b) — (p(a), p(b)). We call this map rotation
and denote the image of a matching M under rotation by p(M).

Figure 4 shows the rotation p(¢(7")) of the m—diagram ¢(7") from Figure 3.
The following two observations about rotation almost immediately follow from the
definitions of matchings and rotations.

Lemma 11. If M is a perfect matching then so is the rotation p(M). If M is a non-
crossing matching then so is the rotation p(M).
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Proof. Rotation sends perfect matchings to perfect matchings because it permutes the
endpoints of the arcs.

Suppose M is noncrossing. Every arc in M without endpoint 1, is simply shifted one
unit to the left by p. Therefore, if two arcs cross in p(M) one of them must be p((1, k)) =
(k — 1,n). Say some arc (i,j) € p(M) crosses (k— 1,n). This impliesi <k —1<j<n
and also 1 <i+1 <k < j+ 1. It follows that p~'((¢,5)) = (¢ + 1,5 + 1) and (1, k) cross
in M. This contradiction proves the claim. O

. mmm ,,,,,,,,,, ,

1 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24

(D)

Figure 4: The rotation p(¢(7')) compared to the m—diagram ¢(P(T)).

Just as rotation preserves the properties of being standard and noncrossing, we would
like rotation to respect promotion, in the sense that rotating the m-diagram for an SY'T
T produces the m-diagram for the promotion P(T"). This does indeed hold for two-row
rectangular SYT and for sl3 webs coming from m-diagrams for three-row rectangular SY'T
[12, 26]. In general, however, promotion and rotation do not commute. For example, it is
not true that the m—diagram ¢(P(T)) is equal to p(¢(T)) for the tableau T in our running
example, see Figure 4. Moreover, in general, p(¢(T")) # ¢(1”) for any SYT T”. The next
section describes a different way to connect rotation to promotion. The arguments in
Section 3 utilize the idea of sub-diagrams and components of an m—diagram, which we
introduce here.

Definition 12  (Sub-diagram and Component). Consider an m—diagram
M = {(a;,b;)};_; where each (a;,b;) is an arc. Suppose C' C M is a nonempty proper
subcollection with C' = {(a;,,b;,)};_,. We say C forms a sub-diagram of M if

e whenever a is an endpoint of some arc in C, all arcs in M with a as an endpoint are
also in C' and

e 1no arc in M but not C crosses any arc in C, namely no arc (a;,b;) with j ¢
{i1,...,is} crosses an arc in C.

The sub-diagram is uniform if its endpoints are all adjacent and a component if it has no
proper subcollection that forms a sub-diagram. Two sub-diagrams C, C" are equivalent if
pN(C) = ¢ for some N.
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Example 13. We elucidate Definition 12 by illustrating the components of the
m—diagram ¢(7") from our running example, see Figure 5. The components of the

1 8§ 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24

(72 Cs Cy
Figure 5: Components of ¢(T")

m—diagram ¢(T") are C, Cy, C3, and Cy. The components Cy, C3, Cy are uniform, whereas
C} is non-uniform. Note that the components Cy and C} are equivalent since p'?(Cy) = Cs.
Any union of components forms a sub-diagram of ¢(T'). For example, Cy U C3 forms a
uniform sub-diagram, whereas both C; U3 and Cy U Cy form non-uniform sub-diagrams.

3 Determining Orbit Lengths

Our main result is an identification between the orbit lengths of rectangular SYT and the
rotational symmetry of their corresponding m—diagrams. This identification allows us to
explicitly compute the orbit length of a non-minimal tableau by only considering certain
sub-tableaux. To this end, we provide a simple algorithm to compute orbit lengths of
non-minimal SYT.

Throughout this section we fix a non-minimal rectangular SYT T with
uniformly proper rectangular sub-tableau S. It will often be convenient to consider
T as the horizontal concatenation T;ST, where the sub-tableau 77 is non-empty, i.e.
|T1] > 1. As an example, recall the tableau T' from Figure 2, with its uniformly proper
rectangular sub-tableau .S.

We begin by building a correspondence between uniformly proper rectangular sub-
tableaux of 7" and uniform sub-diagrams of its corresponding m—diagram ¢(7"). First, we
show that the arcs generated by the algorithm in Lemma 8 either have both end points
in S or neither end point in S.

Lemma 14. Suppose S is a uniformly proper rectangular sub-tableau of T. If the
m—diagram o(T) contains an arc (a,b) with either a an entry of S or b an entry of
S, then both a and b are entries of S.

Proof. Write T as the horizontal concatenation 7" = 1157, and suppose that a = Tj;.
Then, since (a,b) is an arc in ¢(T'), we must have that b is on row i + 1 of 7.

