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Abstract

The cage problem concerns finding (k, g)-graphs, which are k-regular graphs with
girth g, of the smallest possible number of vertices. The central goal is to determine
n(k, g), the minimum order of such a graph, and to identify corresponding extremal
graphs. In this paper, we study the cage problem and several of its variants from
a computational perspective. Four complementary graph generation algorithms
are developed based on exhaustive generation of lifts, a tabu search heuristic, a
hill climbing heuristic and excision techniques. Using these methods, we establish
new upper bounds for eleven cases of the classical cage problem: n(3,16) < 936,
n(3,17) < 2048, n(4,9) < 270, n(4,10) < 320, n(4,11) < 713, n(5,9) < 1116,
n(6,11) < 7783, n(8,7) < 774, n(10,7) < 1608, n(12,7) < 2890 and n(14,7) < 4716.
Notably, our results improve upon several of the best-known bounds, some of which
have stood unchanged for 22 years. Moreover, the improvement for n(4, 10), from
the longstanding upper bound of 384 down to 320, is surprising and constitutes a
substantial improvement.

While the main focus is on the cage problem, we also adapted our algorithms
for variants of the cage problem that received attention in the literature. For these
variants, additional improvements are obtained, further narrowing the gaps between
known lower and upper bounds.
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1 Introduction

A (k, g)-graph is a k-regular graph with girth g, i.e., a graph in which every vertex has
degree k and the length of the shortest cycle is ¢g. For all integers k > 2, ¢ > 3 it is known
that a (k, g)-graph exists [45]. A natural question is then to wonder how small such a
graph can be, making these graphs central objects of study in extremal graph theory. The
cage problem is concerned with exactly this question. More precisely, a (k, g)-cage is a
(k, g)-graph with the smallest possible number of vertices, denoted by n(k,g), and the
cage problem is concerned with determining n(k, g) and the corresponding (k, g)-cages. A
graph that is a (k, g)-cage for some k and g will simply be referred to as a cage.

Cages are not only of theoretical interest. Their sparse and often highly symmetric
structure makes them attractive for practical applications in areas such as communication
networks [16, 44], error-correcting codes [36, 49], and cryptography [13]. For instance, in
the context of network design, cages provide topologies that support efficient and uniform
information propagation, avoid overburdened central nodes and exhibit robustness against
failures.

Despite the seemingly simple description, finding (k, g)-cages is notoriously difficult.
For most parameter pairs (k,g), the exact value of n(k, g) is unknown. In those cases,
research has focused on finding good lower and upper bounds for n(k, g) instead. Several
such bounds are known in the literature. Let us introduce one classical lower bound for
n(k, g), namely the Moore bound M (k, g). Let G be a (k, g)-graph and let u be any vertex
in V(G). Then there cannot be an edge between any two vertices v and w if the distance
between v and v plus the distance between v and w is strictly smaller than g — 1. If g
is odd, one can consider vertices that are close to a vertex u, whereas if g is even, one
can consider vertices that are close to an edge uv. In both cases, there must be enough
vertices to ensure that at least one cycle of length g can be present and this argument
gives rise to the Moore bound M (k, g):

(9-3)/2 '
L+k Y (k—1), ifgisodd,
n(k7g> 2 M(kag) = (9_2)/2120
2 Z (k—1), if ¢ is even.
i=0

A (k, g)-graph with order M (k,g) is called a Moore graph. Moore graphs can only
exist for g € {3,4,5,6,8,12} and for many (k, g) pairs, the best lower bound on n(k, g)
is given by M(k,g) + 1 or M(k,g) + 2 [23]. For small k£ and g, however, better bounds
have often been established using clever computational approaches [35]. An overview of
lower and upper bounds can be found in the Dynamic Cage Survey [23], while some recent
improvements (including the improvements from the current paper) are available on The
House of Graphs [12] at https://houseofgraphs.org/meta-directory/cages.

Given the difficulty of improving the bounds on n(k, g), researchers have introduced
and explored several variants of the cage problem, both for their independent interest and
for the insights they may offer into the classical case. In this paper we will therefore also
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study some of the main variants. One such variant involves the study of (k, g)-spectra [25]:
the set of all orders n for which a (k, g)-graph exists. While determining the spectrum
is at least as hard as solving the cage problem itself, partial knowledge can be helpful in
excluding the existence of certain graphs. One such example is the hypothetical (57,5)-
Moore graph of order 3250 (the existence of which is a famous open problem [14]). More
specifically, if the existence of some (57, 5)-graph of order n > 3250 can be excluded, but a
construction algorithm developed in the context of (k, g)-spectra could create such a graph
starting from a candidate (57,5)-Moore graph, then the nonexistence of such a candidate
can be established indirectly.

A second and third variant are vertex-girth-regular and edge-girth-regular graphs,
denoted respectively as (k, g, A\, )- and (k, g, \c)-graphs [29, 33, 34] or vgr- and egr-graphs.
A graph is vertez-girth-reqular if it is a (k, g)-graph in which every vertex lies on exactly
Ay cycles of length g for some integer \,. Similarly, a graph is edge-girth-reqular if it is
a (k, g)-graph in which every edge lies on exactly A, cycles of length g for some integer
Ae- The goal is then to find such graphs (if they exist) of the smallest order, denoted as
n(k, g, \y,) and n(k, g, A\.) for vgr- and egr-graphs, respectively. This structural constraint
is inspired by the observation that many known cages exhibit a high degree of regularity
in their cycle distribution and therefore many (k, g)-cages are either vertex-girth-regular
or edge-girth-regular graphs. As such, only searching for vgr- and egr-graphs can act as a
heuristic, narrowing the search space.

A fourth and final variant studied in this paper involves (k, g)-graphs that contain
no cycles of length g + 1, denoted as (k, g, g+ 1)-graphs [26]. This again leads to an
extremal problem where the goal is to find the minimum order of such a graph, denoted by
n(k,g,g+ 1). These graphs are particularly relevant when ¢ is odd, due to the inequality
n(k,2s +4) < 2n(k,2s + 1,2s 4+ 2) [26] that connects these graphs with the cage problem.

