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Abstract

A corner of a partition is a removable box in the Young diagram. Initiated by
Huang and Wang, there has been research on the number of simultaneous core
partitions with a fixed number of corners. In this paper, we give a bijection between
the set of self-conjugate (¢,tk + 1)-core partitions with a fixed number of corners
and the set of (|t/2] 4 1)-tuples with certain conditions. As a result of this bijection,
we count the number of such partitions.

Mathematics Subject Classifications: 05A17, 05A19

1 Introduction

A partition A of a positive integer n is a sequence of positive integers (A1, g, ..., A7) such
that Ay > Ao > -+ > Ny and Ay + --- + Ay = n. The Young diagram of X is a finite
collection of boxes arranged in left-justified rows with \; boxes in row ¢. The box in row ¢
and column j is said to be the box (i, 7). For the Young diagram of A, the hook length of
the box (i, 7) is the sum of the number of boxes on the right of the box (4, j), the number
of boxes below it, and 1 for itself.

If a partition A has no box of hook length divisible by ¢, we call it a t-core partition.
Furthermore, a partition A is a (¢1,ts,...,t,)-core partition if A is simultaneously a #;-
core, a ty-core, ..., and a t,-core partition. For example, the partition (5, 3,2) is a 5-core
partition. See Figure 1 for the Young diagram and the hook lengths of each box.

A corner of a partition A is a removable box in the Young diagram of A, which means
that the removal of that box from the Young diagram of A still keeps the diagram as
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Figure 1: The Young diagram of the 5-core partition (5, 3,2) and its hook lengths.

the Young diagram of a partition. Note that the number of corners of A\, the number of
distinct parts of A, and the number of boxes of hook length 1 are equal.

Huang and Wang [7] proved that, for positive integers ¢t and m, the number of (¢,¢+1)-
core partitions with m corners is the Narayana number N(t,m+1) = %(mil) (;) and the
number of (¢,¢+ 1,¢ + 2)-core partitions with m corners is (2;) Cpn, where (), is the mth
Catalan number. As a generalization of Huang and Wang’s result, Cho, Huh, and Sohn
[4] gave an explicit formula for the number of (¢,¢+ 1,...,t + p)-core partitions with m
corners for positive integers ¢t and p > 2. Recently, the authors of this paper [5] counted
the number of (¢,tk 4 1)-core partitions with m corners, which gives another direction
of generalizing Huang and Wang’s result. In addition, there have been several studies on
(t,tk+1)-core partitions where parts of the partition have some restrictions. For example,
see [8, 9, 10, 11, 12].

It is natural to ask whether we can have similar results for self-conjugate partitions.
For a given partition A, a partition X' = (N, \},...,\,) is called the conjugate of A
if X} denotes the number of boxes in column j of the Young diagram of A\. We call a
partition A self-conjugate if A = X. Cho and Hong [1] enumerated the number of self-
conjugate (t,t + 1)-core partitions with m corners. Cho and Huh [2] gave a lattice path
interpretation of the set of self-conjugate (¢,t+1, ..., ¢+ p)-core partitions with m corners
for p > 2, and counted the number of self-conjugate (¢,¢ + 1,...,¢ 4 p)-core partitions
with m corners for p = 2, 3.

In this paper, our goal is to give a nice interpretation of self-conjugate (¢,tk + 1)-
core partitions with m corners. An NF lattice path is a path consisting only of two
steps N = (0,1) and £ = (1,0). Ford, Mai, and Sze [6] showed that a self-conjugate
(a, b)-core partition has an N E lattice path interpretation. In this paper, we extend the
corresponding N E' lattice path for a self-conjugate (¢,tk £ 1)-core partition to obtain a
new NFE lattice path E**NE®>N ... NE*1 N E*t1i+1 where t; = [t/2].

Throughout this paper, we denote by N the set of nonnegative integers. The following
theorem is the main result of this paper.

Theorem 1.1. Let t, k, and m be positive integers with t > 2 and t, = [t/2]. We set

141
A= A(t,k,m) = {(ml,...,xtl+l) c Nt sz =k(t; + 1), Z (x; — k) = {%—‘ } )

x;=>k+1

There is a bijection between the set of self-conjugate (t,tk — 1)-core partitions with m
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corners and the set Ay y,—1(m), where

At,tk—l(m):
(AN {(z1,...,2041) | 241 =k + 1} if 24t and 24 m,
AN{(z1, .., 2 41) | [E2] < a1 <k} if 24t and 2 | m,
<Aﬂ{(xl,...,xtIH)|x1>k+1,xt1+12% if2)t, 24k, and 2fm, (1)
An{(z1, .., zp41) |21 = E 2 2 b+ 1) if 2| t, 2|k, and 24 m,
AN{(z1, .. w4) | B <oy <oy > 5 if 2t, 21k, and 2 | m,
(AN{(z1,...,241) | 21 = §,§+1 Sayp <k} if2t 2|k, and 2| m,

and the set of self-conjugate (t,tk + 1)-core partitions with m corners and the set
At iky1(m), where

»At,thrl(m) =

(AN{(z1,...,z0441) | |5] <201 <k -1} if 24t and 24 m,
AN{(z1,...,x441) | 4,41 = k} if 24t and 2 | m,
AN{(z1, ...z 41) | 5 <o <k — Lz 25 if2)¢ 21k, and 2t m, (2)
An{(z1, .., wp41) |21 2 55 <oy <k -1} if 2| t, 2|k, and 21 m,
An{(z1, .., w41) | 21 = k20 > B} if2|t, 21k, and 2 | m,
LAN{(z1, .. zo) |21 > B a0 > k) if2|t, 2|k, and 2 | m.

By Theorem 1.1, we enumerate the number of self-conjugate (¢, tk 4 1)-core partitions
with m corners as follows. Since the empty partition is the only partition with no corners,
we omit the case where m = 0. By convention, we denote (Z) =0 when n < k or k < 0.

