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Abstract

In this paper, we prove that for any finite coloring of N, there are A\,p € N
such that there exist (infinitely many) pairs (z,y), (u,v) € N? such that the two
sets {A\x, \y, zy, A\(z + y)} and {u + p,v + p,uv + p,u + v} are monochromatic.
By further employing related arguments, we can provide two different proofs for a
special case of Milliken—Taylor theorem.

Mathematics Subject Classifications: 05D10, 37B20, 03E05

1 Introduction

1.1 Background and motivation

Throughout the paper, all semigroups considered are assumed to be discrete and infinite.
Let N (resp. Z, C) denote the natural numbers (resp. integers, complex numbers) set. Let
Ny = NU{0}. Now, let us recall the definition of the finite sums.

Definition 1. Let (S,4) be a semigroup, and {s; };en, € S.
e For a non-empty finite subset a = {a; < ap < -+ < g} C Ny, let
Sa = Saq T Sag + -+ + Sa,-
e For a non-empty set I C Ny, denote the finite sum of {s;};c; by

FSs+)({si}ier) = {sa : o is a non-empty finite subset of I}.
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When the index set I = {a, < --- < an}, we write FSs1)(Say,-- -, San) for FSg 1)
({si}ier) at some cases.

In 1974, Hindman proved the following result, which is known as the Finite Sum
Theorem or Hindman’s theorem at present.

Theorem 2 ([10, Theorem 3.1]). For any finite coloring of N, there exists a sequence
{a;}24 in N such that the finite sum set

FSa.+)({ai}iZ)

18 monochromatic.

After Hindman’s finite sum theorem, Furstenberg [8, Definition 8.3] introduced the
notion of central sets for the semigroup (N,+) by using dynamical language. Based
on this, Furstenberg provided a dynamical proof for Theorem 2. Later, Bergelson and
Hindman [4] generalized Furstenberg’s proof to general semigroups. In fact, one can also
find an ultrafilter (For its definition, see Section 2.2.) proof from Glazer (see [7, Section
10]). In [8, First paragraph of Section 3, Chapter 8], Furstenberg wrote the following
sentence to illustrate the relation between two proofs:

“Glazer’s proof of Hindman’s theorem runs along very similar lines to the present proof
(using dynamical approach) but without the dynamical appurtenances.”

At present, by the partition regularity of central sets, we know that Hindman’s theorem
can be deduced from the following.

Theorem 3 ([15, Theorem 16.4]). Let (S,+) be a semigroup and A C S be central (see
Definition 12) in (S,4). Then there is a sequence {a;}5°, in S such that

FSs4)({ai}i2,) € A

Since there are two semigroup operations + and - on N, one naturally seeks to search
for those structures containing additive and multiplicative operation simultaneously. For
instance, Bergelson and Hindman proved the following.

Theorem 4 ([4, Corollary 5.5 and Theorem 5.6]). For any finite coloring of N, there is
some monochromatic subset such that it is both central in (N,+) and (N,-). Moreover,
there is some ultrafilter p such that for all C € p, C is both central in (N,+) and (N, -).

By Theorem 3 and Theorem 4, one can prove that for any finite coloring of N, there
are two sequences {z;};>0 and {y; };>0 in N such that the set

FS 4 ({7 }iz0) UFS .y ({¥i}izo)

is monochromatic. Hence, it is natural to ask the following question:
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Is it true that for any finite coloring of N, there is a sequence {x;}i>o in N such that
the set

FS 1) ({7 }iz0) UFSwy({Zi}i0)

15 monochromatic ¢

Unfortunately, it fails. One can see [12, Theorem 2.15] or [14, Theorem 5] for related
counterexamples. However, for a sequence with finite length rather than infinite length,
the case is unknown. Clearly, the simplest case is the following question, which was asked
by Hindman on numerous occasions.

Question 5 ([13, Question 3]). Is it true that for any finite coloring of N, there exist
x,y € N such that {z,y, zy,x + y} is monochromatic ?

The question was first studied by Graham (see [11, Theorem 4.3]), who proved that for
any 2-coloring of {1,...,252}, one can always find monochromatic {z,y, zy,z + y}, and
by Hindman, who showed that for any 2-coloring of {2,...,990}, such monochromatic
pattern always exists. In 2022, Bowen [3]| proved that for any 2-coloring of N and any
k € N, there are monochromatic sets of the form {z,y, zy, z + ky}.

For general case, there are only a few results. In Moreira’s breakthrough paper [17],
he proved that for any finite coloring of N, there exist x,y € N such that {z, zy,x + y} is
monochromatic. Later, for this result, Alweiss gave a new proof in [1].

Similarly, one can consider Question 5 on some semirings and (finite) fields. For related
results, one can see [2, 5, 6, 9, 16, 20, 21, 23].