In this paper, we establish several new upper bounds for the classical cage problem.
Specifically, we improve the best known values to

n(3,16) < 936, n(3,17) <2048, n(4,9) <270, n(4,10) <320, n(4,11) < 713,
n(5,9) <1116, n(6,11) <7783, n(8,7) <774, n(10,7) < 1608,
<

<
n(12,7) < 2890, n(14,7) < 4716.

Most of these results represent significant progress compared to the previous bounds,
in particular:

n(3,16) < 960 [19], n(3,17) < 2176 [20], n(4,9) < 275 [23], n(4,10) < 384 [23],

n(5,9) < 1152 [21].

We remark that some of these bounds had stood unchanged for 22 years. Moreover, the
reduction of the upper bound for n(4, 10) from 384 to 320 marks a substantial improvement.
To the best of our knowledge, the previous best upper bounds on n(4,11) and n(6,11)
were the bounds n(4,12) — 1 and n(6,12) — 1, respectively. These bounds are obtained
from the inequality n(k,g) < n(k,g + 1), which holds for every k > 2 and g > 3 [46].
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Thus, the improvement on n(4,11) and n(6, 11) marks the first non-trivial upper bound
for these cases.

In addition to these classical cases, we also obtained multiple improvements for several
variants of the cage problem. Specifically, we found 21, 29, and 6 new upper bounds for
egr-, vgr-, and (k, g, g + 1)-graphs, respectively. Among these, 2 bounds for egr-graphs
and 7 bounds for vgr-graphs were tight, i.e., equal to the corresponding lower bounds.
Furthermore, we resolved 34 previously open cases for (k, g)-spectra by constructing graphs
for these unresolved orders.

The rest of this paper is structured as follows. In Section 2 we introduce preliminaries
regarding groups, graphs and lifts of voltage graphs. Next, in Section 3 we present the
different algorithms that were developed and implemented to construct the (k, g)-graphs
that allowed us to improve several of the previously best bounds. We present a detailed
overview of these results in Section 4. Finally, we close this paper in Section 5 with some
concluding remarks.

2 Preliminaries

Throughout this paper, all groups are assumed to be finite. For a group I', we denote its
identity element by Op and the inverse of an element » € I by r—!. C,, and D,, denote
the cyclic group with n and the dihedral group with 2n elements, respectively. For an
element r € I', we say the order of r, denoted by Ord(r), is the smallest integer ¢ such
that ¢ = Op, where r¢ denotes the product of ¢ copies of r.

A digraph D is a pair (V, A) where V is a finite set of vertices and A is a multiset of
ordered pairs of vertices, called arcs. Thus multiple arcs between the same ordered pair of
vertices are allowed, and loops (arcs of the form (u,u)) are also permitted.

A walk W from vertex vy to v, in digraph D = (V, A) consists of an alternating
sequence of vertices v; € V and arcs a; € A:

W = wvg, a9, 01,01, ...,0,_1, Uy,

with a; an arc between v; and v;;1. A walk is open if vy # v, and closed otherwise.
A graph G is a pair (V, E) where V is a finite set of vertices and E is a multiset of
edges. Each edge is either:

e a full edge {u, v}, a multiset containing two (not necessarily distinct) vertices u,v € V|
or

e a semi-edge {u}, consisting of a single vertex.

Hence, graphs may contain loops, parallel edges and semi-edges.

We now also introduce the notion of darts to be able to naturally associate a digraph
with each graph. For every full edge e = {u, v}, we arbitrarily designate one of the two
possible orientations as the positive dart e™ = (u,v) and the other as the negative dart
e~ = (v,u). These darts are inverses of each other, denoted (e*)™! =¢~ and (e7)"! =e™.
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A loop {u,u} gives rise to two darts (u,u), each inverse of the other. A semi-edge {u}
produces a single dart (u,u), which is its own inverse.

Let D = (V, A) be a digraph and let I" be a group. A woltage assignment on D is a
function o : A — I'. The lift (or derived reqular cover) D* is the digraph with vertex set

V(DY) ={uvw |ueV, sel},

and arc set A(D®) defined as follows: for every arc a = (u,v) € A and every s € I', there
is an arc
(u®, v*@) € A(D*).

To apply the voltage construction to an undirected graph G = (V, E) we first replace
G with its dart digraph D(G) = (V, A) as described above. A voltage assignment is then
a function o : A — I". In order to be able to interpret the resulting lift D(G)® as a graph
(by pairing two opposing arcs into a single edge), we assume that the following conditions
are met:

e a(d™') = a(d)™! for every dart d € A. Note that d~! denotes the structural inverse
of dart d, while a(d)~" denotes the algebraic inverse of group element «(d).

e a(d) # Or for every dart d € A that originates from a semi-edge.

We will refer to G as the base graph corresponding to the lift D(G)*. We will often
also use G* to refer to the lift D(G)®. In the rest of this paper, we assume that voltage
assignments are chosen so that lifts can be regarded as graphs. We adopt the convention
that the girth of a graph containing a loop or semi-edge is 1, and the girth of a graph
containing parallel edges is at most 2. Since we are interested in (k, g)-graphs with g > 3,
this ensures that we only need to consider lifts that produce graphs without loops, parallel
edges, or semi-edges. (However, the base graph itself may still contain such features.)
Fig. 1 illustrates an example of lifting the dumbbell graph into the Petersen graph.

2.1 Properties of lifts

Lifted graphs inherit several structural properties from their base graph, their group
and their chosen voltage assignment. These properties are exploited by the algorithms
discussed in the next section. Throughout this subsection, we let G be a graph, I' a group,
and « a voltage assignment with corresponding lift G“. The first two observations follow
directly from the definition of lifts:

Observation 1. G is k-regular if and only if G* is k-regular.
Observation 2. If (G is not connected, then G is not connected.

Connectedness of the base graph is necessary, but not sufficient, for the lift to be
connected.

It is possible to calculate the girth of a lift without explicitly constructing this lift
by finding the shortest, closed, non-reversing walk with net voltage Or in the digraph
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(a) The dumbbell graph (b) The dumbbell graph with (¢) The resulting lift

darts and voltages

Figure 1: A lift of the dumbbell graph with the group Cjs resulting in the Petersen graph.
Opposing arcs in the lift were replaced with a single edge.

associated with the base graph. The net voltage of a walk W = vy, ag, v1, a1, ..., 0n_1,0,
in the digraph associated with the base graph G with voltage assignment « is the product
of all voltages on this walk: a(ag) - a(ay) - ... a(a,—1). A walk is non-reversing if after
using an arc (u,v), it is not immediately followed by using the arc (v, u).