Theorem 1.2. For positive integers t, k,m with t > 2, let t; = [t/2], m1 = [m/2], and
s =t +my—s— (k+1)r. Whent is odd, the number of self-conjugate (t,tk — 1)-core
partitions with m corners is

S SO () = s ] iz,

s=1 r=0
(D7) 20 ) i 2t m.

When t is even, the number of self-conjugate (t,tk — 1)-core partitions with m corners is

(2 (D) S () [ - ()

£ 3 (7)) S ()

Lo - i — ot o) 2 m,
=N S )
FE ) SE () [ - ()] 2w,
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Theorem 1.3. For positive integers t, k,m with t > 2, let t; = [t/2], m1 = [m/2], and
Br =mq — kr — 1. When t is odd, the number of self-conjugate (t,tk + 1)-core partitions
with m corners s

> OCTM) ()5 i 2| m,

520 r>0
SO SO C) [0 - ] i 2w

When t is even, the number of self-conjugate (t,tk + 1)-core partitions with m corners is

( > ()T 20 ()

—ljsz;o (t18—1> (s+:@1)/§(_1)r(tl—:—s) [(tl—ﬁf—s) _ (BZI:L{?QJ)} if 2 ’ m,
CODET SO0 () - L)
X T Sy ()

% [( O o) W ol VR (5r—k)i| if 24m.

t1—s t1—s t1—s t1—s

\

The paper is organized as follows. In Section 2, we explain path interpretations of
self-conjugate (t,tk £ 1)-core partitions. The main results, which are Theorems 1.1, 1.2,
and 1.3, are proved in Section 3. In Section 4, we give other expressions for the number
of self-conjugate (t,tk £+ 1)-core partitions with m corners using generating functions.
Furthermore, for small ¢, the number of self-conjugate (¢,tk & 1)-core partitions with m
corners admits relatively simple formulas, which we provide explicitly.

2 Path interpretations of self-conjugate (t,tk & 1)-core parti-
tions with m corners

In this section, we give a lattice path interpretation of self-conjugate (t,tk 4 1)-core
partitions with m corners. We divide into two cases: self-conjugate (¢, tk—1)-core partitions
and self-conjugate (t,tk + 1)-core partitions.

2.1 Path interpretations of self-conjugate (t,tk — 1)-core partitions with m
corners

In this subsection, we focus on the set of self-conjugate (¢, tk — 1)-core partitions with m
corners. Cho, Huh, Nam, and Sohn [3, Proposition 17] found a formula for the number of
self-conjugate t-core partitions with m corners, which is

min(m,£/2)) | 1
> (1)l

=1
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Using the fact that the maximum hook length of a t-core partition with m corners
is tm — 1, we obtain the number of self-conjugate (¢,tk — 1)-core partitions with a small
number of corners.

Proposition 2.1. Let t, k, and m be positive integers witht > 2, k> 1, and m < k — 1.
Then the number of self-conjugate (t,tk — 1)-core partitions with m corners is

min(m, [t/2] m—1 m Lldem—i
S (EEE)

i=1 2
For a partition A, let M D(X) be the set of hook lengths in the main diagonal of .
Note that if A is self-conjugate, then M D(\) only contains distinct odd elements. We
denote the number of corners of A by ¢(A). For a self-conjugate partition A, let d(\) be
the number of h € M D()) such that h —2 ¢ M D()). It is known that ¢(\) and d(\) have
the following relation.

Lemma 2.2 ([1, Lemma 2.2]). Let A be a self-conjugate partition. Then, the number of
corners of X is equal to

o {20 iftg MDY,
‘N =200 -1 if1emD).

In Figure 2, the self-conjugate partition A = (7,4,4,3,1,1,1) with M D(X\) = {13,5, 3}
satisfies that 1 ¢ M D(X), ¢(A) =4, and d(A\) = 2, so ¢(A) = 2d(N).

13 3121

=W &~

N| &~ ]| Ol O

N[ W] S| oo ©

Figure 2: The Young diagram of (7,4,4,3,1,1,1) with 4 corners and its hook lengths.

For relatively prime positive integers a and b, let A(a, b) be an array of integers that fits

in the rectangle whose vertices are at (0,0), (0, [4]), ([2],0), and ([2], [%]). The entries

of the array A(a,b) on the ith row and the jth column are

for 1 <i<[%]and 1 < j < [2]. Since a and b are relatively prime, the entries of A(a, b)

are all distinct. We write the entry A, ; inside the square whose vertices are (j—1, |a/2]—1),
(j7 LQ/ZJ - Z)a (] - 17 La/2J — i+ 1)7 and (]7 LG/QJ -1+ 1)

o
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Let N€(a,b) be the set of NE lattice paths from (0,0) to (a,b) whose steps consist
only of N = (0,1) and £ = (1,0), and SC4p) be the set of self-conjugate (a,b)-core
partitions. Ford, Mai, and Sze [6] constructed a bijection ¢ : SCiapy — NE(| 2], [£]) by
mapping a self-conjugate (a, b)-core partition A to an NE lattice path P = ¢, (). From
this construction, M D(\) consists of all positive integers below the path P = ¢, () and
the absolute values of all negative integers above P. A path P € NE(|2],[%]) can be
expressed as P = PyP5---P,, where P, = N or E and r = |2] + |2]. Let Ej.1(P) be
the number of occurrences of k + 1 consecutive E steps of a path P. Throughout this
subsection, we consider the case where a =t and b =tk — 1.

For a given self-conjugate (¢, tk — 1)-core partition A, we extend the path ¢;4—1(A) to
an NE lattice path ¢~ () as follows: let ¢~ (\) = E%¢y —1(N\) EY, where

SR TEAD 2]t
(x’w_{(o,[%}) if 24t. (3)

We write t; = |t/2]. Note that the extended path ¢~ (X) has t; N steps and k(¢; + 1)
E steps by the construction. We have the following relation between a self-conjugate
(t,tk — 1) core partition A and the corresponding path ¢~ (\).

Lemma 2.3. Let t and k be positive integers such that t > 2 and X\ be a self-conjugate
(t,tk — 1)-core partition. Then, d(X) = Ex1(¢~(N)).

