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Abstract

We introduce a new minor monotone graph parameter, the algebraic frustration
dimension frustdim(G) of a graph G, as the greatest minimum rank of an optimal
solution in a certain family of embedding problems for signed graphs with underlying
graph G. Our main results are forbidden minor characterizations of the classes of
graphs with frustdim at most k for k € {0,1,2}. The proofs establish connections
to tree-width and related parameters and to minimum rank problems for graphs.

Mathematics Subject Classifications: 05C22, 05C50, 05C62, 05C83

1 Introduction

A signed graph is a pair (G, o) with graph a G = (V,FE) and a map o: E — {—1,1}
which we call an edge signature. The graphs in this paper are considered simple and
undirected without loops or multiple edges. We usually assume that V' = {1,...,n} and
denote the edge from vertex i to vertex j by ij (when writing {i,j} we mean the set of
vertices, regardless of connectivity). The edges of positive and negative sign are collected
in the sets
Ef(o)={ij€ E:0,=1}, E (o) ={ij € E: 0;j = —1},

respectively. If o is clear from the context we write ET and E~. We sometimes write
V(G) and E(G) to denote the vertex and edge sets of G if in danger of ambiguity.

The algebraic frustration dimension is defined on the following graph embedding prob-
lem. Given a graph G = (V, E)), non-negative vertex weights s € R and non-negative
edge lengths [ € R” and an edge signature o we define the embedding problem

inRk, kelZ, k>1
Emb(G, 0, s,1): mastiHyiHQ st Sy —yill < Uiy, 1j € EF (1)
v lyi +uill < by, ij € E7.
Then frustdim(G, o, s,1) is defined as the minimum rank of an optimal solution to
Emb(G, o, s,1) (if some exist) and frustdim(G) is the maximum of these ranks taken over
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all parameter sets s, [ and o. In this introductory section we gloss over a few details
regarding the solvability of Emb(G, 0, s,1) which are given in Section 2. This definition
is very similar in nature to that of the rotational dimension of [4]. It turns out that
the frustration dimension is a minor monotone parameter and therefore, by the Graph
Minor Theorem [9], the graphs of frustration dimension < k for an integer k > 0 are
characterized by a finite set of forbidden minors. As part of our main results we provide
forbidden minor characterizations for k € {0, 1, 2}.

Also very similar to the rotational dimension we establish a connection to the treewidth
tw(@G) of a graph by showing that frustdim(G) is at most tw(G)+1. Furthermore we derive
a bound in terms of the independence number a(G), namely frustdim(G) < n — a(G).
These results are obtained by geometric arguments.

Our techniques to construct solutions to Emb(G, o, s, 1) of high rank (in order to bound
frustdim(G) from below) provide connections to minimum semidefinite rank problems for
graphs: in

PSD(G) ={X = (z45) = 0:1j ¢ E(G) = z;; =0}

find a matrix of minimum rank (possibly with additional constraints). This is due to a
reformulation of the embedding problem as a semidefinite program whose dual is a gener-
alized eigenvalue optimization problem involving the weighted (signed-graph-)Laplacian
of (G,0). The rows of an optimal embedding turn out to be generalized eigenvectors.
The unconstrained minimum semidefinite rank problem is adressed in [1]. The paper
2] introduces a minor monotone graph invariant v(G) which is the minimum rank of a
matrix in PSD(G) which additionally satisfies the Strong Arnold Property [8]. It turns
out that for £ < 2 we have

{G: frustdim(G) < k} = {G: v(G) < k}.

Outline of the paper. This introductory section is concluded with some notation and
preliminaries on signed graphs. Section 2 introduces the frustration dimension. Section 3
gives upper bounds in terms of tree width and related parameters. Lower bounds and the
actual computation of frustdim of some graphs use semidefinite duality and are the topic of
Sections 4 and 5, these results are used in 6 to prove the forbidden minor characterizations
for graphs of frustration dimension at most 2.

Preliminaries and notation

We write RV and R¥ for the spaces of vectors indexed with the vertex V resp., edge set
E. Similarly, we write R¥*V for the space matrices Y with & rows whose columns are
indexed by V. For a subset U C V of the vertices we write Y (U) = (y;: i € U). We
denote by 1 the all-ones vector indexed with . The adjacency matrix of a signed graph
(G, 0) is the matrix A(G, o) = {a;;} with a;; = 0;; for edges ij and a;; = 0 otherwise. Let
D(G) be the V' x V diagonal matrix of vertex degrees of G and define the signed-graph
Laplacian L(G,0) = D(G) — A(G,0). For 0 = 1 we get the (ordinary) Laplacian, for
0 = —1g the signless Laplacian. These matrices have edge weighted counterparts. We
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are particularly interested in the weighted signed-graph Laplacian which can be written