1.2 Two results on Question 5

Next, two results on similar forms as {z,y,zy,x + y} will be provided. Before stating
them, we introduce some notions. We say that a subset A of N contains k-AP (The
notation AP comes from the phrase “arithmetic progression”.) if there is an arithmetic
progression {a,a+d,...,a+ (k—1)d} C A and it contains k-FS if FS(y +)({a:}l,) C A.
Similarly, one can give the definitions for k&-GP (The notation GP comes from the phrase
“geometric progression”.) and k-FP (The notation FP comes from the phrase “finite
product”.) when the addition is replaced by the multiplication.

Theorem 6. For any finite coloring of N, there exists some A € N such that for any
k € N, there exist a finite subset A of N containing k-AP and k-FS, and a central subset
B in (N, +) such that

AMUMBUMNA+ B)UAB

18 monochromatic.

Immediately, from the above theorem, we know that for any finite coloring of N,
there is a € N such that there are (infinitely many) pairs (z,y) € N? such that the set
{ax,ay,zy,a(x + y)} is monochromatic.
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Theorem 7. For any finite coloring of N, there exists some p € N such that for any
k € N, there exist a finite subset A of N containing k-AP, k-GP, k-FS and k-FP, and
a subset B which is both central in (N,+) and (N,-) such that

(p+A)U(p+B)U(p+AB)U (A+ B)

18 monochromatic.

Clearly, based on the above theorem, we know that for any finite coloring of N, there
is b € N such that there are (infinitely many) pairs (u,v) € N2 such that the set {u +
b,v + b,uv + b,u + v} is monochromatic.

1.3 Extensions of Finite Sum Theorem

Now, we return to the Finite Sum Theorem. Firstly, we rewrite it as the following:
For any finite coloring of N, there is a sequence {a;}°, in N such that the set

U {z:2 e FSwn{a;}1-)}

os<m<n
is monochromatic.
Milliken [18] and Taylor [22] provided its higher-dimensional generalization as follows:

Theorem 8 ([18, 22]). Let (S,+) be a semigroup. For any d € N and any finite coloring
of S¢, there is a sequence {a;}32, in S such that the set

U {(z1,...,2a) : 2; € FS(s4)({a;}1.) ) for each 1 <i < d}

(mo,...,mq) €ZIT1
0<mo<my <---<mg

1s monochromatic.
Although Theorem 8 is known, we will employ our technique to provide two different

proofs for it to exhibit the essence of our technique and extract the following Theorem 9
and 10 in this paper.

Theorem 9. Let (S,+) be a semigroup and o : S* — S be a binary operation. For any
finite coloring of S and any D € N, there is a sequence {a;}2, in S such that for any
1 <d< D, the set

U {(((x10x9)023) 0"+ )oxy: T; € FS(S#)({CLJ'}?Z;J_I) for each 1 < i < d}

(mo,...,md)EZd+l
0<mo<my <---<myg

1s monochromatic, where the color of the set depends on d.
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If the cases of d = 1 and d = 2 of Theorem 9 correspond to the same color, then
Question 5 has a positive answer.

Next, we will illustrate Theorem 9 for the semigroup (N, +) and multiplication opera-
tion to let the readers understand what happens. In this case, by Theorem 9, one knows
that for any finite coloring of N and any D € N, there is a sequence {a;}2, in N such
that for any 1 < d < D, the set

d
U [TFSen({a}i )

(mg,....,mg)€zdt1, i=1

0<mg<my <--<mg
is monochromatic, where the color of the set depends on d. When d = D = 1, it is the
Finite Sum Theorem. Moreover, it also implies that for any finite coloring of N, there
are a,z,y € N such that the set {az,ay,zy,a(z + y)} is monochromatic. Note that
Theorem 7 cannot be derived directly. Its proof relies on a special multiplicative minimal
idempotent ultrafilter, which stems from the deep interplay between multiplication and
addition within ultrafilter theory.

Specially, when (S,+) = (N, +), we have the following result, which is similar to
Theorem 9.

Theorem 10. For any binary operation o : N> — N and any finite coloring of N, there
is a sequence {a;}°, in N such that the set

U U U {(((xry0mg)0x3) 0+ )oXy4:"

N mo—1 a
MOCNAeRS .4 ({a5 15y ) (mLma S8

x; € FS(N#)({CLJ}T;TZ;J for each 1 <i < d}

18 monochromatic.

Structure of the paper

In Section 2, we give some preliminaries. In Section 3, we prove Theorem 6 and Theorem
7. In Section 4, 5, we provide a dynamical proof and an ultrafilter proof for Theorem
8 and illustrate the relation between two proofs. In Section 6, we prove Theorem 9 and
Theorem 10.

2 Preliminaries

In this section, we recall some notions and results.

o
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2.1 Notations
For any semigroup (S, +), s € S and non-empty subset A of S,let A—s={te€ S:s+t¢€
A}.