Proof. Recall that the entry A; ; in A(t,tk —1) is located inside the square whose vertices
are (j — 1,6, —1),(j,t1 —1), (j — L, t1 —i+1),(j,t1 — i+ 1). For h € M D(\), we consider
two cases where A; j = h or A; ; = —h.

First, let A;; = h for some 1 <@ <t;, 1 < j < [(tk—1)/2]. When i > 1, we have
A1 11 = h — 2. Hence, each h € MD()\) with h —2 ¢ MD(X) corresponds to k + 1
consecutive E steps from (j —1,¢; —i+1) to (j+k,t; —i+1). When ¢ = 1, it is clear that
h—2¢ MD()). Let j; be the smallest number such that A, ;, € M D(X). Therefore, the
last [ 22| + [EH] — j; + 1 steps of ¢~ ()) are all E. Since Ay j = t(th — 1) — t(2j — 1) —
(tk—1) = t*k— (2] +k)t+1 > 0 for j < L(t;l)kj, there are [@j — j1+1 positive entries
in the first row of A(t, tk — 1) located below ¢~ (). Since [#£-| 4 [EH] = L@j + k,
we can check that d(\) = Ex1(¢~ (V).

We now suppose that A; ; = —h for some 1 <i <y, 1 < j < [(tk —1)/2]. Similarly
to the first case, we have A;11,_r = —h + 2 when ¢ < t;. Hence, h € MD()) and
h—2¢ MD(\) if and only if there exist k+ 1 consecutive E steps from (j —k —1,t; — 1)
to (j,t1—i). When ¢ = t;, we denote by j, the largest number satisfying —A;, ;, € M D(N).
In this case, we divide into two cases by the parity of ¢. When ¢ is even, the first j, + fg}
steps of ¢~ (A) are all £. From the result that A, ; = t(tk—1)—t(2j—1)—(tk—1)(2t;—1) =
t(k—2j+1) —1 < 0 when j > [EH7, there are jo — [*1] + 1 negative entries in the
last row of A(t,tk — 1) located above ¢~ (). Since [4] + [51] = k + 1, we complete the

2
proof. Since the case where ¢ is odd is similar to the even case, we omit the details. [J

Example 2.4. Let A\ be the self-conjugate (6,17)-core partition and p be the self-
conjugate (7,20)-core partition with MD(N\) = {19,9,7,1} and MD(u) = {13,5,3}.
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By definition, we have d(\) = 3 and d(u) = 2. We have k = 3 for both partitions,
so the extended paths are ¢~ (\) = E*NE'NE?*NE® and ¢ (u) = E*NENE°NE?
(see Figures 3 and 4). By Lemma 2.3, we also obtain that d(A) = E4(¢~(\)) = 3 and
d(p) = Ea(9™ (1)) = 2.

79 67 55
45 33 21
-13

43 31 119 7 -5
9 -3 -15 -27 -39
-25 -37 49 -61 -73

¢~ (\) = E%s.17(\)E*> = EEEENENEENEEEEE = E*\NE'NE*N E°

Figure 3: The extended path ¢~ (\) corresponding to the self-conjugate (6, 17)-core par-
tition A with M D(\) ={19,9,7,1}.

113 99 85 71 57 43 29 15 1 -13|
73 059 45 31 17 [3 <11 25 -39 -53
33 19[5 9 23 -37 -51 -65 -79 -93

¢ (1) = pr20(n)E?* = EENEEENEEEEENEE = E°NE*NE°NE?

Figure 4: The extended path ¢~ (u) corresponding to the self-conjugate (7,20)-core par-
tition p with M D(u) = {13,5, 3}.

By Lemma 2.2, the parity of ¢(\) depends on whether 1 € M D(A) or not. By the
construction of A; ;, the array A(t, tk—1) cannot have both 1 and —1 as its entry. Moreover,
we characterize ¢~ (A) under the condition that 1 € M D(\).

Lemma 2.5. For positive integers t, k with t > 2, let X be a self-conjugate (t,tk — 1)-core
partition.

1. When't is even and k is odd, ¢~ (\) starts with at least k + 1 consecutive E steps if
and only if 1 € MD(X).

2. When t is odd or k is even, ¢~ (\) ends with at least k + 1 consecutive E steps if
and only if 1 € MD(N).

Proof. (1) When t is even and k is odd, we have
Ao (kr1))2 = tth—1)—thk—(tk—1)(t—1)=—1.

By the equation (3), ¢~ ()\) starts with at least [£] + £ = k + 1 consecutive E steps if
1 € MD(X) and ¢~ (\) starts with at most k consecutive E steps otherwise.
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(2) When ¢ is odd or k is even, we have

Appioryp = t(th — 1) — t{k(t — 1) — 1} — (th — 1) = 1.

Again, by the equation (3), ¢~ () ends with at least [%1] + |451] — @ +1=k+1
consecutive F steps if 1 € M D(\) and ¢~ (\) ends with at most k consecutive E steps
otherwise. O

Let t, k, and m be positive integers such that ¢ > 2. For a self-conjugate (¢, tk — 1)-core
partition A\, we can express ¢~ (\) as

¢ (A\)=ENE®™N ... NE*1 NE*a+t

where t; = [t/2], z; € Nfor all ¢, and 1 + 25+ - - + 24,41 = k(t; +1). Recall that z; € N
for all i. Now we regard A as a self-conjugate (¢,tk — 1)-core partition with m corners,
which means that ¢(A\) = m and d(\) = my := [m/2] by Lemma 2.2. From Lemma 2.3,

we have
d(N) = Be(¢~(N) = D (mi—k) =D (k—x), (4)

t1+1
where the last equality comes from the fact that » x; = k(t; +1).
i=1

2.2 Path interpretations of self-conjugate (t,tk + 1)-core partitions with m
corners

Similar to Proposition 2.1, we obtain the number of self-conjugate (¢, tk+1)-core partitions
with a small number of corners.