L(G,o,w) = > wijlei—ej)(ei— ;) + Y wiles +e5)(e; + ;)"

ijeE+ ijeE~

or in more compact form

L(G,o,w) Z wi; B with B = (e; — 05e5)(e; — —oyei) "
ijer

On signed graphs we have the switching operation: we say that we switch o at the
vertex ¢ € V if we multiply the sign of each edge incident with ¢ by —1. We call an
edge signature o of G balanced if we obtain the all positive edge signature from o by
a sequence of vertex switchings. We say that we switch o at a vertex set C' C V if we
reverse the signs of all edges with one vertex in C' and the other in its complement and
leave all the remaining edge signs unchanged. This is equivalent to switching once at
every single vertex of C'. The sign of a cycle in G is the product of the signs of its edges.
We call a cycle positive (resp., negative) if its sign is positive (resp., negative). Observe
that the sign of a cycle is invariant under switching because every vertex switch switches
0 or 2 edges of that cycle. We will make frequent use of the following characterizations
of balancedness [5].

Theorem 1. Let (G,0) be a signed graph. Then the following are equivalent.
1. o is balanced.

2. There is a bipartition of the vertex set such that the negative edges connect vertices
of different classes while positive edges connect vertices of the same class.

3. FEvery cycle in G is positive.

Consequently, every edge signature of a forest can be switched to all positive.

In terms of the Laplacian, switching at the vertex ¢ means that we conjugate L(G, o, w)
with the diagonal matrix which has a —1 on the i-th diagonal entry and ones on the others.
Hence switching does not alter the spectrum of the Laplacian and its eigenvectors simply
have the signs of their i-th component reversed.

2 Frustration dimension

Given a signed graph (G,o), non-negative vertex weights s = (s;: 4 € V) € RY and
non-negative edge lengths [ = (I;;: ij € E) € RF we define a graph embedding problem

y ERF keZ, k>1
Bunb(G, 0,5, 0): max Y silluill® st. q llye =yl <y, ij € B
< Hyz+y]|| <y, ij € B
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Lemma 2. 1. If 7 results from o by switching at the vertex i and

Y:<y17"'7yn)

is a feasible (resp., optimal) solution of Emb(G, o, s,1) then

Y/ - (yla o Yio1, 7Y Y1, - yn)
is a feasible (resp., optimal) solution of Emb(G, T, s,1).

2. The feasible set of Emb(G, o, s,1) is non-empty. It is unbounded if and only if (G, o)
has a balanced component.

3. If G is connected and o is unbalanced then the set of optimal solutions to
Emb(G, o, s,1) is non-empty.

Proof. 1) If Y is feasible for Emb(G, 0,s,l) and ij € E*(0) and ik € E~(0) then [;; >
ly; —vill = |ly; + (=)l and |lyx +vil| = ||y — (=) || and thus Y satisfies the constraints
for Emb(G, T, s,1)

2) We can always embed every vertex at 0 and thereby satisfy the constraints. So the
feasible set always contains 0.

If (G, o) has a balanced component P, by 1) we can assume that P has only positive
edges. Then we obtain a feasible solution of Emb(G, o, s,l) by embedding every vertex
of P in the same point y and the remaining vertices (if any) in 0. We can choose ||y||
arbitrarily large and therefore have an unbounded feasible set.

Conversely, assume G is connected and ¢ is unbalanced. Hence it has a cycle with
an odd number of negative edges; after switching, we can assume that there is only
one negative edge in that cycle. Assume that the cycle has the vertices 1,2,...,k with
1k the negative edge. Let (y;,i € V) be a feasible solution of Emb(G,0,s,l). By the
constraints and the triangle inequality the embedding points y; and y; are at distance
at most |ly1 — ykll < lig + -+ + lk_1x =: d. Their sum has norm ||y; + yx|| < lix by the
constraint for the edge 1k. Therefore, their scalar product is bounded,

Ay ye)) = [y + well> = llyr — vl
< max ([|yr + vell, 1y — vl)® < max(lyy, d)?

and thus ||y1]|? and |lyx||* are bounded, as well because

1
B 2 Nyl + llywll” + 2€v1, 9e) = llyall® + llywll* = 5 max(lag, d)°

and thus 3
max([[y [, llyxll) < 5 max(lr, bz + -+ + le-an).

Since every other vertex v is connected to v; we can consider a shortest v;-v-path (shortest
path with respect to the sum of the edge lengths from [). By switching, we can achieve
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that all edges on this path are positive and thus ||v; — v|| is at most the sum of the edge
lengths in a shortest path.

3) Optimal solutions exist by compactness of the feasible set and continuity of the objective
function. O

Definition 3. Let G = (V, E) be a connected graph.

1. If G admits an unbalanced edge signature o € {—1,1}¥ then define for edge lengths
| € RY and vertex weights s € RY the parametrized frustration dimension as

frustdim(G, o, s,1) = min{rank(Y): Y € argmax(Emb(G, 0, s,1))}.