Proposition 1 ([22, Lemma 2.1]). The girth of G* is equal to the length of the shortest,
closed, non-reversing walk with net voltage Or in the digraph associated with G.

A final set of properties revolves around base graphs, groups and voltage assignments
that yield isomorphic lifts. In this context, the following two properties are fairly obvious:

Observation 3. For any automorphism ¢ : I' — I'; the lift G** constructed using the
voltage assignment o, defined by

vd € A(D(G)) : a(d) = ¢(a(d)),
is isomorphic to the original lift G*.

Observation 4. Suppose ¢ : E(G) — E(G) is an edge automorphism of G, i.e., a bijection
of edges such that if two edges in GG share a vertex, their images under ¢ also share a
vertex. Then ¢ induces a natural bijection of darts, denoted ¢ : A(D(G)) — A(D(G)), by
mapping each dart of an edge e to the corresponding dart of the edge ¢(e).

Define a new voltage assignment o : A(D(G)) — T by

a?(d) := a(¥(d)) for all darts d € A(D(Q)).
Then the lift G** is isomorphic to G*.

A less obvious source of isomorphic lifts are spanning trees in the base graph. The
following proposition greatly reduces the number of options to explore when one wants to
compute all graphs that can arise as the lift of a given base graph.

Proposition 2 ([31, p. 91]). Let T be a spanning tree of G. There exists a voltage
assignment o with o/(d) = Or for every dart d corresponding with an edge of 7" such that
G*' is isomorphic with G®.
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3 Algorithms for generating regular graphs of given girth

The construction of lifts requires traversing a combinatorial search space of possible
group—graph combinations and voltage assignments. To manage this complexity, we
employ a layered approach that progressively narrows the search space. First, we generate
admissible base graphs and groups as described in Subsection 3.1, after which structure-
and assignment-based exclusion rules prune infeasible or redundant voltage assignments as
shown in Subsection 3.2. The efficient filtering procedures of Subsection 3.3 then remove
isomorphic or unsuitable lifts. Subsection 3.4 describes how the remaining search space
is explored using two complementary strategies: an exhaustive backtracking algorithm
that guarantees completeness, and a heuristic tabu search that trades completeness for
scalability. In Subsection 3.5, we take a different approach and discuss a hill climbing
algorithm that simultaneously searches for a suitable base graph and voltage assignment
for a given group.

Finally, instead of constructing a (k, g)-graph through a lift, Subsection 3.6 shows how
vertices can be excised from an existing small (k, g)-graph and how edges can be added
again to obtain a smaller k-regular graph of large girth.

3.1 Selection and generation of groups and base graphs

As Subsection 2.1 imposes no restrictions on the usable groups, any collection of pairwise
non-isomorphic groups can be utilized. An exhaustive list with all groups of order n < 1024
can be obtained using GAP [27].

The selection of base graphs is more interesting, since these do have restrictions imposed
on them. More specifically, due to Observations 1 and 2, the base graphs must be regular
and connected, respectively (since all graphs of interest to the problems mentioned in the
introduction require regularity and connectedness). For a fixed order n and regularity k,
an exhaustive collection of pairwise non-isomorphic graphs with potentially parallel edges,
loops and semi-edges can be generated by adapting multigraph. This is a non-published
graph generator developed by Gunnar Brinkmann based on the generation algorithm
described in [10].

Given a degree distribution (vq, ..., v;), multigraph will generate all connected graphs
with potentially parallel edges that have this degree distribution, i.e., v; vertices have
degree i for each i € {1,...,k}. Note that these graphs do not have loops or semi-edges.
It is possible to extend multigraph to generate these by, given a regularity £ and order
n, trying all degree distributions (vy,...,v;) with > 1"  v; = n. The resulting graphs are
then completed by adding every possible combination of loops and semi-edges until every
vertex has degree k. This operation may introduce isomorphic graphs that can be removed
using the software package Nauty [37]. An example is shown in Fig. 2. This extended
version of multigraph will be described as multigraph+ moving forward.
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Degree distribution (2,0,0) (0,2,0) (0,0,2)

Graphs of l l l

multigraph O—=0O @ @)
! ! |

Extension
with loops OD Ci
and semi-

edges b O:)

Figure 2: The resulting 3-regular graphs with parallel edges, loops and semi-edges obtained
through multigraph+. Only degree distributions yielding graphs are shown. The graphs
marked in red are isomorphic.

3.2 Selection of voltage assignments

There are multiple ways to exclude specific voltage assignments that will not result in an
interesting lift, i.e., a lift satisfying the properties that the different problems are looking
for. These exclusions will be broadly categorized as either structure- or assignment-based.
Structure-based exclusions only make use of properties of the base graph and group and
are completely independent of the chosen voltage assignment. Assignment-based exclusions
do make use of the (potentially partial) voltage assignment.

3.2.1 Structure-based exclusions

Since structure-based exclusions do not depend on a voltage assignment, these can be
calculated in advance.

Semi-edge constraints

For the lift to be interpretable as an undirected graph, the voltage for each dart corre-
sponding with a semi-edge must be its own inverse. Moreover, these darts should not be
assigned Op as this would result in a loop in the lift. This means a dart corresponding
with a semi-edge should only be assigned group elements of order 2. If the chosen group
I' has ¢ such elements, then each vertex of the base graph may have at most ¢ incident
semi-edges to avoid using the same voltage multiple times. Combinations of base graphs
and groups not adhering to this constraint can be safely skipped as any lift would contain
parallel edges.
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Spanning tree and cycles based on the spanning tree

As stated in Proposition 2, without loss of generality we may pick and fix any spanning
tree T" and assign Or to the darts belonging to this tree.

This can now be combined with Proposition 1 to exclude specific voltages for the
remaining darts not in 7'. Consider one such dart d between two distinct vertices v and v.
Since T is a spanning tree, there must be a path of some length ¢ in T" from u to v. If this
chosen dart is assigned voltage a, then the concatenation of the dart d and the path in T’
from v to u forms a closed, non-reversing walk of length ¢+ 1 with net voltage a. If a® = Or,
then the concatenation of this walk with itself s times yields a closed, non-reversing walk
of length (¢ + 1)s with net voltage Or. As this would cause the existence of a cycle of
length (¢ + 1)s in the lift, specific voltages for this dart can be excluded based on the girth
lower bound to which the generated graphs should adhere.