For any two non-empty subsets A and B of N and any x € N, let A+ B={a+b:a €
Abe B}, AB={ab:ac Abe Bl,x+A={r+a:a€ A} and zA ={za:a € A}.

For any non-empty set X and any d € N, let X% = {(21,...,24) 1 2; € X,1 < i < d}.

2.2 (3S and central sets

Let S be a discrete, infinite topological space. An ultrafilter on S is a non-empty family
p of subsets of S sufficing the following:

e If A, Bep, then AN B € p;
o If Ac pand A C B, then B € p;

e Forany EC S, E€p < E°¢np.

Let 35 be the set of all ultrafilters on S. Let Fs = {F :={pe S : Eep}: EC
S,E # @}. By [15, Lemma 3.17], Fg is a topological basis. By [15, Theorem 3.18.(a) and
Theorem 3.27|, under such topology deriving from Fg, S is a compact Hausdorff space,
and is homeomorphic to the Stone-Cech compactification of S.

If (S, +) is a semigroup, the operation + : S — S can be extended to S x 35S — S
(see [15, Theorem 4.1]). The resulting operation, which we still use the notion + to
denote, will satisfy the following (see [15, Theorem 4.12.(b)]):

p+q={ACS: {seS: {teS: s+te Al eqtep}

That is, A€ p+qgifand only if {s€ S: A—s € q} €p.

By [15, Theorem 4.1.(b) and Theorem 4.4], (8S,+) is a compact Hausdorff right
topological semigroup. (For more on (55, +), see [15] or [19, Chapter 1].)

Next, we give some definitions.
Definition 11. (1) L is a left ideal of (8S,+) if @ # L C S and 8S + L C L.

(2) L is a minimal left ideal of (55, +) if L is a left ideal of (35, +) and whenever J is
a left ideal of (5S,+) and J C L, one has J = L.

(3) pis an idempotent in (55, +) if p € S and p+ p = p.
(4) Let py,pe be two idempotents in (35, +). We say that p; <p p2 if p1 = p1 + pa.

(5) p is a minimal idempotent in (8S,4) if p is an idempotent in (5S,+) and p is
minimal with respect to the order <.
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By [15, Theorem 1.38.(d) and Corollary 2.6], we know that in (.5, +), the subset of
all minimal idempotents is non-empty. Now, we give the definition of central sets.

Definition 12. A subset A of S is central in (S, +) if A is a member of some minimal
idempotent in (85, +).

2.3 Topological dynamical systems

We say that a pair (X, (Ts)ses) is a topological dynamical system if X is a compact
metric space, (S, +) is a semigroup, Ty : X — X is continuous for all s € S and Ty 0T} =
Ty for all s,t € S.

Given a topological dynamical system (X, (T})ses), we define ¢ : S — X* by s
(Tyx)pex, where XX is equipped with the product topology. Since 35 coincides with the
Stone-Cech compactification of S, 3S can act on X continuously by lifting ¢ from S to
BS. Let px be the value of the z-th coordinate of ¢(p) for any p € S,z € X.

Next, we introduce a lemma which follows directly from the definition of the action of
pBS on X (see, for example, [15, 19]).

Lemma 13. Let (X, (T)ses) be a topological dynamical system, v € X andp € 5S. Then
for all non-empty neighborhood U of px,

E:={seS: TsxecU}ep.

If we require p to be a minimal idempotent in (85, +), then the subset {s € S : Ts(x) €
U} is central in (.S, +) since it is in p. Moreover, since p+p =p, {s € S : Ts(px) € U} € p.

3 Proofs of Theorem 6 and 7

In this section, we prove Theorem 6 and Theorem 7, which will display how our method
works.

Proof of Theorem 6. Fix ¢ € N with ¢ > 1. Let X := {1,...,c}NoxNo he equipped with
the product topology. We define the shift transformation o, for each s € N by

(osz)(m,n) = x(m,n+ sm) for each z € X, m,n € Ny.

Then (X, (05)sen) is a topological dynamical system.
Fix a c-coloring & € {1,...,c}o. We define £ € X by

&(m,n) = &(n) for each m,n € Ny.

Take a minimal idempotent p from (SN, 4) arbitrarily. Since p is an idempotent, we have
p(p€) = p€. Hence, by Lemma 13, for any non-empty neighborhood V' of p, one has

{seN: 0,6 €V, 5o4pt) €V} ep.
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For each k € Ny, let
Ug={z € X : z(m,n) = (p€)(m,n) for any m,n < k}
and
E,={seN: 0, € Uy, 0:p) € Uy} € p.
And we let & € {1,...,c}" such that

&1(m) = (p€)(m,0) for each m € Ny.

When we restrict the map & : Ng — {1,...,¢} to N, it induces a finite coloring
of N. Since p is an ultrafilter on N, there is a color class C' € p with color ig, where
19 € {1,...,0}.