Proposition 2.6. Let t, k, and m be positive integers with t > 2, k > 1, and m < k.
Then the number of self-conjugate (t,tk + 1)-core partitions with m corners is

min(g/%) (L?E—llﬁ) (Léj) (L%J +mm - Z)

i=1 2
Recall that d(A) is equal to the number of h € M D(\) such that h —2 & M D(X). We

give another interpretation of d(\).

Lemma 2.7. For a self-conjugate partition \, d(\) is equal to the number of h € M D(\)
such that h+2 ¢ MD(X).

Proof. Let X be a self-conjugate partition with M D(\) = {01, 0,. .., 04}, where 6; > 0o >
-+ > 04. We define two sets H and H' by

H=1{5 € MD\) |6 —2¢ MD(\)} and H' = {5 € MD(\)| & +2¢ MD(\)}.

First, we have §; € H and §; € H' by the construction of M D()). Foreachi =1,2,... d—
1, if §; — §;41 > 2, then ¢; € H if and only if §;,1 € H'. Therefore, we get |H| = |H’|, and
by definition of d(\), we have d(\) = |H'|. O
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For a self-conjugate (¢, tk+1)-core partition A, we denote by ¢y 4+1(A) the correspond-
ing N E lattice path of \. We define the extended path ¢ () by ¢T(X) = E¥¢y 1p11(N) EY,

where
O ELTEY) 2,
(#:9) = {<o, k) if2f )

Note that the extended path ¢ () has t; N steps and k(t;+1) E steps by the construction
of ¢*. Similarly to Lemma 2.3, we give the following relation between A and ¢ (\). Using
Lemma 2.7, Lemma 2.8 is proved analogously to the proof of Lemma 2.3, so we omit the
proof.

Lemma 2.8. Let t and k be positive integers satisfying t = 2 and X\ be a self-conjugate
(t,tk 4 1)-core partition. Then, d(A) = Epi1(oh(N)).

Example 2.9. Let A be the self-conjugate (6, 19)-core partition with M D(X) = {9,7,1}
and p be the self-conjugate (7,22)-core partition with M D(u) = {13,9,3}. Note that
d(A\) = 2 and d(p) = 3. We have k = 3 for both A and p, so the extended paths are
¢t (N) = E¢g19(N)E? and ¢F (1) = ¢r02(1)E (see Figures 5 and 6). Since E (¢ (N)) = 2
and Fy(¢*(u)) = 3, we can see that both A and p satisfy Lemma 2.8.

e

89 77 65 53 41 29 17 5 T
51 39 27 15 3 -9 |-21 -33 -45
o 13 1 -11 -23 -35 -47 -59 -T1 -83

¢T(\) = E¢e190(\)E? = EENEEEEENEFEENEE = E>NE°NE*NE?

Figure 5: The extended path ¢ () corresponding to the self-conjugate (6, 19)-core par-
tition A with M D(X) = {9,7,1}.

125 111 97 8 69 55 41 27 |13 -1 -15
81 67 53 39 25 11 -3 |-17 -31 -45 -59

37 231 9 -5 -19 -33 47 -61 -75 -89 -103

¢ (p) = ¢pro2(n)EF = EENEEEEENENEEEE = E>°NE°NENE*

Figure 6: The extended path ¢* (i) corresponding to the self-conjugate (7,22)-core par-
tition p with M D(u) = {13,9, 3}.

Similar to Lemma 2.5, we characterize ¢™(\) according to whether 1 € M D(\) or not.

Lemma 2.10. For positive integers t and k with t > 2, let X be a self-conjugate (t,tk+1)-
core partition.
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1. When't is even and k is odd, ¢*(\) starts with at least k consecutive E steps if and
only if 1 ¢ MD(\).

2. When t is odd or k is even, ¢ (\) ends with at least k consecutive E steps if and
only if 1 ¢ MD(\).

Proof. (1) Assume that ¢ is even and k is odd. We have
Ao pirye = tth+1) —th — (tk+ 1)(t — 1) = 1.

By the equation (5), ¢ (\) starts with at least %2 4+ 21 = k consecutive E steps if
1 ¢ MD(\) and ¢+ (\) starts with at most k£ — 1 consecutive F steps otherwise.
(2) First, we consider t is odd. Then, we get

Al p—tyo41 = tth+ 1) —t{k(t — 1) + 1} — (tk+1) = —1.

By the equation (5), ¢*(\) ends with at least (|%51] — KDy | k) — & consecutive E
steps if 1 ¢ MD()) and ¢*()\) ends with at most k& — 1 consecutive E steps otherwise.
Similarly, we get the result when k is even. m

Let t, k, and m be positive integers such that ¢ > 2. For a self-conjugate (¢, tk+ 1)-core
partition A\, we can express ¢ (\) as

¢T(\) = E""NE™N ... NE*1 NE"1+!

where t; = [t/2], x; € N for all i, and x1 + x2 + - + 24,41 = k(t; + 1). Now, we consider
A as a self-conjugate (¢,tk + 1)-core partition with m corners, that is ¢(A) = m and
d(\) = my := [m/2] by Lemma 2.2. From Lemma 2.8, we have

d\) = Epaa (0 (\) = D (mi—k) =) (k— ). (6)

x;>k+1 z;<k

3 Proofs of Theorems 1.1, 1.2, and 1.3

In this section, we give a proof of our main results.

Proof of Theorem 1.1. We first focus on self-conjugate (¢, tk — 1)-core partitions. We show
that there is an injection from the set of self-conjugate (¢,tk — 1)-core partitions with m
corners to the set A;u—1(m). For a self-conjugate (¢,tk — 1)-core partition A with m
corners, we have the corresponding extended path

6~(\) = EPNE™N .. NE™ NE™+,

which satisfies that (zq,xs,...,2,41) € A.