The above strategy can also be applied to darts belonging to loops. In that case, the
concatenation of the loop dart with itself s times results in a closed, non-reversing walk of
length s with net voltage Or, and therefore a cycle of length s in the lift.

If any of the strategies above show that a dart has no voltage that can yield a lift
achieving the girth lower bound, then that entire combination of base graph and group
can be skipped.

3.2.2 Assignment-based exclusions

To facilitate reasoning about which voltage assignments « yield a desirable lift from any
given base graph GG and group I', it is useful to allow « to be a partial voltage assignment.
A voltage assignment is partial if it does not yet assign a voltage to all darts. Additionally,
define L, (G) as an ordered list of useful darts in G. A dart d is considered useful if it is
not part of the chosen spanning tree and if d corresponds to a non-semi-edge, then exactly
one of d or d~! is considered useful (we can choose this arbitrarily; if a(d) is fixed, then

a(d™1) is forced since a(d™') = a(d)™).
Group and edge automorphisms

It is now possible to apply a voltage assignment « to each dart in L, (G), resulting in a
list of voltages. Observations 3 and 4 now induce an equivalence relation on all possible
lists a(Ly(G)) for any given graph G. More formally

a(Lu(G)) ~ o/ (Lu(G)) <= Fér,vc : a(Lu(G)) = ¢r(d/ (Ve (Lu(G)))),

with ¢r a group automorphism of I'; ¢ an edge automorphism of G that maps every edge
outside the chosen spanning tree to another edge outside the chosen spanning tree and
1 the natural bijection of darts induced by ¢¢. Lists and their corresponding voltage
assignments that belong to the same class result in isomorphic lifts. It consequently suffices
to keep and construct a lift using a single canonical representative from each equivalence
class of assignments, for instance the lexicographically smallest list a(L,(G)). If a partial
assignment is rejected as non-canonical, then every completion of it can also be rejected.
A formal description of this canonicity verification can be found in Algorithm 1.
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Algorithm 1 Check if the current voltage assignment is canonical under group and edge
automorphisms.

Require: Graph G, group I', partial assignment «, ordered dart list L,
function NOTCANONICAL(G, ', o, Ly,)
VoltageList < a(Ly)
for all edge automorphisms ¢4 do
(@) « bijection of darts induced by ¢¢g
VoltageList¥¢ < permute voltages of VoltageList according to ¢
if ISLEXSMALLERUNDERGROUP(VoltageList?e, VoltageList, I') then
_ return true
return false

function ISLEXSMALLERUNDERGROUP(a,b,T")
for all group automorphisms ¢r € Aut(I') do
for i =0to |a] — 1 do

if a[i] < ¢r[b[i]] then

‘ return true

else if ali] > ¢r[b[i]] then

 break
return false

Group and edge automorphisms can be computed using GAP and Nauty [37], respec-
tively.

Cycles based on partial voltage assignments

Similar to the structure-based exclusions, Proposition 1 can be used to verify whether o
results in a lift exhibiting the desired minimum girth g.,;,. It suffices to generate all closed
non-reversing walks with a length strictly shorter than gn;,. If « is partial, then the darts
that did not yet receive a voltage should not be used in these walks. If any of these walks
have a net voltage of Or then this voltage assignment can be skipped. Again, if a partial
voltage assignment « is excluded, then any completion of a will necessarily contain the
same short closed walk and can therefore also be rejected.

The verification of potentially short walks can be made more efficient by exploiting
the incremental nature of assigning voltages. Suppose « is identical to « except for the
assignment on a single dart d and o was already checked for short walks. Since all walks
not using d were already verified under «, it suffices to check only those walks that include
d. Moreover, the starting dart and direction of a walk respectively yield a conjugate and
inverse group element as net voltage. They consequently do not influence the order of the
resulting net voltage [31, p.63], which means only walks that start with d are of interest.
This efficient version is formally described in Algorithm 2.

In the special case where « assigns no voltages yet to darts in L, (G), the procedure
reduces to the structure-based exclusion based on the spanning tree.
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Algorithm 2 Check if the current partial assignment can still achieve the minimum girth
by generating all closed non-reversing walks from a given dart.

Require: Graph G, group I, dart d = (u, v) with the most recent assignment, minimum
girth gmin, and a potentially partial assignment «
function CANNOTACHIEVEGIRTH(G, I, d, gimin, @)
 return EXiSTSCNRWALK(a(d™Y), d™ Y, u, v, 1, gmin — 1, @, G, T)

function EXISTSCNRWALK (teur, dprevs Veurs Utargets £ fmax, & G, T')
if ¢ > /,,.« then

_ return false

for all darts d = (Veur, w) in G do

if a(d) is not defined or d = d i, then

_ continue

Qpew < Gcur ° Oé(d)

if W = Varget AN Gpew = Or then

_ return true

if EXISTSCNRWALK (apew, d, W, Vtargets £ + 1, bmax, @, G, I') then
_ return true

return false

3.3 Efficient filtering

Only connected lifts that are non-isomorphic to previously generated graphs and that
satisfy the required girth (and optionally edge- or vertex-girth-regularity conditions) are
of interest. These properties can be checked efficiently after constructing the lift. More
specifically, a canonical representation of the lift can be constructed using Nauty to filter
out isomorphic copies, while both the girth and edge- or vertex-girth-regularity conditions
can be calculated using the algorithm described in [29].

3.4 Iterating over voltage assignments

Once the admissible base graph-group combinations have been determined and the
structure- and assignment-based exclusions have been applied, the remaining search
space of voltage assignments can be explored.

3.4.1 Exhaustive backtracking

Algorithm 3 describes a BackTracking Algorithm (BTA) that recursively assigns voltages
to darts in L,(G). At each step it applies the exclusions from Subsections 3.2.1 and 3.2.2
to prune infeasible or non-canonical assignments. Every surviving assignment is lifted to a
graph, which is then filtered using the methods of Section 3.3.
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Algorithm 3 A recursive backtracking algorithm for generating lifts achieving a given
minimum girth and using canonical voltage assignments.