Take X\ from Ey N C arbitrarily. Then for all a € F\ N C', one has

§o(ha) = £(A, Aa) = (9a8) (A, 0) = (pE) (A, 0) = & (A) = do. (3.1)

Note that £y N C' € p. By [15, Lemma 5.19 and Theorem 14.1], we know that for any
k € N, one can find a non-empty finite set A C E) N C containing k-AP and k-FS. By
(3.1), AA has color 4.

Let M = max({\} UA). Similarly, for each non-empty set D C Ej N C, both AD and
AD have color 7. Indeed, since M > X and M > a for every a € A, we have D C E,NC
and D C E, N C for every a € A. The first inclusion and (3.1) imply that AD has color
19, while the second gives, for every a € A and d € D,

§o(ad) = &(a, ad) = (04€)(a,0) = (p§)(a,0) = & (a) = .
Since o, is continuous for each s € N, there is an N € N with N > M such that
0,(Uy) C U, for each a € A.

Let B=FEyNC C Ey NC. Then for each a € A and each b € B, there is
So(Ala+1b)) =&(A Aa+b)) = (0a14€) (A, 0)
= (0a(03€)) (A, 0) = (PE)(A, 0) = &1 (A) = do.

So, A(A + B) is of color 1.
Note that B € p. So, B is a central subset in (N, +).

Now, we have proved that for any finite coloring of Ny, there is some A € N such that
for any k € N, there are a non-empty finite set A C N containing k-AP and k-F'S and a
central set B in (N, +) such that

A UABUM(A+ B)UAB
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is monochromatic.

The argument above is carried out for a finite coloring of Ny because the auxiliary
dynamical system uses coordinates indexed by Ny. Since every finite coloring of N can be
extended arbitrarily to Ny, and since the constructed sets {\} U AU B are contained in
N, the desired conclusion for finite colorings of N follows. ]

In fact, the arguments in the above proof can be adapted to more general families of
homomorphisms. Since such generalization is not the central topic of the paper, we only
point out this here.

Next, we prove Theorem 7.

Proof of Theorem 7. By [4, Theorem 5.6], there is a minimal idempotent p in (5N, -) such
that for any C' € p, C is central both in (N, +) and (N, ). For any finite coloring of N,
there is a color class D € p + p.

Choose A from N such that D' := D — X\ € p. Put
E={neN:D/nep}n{neN:D—-nep}nD.

Clearly, £ € p. By [15, Theorem 14.1 and Theorem 16.4], we know that one can find a
non-empty finite set A C E containing k-AP, k-FS, k-GP and k-FP. Let

B=D") (ﬂ D’/a> N <ﬂ(D—a)>.

acA a€A
Clearly, B € p.

Then A+ B CA+D' C D, A+BC D, A+ABCA+D' CD,and \+ACAX+D' CD.
This finishes the proof. O

Actually, by the argument like the above proof, one may give an ultrafilter proof of
Theorem 6.

4 The first proof of Theorem 8: Dynamical method

In this section, we give a proof for Theorem 8 via the method from dynamical systems.
The proof presented below is similar to the proof of Theorem 6. But it is more index-heavy.

From now on, we use the symbol ¢ to denote the number of colors of some finite
coloring of an infinite set D and ¢ > 1. If we let

XD .={1,... "

be equipped with the product topology, then a c-coloring of D? can be viewed as an
element in X@. To be convenient, we use the notation (A, As, ..., Ag) to represent the
set {(x1,...,2q): x; € A;,1 < i< d}, where A; C D, @ # A;,1 < i <d. Similarly, if f is
a function mapping D? to C, let f(Ay, Ay, ..., Aq) = {f(x1,...,1q) s x; € A, 1 <i < d}.
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Dynamical proof of Theorem 8. Let Sp = S U {0}, where 0 ¢ S and we stipulate that
0+0=0and for any s € S, 0+ s = s+ 0 = s. At this point, 0 is the identity element of
the semigroup (.Sp, +).

For each 1 < k < d, let
X0 .= {1,...,c}%

be equipped with the product topology, and define the shift transformation o\ for each
s € S by

(agk)x) (ti to, ... te) = z(ty,te, ... tp+s) foreachz e X® t, ... t, €8

Then for each 1 <k < d, (X (k). (agk))ses> is a topological dynamical system.

k
For any 1 < k < d and any non-empty A C S, U C X®) et

o (U) = J oM (V).

seEA

Fix £@ € X@ . Next, we define an element

(@ ¢@d-1) )
(9, eW)

in X@ x X1 x ... x X Take an idempotent p from (3S, +) arbitrarily and fix it.
If d = 1, there is no lower-dimensional coloring to define, so the recursive construction
terminates at ¢, If d > 1, assume that we have defined é¥+9(1 < k < d—1). We define
£ by

EW(ty, . ty) = (pg(kﬂ)) (t1,...,tg,0) for each ty,..., tx € Sp.