First, we consider when ¢ is odd. By Lemmas 2.2 and 2.5 (2), and the equation (3),
we have x4,41 = k+ 1 if m is odd and (%W < 24,41 < k otherwise. Hence, we get
(21,22, . .., xy41) € Apm—1(m). Next, suppose that ¢ and k are both even. By Lemmas
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2.2 and 2.5 (2), and the equation (3), we get 21 > £, and 24,41 > k+ 1 if m is odd and
g + 1 < 24,41 < k otherwise. Therefore, we obtain (x1, 22, ..., %4 41) € Apg—1(m). The
last case is when ¢ is even and k is odd. By Lemmas 2.2 and 2.5 (1), and the equation
(3), we get x4, 11 = %, and z; > k + 1 if m is odd and % < 21 < k otherwise. Hence,
we have (1,9, ..., 24 11) € Arg—1(m).

For surjectivity, let (1, o, ..., 24 41) € At p—1(m). There is a self-conjugate (¢, tk—1)-
core partition A such that the extended path of A is given by

¢ (A\)=ENE™N ... NE*"1+1,
From Lemmas 2.2 and 2.5, we have the following:

1. Suppose that t is even and k is odd. Then, 1 > k 4+ 1 if m is odd and z; < k
otherwise.

2. Suppose that ¢ is odd or k is even. Then, x4, 1 > k+ 1 if m is odd and z,41 < k
otherwise.

By Lemma 2.3, we check that A has m corners. In a similar manner, we can show that
there is a bijection between the set of self-conjugate (¢,tk + 1)-core partitions with m
corners and the set A; 4,4+1(m). Here, we use Lemmas 2.2 and 2.10, and the equation (5)
for injectivity and Lemma 2.8 for surjectivity. O

From now on, we enumerate the cardinality of A; 41 (m) in order to obtain the number
of self-conjugate (¢, tk—1)-core partitions with m corners. We divide into two cases whether
t is even or odd.

First, assume that ¢ is even. For odd k, the elements of A;4_1(m) are obtained
from those for even k by reversing the entries of each tuple, i.e., the elements in the
set A 4—1(m) for odd k and in the set A g—1(m) for even k are symmetric.

Theorem 3.1. For positive integers t, k,m with even t > 2, let t; = t/2, my = [m/2],
and o s =t +mqy —s — (k+ 1)r. For even m, we have

| At k1 (m)] =

ST D B Lo 1 0 Y G|
N Z <t1 S— 1) (nzl_—ll> Z(_Dr(tl —; — 1)

s>1 r>0

. Ktloz_s) 3 (a —tlUi/iJ - 1) B (a —tLl(/iJ; 1)/2J) n (ar,s;(_k;r 1))} '

For odd m, we have

[Asa(m)] = > (t; o ) (mls_ 1) Z(—D’"(tl . S) (tla f:l)

s>1 r>0

. ; (t1 - 1) (mls_ 1) ;(_N (t1 o 1) Ktlaiss—_ll) - (a,«,stl—_vz/fjl— 2)} .
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Proof. Due to the symmetry, we only consider the case when k is even. Let
(1, .., 2441) € Ap—1(m). Throughout the proof, we denote y; =z, —k—1ifz; > k+1,
zi=k—x;ifr; <k jand s=[{1 <i<t |z > k+ 1}
Suppose that m is even so that z; > k/2 and k/2 +1 < 2,41 < k. When s = 0, we
get x; < k for all 1 < i <ty + 1, which implies that m = 0. Now, we assume that s > 1.
First we consider the case when x; > k + 1. Without loss of generality, suppose that

T1,...,Ts 2 k+1and Tg1q,...,2441 < k. Since
s t1+1
mi=Y (z;—k)= > (k—),
i=1 i=s+1

it is sufficient to evaluate the number of solutions of the following equations:

S
Zyi:ml—sforyl,...,y820, (7)
i=1
t1+1 k
Z zi=mq for 0 < z411,..., 24, Skandogztlﬂgg—l- (8)
i=s+1

The number of solutions of equation (7) is <( y >> = (";1__11) By the inclusion-exclusion

mi—s

principle and the condition of z;, ., the number of solutions of equation (8) is

Z(_ly(tl;s) Kt1+m1 ;i;r(k+1)> B <t1+m1 —st:i(iwrl) —k/Q)] |

r=0

where r represents the number of z;’s such that z; > k in each solution. Since 1 > k + 1
and x4, +1 < k, by considering the selection of s — 1 many z; > k + 1 among o, ..., Z,,
we multiply a factor (t;:ll).

Next, we suppose that k£/2 < z; < k. Without loss of generality, we assume that
o, T3,...,Ts11 = k + 1. Then, we evaluate the number of solutions of the following

equations:
s+1

Zyi:m1—5f0ry2a---ays+l20’ (9)
i=2

t1+1
z1 + E zi=mq for 0 < 21 <
1=s+2

0< 2g40, .0y 2 <k, and 0< 2z, < - — 1. (10)

NN
N |

It is clear that the number of solutions of equation (9) is (";"). By the inclusion-exclusion

principle and the conditions of z; and 2, 41, the number of solutions of equation (10) is

S (" T

r=0

<t1 +my —s—r(k+ 1)) B <t1 +my—s—r(k+1)—k/2 —1>

tl—S tl—S
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t1+m1—s—r(k+1)—k/2 t1+m1—5—7’(k+1)—k—1
( ti—s ) i ( t1—s ) ’
where r represents the number of z;’s such that z; > k in each solution. Since there are
s many x; > k+1 among xa, ..., x,, we also multiply (tls_l). By adding the two summands,
we get the result.
Suppose that m is odd, so that z; > k/2 and x4, > k + 1. We first assume that
r1 = k + 1. Without loss of generality, suppose that

:):1,...,965216-1-1 and {L‘S+1,...,$t1<k-

Then we find the number of solutions of the following equations:

yt1+1+zyi:m1_3_1for Yty Ysy Y41 = 0, (11)
i=1
t1
Z zi=myq for 0 < z541,...,2, < k. (12)
1=s+1

Now we assume that k/2 < 1 < k. Without loss of generality, suppose that

ZEQ,...,£E5+1>k5+1andxs+27-“7xt1 < k.