Require: A graph G, a group I', and a minimum girth g,
function BTA(G, T, gimin)
L (N, L,,a) < STRUCTURALCHECKS(G, I, ginin) > Abort if impossible
BTARECURSIVE(O, |Ly|, N, Ly, &, G, T, gmin)

function BTARECURSIVE(, liyax, N, Ly, @, G, T} giin)
if { =/,,.« then
G* « LirT(G, T, )
if ISINTERESTING(G®) then
~ OuTpPUT(G®)
return
d + Ly,[{]
for all voltages a € N(d) do
a(d) «a, ald™!)+at
if CANNOTACHIEVEGIRTH(G, I, d, guin, @) or NOTCANONICAL(G, T, o, L,,)

hen
continue
BTARECURSIVE(Y + 1, liax, N, Ly, @, G, T, giin)
~ remove a(d),a(d™) > Algorithm will backtrack, so restore initial state

3.4.2 Heuristic search

While BTA is exhaustive and guarantees completeness, it can become computationally
expensive as the orders of the group and base graph grow. As an alternative, metaheuristics
such as Tabu Search (TS) [28] can be used to sample promising voltage assignments
without fully exploring the search space. TS starts from an initial assignment and
iteratively explores neighboring assignments, guided by a cost function reflecting the
desired properties (e.g. large girth, vertex-girth-regularity or edge-girth-regularity). The
tabu list and perturbations help avoid revisiting solutions and escaping local optima.
We now explain the different elements used in this algorithm and refer the reader to
Algorithm 4 for the pseudocode.

Neighboring assignments

The neighbors of a voltage assignment « consist of all alternative assignments that differ
from « in the group element assigned to the darts corresponding with exactly one edge.
An initial assignment can be obtained with BTA by simply stopping once the first valid
voltage assignment is found.

A significant portion of these candidates can be excluded based on assignment-dependent
strategies as described in Subsection 3.2.2. For example, one may again require that
assignments are canonical according to Algorithm 1 and that they achieve a certain
minimum girth via Algorithm 2. Note that, for the cage problem specifically, the minimum
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girth g, when selecting candidate neighbors should be less than the target minimum
girth of the lift g,,;,. Picking a value for gy, close to gmin prunes more bad candidates, but
also risks pruning all available candidates and makes the search for an initial assignment
take longer.

Cost functions

Two cost functions are considered in this work. The first cost function is based on the girth
and utilizes the intuition that short closed walks of a low net voltage order are undesirable.
For a walk of length ¢ with net voltage a, the cost contribution is defined as

f(q, CL) _ {q~0rd(a)

C otherwise,

if Ord(a) # 1,

with C' a large penalty constant for walks with net voltage Op. The algorithm will not
exhaustively generate all walks up to a certain length, but will instead sample m walks.
The total cost of an assignment based on m sampled walks is

Cgirth = Z f(q27 ai)'
=1

The second cost function is used when trying to find small vgr- and egr-graphs. Since
the target minimum girth g, is usually smaller compared to the cage problem, many
voltage assignments will achieve this gpn;,. Consequently, most time is spent repeatedly
verifying whether or not the resulting lifts are vgr- and egr-graphs. To approximate this,
one can compute how often each vertex or dart appears in closed non-reversing walks of
net voltage Or with length equal to the girth, and these frequencies should be uniform.
Let the resulting frequencies be fy (for vertices) and fp (for darts) then a suitable cost
function is the minimum of their variances:

lfv] |fDl

Creg = i |f1|2fw 2, |f|ZfDZ 1%

Tabu list

To avoid getting stuck in local optima, TS employs a so-called tabu list. This list prevents
the algorithm from immediately returning to previously visited configurations, thereby
encouraging exploration of diverse voltage assignments. In this context the tabu list stores
modifications rather than entire assignments: specifically, we store which modification
would again undo the most recent modification.

Since neighbors are obtained by changing exactly one voltage, a neighbor can be
skipped if its modification is marked as tabu, i.e., occurs in the tabu list. An exception is
made if this neighbor improves upon the globally best assignment found so far. In that
case, the move is allowed even if it occurs in the tabu list. The tabu list has a fixed length,
and once full, newly added moves overwrite the oldest entries, ensuring that prohibitions
are only temporary and eventually expire.
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Perturbations

It may still happen that T'S cannot escape a local optimum, or that all possible modifications
are in the tabu list. In such cases it is useful to perturb the current solution, for example
by applying several random modifications. Whether the algorithm is stuck in a local
optimum can be judged from the number of iterations since the last improvement of the
global best solution. Perturbations hopefully push TS into a previously unexplored region
of the search space.

Algorithm 4 Constructs a subset of all lifts based on TS.
Require: A graph G, a group I', a minimum girth for the lift g,,;, and a minimum girth
for the neighbor solutions gy,
function TS(G, T, gmin, gubr)

N, L, <~ STRUCTUREBASEDCHECKS(G, I, giin) > Abort if impossible
Use BTARECURSIVE(O, | Ly|, N, Ly, a, G, T, gupy) for an initial solution

Ltabu — @

Cglobal — 0

while no stopping criterion is satisfied do
if |\CANNOTACHIEVEGIRTH(G, T, d, gmin, @) then
G* « LirT(G, T, )
if ISINTERESTING(G®) then
~ OutpPuT(G®)
if too many iterations without improvement of cgioha1 then
. Perturb
Chest < OO
for all darts d € L,, do
a < «o(d)
for all voltages b € N(d) do
if CANNOTACHIEVEGIRTH(G, I, d, gy, )
L or NOTCANONICAL(G, T, e, L,,) then
Continue
a(d) < b,a(d™) + bt
¢ < CosTFuNcTION(G, T, )
if ¢ < cpest and ((d, b) & Liapu OF ¢ < Cgiobar) then
L L Chest = C, Apest < d, Dpesy <— b
a(d) « a,a(d™) +a™!
Cglobal < min(cglobala Cbest)
if cpest # 00 then
(dpest) < bbest, O‘<dl;e1st) — bl;elst
Ltabu <= Ltabu U {(d7 bl:elst)}
Expired entries are dropped from L.y
else
. Perturb
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Table 1: Chosen hyperparameters. Time limits are expressed in seconds.