2. If G admits an unbalanced edge signature then define the frustration dimension of
G as
frustdim(G) = max {frustdim(G, o, s,1)} .
where the maximum is taken over all unbalanced edge signatures o € {—1,1}¥,
vertex weights s € RY, and edge lengths | € R¥.

3. If G is a tree with at least two vertices then define frustdim(G) = 1.
4. The frustration dimension of K is defined to be 0.

5. The frustration dimension of a disconnected graph is defined as the maximum of
the frustration dimensions of its connected components.

Items 1 and 2 are well defined because of the previous lemma. The definitions in 3 and
4 for graphs which do not admit unbalanced edge signatures are chosen to match the
upcoming results Theorem 16 and Corollary 18 on the frustration dimension of cliques
and products of trees and cliques.

Observation 4. The frustration dimension of a graph G is zero if and only if G has no
edges (equivalently, has no Ky minor).

Proof. If G has an edge but no cycles this is true by definition: for a tree on at least
two vertices every signature is balanced and therefore the frustration dimension is 1 by
definition. So assume G has a component with a cycle. We can even assume that G
is connected. Assuming that the vertex weights s and edge lengths [ are all positive
and the edge signature o is unbalanced, Lemma 2 guarantees an optimal solution to
Emb(G, 0, s,0). It must have at least one vertex embedded at a non-zero point and
therefore frustdim(G, o, s,1) > 1. m

Proposition 5. The frustration dimension is a minor monotone graph parameter.

ot
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Proof. Throughout the proof let G be obtained from G by a minor operation, i.e., by delet-
ing an isolated vertex, by deleting an edge or contracting an edge and let o, s = (s1, ..., 8y)
and [ = (I;;: ij € E) be parameters such that frustdim(G, o, s,[) = frustdim(G). Observe
further that by the previous lemma frustdim(G, o, s, ) depends only on the switching class
of o.

Deletion of an isolated vertex. The graph G = G UK, is disconnected and

frustdim(G) = max{frustdim(Q), frustdim(K;)}
= max{frustdim(G), 0} = frustdim(G).

Deletion of an edge. Let G be obtained from G by deletion of the edge 12. We
distinguish three cases.

First case. Assume that G has no cycles, i.e., every component C' of G is a tree and
frustdim(C) < 1. Because of the previous observation frustdim(G) > 1.

Second case. Assume that G is connected and contains a cycle. Then we can choose
an optimal parameter set such that the feasible region of Emb(G, o, s,1) is bounded and
frustdim(G) = frustdim(G, o, s,1). Define lyp = ZUGE(G) li; +1 and 015 = +1 and choose
the following parameter set for G : 8 = s, [ = (I, l13), & = (0, 013). The embedding points

of the vertices 1 and 2 cannot be further apart than ). B(c) lij so that the constraint

ly1 — y2||< L2 is redundant. Therefore, Emb(G, 6, %,1) and Emb(G, g, s,l) are equivalent
and
frustdim(G) = frustdim(G, o, s,1) = frustdim(G, 6, 8, 1) < frustdim(Q).

Third case. Assume that G has two connected components G; and G with 1 € V(Gy)
and 2 € V(Gy). If both graphs are trees we are in case one, so assume that G; has a
cycle and frustdim(G) = frustdim(G,) > frustdim(Gs). Choose an optimal parameter set
s,l,0 of G1 and extend it to a parameter set for G by setting s and [ to zero on G5 and
o to +1 on Gy. Set additionally 112 =0, [ = ({, l12> 012 = +1, 6 = (0,012), § = s. Then
every optimal solution of Emb(G, &, § l) yields an optimal solution for Emb(Gy, 0, s,1)
and therefore frustdim does not decrease when passing from G to G.

Contraction of an edge. Edge contractions do not change the number of components
so we may assume that G is connected and obtained from G by contraction of the edge
01 € E(G). If G has no cycle then, by definition, frustdim(G) < 1. On the other hand,
frustdim(é’) > 1 because G has an edge. So assume that G has a cycle and that s, 1, o is
an optimal parameter set for G with an unbalanced o. Define parameters 3, [ and & for
G by setting

@-:{0 =0 e viey = vieyuoy

s; otherwise

and
0 ifij=01
lj=131h, ifi=0and0je E(QG)

l;;  otherwise.
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and
+1  ifij =01
5-ij: 01j if i =0 and 0]€E<é>

o;;  otherwise.

for ij € E( AA). Since o is unbalanced we have that ¢ is unbalanced, as well, and thus
Emb(G, 7, $,1) is bounded. Observe that in Emb(G, 7, §,1) we have the constraint

ly1 — wol <0

and thus yo and y; must coincide in every feasible solution to Emb(@, g,8, Z) Thus the
feasible sets of Emb(G, o, s,1) and Emb(G, 7, 8,1) are in bijection via

(W1, Yn) = (Y1, Y1, - YUn)

and because $9 = 0 this also defines a bijection of the optimal sets. Consequently,
frustdim(G, o, s,1) = frustdim(G, 7, §, 1) which implies frustdim(G) < frustdim(G). O

The following Lemma is borrowed from [4].