For any 1 < k < d and any non-empty finite subset N*) of S¥, let
Unw = {x e X" . x(ty, ..., ty) = (pg(k)) (t1,...,t) for each (t1,...,tx) € N(k)}

and
EN(k) = {8 €S ng)é(k) S UN(k),O'gk) (pg(k)) S UN(k)}.

Note that for any 1 < k < d, p (§(k),p§(k)) = (pé(k),pﬁ(k)). Then by Lemma 13, one
knows that for any 1 < k < d and any non-empty finite subset N*) of S¥ Eyu € p.

Next, we construct inductively

e a sequence ag, ay, ... in S;

e for each 1 < k < d, a sequence Nék), Nl(k), ... of non-empty finite subsets of S¥.
such that the following hold:

(C1) for each n >0,

a, € EN(1> N EN(2) N---N EN(d>;
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(C2) foreachn > 1,1 <k <d,

n

n—1
o) (UN<k>) C Uyoo , NP 2 (FS(s.(ao, -, an1) U {0})* (U N}’“) :
=0

(C3) for each n > 1,(mqg,...,mp_1) € Nf with mg < m; < -+ <my_; <n,1 <k <
min(n, d),

(k)
OFS(S’+) (a’mk71 jeens@n—1) (UNT(L’C)) g

{U{o}, k=1,

U(FS(S,-ﬁ-)(amo7“-’am171)a~~~7Fs(S,+)(a‘mk,Q7~-~7amk_171)7{0})’ k > 1

For each 1 < k < d, let Nék) ={(0,0,...,0)} C Sk. Take ag from EyoNE NN
0 0
E (@ arbitrarily. Then for n = 0, (C1) holds.
0

Suppose that we have constructed {a; }o<j<n, {N;i)}0<j<n71<i<d such that for any 0 <

j <mn, (C1) - (C3) hold, where n > 1. Next, we construct an,N,(f), 1 <7 < d under the
requirements of (C1) - (C3).

For any 1 < k < d, by applying (C1) to n — 1, we have that

(k) (k)
o (pf ) S UNfi)l.

an—1

Since a((llfl),l is continuous, there is a non-empty finite subset N of S¥ such that

n—1
O’éﬁll (UN(k)> g UNT(Lk_)l and NT(Lk) 2 (FS(S7+)(6L0, e ,an_l) U {0})k U <U Ni(k)> .

! i=0
Take a, from E, o N Ey@ NN E @ arbitrarily. Then for a,, (C1) holds and for
N 1< i < d, (C2) holds.
Next, we verify that N3, 1 < i < min(d, n) satisfy (C3).

Fix 1 < k < min(d,n). Fix (mg,...,mp_1) € Z* with0 < mg <my < -+ < my_y < n.
Let us consider the case k > 1 first. If n = my_1 + 1, by applying (C2) to n — 1, we know
that

(k) _ (k
O—FS(S,+)(amk717-~~7an—1) <UN,(IIC)> - O-C(Ln)—l (UNy(Lk>) g UNyi)l
C U

FS(s,4)(amg s samq—1)y- FS (g, 1) (@my_gsees@my,_1—1),{0})"

If n > my_1 + 2, then by applying (C3) to n — 1, we have that

(k)
O-FS(S,Jr)(amk,l:mvan—Q) Uv]\f(k:)1 g U(FS(S,+)(amO7~~~7am1—1)»~~~7FS(S,+)(amk72:~~~7amk71—1)7{0})'

n—
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Hence, by the definition of Nék), we have that

(k) (k)
UFS(S,J,_)(amk,1r~~7an72)+an71 (UNT(LM) < O.FS(S,+)(ak717~-~aan72) (UNT(LIQ_)1>
C U

FS(s,1)(amgs-amy—1)5- FS(s 1y (@my_gses@my 1 —1),{0})

To sum up,

(1)

TFS (5,1 (@my_y on=1) UNT(L'”
_ (k) U (k) U (k)
_UFS(5,+)(amk_1a---7an—2) UNT(LM O-FS(S,Jr)(amk_l ..... an—2)+an—1 UNflk) Tan_1 UNT(LM

CUFS (5.4)(@mgrmy 1) FS (54 (@mp ooy -1),{0})-
When k = 1, by applying (C2) ton — 1,...,0 and the choice of ngl), we know that

o) (Un) € Uy € Ugoy.