Thus, we evaluate the number of solutions of the following equations:

s+1
Y41+ Zyz =my—s—1for yo, ..., Yss1, ¥, 41 = 0, (13)
1=2
t1
21 + Z zi=my for 0 < 2z < k/2and 0 < zg49,...,2, < k. (14)
1=5+2

Similarly to the case where m is even, by counting the number of solutions of equations
(11), (12), (13), and (14), we get the desired result. O

We now consider the case when ¢ is odd.

Theorem 3.2. For positive integers t, k,m with oddt > 3, let t; = (t—1)/2, m; = [m/2],
and o, s = t1 + my — s — (k+ 1)r for some nonnegative integers v and s. Then, we have

> (M) D) () if 2t m,
Attk—lm =0 r=0
AT S e S e ) (G - () 2

s>1 r>=0

Proof. Let (z1, 22, ..., %t +1) € Argr—1(m). First, we suppose that m is odd. Let s = |{1 <
i <t | x = k+ 1}. Without loss of generality, suppose that xq,...,2s > k+ 1 and
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Tsily ooy Ty < k. Lety; =2, —k—1fori =1,...;s0rt; +1and 2, = k — x; for
1=s4+1,...,t;. We evaluate the number of solutions of the following equations:

Zyi+yt1+1 =my—s—1tory,....¥s, Y41 20,
i=1

t1
E zi=my for 0 < 2541, ...,24 < k.
i=s+1

We obtain the number of solutions for each equation in a similar way to the proof of
Theorem 3.1, which gives the desired result.

When m is even, we consider the condition where [(k +1)/2] < z4,4+1 < k. We omit
the details since it is analogous to the case when m is odd. O]

Proof of Theorem 1.2. 1t comes directly by combining Theorems 1.1, 3.1, and 3.2. m

In the proof of Theorem 3.3, we define new variables y; and z; depending on x; and
find an equation that each variable satisfies. The number of solutions of such equations
gives an expression for |A; 441(m)]|.

Theorem 3.3. For positive integers t, k,m with even t > 2, let t; = t/2, my = [m/2],
and B, = my; —rk — 1. For even m, we have

[Abra(m)] = (2__11) (S +5m1) Z(_l)r(tl ; S) <t1 —ﬁ{ - S)

ST A (5]

For odd m, we have

i) = 5 Co)em Z%(—W(tl CNGE) ()
oy (tl 3_ 1) (s +Sn111— 1) Z(_l)r(tl —Tl - S)

) ()

Proof. The proof is similar to the proof of Theorem 3.1, so here we only show the case
where both k£ and m are even and omit the rest of the cases.

For (x1,...,2441) € Argrrr(m), let y; = 2, —k if ; > k and 2; = k— 1 — x; otherwise.
Since m is even, we have x; > k/2 and x4, 11 > k. Define s = [{1 <i <ty | z; > k}.
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Suppose first that 1 > k so that s > 1. Without loss of generality, assume that z; > k
for1 <i<sort;+1,and z; < k — 1 otherwise. Since

s t1
mq = Z(xi_k)_'_(xtlJrl —k') = Z (k—JIz),
=1 i=s+1

it suffices to enumerate the number of solutions of the following equations:

Zyl + Y41 = M for Y1y o5 Ysy Yty +1 > 07 (15>
=1
t1
Zzi:ml—tl—i—sforogzs“,...,ztlgk—l. (16)
1=s+1

The number of solutions of equation (15) is ((8;: ! )) = (**7™). By the inclusion-

exclusion principle, the number of solutions of equation (16) is

Z(_1>T<t1 — s) (ml —rk — 1)’

= r ti—s—1

where r represents the number of z;’s such that z; > k in each solution. Since x; > k, by

considering the choice of selecting s — 1 many x; > k among xo,...,z;, we multiply a

factor (tsljll).
Next, assume that k/2 < x; < k — 1. Without loss of generality, suppose that

Xo,T3,...,Tsr1 = k. Then, we evaluate the number of solutions of the following equa-
tions:
s+1
D i+ Y =mafor g, Y1, Y1 2 0, (17)
=2

t1
21+ Z zi=my—t;+sfor0< 2z <k/2—1and 0< z549,...,2, <k—1. (18)
=542

mi

The number of the solutions of equation (17) is (( st >> = (**™). By the inclusion-

exclusion principle and the condition of z;, the number of solutions of equation (18) is

Z( 1)T(t1—1—s) (ml—rk—1> (ml—rk—k/2—1>
= r ty1—1—5 t1—1—s5 ’
where r represents the number of z;’s such that z; > k in each solution. Since there are

s many x; > k among x,, ..., T, we also multiply (“;1). By adding the two summands,

we get the desired result. O

By an argument similar to the proof of Theorem 3.3, we obtain the following theorem.
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Theorem 3.4. For positive integers t, k,m with oddt > 3, let t; = (t—1)/2, m; = [m/2],
and B, = — kr — 1 for some nonnegative integers v and s. Then, we have

> OCT) ZED() ) i 2| m,
Appir(m)| = {20 ?0 . i _
AT = @) S e () - C) i 24m

s> r>

Proof of Theorem 1.3. 1t is directly derived from Theorems 1.1, 3.3, and 3.4. O]

4 Additional results

In this section, we give additional results on self-conjugate (¢, ¢k 4 1)-core partitions with
m corners.

4.1 Another expression for self-conjugate (t,tk + 1)-core partitions with m
corners

We have another expression for the number of self-conjugate (t,tk £ 1)-core partitions
with m corners. For a formal power series f(z,y), the term [2%°]f(x,y) refers to the
coefficient of z%” in f(z,y).

Recall that the elements in the set Ay 41 (m) for odd k and in the set Ay 41 (m) for
even k are symmetric.