Lemma 6. Let G be a connected graph with at least one cycle and let o € {—1,1}F be
an unbalanced edge signature for which frustdim(G) is attained, i.e., frustdim(G, o, s,1) =
frustdim(G) for some s > 0 and |l > 0. Let furthermore S C RK and L C ]Rf be dense
subsets. Then we have that

frustdim(G) = max {frustdim(G, o, s,1): s € S,l € L} .
In particular, there exist s > 0 and [ > 0 with frustdim(G, o, s,1) = frustdim(G).

Proof. The proof is an almost verbatim copy of the proof of the analogous result for the
rotational dimension in [4] and is omitted. O

As a corollary, we can choose the parameters s and [ even as positive integer vectors
because
frustdim(G, o, s,1) = frustdim(G, o, us, vl)

for any positive real scalars p and v.

3 Upper bounds: tree decompositions and tree width bound

In this section we consider Emb(G, o, s,1) for a connected graph G = (V, E), some edge
length parameters [, vertex weights s and an imbalanced edge signature o (thus assuming
that G contains a cycle) and use geometric arguments to bound frustdim(G, o, s, 1) from
above.

Recall that a tree decomposition of G is pair (7,V) in which 7" is a tree and V is a
family of vertex sets (referred to as “bags” in what follows) indexed with the vertex set
of T,V =(V;: V, CV(G),t € T) such that the following are true.
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L UerVe=V.

2. For every edge ij € E there is a bag V; with {i,j} C V.

3. If v € VyNV, for some s # t then v € V, for every vertex x € T on the unique
s-t-path in 7.

The width of (T,V) is the size of the largest bag minus one. The tree width tw(G) is the
minimum width that a tree decomposition of G can attain.
The goal of this section is to prove the following.

Theorem 7. Let G be a connected graph with at least one cycle and (T,V) be a tree
decomposition of G of width d. Let further o be an imbalanced edge signature, s € RV a
vector of non-negative vertex weights and | € R¥ be non-negative edge lengths.

1. It holds that frustdim(G, 0,s,l) < d+ 1 and
frustdim(G) < tw(G) + 1.

2. If additionally every bag B € V with B = d + 1 contains two distinct vertices v, w
such that the set {v,w} is not contained in any other bag C' € V\ {B} then it holds
that frustdim(G, o, s,1) < w. If additionally (T,V) is of minimal width d = tw(QG)
with that property then

frustdim(G) < tw(G).

Both bounds are attained.

We remark that above bounds also hold by definition for graphs without cycles. Two
very useful applications of part 2 of the Theorem are given at the end of this section.
The main tools in the proof of Theorem 7 are the following two lemmas.

Lemma 8 (Rotation Lemma). Let V, W some subspaces of a FEuclidean vectorspace E with
dimW < dimV and let v € V and w € W. Then there is an orthogonal transformation

Q of E satisfying
1. QW C V.

2. Qx =x for everyx e VNW.
3. [|Qw — o] < flw—wvl|.

The proof is postponed to Section 7. The second main ingredient is the following fact
on separation properties of tree decompositions (see [3]):

Lemma 9. Iftty is an edge of T and Ty, T, are the trees constituting T —t ty with t; € T;
(i € {1,2}) then the vertex sets

vu=v (e{12})

teT;

of G are separated by V;, NV,
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The sets V;, NV, will serve as “hinges” for rotation operations which successively
rotate “small rank bags into adjacent large rank bags around their intersection”. Part 1
of Theorem 7 follows immediately from the next result.

Lemma 10. Let Y be an optimal embedding for Emb(G, o, s,l). Then there is another
optimal embedding Z for Emb(G, o, s,1) such that

rank(Z) = max{rank Y (V;): t € T') }.

Proof. The proof is by induction and follows directly from the following assertion.

Let S be a subtree of T and set U = Utes Vi. Let tit be an edge of T with ¢t; € S
and ts ¢ S. Let Y be an optimal embedding for Emb(G, o, s,1). Then there is an optimal
embedding Z such that

rank(Z(U U V,,)) = max{rank Y (U), rank Y (V;,)}.

With the notation of Lemma 9 we first observe that U C U; and and V;, C U,. Now
we apply the rotation lemma 8 to the spaces A = span(Y (U)) and B = span(Y (V4,))
(with the vectors v,w in 8 both zero) to obtain an orthogonal transformation ) which
maps the smaller space into the larger one: assume first that dim(A) > dim(B). Then
the rotation lemma provides ) with QB C A and Qx = x for every x € AN B. Observe
that span(Y (V;, N'V4,)) € AN B. The desired embedding Z is obtained as

Z(UL\ (Viy NV3,)) = Y (UL \ (Vi, NV4,)) and Z(Uz) = QY (Ua).