Hyperparameter Description Heireh  Hereg

#oba Maximum number of edge automor- 200 200
phisms.

#¢r Maximum number of group automor- 2000 2000
phisms.

oo Time limit for searching useful edge au- 2 2
tomorphisms.

tBTA Time allocated to BTA per graph—group 20 20
combination.

trs Time allocated to TS per graph—group 20 20
combination.

t7s, init Time limit for TS to find an initial solu- 2 2
tion.

Gnbr Minimum girth of neighbor solutions in  ¢gumin-2  gmin
TS.

| Liabu| Size of the tabu list. 3|1 3|1

Costrg Cost function used by TS. Cgirth Creg

C Penalty constant for short walks with net 1000 /
voltage Op in Cgirh-

H#W Number of walks sampled for cgi. 500 /

3.4.3 Hyperparameters

Before running experiments, suitable values must be chosen for the hyperparameters that
guide the search process (e.g., time limits and cost-function weights). We distinguish
between parameters relevant for vgr- and egr-graphs and those for the remaining problems,
denoted respectively by Hyee and Hgirtn. An overview of the chosen values is provided in
Table 1.

For both edge and group automorphisms, the cutoffs were determined empirically based
on the resulting time savings. Considering too many automorphisms can increase runtime,
as checking them may take longer than constructing redundant lifts. Analogously, only
limited time is allocated for detecting useful graph automorphisms.

In all experiments, BTA and TS were given fixed per-instance time budgets. TS was
only invoked when BTA was not able to explore the whole search space within the given
time limit.

3.5 Hill climbing heuristic

The algorithms discussed so far fix the target girth g, a given base graph and group and
then search for a suitable voltage assignment. The hill climbing heuristic discussed in the

THE ELECTRONIC JOURNAL OF COMBINATORICS 33(3) (2026), #P3.48 15



current subsection takes a different approach: it fixes the target girth g, the order n of the
base graph (but not the base graph itself) and the group and then simultaneously searches
for a suitable base graph of order n and a voltage assignment using the given group.

More precisely, the hill climbing heuristic starts from a graph consisting of n isolated
vertices. This graph will serve as the base graph and will be modified in each iteration of
the algorithm by adding a pair of opposing darts and group elements assigned to these
darts such that the resulting lift has girth at least g. Let G be the current graph, let
T (G) be the set of all tuples consisting of opposing darts and group elements assigned to
these opposing darts such that the lift of the graph obtained by adding these darts and
voltage assignment has girth at least g. The hill climbing heuristic tries to maximize the
number of opposing darts that will eventually be added. Therefore, the algorithm will
consider for each tuple ¢t € T(G) the graph G, obtained by modifying G using the tuple
t (i.e., adding the corresponding darts and voltage assignment) and greedily chooses the
tuple ¢ that maximizes |7 (Gy)| (i.e., modifications that lead to a graph where many new
modifications are possible). After each iteration, the hill climbing heuristic considers the
lift of the current graph and outputs this graph in case it breaks any of the records. We
remark that this hill climbing heuristic can again apply most of the optimizations that
were previously discussed (e.g. for efficiently computing the resulting girth or ruling out
voltage assignments).

3.6 Excision

Excision is the technique of removing a subset of vertices from a small known (k, g)-graph
and adding edges to the resulting graph to obtain a k-regular graph of large girth (typically
g — 1). Notably, a lot of the current record graphs were obtained by using this technique
[23]. We obtain six improved upper bounds using excision techniques:

n(4,11) < 713, n(6,11) < 7783, n(8,7) <774, n(10,7) < 1608, n(12,7) < 2890,

n(14,7) < 4716.

We obtained these bounds by first deleting a specific set of vertices and its incident edges
from a small known (k,g + 1)-graph. Let us call the obtained non-regular graph G'.
Secondly, we feed G’ to a (k, g)-graph generation algorithm, as described in [24, 38|, which
adds edges to G’ in order to complete it to a k-regular graph of girth at least g with the
same number of vertices (when completion is possible). Which vertices we remove from
the starting graph, depends on the different cases. Let us denote the set of vertices at
distance i from vertex v as N;(v), and the set of vertices at distance ¢ from both vertex u
and v as N;(u,v) = N;(u) N N;(v).

For girth 8, we slightly modified the excised set from the one described for even degrees
4 < k < 14 by de Ruiter and Biggs [15]. They remove two vertices u and v at distance 4,
their neighborhoods Ni(u), Ni(v) and Na(u,v) — except three vertices of Ny(u,v). Since
all (k,8)-cages with even degree 4 < k < 14 have the property that |No(u,v)| = k [15],
it follows that the excised set has size 3k — 1. For even degrees 8 < k < 14, however,
removing the three vertices from the excised set is unnecessary. When fully excising
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Figure 3: The excised set of vertices indicated in red from the (4, 12)-cage (left) and the
(6, 12)-cage (right).

Ns(u,v) (in addition to u, v, Ny(u) and Ny(v)), the (k, g)-graph generator was able to
complete the graph to a k-regular graph of girth 7. Hence, we improved the upper bound
on n(k,7) for even 8 < k < 14 by three vertices.

Inspired by de Ruiter and Biggs” work, we devised excision sets for the known (4, 12)-
and (6, 12)-cage, depicted in Fig. 3. First, we note that for two vertices u, v at distance
6, we have |N3(u,v)| = |[Na(u) N Ny(v)| = |Ng(u) N No(v)| = k. For the (4,12)-cage, we
remove the two vertices v and v at distance 6, their neighborhoods N;(u), Ni(v), the
complete set N3(u,v) and one vertex from either Ny(u) N Ny(v) or Ny(u) N Na(v) (both
sets work because of the symmetry of the (4, 12)-cage). We thus excise 3k + 3 vertices.
For (6,12), we can follow a similar approach. However, we can excise an even larger
set of bk — 1 vertices. This set consists of vertices v and v at distance 6, Ny(u), Ni(v),
No(u) N Ny(v), Ny(u) N No(v) and N3(u,v) — except three vertices from Ns(u,v).