First, suppose that b is an entry of S. Since every entry of T; is greater than every
entry of 715, we must have that a is an entry of 71.5. Note that since 7T} is a proper
sub-tableau of T', the length of row i of T} is at least the length of row ¢ 4+ 1 of T}. Thus,
when the algorithm in Lemma 8 is creating arcs that begin with entries in row ¢+ 1 of T,
every entry on row ¢ + 1 of 77 will be matched to an entry on row ¢ of T}. Since we also
have that S is rectangular, for each entry on row ¢ + 1 of S, there is at least one entry
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on row ¢ of S that is yet to be matched by the algorithm in Lemma 8. Moreover, since .S
is uniformly equivalent to an SYT, for each entry on row ¢ + 1 of S, there is at least one
entry on row ¢ of S that has lower value. As each entry of S is greater than every entry
of T}, it follows that each entry on row ¢ 4+ 1 of S is matched to an entry on row ¢ of S.
Thus, a is an entry of S.

Now, suppose a is an entry of S. Since each entry of 7T} is less than every entry of S,
we must have that b is an entry of ST5. By the above argument, every entry on row i + 1
of S is matched to some entry on row ¢ of S. Since S' is rectangular, the number of arcs
beginning at an entry on row ¢ + 1 of S is equal to the number of arcs ending at an entry
on row ¢ of S. It follows that b is an entry on row ¢ + 1 of S. O

We can now identify uniformly proper rectangular sub-tableaux of T' with uniform sub-
diagrams of the m—diagram ¢(7"). Moreover, by applying this correspondence recursively,
we see that minimal uniformly proper sub-tableaux are in correspondence with uniform
components of ¢(7T).

Lemma 15. Let M = o(T'). We have the following correspondences:

1. The set of uniformly proper rectangular sub-tableaux of T is in bijection with the
uniform sub-diagrams of M.

2. The set of minimal uniformly proper rectangular sub-tableaux of T is in bijection
with the uniform components of M.

Proof. Note that (2) is a simple consequence of (1) and so we only prove (1).

Fix a uniformly proper rectangular sub-tableau S of T" and let C's be the collection of
arcs in M with an endpoint that is an entry of S. By Lemma 14, any arc in C's must have
both endpoints in S. Note that this means that no arc of M with an endpoint outside of .S
can cross an arc in Cs. Thus, we have that Cg is a sub-diagram of M. As S is a uniformly
proper sub-tableau of T', it follows that the endpoints of Cg are all adjacent and so Cs is
a uniform sub-diagram of M.

Now, fix a uniform sub-diagram C' of M. Suppose that the endpoints of arcs in C' are
{k,k+1, ..., k+{} and consider the sub-tableau S of T' with entries {k, k+1, ..., k+{}. We
show that S is a uniformly proper rectangular sub-tableau. All parts of this proof amount
to showing that violating any part of the definition of a uniformly proper rectangular sub-
tableau is equivalent to having an arc in M with one endpoint an entry in S and the other
endpoint not an entry in S.

First, note that the sub-diagram C'is a union of components of M. In each component,
there are exactly two vertices that have degree 1 (in the graph theory sense), while all
other vertices have degree 2. By Corollary 9, these degree one vertices are entries in either
the first or last row of T. By construction, exactly one of these vertices is in the first row
and the other is in the last row. It follows that S has the same number of rows as 7.
Moreover, both the first and last row of S have the same number of boxes and thus S is
a rectangular sub-tableau of T.

THE ELECTRONIC JOURNAL OF COMBINATORICS 33(3) (2026), #P3.42 10



Suppose that when S is left-justified, it is not standard. Since S is a sub-tableau of T,
the rows of S are increasing and thus if S is not standard when left-justified, there must
be some column that is not increasing. Choose 7 to be the smallest value such that the
4t column of S is not increasing. Then for some row i we have that Sij < S(i-1); and
for all j* < j, the columns of S are increasing. As entries to the left of S;; are of lower
value and are in increasing columns, the algorithm in Lemma 8 matches each entry S,
for j/ < j to some entry on row i — 1 of S. However, we then have that the algorithm
cannot match S(;;1); to any entry on row 4 of S. Thus, the arc starting at S;; in M has
an endpoint that is not an entry of S. This contradicts the definition of S.

This proves that S must be a uniformly proper rectangular sub-tableau and therefore
the map between these sub-tableaux and uniform sub-diagrams is a bijection. O]

Given the correspondence between the internal structure of T" and the geometric struc-
ture of ¢(T"), we now consider how the promotion operation on 7" affects these structures.
The following result shows that the uniformly proper sub-tableaux of T" are preserved un-
der the action of promotion 7. Our key insight here is that the “sliding path” of the empty
box during promotion can only move horizontally through a uniformly proper rectangular
sub-tableau, as in the schematic of Figure 6.

Figure 6: Sliding path of b through 7" and structure of P(T')

Lemma 16. Let T' be an SYT with uniformly proper rectangular sub-tableaw S so that
T = T1STy with |Tv| > 1. Then, P(T) = T|S"Ty where T{Ty = P(T\T,) and S’ is a
uniformly proper rectangular sub-tableau of P(T') that is uniformly equivalent to S.

Proof. Consider the sliding path of the empty box b during the promotion of 7.