Theorem 4.1. Let t, k, and m be positive integers with t > 2, and t; = [t/2]. The
number of self-conjugate (t,tk — 1)-core partitions with m corners is

( t1—1 0o k
[Z (t1+1) ] (Z e q\x k|> < Zk zqu—k|> ( Zk;rl Za:qac—k|> if 2 | t,2 ’ m,
z=[7] a=[51

[zk(t1+1 m+1] (Z P q\g; k|> - ( i Zacqaz—k|> ( i qulac—k) if 2 ‘ t’Qfm’

x_(k] r=k+1

_ +

[2h+ 1(zz g ')< > q'w—k'> i 2162 m,

k[Z’“(““ ¢ (Z 2q* ’“') ( i zqu"“') if 21,24 m.

r=k+1
Proof. First, assume that ¢ is even. Consider the term
9] t1—1 t1 00
(Z Z:z:qm—k|> as H <Z Z:L.quljl k|> )
2=0 i=2 \2;=0

Due to the symmetry of k£, we only consider the case when k is even. Then, the number of
self-conjugate (¢, tk—1)-core partitions with m corners is |A; 4x—1(m)|, where each element
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t1+1

(x1,22,...,241) € Apw—1(m) satisfies the conditions Z r, = k(ty + 1), x1 > k/2,
Ty = k/24+ 1, and ) (z; — k) = my with my (m/ﬂ Since Y (:17Z —k) =
x; >k+1 x;=>k+1
t1+1

> (k —x;), we have ) |x; — k| = 2m;. The second term in each case is obtained by
z; <k =1
the condition z; > k/2. By Lemma 2.5, we have x4, .1 > k + 1 when m is odd and
k/2+ 1< 24,41 < k when m is even, so we get the third term of each product.

The proof where t is odd is similar to the proof where t is even, so we omit the

details. O

Similarly, we have another expression for the number of self-conjugate (¢, tk + 1)-core
partitions with m corners in terms of generating functions.

Theorem 4.2. Let t, k, and m be positive integers with t > 2, and t; = [t/2]. The
number of self-conjugate (t,tk + 1)-core partitions with m corners is

(

t1—1 o 00
[Z t1+1)q ] (Z P q\x k|) ( Z quac—k|> (Z Za:qr—k|> if 2 | t,2 ‘ m,
r=Fk

z=[%1

%) 171 o0 k—1
Rt gmet1] <Z Z:vqlwkl) ( 3 Z:vqlwk|> ( 3 qu|ack> if 2)t,24m,

z=1%] a=1%)

[2R(1+1) gm] (Z ZEgle= kl) (i qulw—kl) if 21t,2|m,
=k
[2R(tFD) gmt1) (Z qulx—kl) ( kil quw—k|> if 21,21 m.
=0

e=L%)

2

Proof. We first prove the case where t is even. Due to the symmetry of k£, we consider the

t1+1
case where k is even. By the definition of Ay 4411(m), we have Y x; = k(t1+1), 21 > k/2,
i=1
Ty = k/2,and > (v, —k) =my for (z1,...,2411) € Arer1(m), where my = [m/2].
t1+1
Since > (z; — k) = > (k —x;) = my, we get Y. |x; — k| = 2my. The second term in
x>k z;<k =1

each product is obtained by the inequality z; > k/2. By Lemma 2.10, we have x;, 1 > k
when m is even and k/2 < x, 11 < k — 1 when m is odd, so we obtain the third term of
each product. Since the proof where ¢ is odd is similar, we omit the details. O

4.2 The case when t is small

We have nice results for the cases where t = 2,3,4,5. Although the main result contains
double sums, we obtain simple results for each case without any summation terms.
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Corollary 4.3. Let k and m be positive integers. Then, the number of self-conjugate
(2,2k — 1)-core partitions with m corners is

Proof. Note that each nonempty 2-core partition is always the staircase partition (j,j —
1,...,2,1) for a positive integer j and has j corners. Thus, all possible (2,2k — 1)-core
partitions are of the form (7,7 —1,...,1) for 5 =1,2,... k — 1, so we obtain the desired
result. O]

Corollary 4.4. Let k and m be positive integers. When m is even, so that m = 2m;y for
some positive integer my, the number of self-conjugate (3,3k — 1)-core partitions with m
COTNETS 18

Lif1<m < [95H],

0 ifmi >[5t +1.

When m is odd, so that m = 2my — 1 for some positive integer my, the number of
self-conjugate (3,3k — 1)-core partitions with m corners is

1 ifl<m <k,

Proof. 1t follows from Theorem 1.1 that there is a bijection between the set of self-
conjugate (3, 3k — 1)-core partitions with m corners and the set As 3,_1(m). Let (21, 22) €
A3,3k—1<m>-

Suppose that m is even. By the definition of Aj s,—1(m), we have the condition [(k +
1)/2] < g < k. When [k/2] < 27 < k, both 21 and x5 must be k because 1 + x5 = 2k, so
that m = 0. When zy > k41, we have 1y —k =k —x9 = my and zy < 2k—[(k+1)/2] =
k+ [(k —1)/2]. Therefore, the equation z1 — k = k — x5 = m; has exactly one solution
for each 1 < my < |(k —1)/2], and has no solution otherwise. Suppose that m is odd.
In this case, we have x5 > k + 1 so that 1 < k — 1 since x1 + x9 = 2k. Therefore, the
equation £ — x1 = x9 — k = my has the unique solution for each 1 < m; < k, and has no
solution otherwise. O

The following result gives the number of such partitions when ¢ = 4.

Corollary 4.5. Let k and m be positive integers. When m is even, so that m = 2m; for
some positive integer my, the number of self-conjugate (4,4k — 1)-core partitions with m
COTNETS 15

3my + 1 if1<my <[5,
2k — 5] —m1 i [5] <mu < k4[5,
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When m s odd, so that m = 2my — 1 for some positive integer my, the number of
self-conjugate (4,4k — 1)-core partitions with m corners is

3my — 1 if 1<my < [,

ng +my if [%1 <my <k,

k+ 5 —my ifk+1<m <k+ [£],
0 if my > k+ [E2].

Proof. We show the case where both k£ and m are even and the rest of the cases can be
proved in a similar way, so we omit the details. Let (21,22, 23) € Agap—1(m). Then, by
the definition of A4 45—1(m), we have

my = Z(Ii_k):Z(k_xz% 9012? §+1<x3<k.