4 Results

The total computational effort underlying this work corresponds to roughly five CPU-years,
carried out on the infrastructure of the Flemish Supercomputer Center. All code and data
involving lifts or excision are publicly accessible at https://github.com/AGT-Kulak/
smallRegGirthGraphs.

Tables with all improved upper bounds are included in Appendix A, while explicit
constructions for the cage problem using lifts can be seen in Fig. 4.

A selection of the currently best known bounds along with our improvements is available
in Table 2, based on a survey of the literature. Lower bounds without a reference follow
immediately from the Moore bound. We remark that in cases marked with a “?”, it is
known that a graph with the indicated property should exist, but the graph is orders of
magnitude larger than the lower bound. Whenever the lower and upper bound coincide
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for a given parameter combination, the entire row is typeset in bold. The column labeled
“# Graphs (this paper)” indicates how many non-isomorphic graphs with those parameters
were found using the algorithms described in this work. For the improved upper bounds
obtained via excision, we halted the edge completion part (using the (k, g)-graph generator)
after we found 100 graphs, while the generator could have generated more. That is why
we indicate to have 100 pairwise non-isomorphic graphs for the excision cases, besides the
improvement on n(4, 11) where we only obtained one graph.

An open conjecture for the cage problem states that every (k, g)-cage with even girth
must be bipartite [23, 47]. The graphs associated with the new bounds for n(3,16) and
n(4,10) are indeed bipartite, providing additional evidence for this conjecture.

For the studied variants, multiple new bounds were also obtained. In particular,
we established 21 new bounds for egr-graphs and 29 for vgr-graphs, of which 2 and 7,
respectively, match the corresponding lower bounds. The concrete bounds are provided in
Tables 4 and 5. Additionally, for 34 (k, g,n) tuples we determined the existence of a (k, g)-
graph of order n where it was previously not known whether n is in the (k, g)-spectrum
or not. These results are shown in Table 6. Finally, Table 7 shows 6 improved upper
bounds for n(k, g,g + 1). Applying the inequality n(k,2s + 4) < 2n(k,2s + 1,2s + 2) did
not result in additional improvements for the cage problem.

To the best of our knowledge, upper bounds for n(k, g, A,) with k =4 and g > 7, or
with k € {5,6}, were not available in the literature. While they are not listed in this
work due to space constraints, they are available at https://github.com/AGT-Kulak/
smallRegGirthGraphs for download.

4.1 Validation and sanity checks

In this subsection, we describe which measures we took to verify the correctness of our
implementation of the algorithms described in Section 3. Their correctness was verified
empirically using multiple strategies.

First, the input was verified. For groups this is straightforward: all groups up to a
given order are retrieved directly from GAP. For base graphs, the output of multigraph+
was compared with the existing generator pregraph [10] for cubic graphs containing loops
and semi-edges. Both generators were tested up to order 13 and yielded identical results.

Second, potential implementation errors in the pruning optimizations using graph
automorphisms ¢¢, group automorphisms ¢r, and a girth bound g,;, were excluded by
disabling them individually. In all cases exactly the same number of non-isomorphic lifts
were recovered.

Finally, the exhaustiveness of the results was compared with independent implementa-
tions. BTA reproduced the same sets of non-isomorphic lifts as three external generators:
the K s3-based construction from [26], the Gray and Theta graph lifts from [1], and a
block-circulant graph generator [30], which is equivalent to lifts using cyclic groups. In
each case the output was in complete agreement.

Therefore, we are confident that our implementations are correct. Nevertheless, we
stress that even if an implementation would be incorrect, the certificates that certify the
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Table 2: Best known lower and upper bounds for n(k, g).

n(k, g) <

kg n(kg) > Ol New # Graphs (this paper)
3 9 580 581 0

3 10 70[48] 70 [3, 39] 1

3 11 11238 112 [4] 0

3 12 126 126 [5] 0

3 13 20238 272 [6] 1

3 14 258 [38] 384 [1§] 1

3 15 384 620 [8] 1

3 16 512 960 [19] 936 1

3 17 768 2176 [20] 2048 1

3 18 1024 2560 [20] 0

3 19 1536 4324 [32] 0
320 2048 5376 [20] 0

4 7 6724 67 [24 0
4 8 80 80 [23] 0
49 162 275 [23] 270 2

4 10 243 384 [23] 320 1

4 11 486 ? 713 1

4 12 728 728 [23] 0

5 7 108 152 [23] 0

5 8 170 170 [23] 0

5 0 428 1152 [21] 1116 1

5 10 684 1296 (23] 0

5 11 1708 2688 [2] 0

5 12 2730 2730 [23] 0

6 7 188 204 (23] 0

6 8 312 312 [23] 0

6 9 938 ? 0

6 10 1563 ? 0

6 11 4688 ? 7783 > 100
6 12 7812 7812 [23] 0

8 7 457 T [15] 774 > 100
10 7 911 1611 [15] 1608 > 100
12 7 1597 2893 [15] 2890 > 100
14 7 2563 4719 [15] 4716 > 100
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bounds (i.e., the graphs that we found) are available for download (together with our
source code) at https://github.com/AGT-Kulak/smallRegGirthGraphs. This makes it
easier for others to independently verify our claims as it is not difficult to verify that the
graphs have the properties that we claim.

4.2 Algorithmic efficiency versus hardware scaling

Given the long-standing nature of some of the previous bounds, it is natural to ask
whether our success in finding new cages is merely the result of improvements in computing
hardware. While access to modern high-performance computing infrastructure is obviously
beneficial, our total computational effort was relatively modest and amounted to roughly
five CPU-years. We therefore attribute our success primarily to the algorithmic setup.
While the underlying theory of lifts of voltage graphs that we applied is not new, our
implementation combining multiple pruning strategies and our approach of exhaustively
and indiscriminately generating and testing all combinations of valid base graphs and
groups up to a given order allowed us to locate candidate configurations that had been
missed in earlier, more restricted searches.

To illustrate that the pruning techniques discussed in Section 3 are all of importance,
Table 3 details the execution time of BTA under different combinations of exclusions. It
is evident that the optimizations have vastly different impacts. For instance, pruning
based on group automorphisms (¢r) or based on the minimum girth (gm;,) yields massive
performance gains individually, reducing the execution time by a factor of 100 or more. On
the other hand, pruning based on edge automorphisms (¢¢) provides a smaller speedup.
More importantly, these optimizations combine together neatly, reducing the execution
time by a factor of more than 30,000 when using all pruning rules compared to the
unoptimized baseline. This shows that the new bounds are the result of algorithmic
efficiency rather than just an increase in raw computing power.