Observe that the edge length constraints are still all satisfied: there are no edges between
Uy \ Uy and Us \ U; because Uy NUy = Vi, NV, separates Uy and Us. For an edge ab with
aeVy, NV, and b € Uy we have

1za — oap2pl] = [|QYa — 0abQUs|| = |¥a — Tartsll < lap

and for an edge cd with d € V;; NV, and ¢ € U; we have

||Zd - UCdZC|| = ||de - Ucdyc|| = ||yd - Ucdyc|| < lcd-
In the case that dim(A) < dim(B) one would get analogously
Z(Uy) = QY (Uy) and Z(Uz \ (Vi, V) = Y (U2 \ (Vi, NV,)).

To finish the proof of the proposition, root the tree at some vertex tg, set Sy = {to} and
Zy =Y For i > 0 obtain S;,; from S; by adding a vertex of T'— S adjacent to S and
obtain a new embedding Z;; from Z; according to the assertion, with Z; and Z;,; playing
the roles of Y and Z, respectively. O

Now, in order to prove part 2 of Theorem 7 we reduce the dimensions of the single
bags. Here the property 3 of the Rotation Lemma 8 is required:
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Lemma 11. Let (T,V) be a tree decomposition of G and let Vi, be one of its bags with
|Vio| = k+1. Assume that Vi, has two distinct vertices v, w such that the set {v,w} is not
contained in any other bag V, € V with V; # V,,. Assume thatY is a an optimal solution
to Emb(G,0,s,l). Then there is an optimal solution Z of Emb(G, o, s,1) with

rank(Z(V,,)) < k and rank(Z(V;)) = rank(Y (V})) for t # to.

Proof. Let Y = {yi,...,y,} be an optimal embedding for Emb(G, o, s,1) and assume that
rank(Y (Vi,)) = k+1 for otherwise we can simply choose Z = Y. Observe that this implies
that the edge length parameters on the edges induced on V;; are positive because [;; = 0
would yield that y; = y; or y; = —y;.

After a renumbering of vertices we can assume that V;, = {1,...,k+ 1} and v = 1
and w = 2. Denote by C; ={1,3,...,k+ 1} and Cy, = {2,3,...,k + 1}.

Figure 1: A tree decomposition as in Lemma 11. The black vertices constitute the set
{v,w} as in the Lemma.

We now apply the rotation lemma 8 with the spaces R = span(Y(C})) and S =
span(Y (Cy)) and the points y; € R and o12y2 € S where we assume for the moment that
12 € E(G). Thus we obtain an orthogonal transformation () which maps S into R with

ly1 — 012Que|| < |y — 1232l < ho (2)

and Qy; = y; for i € C; N Cy because @ fixes RN .S = span(Y (Cy N Cy)) pointwise. If
12 ¢ E(G) we do not have to take care of the distance constraint.

By the assumption on the vertices v, w it is true that for every edge tou of T we have
Vi, NV, C Cy or V;, NV, C Cy. Now, loosely speaking, we apply this ) to the embedding
points of the vertex set Uy € V' consisting of C5 and “everything which is connected to V4,
via Cy” and leave the embedding points of U; = Cy U (V' \ Us) unchanged. To make that
precise, we apply Lemma 9 to the edges of T" incident with ¢,. For such an edge tyu of
T denote by T, the subtree of T'— tou that contains u. There is a not necessarily unique

assignment of the edges
f:A{tou: tou € T} — {C4, Cs}

such that
f(t[)U) = Cl — ‘/to N Vu Q Cl (2 = 1,2)
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Define two (possibly empty) forests in T' — tg

F= | 7 (=12

u: f(tou)=C;

and accordingly two vertex sets of G

u=CulJv (i=12)

tek;

These are the vertex sets connected to V;, “along C;.” We observe that U; UU; =V,
Uy NU; = C1 N Cy and define a new embedding Z by

Z(U1 \ Cl N CQ) — Y(Ul \ Cl N 02)7
Z(Cl N CQ) = Y(Cl N Cz) - QY(Cl N CQ);
Z<U2 \ Cl N 02) - QY(U2 \ 01 N CQ)

We observe that Z satisfies the edge length constraints of Emb(G, 0, s,1) : the constraint
for the edge 12 is satisfied by (2). For all other edges ij we either have z; = y; and z; = y;,
or z; = Qu; and z; = Qy;. In particular, for all bags V; # V;, we have that

rank(Z(V;)) = rank(Y (V)). O

To finish the proof of part 2 of Theorem 7, first apply Lemma 11 successively to all
bags of maximum size and then apply Lemma 10.
We now give two applications of Theorem 7 used in subsequent sections.

Independence number

Theorem 12. In the situation of Theorem 7 let B C V(G) be an independent set. Then
it holds that
frustdim(G, o, s,1) < |V| —|B|.