Each element of T} is less than every element of S so b can only slide into S when its
neighbours to the right and below are both in S or outside of the tableau. Thus, b can
only slide into S when it reaches the bottom row of a rectangular sub-shape of 7. If b
reaches the bottom row of T} then b can only slide horizontally in S. If b does not reach
the bottom row of T} then consider its two neighbours in S as shown in Figure 7. Since
S is uniformly proper, the entry in the box below b is greater than the entry in the box
to the right of b and thus b slides to the right. The same argument shows that b only
slides horizontally until it is either at the end of the row or at least one of its neighbours
is in T5. Suppose b has one neighbour in .S and one neighbour in 75. Each row of S is the
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same length so the box below b is in T5. All entries in T3 are larger than the entries in S
so b continues to slide horizontally. Thus b slides horizontally until both of its neighbours
are in Ty or until it is at the end of the row, see Figure 6 for a schematic.

We have proven that b only slides horizontally in S. This means that the only way
promotion changes S is by sliding one row to the left by one box and decreasing entries
by 1. Call the resulting tableau S’. Then S’ is equivalent to S by construction. Moreover,
they are uniformly equivalent because 1 is subtracted from each entry of S to form S’

b Sil Si2 Si3 Si4 Sil Si2 SiS Si4 b

St ar2fS i1 i+ DAL 2 411 [ T2y St )12 413 04T 2001 [T 21102

Figure 7: Comparing entries as b slides through S

We have shown S’ is a uniformly proper rectangular sub-tableau of P(7") and so we can
write P(T") as the horizontal concatenation P(7T") = T7S"Ty. We now show 1173 = P(T\15)
by again considering the sliding path of b. Let P; denote the part of the sliding path of b
that is in T}, P, the part of the path in S, and P;3 the part of the path in T5.

Consider the tableau 7775 and the sliding path of the empty box b during its promotion.
Since each element of 77 is smaller than every element of T, the empty box b slides into
T, when its neighbours to the right and below are in 75 or outside of the tableau entirely.
Promotion is defined from pairwise comparisons so the sliding path of b in T} is exactly
P,. After sliding along P; the empty box b has neighbors ¢y, ¢3, to the right and below b
respectively, that are either in 75 or outside of the tableau. Since b only slides horizontally
in S we know that after sliding along the path P, in T, the same entries ¢;, ¢s neighbour
b. Thus, the remainder of sliding path of b in 775 is P3 and so the whole sliding path is
Py Ps. Tt follows that T/T5 = P(T1T») as desired. O

Thus, we have that the uniformly proper rectangular sub-tableaux of T" that do not
contain 1 are preserved during promotion, though their entries are all decremented by 1.
A simple consequence of this result along with the correspondence in Lemma 15 is that
uniform sub-diagrams of the m—diagram ¢(T') that do not contain arcs ending at 1 are
also in some sense preserved during promotion: for each uniform component C' of ¢(T')
that does not have 1 as an endpoint, p(C) is a uniform sub-diagram of ¢(P(7)).

Corollary 17. If C is a uniform sub-diagram of (T that does not contain the vertez 1,
©(P(T)) contains the uniform sub-diagram p(C'), where p is the rotation operation defined
in Section 2.2.

Proof. By the correspondence given in Lemma 15, the uniform sub-diagram C' corresponds
to a uniformly proper sub-tableau Tx of T. As C' does not contain an arc that ends at
1, we have that 1 is not an entry of Tx. Thus, T can be written as T = T\ TT> with
|T1| # 0. By Lemma 16, P(T") contains the sub-tableau T/, whose entries are the same

THE ELECTRONIC JOURNAL OF COMBINATORICS 33(3) (2026), #P3.42 12



as To with one subtracted from each entry. Again by the correspondence in Lemma 15,
T¢, corresponds to a uniform sub-diagram C” of p(P(T)). As T and T/, are uniformly
equivalent it is clear from the algorithm given in Section 2.2 that entries of T/, will be
matched in the same order as the entries of T and thus the arcs in C” will simply be the
left translation of the arcs of C. It follows that C" = p(C'), concluding the proof. O

Our previous results show that the only component of the m—diagram ¢(T') that is
not preserved during promotion is the component C' that has an arc ending at 1. We wish
to describe how the structure of ¢(7") evolves as the promotion operator is applied to 7'
Motivated by this, we examine how promotion alters substructures of T that correspond
to the components of ¢(T').

Note that for each component C' of ¢(T") we can construct a rectangular tableau T¢
whose content we denote 0C' and whose m—diagram is C' itself. In fact, T comes from
left justifying the collection of boxes in T" with entries 0C. As an example, we show
the tableaux corresponding to each component in our running example in Figure 8. The
tableau T is necessarily a collection of boxes inside 7' so we now characterize how the
structure of Ty within 7' changes as we apply the promotion operator.

Definition 18 (Component Promotion). Let C' be a component of ¢(7") and construct
the corresponding tableau T,. With a slight abuse of language and notation, we define
the promotion P(T¢) of T¢ as follows:

1. If 1 ¢ 0C, form P(T¢) by decrementing each entry of T by 1.
2. If 1 € 0C, form P(T¢) by

(a) removing 1 from the top left corner of T¢,

(b) performing the sequence of sliding moves outlined in Definition 2,
(c) decrementing each entry of T¢ by 1,

(d) filling the empty box with |T'].