Table 3: Execution time for exhaustively constructing lifts with BTA using 3-regular base
graphs on three vertices, with groups up to order 40 and a minimum girth of 9, under
various combinations of pruning optimizations. All versions found the same 191 graphs.

dc  Or gmin Execution time (s)

16 460.9

v 5849.9
v 160.0

v v 67.4
v 123.4

v v 19.7
v oV 1.0

v v Y 0.5
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5 Conclusion

In this paper, we studied the cage problem and several of its variants from a computational
perspective. Using three algorithms based on graph lifts and an excision strategy, we were
able to establish multiple new upper bounds, including eleven for the classical cage problem.
Notably, the upper bound for n(4, 10) was significantly improved from 384 to 320, while
long-standing records for n(3, 16) and n(3, 17) were also broken. For the considered variants,
our methods yielded dozens of new bounds, several of which match the corresponding
lower bounds, and we determined for 34 tuples (k, g,n) at least one (k, g)-graph of order
n for which it was previously not known whether n is in the (k, g)-spectrum.

These results highlight the effectiveness of lift-based techniques for extremal graph
theory problems. These newly discovered graphs may inspire new constructions leading to
infinite families and we encourage further research in this direction. In addition, it would
be interesting to systematically generalize the removed sets mentioned in the excision part
for certain pairs (k, g).
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A Tables

The following tables present analogous results for various variants of the cage problem
considered in this work. The entry “?” indicates that no upper bound is known, bold
rows indicate matching lower and upper bounds, and the “# Graphs” column reports how
many graphs were obtained by our algorithms.

Tables 4 and 5 contain improved bounds for egr- and vgr-graphs respectively. All
existing bounds for vgr-graphs follow from [34]. Table 6 contains previously undetermined
(k, g)-spectra. Similarly, Table 7 contains improved bounds for (k,g)-graphs without
(g + 1)-cycles.

All graphs found through lifts or excision are available at https://github.com/
AGT-Kulak/smallRegGirthGraphs. The graphs for the cage problem are also available
through The House of Graphs [12] at https://houseofgraphs.org/meta-directory/
cages.

Table 4: Overview of improved n(k, g, A¢)-bounds.

n(k,g,Ae) <
kg X n(k,g,Ae) > Old New # Graphs (this paper)
4 5 3 30[29  55[29] 30 1
4 5 4 30[29 ? 30 4
46 1 57[29] 8429 72 2
4 6 2 51 [29] 96 [29] 69 1
4 6 3 45[29] 60 [29] 57 1
46 5  42[29] 81120 60 3
4 6 6 40[29] 64 [20] 48 2
46 7 3929 60 [29] 54 1
4 6 15 33 [29] 40 [29] 35 1
5 5 2 44 [29] 60 [29] 56 1
5 5 4 38[17] 66 [29] 48 1
5 5 6 3617 ? 44 1
6 4 7  24[29] 36 [20] 28 1
6 5 1  65[17] ? 120 1
6 5 2 60 [17] 7620 [33] 160 1
6 5 4  60[17  910[33] 110 9
6 5 5 5717 ? 80 1
6 5 6 6017 ? 100 2
6 5 7  55[17] ? 100 1
6 5 9 55 [17] ? 155 1
6 5 10 52 [17] ? 64 9
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Table 5: Overview of improved n(k, g, A, )-bounds.

n(k,g,\y) <
kg X n(k,g,A\,) > Old New # Graphs (this paper)
3 7 1 42 56 42 2
3 7 2 42 ? 42 3
3 7 4 42 ? 42 2
3 8 2 52 64 60 3
3 8 5 48 64 48 1
3 8 7 48 ? 56 3
4 5 1 35 420 35 3
4 5 3 30 40 35 5
4 5 6 30 55 30 22
4 5 7 30 ? 30 9
4 6 1 54 1152 72 3
4 6 2 51 84 72 8
4 6 3 50 1152 60 1
4 6 4 48 96 60 1
4 6 5 48 ? 60 2
4 6 6 46 60 %) 1
4 6 7 48 648 60 16
4 6 8 45 60 54 2
4 6 9 44 512 48 1
4 6 10 42 81 o1 2
4 6 11 42 ? 54 3
4 6 12 40 64 48 3
4 6 13 42 ? 48 2
4 6 14 39 60 54 11
4 6 15 38 ? 48 1
4 6 17 42 ? 54 18
4 6 19 36 ? 48 9
4 6 21 36 44 42 2
4 6 29 36 ? 42 2
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Table 6: Overview of found (k, g)-graphs of order n for which it was open whether n is in
the (k, g)-spectrum as described in [25].

(a) The cases k =3 and k =

(b) The case k = 5.

4.
kg n 4 Graphs (this paper)
3 11 140 3
3 12 152 1
3 12 176 1
3 12 186 1
3 12 190 1
3 12 198 9
3 12 200 15
4 7 81 3
4 8 90 1
4 8 112 3
4 8 117 4
4 8 123 1
4 8 129 3

kg n  # Graphs (this paper)
5 7 184 2
5 7 188 7
5 7 190 32
5 7 192 69
5 7 198 )
5 7 200 7
5 7 204 2
5 7 208 42
5 7 210 18
5 7 212 19
5 7 216 253
5 7 220 258
5 7 224 943
5 7 228 152
5 7 230 5185
5 7 232 217
5 7 234 41
5 7 236 453
5 7 240 10703
5 7 244 745
5 7 248 891
5 7 250 46
5 7 252 214
5 7 256 2531

Table 7: Overview of improved bounds for (k, g)-graphs without (g + 1)-cycles for odd g.

n(k,g,9+1) <

kg mn(kgg+1) > Old New # Graphs (this paper)
3 11 144 [26] 272 [42] 228 1
3 13 286[26] 800 [42] 600 1
3 15 576 [26] 2162 [11] 1760 3
4 7 126 [26] 273 [42, 43] 195 1
49 377 [26] 1518 [40] 972 1
5 5 86 [26] 192 [41] 128 3
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