In particular it is true that
frustdim(G) < |V| — a(G).
where a(QG) the independence number of G.

Proof. Let A = V \ B. We get a tree decomposition of G by choosing the bags as
V ={AU{v}: v e B} and the tree T as a path. The bags have all size |A| + 1 and they
all satisfy the assumption of item 2 in Theorem 7 with a vertex w € A and v € B. Thus

frustdim(G, o, s,1) < |A| = |V| — |B|. O
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Colin de Verdiere’s la parameter

Our characterization of graphs of small frustration dimension relies on another upper
bound in terms of the parameter la(G) [2] which is the smallest integer k such that G is
a minor of a graph T' x K} for some tree T. Recall that for two graphs G and H their
product G x H is the graph with vertex set V(G) x V(H) and the following edge set: a
vertex (ag, by) is connected to (as, by) if and only if a1 = as and b1by € E(H) or by = by
and ajas € E(G). By definition [a is minor monotone.

Theorem 13. frustdim(G) < la(G).

Proof. Assume that la(G) = k for some integer. So G is a minor of K}, x T for some tree
T and Proposition 5 implies that

frustdim(G) < frustdim(K x T).

Hence it suffices to show that frustdim(K} x T) < k. This is achieved by providing a tree
decomposition of K x T of width k& which satisfies property 2 of Theorem 7.

The graph K} x T'is a clique sum of several copies K} x K5 each copy corresponding
to an edge ab of T" and copies of incident edges ab and bc intersect in the k-clique corre-
sponding to vertex b of T'. So it suffices to give a tree decomposition (D, V) of Kj X K.
We write V(Kj x K3) ={1,...,k} x {a,b} and define V = {V;: 1 < i < k} with

Vi={(rb): 1 <r<itU{(s,a):i<s<k}

and D as the path 1 —2 —--- — k. Clearly the union of the bags is V' and every edge has
both endpoints in some bag. Moreover, if ¢ < [ < j we have

VvinV; ={(1,b),...,(i,b),(j5,a),...,(k,a)} TV,

so (D, V) is indeed a tree decomposition. Its width is k& because every bag has size k + 1.
Additionally, the condition of part 2 of Theorem 7 is satisfied because every bag V; has a
pair of vertices, namely {(i,a), (¢,b)}, such that {(i,a), (i,b)} is not a subset of any other
bag V;,j # . Building these bags for every edge ab of T" we obtain a tree decomposition
of K; x T with the same properties. O
4 Semidefinite formulation and duality

For matrices A, B of the same dimensions we write

<A, B> = ZA”B” = TI"(BTA)
4]

Recall the following facts about a positive semidefinite matrices:
(A-0&VB=0: (A,B)>0) and (VA,B>=0: (A,B)=0< AB =0). (3)
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The embedding problem (1) is equivalent to the semidefinite program

2 —(E5,X)>0 (ij € E),

177

maximize (S, X) s.t. { (4)
X =0,

where S = diag(s;, i € V') because if X is feasible (resp., optimal) for (4) and X =YY
is a Gram-decomposition of X then Y is feasible (resp., optimal) for (1) and vice versa.

We introduce Lagrange-multipliers (w;;: ij € E) and lift the constraints to the objec-
tive to obtain the Lagrange dual of (4) by interchanging sup and inf.

supinfz:ww(l2 (BE7, X))+ (S, X) \mfsule Wi — ZwijEfj—S,X>. (5)

X020 o w20 X0 ijEE
The first line is equivalent to (4) because the inner inf is > —oo if and only if the linear
constraints of (4) are satisfied. In that case the inner inf equals (S, X'). With the notation
L(G,0,w) = >, cpwi;jEY; and a similar argument the second line is equivalent to the
Lagrange dual program

L e
P(G,0,s,0): minimise Zl w;; st {w(G;U(;IéfZ? 66;2)_ 0, ©
ij = .

ijeR
because the inner sup is < oo if and only if the semidefinite constraint of (6) holds.
The < in (5) is the inf-sup inequality or weak duality. Regarding strong duality (i.e.,
equality) we have

Proposition 14 (Karush-Kuhn-Tucker (KKT) Conditions). Assume that the parame-
ter vectors s and l in P(G,o0,s,l) and Emb(G,0,s,l) (resp., (4)) are strictly positive
and o is unbalanced. Then both problems are solvable and their objective values co-
incide. Furthermore, feasible solutions Y = (y;,i € V) € R™V of Emb(G,a,s,1) and
w = (w;j,ij € E) € R¥ of P(G,0,s,1) are optimal if and only if