We illustrate the component promotions of components in our running example in
Figure 8. Our next result shows that for any component C' of the m—diagram ¢(7'), the
collection of boxes in P(T) with entries p(0C) gives the tableau P(T¢).

Lemma 19. For each component C of ¢(T), left-justifying the collection of boxes with
content p(OC') in P(T') produces the tableau P(T¢).

Proof. Let S be the sub-tableau of T consisting of all boxes of T" with entries j such
that min{i € 0C} < j < max{i € dC}. Note that S is the minimal uniformly proper
rectangular sub-tableau of T' that contains each element of 0C, or is equal to T if 9C'
contains both 1 and n. The collection of boxes in S with content JC' form the tableau T
once left justified.

First, suppose 1 ¢ 0C and so 1 ¢ S. By Lemma 16, subtracting 1 from each entry
of S yields a uniformly proper rectangular sub-tableau of P(T"). In particular, the boxes
with content p(OC') within P(T') form the tableau P(T¢) as defined in Definition 18.
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Now, suppose 1 € 9C. Then, we can write T as the horizontal concatenation "= SR
where R is the uniformly proper rectangular sub-tableau of T with all entries greater than
the maximum element of 9C. By Lemma 16, the promotion P(T') can be written as the
horizontal concatenation P(T') = S;R'S; where R’ is the sub-tableau of P(T") formed by
subtracting 1 from each entry of R and S5 consists of only the box containing n. Moreover,
we have the equivalence S155 = P(S). Note that replacing the maximum entry of P(S)
with the maximum entry n of T" yields 57.95.

If C'is a uniform component of ¢(7T'), then S = T and so S1.5; = P(T¢) as defined in
Definition 18. If C'is not a uniform component of ¢(7") then the boxes in .S whose entries
are not in dC' form U, a uniformly proper rectangular sub-tableau of 7. Let T, be the
collection of boxes in S to the left of U and T, the boxes of S to the right of U so the
S is the horizontal concatenation S = T, UTg,. Then, by Lemma 16, P(S) = T¢, U'T¢,
where U’ is formed by subtracting 1 from each entry of U and T T¢,, = P(1¢). Replacing
the maximum entry of T¢, with the maximum entry n of T' yields P(T¢), completing the
proof. n

e YN LS. A Y LY

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24

Cy Cs Cy

2 14 1119
3 819 15 18121
4 10]11 16 20(23
) 12]13 17 22124
T, Te, Te,

| | | |
1 516 13 17(18
2 14 19120
3 10 15 21|22
4 1112 16 23|24

P(Te,) P(T¢,) P(T¢,)

Figure 8: The components of the m—diagram ¢(7") along with their corresponding tableau
Te, and component promotions P(71¢;).

Remark 20. An equivalent definition of component promotion when 1 € 9C can be for-
mulated by constructing a specific SYT to represent the component C. Suppose C' has
the first ¢ vertices of ¢(T') as endpoints, so 0C = {t; < to < ... < ... < t,,} with
ty=1,...,t, = (. For each k < ¢, we may determine the k—fold component promotion of
Tc as follows:
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1. Form the SYT T¢, by replacing entry ¢; with i.
2. Compute the k—fold promotion P*(T},) using the algorithm in Definition 2.
3. Replace the content of P*(T7,) with the set p*(0C) in order from smallest to largest.

The results of Lemma 19 have a natural geometric interpretation. As in Corollary 17,
we see that the only component of ¢(7") whose structure is not preserved in promotion is
the component Cy with 1 € 9C}. If C' is any other component of ¢(T'), we see that p(C)
is a component of ¢(P(T)). For instance, consider our running example in Figure 4. All
three components nested under the arc (1, 18) in ¢(7) look exactly the same in p(¢(7))
after rotation; however, the component containing arc (1, 18) in ¢(7") looks different both
from the rightmost component in p(¢(7)) and from the rightmost component of ¢(P (7).
Two conclusions follow:

1. Not every component C of ¢(T") gives rise to a component p(C') of ¢(P(T)).

2. Nonetheless, if C' is the component of ¢(7T") containing boundary point 1, there is
a component of ¢p(P (7)) with exactly the same endpoints as p(C'). Moreover, this
component is ¢(P(1¢)) with P(T¢) as defined in Definition 18.

The next corollary records these observations.

Corollary 21. Choose a sub-diagram C of ¢(T'). Suppose that OC = {a;,, by, }i_; is the
set of endpoints of C' and T¢ is the tableau corresponding to C.

1. The arcs with endpoints p(OC) in o(P(T)) form a sub-diagram of o(P(T)).

2. If C is a component, the collection of arcs with endpoints p(OC) in ¢(P(T)) form
the component ¢(P(T¢)).

Proof. This is a simple application of Lemma 19. O]

From Corollary 21, we see that the partition of the boundary of ¢(P (7)) induced by
its components is given by a left-translation of the partition of the boundary of ¢(7T'). It
follows that performing |O(T")| left-translations maps the boundary of ¢(T") to itself. We
make this precise using a notion of rotational symmetry.