FS(57+) (amo 7---7an71)

Therefore, for N\, 1 < i < min(d,n), (C3) holds. By the construction of sequence
{an}ns0 C S, we know that for any (my,...,mg) € Z¥! with 0 <mg < my < -+ < my,

EDFS (54 (@mgs - -+ s A1)y -+ FS(5 1) (@my_ s+ -y Amg—1))
_ (@ d
= (708w € ) (PS50 ),
FS(S#)(amdﬂ? s 7amd—1—1)7 0)
= (pf(d)) (FS(s,4)(@mgs - > Wmy—1)s - - FS (5,0 (@my_ys -+ Gy 1-1),0)

:g(d_l)(FS(57+)(am0, - ,aml_l), . ,FS(37+)(amd_2, . ,amd_l_l))

:5(1)(FS(5,+)(amoa . ,am1—1>>
_ (1) 1

N <UFS(S,+)(amov---vamrl)f( )> (0)
= (p™) (0).

Now, we have proved that for any finite coloring of S§, there is a sequence {a;}%, in
S such that the set

U @, .20) 0 2 € FSsn({a;}7,) ) for each 1 < i < d}

(mq,..., md)GZdJ"l,
0<mp<my <---<mg

is monochromadtic.

Note that every finite coloring of S? can be extended to be a finite coloring of S§ and
for any 0 <4 < j, FS(g4)(ai,...,a;) C S. Then this completes the proof. ]
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5 The second proof of Theorem 8: Ultrafilter method

In this section, we give a proof for Theorem 8 by using the ultrafilter approach. As
Furstenberg’s comment [8, First paragraph of Section 3, Chapter 8] on the dynamical
proof and the ultrafilter proof for Hindman’s theorem, it is similar here.

Before the proof, we introduce some notions. For an ultrafilter p € 58S, we define its
the k-th tensor p* by the following:

Acp < {s1€8: {s,€S:{ - {sp €S: (s1,...,5,) €Ay ep}---} €p}enp.

Clearly, p™ € §(S™) for any n > 1.

Here, we give a remark for the definition. For the usual embedding function from S™
to B (S™), one can lift it to be a map from (8S5)" to 5(S™). At this time, p” is exactly
the image of (p,p,...,p) € (85)" under the map. For more on the tensors of ultrafilters,
see [15, Section 1, Chapter 11].

Now, let us recall some facts for the idempotents in (85, +). Recall that
Aep+q ifandonlyif {s€S:A—-seq}enp.
Hence, when p is an idempotent in (55, +) and A € p, there is
{seS: A—sep}ep. (5.1)

(5.1) is the core of the proof presented below, and will be frequently used.

Note that for any finite coloring of S¢ and any p € 3.9, there is one color class that
belongs to p?. Therefore, the following implies Theorem 8.

Theorem 14. Let d € N, (S, +) be a semigroup and p be an idempotent in (5S,+). Then
for all C € p?, there is a sequence {a;}32, in S such that for all (my, ..., mg) € Z with
0<myg<m <---<my, one has

{(z1,.. ., 2q) + 23 € FS(g 1y (Am, sy am—1),1 <i < d} CC.

Proof. Firstly, for the case d = 1, we inductively construct three sequences {b,},>0 C S,
{Bn}ns0 € pand {D,}ns0 Cp. Let By =C,Dy=ByN{se€S:By—s€p}. By(51),
Dy € p. Take by from Dy arbitrarily. Suppose that we have constructed {b;}o<j<cn C S,
{B;}o<j<n C p and {D,}o<j<n € p, where n > 1. Next, we construct b,, B, and D,.
Let B, = D, 1N (By.1 —a,_1) € pand D, = B,N{s € S: B, —s € p} € p.
Take b, from D, arbitrarily. It is easy to see that for any 0 < my < my, we have
FS(s4+)(bmg, -+ bm—1) € C.

For the rest of the proof, we can assume that d > 1. Let

CW={s;€8: {s5€S:{-{sq€S: (s1,...,80) €C}ep}---}€pl.
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For any 2 < k < d and any sq,...,8,_1 € S, let
Cs(lf?wskflz{skES: {spr1€S:{ {sq€S: (s1,...,80) €C} ep}---} €p}.
Then CY € p, and

Cs(f,)..,,sk,l ep if s € C’g? for each 2 <i < k and s, € CW. (5.2)

58i—1

Next, we inductively construct three sequences {a,}n>0 € S, {Cp}nz0 € p and {A, }s0 C
p under the following requirements:

(C1) foranyn >0, a, € C,=A,N{se€S: A, —s € p};

(C2) for any n > 0, any 2 < j < min(d,n + 2), any (mq,...,m;_1) € Z with 0 < mg <

- <myy <n+2andany z; € FS(g y(am, ;.- am,—1),1 <i < j—1, one has
C’g(cjl')r__,gcjf1 epand z;_; € Ca(:{:l_?xjfz, (5.3)

where we view C ., as C),

By (5.1), {s € S:CW —s € p}ep. Let
Co=CYn{seS:CcW —sep}ep Ay=0C"ecp.