(S — L(G,o,w)) YT =0, (7)
wij(|lys — oiysl|> = 13) = 0 (ij € E) (8)

hold. In coordinates, (7) reads

(32' -y wij) vit > wiyoyy; =0. (9)

j:rijer jrijer

Proof. We have already seen in Lemma 2 that (1) has optimal solutions and hence (4)
attains its optimal value. Furthermore, because all of the edge-length-parameters are
positive, we can find a strictly feasible point of (4), i.e., a positive definite matrix X > 0
which satisfies the linear inequalities with inequality: just take a diagonal matrix with
sufficiently small positive entries on the diagonal. Therefore, by a central result in convex
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optimisation [6] strong duality holds, i.e., P(G, 0, s,1) and (4) have the same optimal values
and additionally P(G, o, s, 1) attains its optimal value. The following Karush-Kuhn-Tucker
(KKT) conditions are necessary and sufficient for optimality. The KKT conditions are
primal and dual feasibility together with the following complementarity conditions

<Z wi; B — S,X> =0, (10)

ijEE

wi; (5, = (B3, X)) =0 (ij € E). (11)
Using (3) the first equation becomes
(S—L(G,o,w)) X =0

and substituting X by a Gram-decomposition X =Y 'Y with Y = (y;,i € V) yields (7)
and (9). The same substitution in (11) leads to (8). O

If we drop the assumption of positive edge lengths then P(G, 0, s, ) does not necessarily
have a solution:
Example of an unsolvable P(G, o, s,1) : Consider the complete graph G = K3 with
the vertex weights s; = 1 (i = 1,2,3), edge lengths l;5 = 1 and ly3 = l;3 = 0 and
the edge signature o195 = —1 and o093 = 013 = 1. From the edge length constraints
of Emb(G, 0, s,1) for edges 13 and 23 it follows that every feasible embedding satisfies
y1 = y2 = y3. Consequently, (4) is not strictly feasible because it has no positive definite
feasible solutions. The constraint for 12 yields [jv;| < % and hence the optimal value
of Emb(G, 0,s,1) is 3. On the other hand, P(G, o, s,1) is strictly feasible and therefore

strong duality holds.4If P(G, o, s,1) had an optimal solution it would follow that wqy = %
because the objective function of P(G, g, s, 1) is simply w;5. We show that the semidefinite
constraint of P(G, 0, s,1) is not satisfied whenever wy = %. Observe that by symmetry
and convexity there is an optimal solution to P(G, o, s,1) in which w3 = wy3 = b for some
b > 0 because if w = (wq2, wog,w3) is optimal then so is w' = (w2, w13, wo3) and thus

(w+w')/2. With w = (3/4,b,b) we have

b—1/4 3/4 —b
A:=L(G,o,w)— S = 3/4 b—1/4 —b
—b —b 2b—1

whose determinant is (1 — b)/2 and thus necessarily b < 1. On the other hand, with z =
(0,1,1)" we have 2" Az = b — 5/4 and thus necessarily b > 5/4 > 1, a contradiction. [

Theorem 15. Consider optimal solutions w of P(G,0,s,1) and Y = (y;,i € V) of
Emb(G, o, s,l). Fori eV define b; as

jujerE
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and b = (b;,1 € V). Define further z = (||y;||*,7 € V). Then z satisfies the linear system
of equations
(28 — L(G,1g,w))z = b.

In particular, if 2S5 — L(G, 15, w) is invertible then the norms of the embedding points are
uniquely determined by w.

Proof. Consider the dual constraint corresponding to an edge 75 with w;; > 0. By the
KKT-conditions it is satisfied with equality,

15 = llyi — oy 1.
Expand the right side to obtain

Ly = Nwall® + Il lI* = 2(ws, 03505)-
Fix i € V, multiply the previous equation by w;; and sum over all neighbours j of ¢ to get

S will = > wilul®+ D willyll? =20, > oiwiyg). (12)
j: ijeE j: ijeE j: ijeE j: ijeE
Observe that by the KKT conditions
( Z Wi _5i> Yi = Z Wij0ijY;-

j:ijeE jijek

Substitute this into (12) to get the assertion

> wyly =2silluill> = D willwl®+ D willysll*. (13)
UJ

jiijeEE jiijeE jiijeRE
5 Frustration dimension of complete graphs and k-trees

The use of Theorem 15 is in finding parameter vectors s, [ and o which force a large
frustdim(G, o, s,1) :
1. Choose w, o and s such that L(G, o,w)—S »= 0 and rank(L(G, o, w) —5) is as small

as possible.

2. Choose a matrix Y = (y;,7 € V) (y; column vectors) whose rows contain a basis of

ker(L(G,o,w) — S).
3. For ij € E compute l;; = |ly; — 0:;y;]-

With these choices of s and [ we have that w and Y are optimal solutions to P(G, o, s,1)
and Emb(G, o, s, 1), respectively, because by construction they are feasible and satisfy the
KKT system. The rank of Y is clearly an upper bound for frustdim. Theorem 15 may
now help provide a lower bound.
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Theorem 16. The frustration dimension of a graph G on n > 3 vertices is n — 1 if and
only if G is complete.