Definition 22 (Rotational Symmetry). Let Ci,...,Cy be the components of the
m—diagram ¢(7T") and JC; the set of endpoints of component C;. Then ¢(7T") has or-
der N rotational symmetry if NV is the smallest positive integer such that the following
equality holds:

{pN(0C)),...,pN (0CL)} = {0C,, . ..,00}).

We now show that the orbit length |O(7')| is a multiple of the rotational symmetry of
its m—diagram.

Lemma 23. Suppose ¢(T') has order N rotational symmetry. Then N divides the orbit
length |O(T)|.
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Proof. First, let C, ..., Cy be the components of ¢(7") and C7, ..., C}; the components of
¢(P(T)). For any component C, let dC be the set of endpoints of C. Then by construc-
tion, we see that L¥_0C; and L_,0C! are both partitions of the set [n] = {1,...,n}.
Furthermore, by Corollary 21, we have that |_|f:1 p(0C;) = |_|f:1 OC!. In other words,
the set partition coming from ¢(P(T)) is a one-unit leftward shift modulo n of the set
partition coming from ¢(7"). In particular, k = /.

Since ¢(PODNT)) = ¢(T), it follows that |_|i.€:1 plPMIOC;) = |_|f:1 0C;. Since ¢(T)
has order N rotational symmetry, we know N is the smallest positive leftward shift modulo
n that maps the set partition coming from ¢(7") onto itself. Now |O(T)| = Ng + r for
some ¢,7 € Z with 0 < 7 < N, and this means | [\, p"(C;) = | [f_, dC;. Since N is
minimal, we must have that 7 = 0 and so N divides |O(T)|. O

Remark 24. For a rectangular tableau T, we have seen that the components of the
m—diagram ¢(7") induce a specific set partition Ap = UceyOC of the set [|T]]. Now,
let A be some partition of the set [nm]| for some n, m € N, and consider the set

Ta={T € SYT(n xm): Ar € {A, p(A), p*(A), p*(A), p*(A), p°(A), ..} }

where we interpret p™ (A) to mean applying the map p to each subset in A. In other words,
Ta is the set of all tableaux that induce partitions which are rotationally equivalent to A.

Then, for each T € Ty, we have that O(T) C T, from Corollary 21. In this way, we
get a lower bound |[{nonempty T : A is a partition of [nm]}| on the number of promotion
orbits in SYT'(n x m) and an upper bound |75,.| on |O(T)|.

We now provide an algorithm for determining the orbit lengths of non-minimal
tableaux. To do so, we introduce an integer ¢ that counts rotations until both the bound-
aries of each component match (via rotational symmetry) and the arcs above “look the
same.”

Theorem 25. The orbit length |O(T)| can be determined as follows:
1. Let N be the order of rotational symmetry of ¢(T).
2. Define { as
¢ =min{k > 1: p*N(9C;) = 0C; = P*(T¢,) = T¢,Vi}
where T¢, is the tableau corresponding to Cj.

Then, the equality |O(T)| = ¢N holds.

Proof. By Lemma 23 we have that if ¢(7") has order N rotational symmetry, then
N||O(T)|. We complete the proof by showing that ¢ as defined in step (2) is the smallest
positive integer such that |O(T)|[¢N.

Note that for each component C; of ¢(T') we have that p*¥(0C;) = 9C; for some
7 by the definition of N. Iterated applications Corollary 21 yields that the component
of p(P™N(T)) with endpoints equal to dC; is the component ¢(P™N(T¢,)). Define C’ to
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be the component of ¢(P*N(T)) with endpoints equal to dC;. Since £ is chosen so that
whenever pN(9C;) = 0C; we have that P*™N(T,) = Tt,, we see that the algorithm in
Lemma 8 constructs the arcs in C7 in the same order that it constructs the arcs in Cj. It
follows that C = C; and so we have that ¢(P*N(T')) = ¢(T). It follows that |O(T HKN
Now, if k < ¢, there is some component C; of ¢(T) such that p*V(9C;) = 0C; and
P*N(T¢,) # Tc,. Tt follows that the component of P*V(T') with endpoints equal to GC’j is
not equal to C; and so |O(T")|does not divide kN. This completes the proof. O

Example 26. As an example, both of the m—diagrams shown below have the same order
of rotational symmetry because both have two components, each with 8 boundary points.

2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 3 4 5 6 7 8 9 10 11 12 13 14 15 16

Thus N = 8 in the notation of the previous Theorem. The m—diagram on the left has
¢ = 1 while the m—diagram on the right has ¢ = 2. Intuitively, this is because the
two components in the m—diagram on the left “look the same” but “look different” in
the m—diagram on the right. Formally, we need to compute promotions of the tableaux
corresponding to the four components. Three of the components above have corresponding
tableau that is uniformly equivalent to Tx below, while the fourth is T below.

7, —[1]2 7., —| 911
3|4 10[13
56 12[15
7]8 14]16

As a 4 x 2 tableau, note that T has promotion order 2 so ¢ = 1 for the m—diagram on
the left. Also P(T¢) is uniformly equivalent to Ter. So P¥(Ter) # Te and £ = 2 for the
m—diagram on the right, as claimed.