Take ag from Cy arbitrarily. Then for n = 0, (C1) and (C2) hold. Suppose that we have
constructed {a;}o<jcn C 5, {Cj}ocj<n € p and {A4;}ocj<n € p under (C1) and (C2),
where n > 1. Next, we construct a,, C, and A,.

Let A,, be the set

min(d,n+1)
_ (4)
Cot [V Auer —awn) (]| ) M M Oy
j=2 (MmQs--es m]'71)€Zjv 2, €FS(g 1y(am;_qsmam;—1)s
0<m < <mj_1<n+1 1i<i—1

and
C,=A,N{seS:A,—sep}

Then by the inductive hypothesis and (5.1), A,,C, € p. Take a, from C,, arbitrarily.
Clearly, for n, (C1) holds. Next, we verify that for n, (C2) holds.
Fix 2 < j < min(d,n +2), (mo,...,m;j_1) € ZJ with 0 < my < --- < mj_1 <n+2
and
€x; € FS(S,+)(am¢,17 . ,ami,l), 1<i<y—1.

Let us consider the case d < n+1 first. If m;_y <n+ 1, then by applying (C2) to n —1,
we know that (5.3) holds. If m;_; = n+ 1, when m;_5 = n, x;_1 = a,; when m;_» < n,
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Tj_1 =Yy or Yy + an, where y € FS(57+)(amj_2, ...,ay_1). By the construction of C,,, one
has
a, € C, C C’ ] b

—-1) 1
a, € C, C Cg(flmxjﬂ —y(j >2) and a, € C, C CY —

Jj>2),a, €C,C c

VU

So, T;_1 € Cg(cjl':,l_,)w]._r By applying (C2) to n — 1 and (5.2), we know that

C’(J) € p.

T1yeensTj—1

Now, let us consider the case d > n+ 1. If 2 < 7 < n+ 1, by a similar argument as
one of the case d < n + 1, we know that (5.3) holds. If j = n + 2, we need to verify that

C(””Ln € pand a, € C} "H)

A0y San—1"

By the construction of C,,, we have a,, € C,, C A,, C CSOH 12% ,. Based on this, by applying
(C2) to n — 1 and (5.2), we have Cirt2,. € p.

To sum up, for n, (C2) holds.

Now, we verify that the sequence {a,, },>¢ satisfies our requirement. Fix (mq, ..., mq) €
Z7 with 0 < mog < my < -++ < mg and 2; € FS(s y(am; 1y sam—1),1 < i < d.
Assume that z4, = a, + - - - + a,, where my_1 < r < n < mg— 1. Note that if » < n, we
let x4 = z + a,,. Then by the construction of C,,,

an, S (Anfl - anfl) N Anfl g C A -z C C(d) 1 2

Ifr:n,thenxd:anECnQAnCle, x
So, x4 € C\9 . Then by (C2) and (5.2), we have (z1,...,24) € C. This completes

1yeeTd—1

the proof. O

Now, we briefly illustrate the relation between dynamical proof and ultrafilter proof.
To be more understandable, let us focus on (N,+). Let & be a finite coloring NO —
{1,...,c}, and p be an idempotent in (8N, +). For each 1 < i < ¢, let C; = NNEH({i}).
Then
(p€) (0) = the unique color iy such that C;, €

Generally, for each s € S,
(p€) (s) = the unique color i4 such that C;, — s € p.

In the dynamical proof, we need that & and p& are recurrent to p& simultaneously. For a
neighborhood

Uy :i={ze{l,....c}: z(t) = (p&)(t),vt € N},

of p&, where N is a finite subset of Ny, we have

o €Uy = s€e[)(C, 1)
teN
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We also need o(p) € Uy, which means that
(p&)(t+ s) = (p€)(t) =iy for each t € N,

Therefore, we need that C;, —t — s € p for any ¢ € N, which is equivalent to

s € ﬂ{reN: Ci, —t—r€p}

teN

This explains the reason why the dynamical proof and the ultrafilter proof run through
similar lines.

6 Proofs of Theorem 9 and 10

Note that by any one of two proofs for Theorem 8, we actually prove the following.

Theorem 15. Let (S,4) be a semigroup, d € N and p be an idempotent in (8S,+).
Then for any finite coloring of S¢, there is Cy € p such that for any ay € Cy, there is
Ci.ay € p such that for any a1 € Ci.,, there is Cogya, € p; proceeding inductively, for
eachn > 2, once ag, . .., a,—1 have been chosen, there is Cy.qq....an_, € P Such that for any
an € Chugg.....an_1» there is Cpiig...an € p. Continuing in this manner, finally we obtain
a sequence {an}nso in S such that the set

U {(@1,...,2q) » 2 € FS(s4)(am, 5.+, my—1) for each 1 < i < d}

(mq,..-s md)EZd+1,
oKmp<my <---<mgy

1s monochromatic and the related color only depends on p and corresponding finite coloring

of S°.