2
r;>k+1 x; <k

Now, we consider the following three cases:
(1)$1</€, (2)$1>k+1,l’2<[€, (3)$1>/€+1,$2>k+1

Case (1): We obtain that x > k + 1 since x1, 23 < k and x1 + x5 + 23 = 3k. We only
need to find the number of solutions of

xg—k:2k—x1—x3:m1,gémlék,ﬁ—i-léxg,ék. (19)

When 1 <my < k/2—1,let 2] = k—x and 25 = k—x3. Then we have 0 < 2} < k/2,
0 < 24 < k/2—1, and o] + 2% = my, so the number of solutions of equation (19) is m; + 1.

If k/2 < my < k—1,let 2 = 2y — k/2 and 2% = z3 — k/2 — 1. Then we have
0< 2y <k/2,0<af <Ek/2—1,and 2]+ 25 =k —1—my, so the number of solutions of
equation (19) is k — m;.

If my > k, the equation (19) has no solution since 2k — my = xy + x3 > k + 1.

Case (2): In this case, we find the number of solutions of

k
xl—k::2k:—3:2—x3:m1,a:12k:+1,:1:2<k;,§+1<$3<k (20)
Similarly to Case (1), the number of solutions of equation (20) is
m; +1 1f1<m1<§—1,
g if g <mp <k—1,
%k—ml 1fk<m1<%k:—1,
0 it my > 3k

Case (3): We find the number of solutions of
k
T1+ a9 —2k=k—x3=m1, 11 =2 k+1, 19 > k+1, §+1<x3<k. (21)
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Using a similar argument to Case (1), the number of solutions of equation (21) is

m;—1 ifl1<< mlgg—l,
0 if my; > g
Combining all the cases, we have the result. O
The case where t = 5 is similar to the case where ¢t = 4, so we omit the proof.

Corollary 4.6. Let k and m be positive integers. When m is even, so that m = 2m;y for
some positive integer my, the number of self-conjugate (5,5k — 1)-core partitions with m
COTNETS 18

B +1 71 <m < (5]
2| &L if [5] < m1<k
2k + 2| B ) —2m;  ifk+1<my <k+ B2,
0 if mi >k + [5].

When m is odd, so that m = 2mq, — 1 for some positive integer my, the number of
self-conjugate (5,5k — 1)-core partitions with m corners is

3m1—1 Zf1<m1<k7
2%k—mi+1 ifk+1<m <2k,

A proof for the number of (¢,tk + 1)-core partitions with m corners when ¢t = 2,3, 4,
or 5 is similar to a proof of Corollaries 4.3, 4.4, 4.5, and 4.6, respectively, so we obtain
the following corollaries.

Corollary 4.7. Let k and m be positive integers. Then, the number of self-conjugate
(2,2k + 1)-core partitions with m corners is

1 if1<m<k,

0 ifm=>=k+
Corollary 4.8. Let k and m be positive integers. When m is even, so that m = 2m;y for
some positive integer my, the number of self-conjugate (3,3k + 1)-core partitions with m

corners 1s
1 if1<m <k,
0 ifmy=>2k+1

When m is odd, so that m = 2my; — 1 for some positive integer my, the number of self-
conjugate (3,3k + 1)-core partitions with m corners is
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Corollary 4.9. Let k and m be positive integers. When m is even, so that m = 2m; for
some positive integer my, the number of self-conjugate (4,4k + 1)-core partitions with m
COTNETS 15

3my + 1 if1<my < ],
6] +ma+1 if [52] <o <k,
k+ 5] +1—mi  ifk+1<m <k+ (%],
0 if my =k + [EH].

When m s odd, so that m = 2my — 1 for some positive integer my, the number of self-
conjugate (4,4k + 1)-core partitions with m corners is

3my — 1 if 1< my <[5,
E+ 58T —mi+1 if [E]+1<m <k+T%],
0 ifmi > k+ 5] +1

Corollary 4.10. Let k and m be positive integers. When m is even, so that m = 2my for
some positive integer my, the number of self-conjugate (5,5k + 1)-core partitions with m
COTNETS 15

3m1+1 zflgmlgk,
2%k —mi+1 ifk+1<m <2k,

When m is odd, so that m = 2my; — 1 for some positive integer my, the number of self-
conjugate (5,5k + 1)-core partitions with m corners is

3my — 1 if1<m < 5],

2% FTE +1<m <k,
2k+2[5] —2mi+2  ifk+1<m <k+[%],
0 ifmy >k [21%—1.

We remark that the case k& = 1 of Theorem 1.3 provides an alternative proof of [,
Theorem 1.4], which is stated and proved in Corollary 4.11.

Corollary 4.11. [1, Theorem 1.4] For positive integers t and m, the number of self-
conjugate (t,t + 1)-core partitions with m corners is

3]

(12)(i22))

Proof. First, we consider when ¢ and m are even. Note that

At7t+1(m) = Aﬂ {(271,1'2, .. $t1+1) ‘ :L‘l 1 y Lty +1 2 1}
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Let (z1,22,...,2¢4+1) € Aggr1(m). Then, letting m; = [m/2], the number of self-
conjugate (t,t + 1)-core partitions with m corners is equal to the number of solutions
of equations as follows:

dwi-1)=) (Q-z)=m, 21>1, 344 >L

x;>1 x; <1
We have my; = [{i | x; = 0}| from the above equations. Without loss of generality, let
Tog =23 ="+ =Ty, +1 = 0. Then, we have z; > 1 fori=1,m; +2,...,t; +1 and
(@1 =1+ @m42 = 1)+ + (@11 — 1) = ma. (22)

The number of solutions of equation (22) is ((tl_;fllﬂ )) = (;Lll) Since there are m; many

xr; = 0 among xs, ..., 7, we also multiply (tin_ll). Hence, we obtain that the number of

self-conjugate (t,t + 1)-core partitions with m corners is

(o) () = () (5 )
mi mq % % .
Similarly, we have that the result also holds where t or m is odd. O]
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