Remark 27. While Theorem 25 gives us a method to compute the orbit length of any
non-minimal tableau, for many examples there may be shortcuts. For example, if the
m—diagram ¢(7T') has order |T'| rotational symmetry, it is clear that |O(T)| = |T|. As
well, by the results of [6], the orbit length |O(T)| must divide |T|. It follows that N must
divide |T'|, reducing the set of possible orders of rotational symmetry to check. Moreover,

once N has been found, in step (4) of Theorem 25 we need only check values of ¢ such
that (N ||T].

Following the algorithm in Theorem 25, we see that the orbit length |O(T)| is de-
termined by examining orbits of a set of minimal tableaux. While there is no known
method for identifying the orbit lengths of minimal tableaux, these tableaux are typi-
cally much smaller than 7" and thus directly computing their orbit lengths is much less
computationally expensive than computing the entire promotion orbit of 7.

Example 28. We can now calculate the promotion orbit length of our running example
T. The m—diagram ¢(7T") has four components, Cy, Cy, Cs, Cy.
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e N L VSN A Y LY

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24
Y
Co Cs Cy

o(T)
The sets of endpoints for each component are the following:
0C; ={1,18,19,20,21,22,23,24}
802 - {2, 3, 4, 5}
dCs = {6,7,8,9,10,11,12,13}
0Cy = {14,15,16,17}.
Note that the following equalities hold:

p12(0CY) = C; p'2(9Cy) = ACy  p'2(8Cs) = AC,  p2(9Cy) = OCs.

This is the minimal value of N such that L}, pV(9C;) = UL ,0C; and so ¢(T') has order
12 rotational symmetry. As the orbit length |O(T)| must divide 24, either |O(T')| = 12
or |O(T)| = 24. We now need to calculate the 12-fold promotions of each tableau T¢,
corresponding to the components C;.

1119 2 6|7 14
18121 3 819 15
20|23 4 10|11 16
22124 5 12|13 17
Te, Te, Te, Te,

Recall that whenever 1 ¢ 0C;, the promotion P(T¢,) is achieved by simply decrement-
ing each entry of T, by 1, which corresponds to simply translating the component C; once
to the left in ¢(T). So, we have that P'?(Tg,) = Tc,. We now consider the promotions of
Tey, Te,, Te,. As each of these components has an endpoint within the first 12 vertices of
¢(T), the structure of each component will change as the promotion operator is applied
to T'. First, we see that the 12-fold promotion of T¢, is given by

1119 1718

18|21 19|20 N 819
20123 21122 1011
22124 23124 12113
TC1 P(Tcl) PlQ(TCﬁ)

THE ELECTRONIC JOURNAL OF COMBINATORICS 33(3) (2026), #P3.42 18



and so p'?(0Cy) = 9C5 and P™(T¢,) = Te,. The 12-fold promotion of Tg, is found as
follows:

2 1 21 14
3 2 22 15
......... > >
4 3 23 16
5 4 24 17
Tc, P(Tc,) P°(Tc,) P2(T¢,)

So we have that p'?(0Cy) = 0C, and P'*(Tg,) = Tg,. Note that we calculate P°(Tg,)
from P(T¢,) using the arguments in Remark 20. Finally, the 12-fold promotion of T¢, is

617 112 1119
819 N 314 N 18|21
1011 516 20123
12113 718 22124
TC3 PS(TC:«;) PlQ(TCS)

and so p'?(0C3) = 0C; and P'(T¢,) = Te,. Thus, the orbit length |O(T)] is 12.

4 Application: Promotion of Rectangular Semi-Standard
Tableaux

We now extend the results of Section 3 to the case of semi-standard Young tableaux.

We begin with an overview of (column) semi-standard Young tableaux, paying par-
ticular attention to the promotion operator. A (column) semi-standard Young tableau
(SSYT) is a filling of the Young diagram for A with the numbers 1,2,... n so that each
number appears at least once, rows strictly increase left-to-right, and columns weakly in-
crease top-to-bottom. If each number ¢ appears e; times in T' then we denote the content
{1°,2° ... n°}. Generically, the content of an SSYT is a multiset.

Remark 29. Usually semi-standard refers to tableaux in which columns strictly increase
and rows are weakly increasing. It is for this reason that we emphasize column in our
terminology. Note that each column semi-standard tableau is the transpose of a (row)
semi-standard tableau.

Given an SSYT of shape A, there is a natural map v that constructs an SYT of the
same shape. Suppose T has content {1,... n}. The SYT ¢(T) is constructed via the
following procedure.

1. Relabel each 1 in T sequentially from top to bottom using the set {1,2,...,e;}.
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2. For each ¢ > 1, relabel each entry i sequentially from top to bottom using the set
{le1+...+e)+L(er+...+e-1)+2,...,(e1+ ... +€-1) + e}

Note that the map 1 is the usual standardization on SSYT transposed. We give an
example of an SY'T constructed with ¢ in Figure 9. Later, we will see that the map ¥
commutes with the promotion operator in a natural way. First, we prove that ¢ (T) is
indeed an SYT of the same shape as T.