Proof. Fix a finite coloring of S?. Let C' be the unique color class belonging to p?. In the
ultrafilter proof of Theorem 8, the sequence {a, },>o is obtained recursively by choosing

Qg € C(), ay € Cl;ao; as € CQ;ao,ala ey

where each choice set belongs to p and depends only on the previous choices, idempo-
tent p, and the fixed color class C. Therefore, the same proof can yield the following
monochromatic configuration:

U {(@1,...,2q) » 2 € FS(s4)(am; 1. -, am,—1) for each 1 < i < d}.

(Mm@, md)EZd+l,
0<mp<my <---<mg

Since the fixed color class C' is determined by p? and the given finite coloring of S¢, the
color of resulting monochromatic set depends only on p and the given finite coloring of
S?. This finishes the proof. O
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Now, we begin to prove Theorem 9.

Proof of Theorem 9. Fix c-coloring ¢ € {1,...,c}* and 1 < d < D. We color S¢ such
that

(51,59, ...,54) has color & ((((s; 083)083)0---)osy) foreach (sq,...,sq) € S%.

And we use the symbol £ to denote this color. Take an idempotent p in (5.5, +) and fix it.
Then by applying Theorem 15 to £ and p, there is C’ (@) ¢ P such that for any b (@) ¢ Cod ,
there is C 2 € p such that for any 0, @ c ¢ d)(d), there is C’ b € p; proceeding

707

mductlvely, for each n > 2, once b o ,b have been chosen, there is C'( s ED
0 n—1 p(D

’ Yn—1

such that for any b,({‘ € C FORCR there is C

”nl

manner, finally we obtain a sequence {bn )}@0 in S such that the set

€ p. Contlnuln in this
@ S P g

U {(((ziom)oms)or - )oxy : 2 € FS(s (0D ,....0%) ) for each 1 <i < d}

mi;—1"

(mg,...,mg) €L+,
0Kmp<my <---<mgy

is monochromatic (with respect to &) and the related color only depends on d.

Let ag € ﬂ Cy (@) Suppose that we have constructed {a,, }o<m<n, where n > 1. Now,

d=1
let

a, € ﬂ Cédam a

Then we get a sequence {a, },>0 in S which satisfies the property that for all 1 < d <
D, the set

U {((xromp)omg)o---)oxyg: x; € FSg({a;} 1k, ) for each 1 < i < d}

(mq,..-s md)EZd+1,
osmp<my <---<mgy

is monochromatic (with respect to &), where the color of the set depends on d. This
finishes the proof. O

Next, we are about to prove Theorem 10.

Proof of Theorem 10. Fix a c-coloring & € {1,...,c}". Take an idempotent p from
(BN, +) and fix it. As in the proof of Theorem 9, for any d € N, there is C’ (@ c 5
such that for any b € Cod), there is C’( B € p such that for any b( € C ) there is

C (d)<d) J@ € P; proceeding inductively, for each n > 2, once b0 e oY have been chosen,

2;by 7 by n—1
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there is ngg,@ @ €D such that for any b ¢ Cr(jzéd)

seeOp 21

: (d)
R there is C' D D € p.
Continuing in this manner, for any d € N, finally we obtain a sequence {b%d)}@o in S such

that the set

d .
U {(((ziom)oms)o-)omg: 2 € FSu () ,...,05) ). V1 <i<d}
(mg,.ees md)eZd+1,
osmp<my<---<mgy
is monochromatic (with respect to £) and the related color only depends on d, where we
use 74 to denote the color.

So, we get a finite coloring n : N — {1,..., ¢} such that for each d € N, n(d) = 4.

Applying Theorem 15 to (N, +),n and p, there is Dy € p such that for any xy € Dy,
there is Dy, € psuch that for any z1 € Dy, there is Dy, », € p; proceeding inductively,
for each n > 2, once xy,...,x,_1 have been chosen, there is D,.,, . .. , € p such that
for any z, € Dy, 2,1, there is D10 . € p. Continuing in this manner, finally
we obtain a sequence {x,},>¢ in S such that the set FS 1)({#n}n>0) is monochromatic
(with respect to 7).

Take ag from Dy arbitrarily. Suppose that we have constructed {a;}o<j<n, Where n >

n

1. Then we take a,, from D,.q; 4, , ﬂ ﬂ ﬂ C’,(Ld_)j;aj7__.7%_1 arbitrarily,
j=1 dEFS(Ner)(ao,...,aj_l)
as C(gd).

By the construction of {a, },>0, we know that the set

U U U {(@iom)ozs)or)om:

-1 d
MOSN dEFS 1) (a5 ) (o)

where for each d € N, we view Cé;da)m_“ a

san—1

z; € FSv4)({a; Y11} ) for each 1 <i < d}f

Jj=mi—1

is monochromatic (with respect to &). This finishes the proof. O
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