1]27]3 12 1]2 9 [15]21

3lal5]6]9]12 4 8 [10]16]22

3167 12 5 [11]13]14]17]23

316]910[11]12 6 [12]18]19]20]24
T Y(T)

Figure 9: The column SSYT T and its corresponding SYT ¢(T')

Lemma 30. Suppose T is a column SSYT with content {1¢,2°, ... n}. Then ¢(T) is
an SYT of the same shape with content {1,2,...,(e1 + ...+ e,)}.

Proof. As the map 1 simply relabels the entries of T', it is clear that T and (7T") are the
same shape.

Since the entries of T strictly increase left-to-right, no number can be repeated twice
in the same row. Thus, all copies of each number i in T" appear in a skew strip of width at
most one. This means the sequential renumbering for each 7 is unambiguous. If two copies
of i appear in the same column of 7" then the corresponding boxes in ¥ (7T) increase strictly
from top to bottom. For all other ¢ < j in 7', the numbers in the corresponding boxes
of (T') are still increasing by construction. So ¢)(T’) is both row-strict and column-strict
and is thus an SYT. O

A simple consequence of the definition of ¢ is that it is injective on the set of all SSYT
with the same shape and content. That is, if 7" and S are both of shape A and have
content {1, ... 7}, then ¢(T) = ¢(5) if and only if T' = S.

Lemma 31. Suppose S and T are distinct column SSYT of the same shape and have the
same content {1°,... 7 }. Then (T) # (95).

Proof. Since the contents of S and T" are identical, all boxes of S and T with filled with ¢
are relabelled with some integer in the set {(e; +...4+¢€;—1)+1,...,(e1+...+¢ei_1) + e}
by definition of the map . As S and T are distinct column SSYT, there is some pair of
integers j, k such that T}, =i and Sj; = ' with ¢ # ¢'. Then

1/}<T)jkG{(61+...+67;_1)+1,...,(€1+...—|—6i_1)—|—6i}

THE ELECTRONIC JOURNAL OF COMBINATORICS 33(3) (2026), #P3.42 20



and
Y(S)ef{ler+...+er—1)+1,....(er+...+er1) + e}

These sets are disjoint and so (T") # ¥(.5). O
We now shift our focus towards the promotion of SSYT. Note that the promotion

operator from Section 2.1 generalizes to SSYT by performing the standard promotion
once for every 1 that appears in the tableau.

Definition 32 (Promotion of SSYT). Given a column SSYT 7T with content
{1°,...,n}, the promotion of T is the column SSYT P(T) with content
{1°2,...,(n — 1)*",n'} created as follows:

1. Erase 1 in the top left corner of T" and leave an empty box.

2. Given the configuration b | and b < a then slide b left; else if a < b slide a up.
a

3. Repeat the above process until there are no nonempty boxes below or to the right
of the empty box.

4. Repeat steps (1) through (3) until all e; copies of 1 have been removed from the
tableau.

5. Decrement all entries by 1 and insert e; copies of n in the empty boxes.

Since the promotion of SSYT is in essence a repeated application of promotion for
SYT, it is natural to expect that the map ¢ from SSYT to SYT and the promotion
operator P commute in some natural way. The next result shows that this is true and
characterises how the two maps interact.

Lemma 33. Suppose T is a column SSYT with content {1¢,... r}. Then the promo-
tion map commutes with the map ¥ to standard Young tableaux in the following sense:

(P(T)) = P (¢(T)).

Proof. We prove this by induction on e;. When e; = 1 we compare the path of one empty
box in the SSYT T and SYT ¢(T") under repeated slides of the form of Step (2) in the
promotion algorithm. The map ¢ is defined so that if a < b then the entry of every box
in ¢(7T) that was labeled a in T is less than the entry of every box in ¢(T') that was
labeled b in T. This means that the empty box in Step (2) slides the same direction
when promoting 1 (7T") as T except perhaps if a = b. In that case, we have the following
configurations in 7" (on the left) and ¥ (7T") (on the right):

a a'+1
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For both tableaux, promotion’s Step (2) slides the empty box to the right. Repeating, we
conclude that the empty box stays in the same position after each iteration of Step (2).
Thus, two things are true when we first encounter Step (4) in the promotion algorithm:
first, the empty box slid along the same path and ended in the same position in T as in
(T); and second, when k = 1 we know P(¢(T)) = ¢(P(T)).

Now suppose k > 2 and take as inductive hypothesis that for any tableau 7" with
e; = k — 1 instances of one, P ((T")) = P*Y((T")) = ¢(P(T")). Now let T be a
column SSYT for which one occurs e; = k times in 7. Let 7" be the column SSYT
obtained when we first encounter Step (4) in promoting 7". By definition, we know 7" is
a column SSYT with k& — 1 instances of one and with |T'| — 1 boxes. Moreover, by the
previous paragraph, the tableau obtained at Step (4) of promoting (7)) has the same
shape as T" and all boxes were slid in exactly the same way. In other words, the tableau at
Step (4) of promoting ¥ (7T") differs from 1/(7") only by subtracting one from each entry. By
induction, we know that ¢(P(T")) = P*~1(¢)(T")). By the previous paragraph, we know
that ¢ (P(T")) differs from (P(T)) only by inserting a box with the largest entry of T
into the same position as the box with entry |T| in ¢/(P(T)), completing the proof. [

Given a multiset {1°,..., 7}, let R be the smallest integer such that ;1 r moa (r) = €
for all 1 <4 < r. We now provide a formula to compute |O(T)| using |O((T))| and R.

Theorem 34. Let T be a column SSYT with content {1¢,... r}, and let R be as above.
Then |O(T)| = (R where

i=1

EZei = lem (Z e, |O(¢(T))|> :

Proof. First observe that because €, j0(r)| mod (r) = €; for all 1 < i < r, it follows by an
argument analogous to that of Lemma 23 that R||O(T")|. Say |O(T)| = (R.

Lemma 33 says ¢(P(T)) = P (¢(T)). Extending this result gives ¢(P®(T)) =
PY(¢(T)) where t = fol €i mod (r)- Observe that we can rewrite ¢ as follows:

(R
t= Z €i mod (r)
= Z €i mod (r) + Z € mod ( + .+ Z ei mod (r)

i=R+1 i=R({—1)+
=/ E €;
=1

Since (PR(T)) = ¢(T) = P (T)), we see that |O((T))| divides t. In other words,
t=1~0) . e isa multlple of |O((T))|.

For the sake of contradiction, say there is some 0 < ¢ < ¢ such that £ 3.7 ¢, is a
multiple of |O(¢(T))|. Since £'R < (R = |O(T)|, this means P**(T) # T but Pt,(w(T)) =
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Y(T) where t' = ¢ Zf;l e;. However, we know by Lemma 33, ¥(P*®(T)) = P (¢(T)).
This means we have two distinct SSYT, T and P*%(T), of identical shape and content
mapping to the same SYT under ¢). By Lemma 31, this is not possible and so we conclude

that the equality
R R
03 e lom (Z \@W’))r) ,
i=1 i=1

holds, thus completing the proof. O

Remark 35. The formula in Theorem 34 does not require the assumption that the SSY'T
T is rectangular. However, if T' is not rectangular, then ¢ (7T') is also not rectangular and
thus Theorem 25 cannot be applied to determine the orbit length |O(¢(T))].

Example 36. We now calculate the orbit length |O(T")| for the tableau 7" in Figure 9.
The content of T is {1,2,3% 4,5,6%,7,8,9% 10,11, 12*}. Note that €;44 mod 12 = €; for
1 =1,...,12 and 4 is the smallest positive integer R such that e;;g moq 12 = €; for all 7.
Thus, the orbit length |O(T")| is a multiple of 4.
We now need to calculate the orbit length |O(1(T))]. Since ¢(T') is a rectangular SY'T,
we use the results of Theorem 25. First, we construct the m—diagram ¢((7)).

PR Y GRG0 " " W S 4 400 "A0. UL S GV, "4 "4 W U VN . " " W
1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24

The m—diagram ¢(¢)(7")) has 5 components Cy, Cy, C3, Cy, Cs with sets of endpoints

aC, = {1,2,7,8,13,14, 19,20}

9C, = {3,4,5,6}

90y = {9,10,11,12}

aC, = {15,16,17, 18}

905 = {21, 22,23, 24},
The minimal value of N such that L?_, o™ (9C;) = U_,0C; is N = 6 and so ¢(1(T)) has
order 6 rotational symmetry. Next, since the orbit length |O(¢(T))| must divide 24, we

conclude |O(¢(T))| = 6,12, or 24. We now evaluate the 6-fold promotions of each tableau
T, corresponding to the components C;.

2 3 9 15 21

7 4 10 16 22
13|14 5) 11 17 23
19120 6 12 18 24
Te, Te, Tey Te, Te,
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Since all entries of T¢,, T, and T, are greater than 6, we calculate the 6-fold promotion
of these tableaux by subtracting 6 from each entry:

3 9 15
4 10 16
5 11 17
6 12 18

PG(TCS> PG(TC4) PG(Tcs)'

So the equalities P%(T¢,) = T¢,, P°(T¢,) = Te,, and P%(T¢,) = T, hold. We now
calculate P%(T¢,) and P%(Tg,) using the arguments in Remark 20:

112 516 112
718 N 11112 , 7
13]14 17128 13|14
19120 23124 19120
TC1 PQ(TCH) PG(Tcl)

3 1 21

4 2 22

......... 5 ey

5 3 23

6 4 24
TC1 P2(T01) P6(TC1)'

So we have that PS(T¢,) = Te, and PS(T¢,) = Te, and thus O(y(T)) = 6.
Using the notation of Theorem 34, we conclude R = 3 and |O(¢(T))| = 6. Note that
Zf;l e; = 6. Choosing ¢ to satisfy the equality

R
0y ey =10-6=1lcm(6,|0(¢(T))|) = lem(6, 6)

i=1
we see that ¢ = 1 suffices. Thus the orbit length |O(T)| =1-3 = 3.
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