Proof. We assume that V(K,,) = {1,...,n}. We first show that frustdim(K,) =n — 1.
We have frustdim(K,) < n — 1 by Theorem 12. We follow the procedure outlined above.

1. Choose L(G,o,w) — S as the all ones matrix. This means that o = —1, w = 1 and
s=n-—2.

2. Choose Y as
—1
: In—l
—1
Clearly, rank(Y) =n — 1 and (L(G,0,w) — S)Y T = 0.

3. Compute l%j =|ly1 +yl|> =n -2, l?j = |lyi +y;l?=2"fori,j=2,...,n.
4. The matrix L(G,1,w) used in Theorem 15 is in this case the ordinary (unsigned,
unweighted) Laplacian L(K,) with columns

(-1,...,—1,n—1,-1,...,—1)T

(in column ¢ the n — 1 is in the i-th position). Its eigenvalues are 0 (simple) and n
(n — 1-fold). Therefore, if n # 4, we have that 25 — L(G,1,w) = (2n—4)I — L(K,)
is invertible. Now by Theorem 15 we know that if Y’ is another optimal solution
to Emb(G, 0,s,1) we must have that ||yi|| = ||y for i = 1,...,n. By the KKT
conditions Y’ must fulfill all constraints with equality and so the scalar products

B — lyill* — ll;11*

(Wi, ;) =

20'1'3'
and hence the Gram matrix are also uniquely determined, namely as

n—1/-1 - -1
—1

YYY =YYy =
: ]n—l
—1
which obviously has rank n — 1. Consequently, frustdim(K,) =n — 1 if n # 4.

For n = 4 the above argument does not work. Indeed, a one-dimensional optimal embed-
ding for Emb(Ky,0 = —1,s = 2,1 = 2) is given by

3v/2 V2

TG = ——F7, L2=T3 =T4 =

2 2
and hence frustdim(Ky,0 = —1,s =2,1=2) = 1.
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The above procedure works however if we choose

4 2 2 2
2 111
L(G,o,w)— S = 5 1 1 1
2 1 11
i.e., for the parameter set with vertex weights s; = 2, s = s3 = s4 = 3, 0 = —1, edge

weights

For these weights L(G, 0, w) — S has rank one. A basis of the kernel is in the rows of

-1/2 1 0 0
Y=|-1/2 0 1 0
—-1/2 0 0 1
The columns yield the edge lengths
3 .
lfj =1 and l?j =2,14,5 €{2,3,4}.
The matrix
-2 2 2 2
2 211
2S5 — L(G,1,w) = 5 1 9 1
211 2

is invertible and we can argue as above that the Gram matrix of any optimal solution is

3/4 —1/2 —1/2 —1/2
~1/2 1 0 0
~1/2 0 1 0
~1/2 0 0 1

Y'Y =

We get that frustdim(Ky) = 3.
Any non-complete graph has an independence number of at least 2 and therefore a
frustration dimension of at most n — 2. O

Corollary 17. The frustration dimension of the complete bipartite graph K,, ,, withm < n
5 m.

Proof. Because K,,, has a K,,;; minor we have frustdim(K,,,) > m. And because
a(Kp,,) = n we have frustdim(£K,, ) < m because of Theorem 12. O

Corollary 18. If T is a tree with at least two vertices then the frustration dimension of
Kk x T is k.

Proof. We have already seen in the proof of Theorem 13 that frustdim(Kj; x T) < k.
Because T has at least one edge Kj x T" has a K1 minor and thus equality holds. [
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Corollary 19. The frustration dimension of a graph G is at most one if and only if it is
a forest (equivalently, does not have a K3 minor).

Proof. Forests have frustration dimension at most 1 by definition. If G is not a for-
est then it contains a cycle and therefore a K3 minor. It follows that frustdim(G) >
frustdim(K3) =2 > 1. O

Definition 20. 1. Let £ > 0. A graph G is called a k-tree if there is a finite sequence
Go,...,G, (r = 0) of graphs with Gy = Ky,1, G, = G and G,y is obtained by
connecting a new vertex to a k-clique in G;. Equivalently, G is obtained by pasting
Kj1's along Kj's.

2. Any graph obtained by deleting edges from a k-tree is a called a partial k-tree.

3. For k > 2 the k-tree TP, on k + 4 vertices resulting from connecting three distinct
vertices to three pairwise distinct k-cliques of a Ky is called a k-tripod. More
precisely,

V(TP) ={1,... . k+1,k+2k+3,k+4}
E(TP,) ={ij: 1<i<j<k+1} .
U{i(k+1+7):1<i<k+1,1<j<3,i#5}

Lemma 21. The building process of a k-tree yields a tree decomposition (T,V) in which
the family of bags V is the family of k + 1-cliques of G.

Proof. Induction on the number of vertices of G. If G is a k+ 1 clique take V = {V'} with
an empty edge set. Otherwise remove a degree-k-vertex u from G. By induction G — u
has tree-decomposition as desired. Extend it to one of G with an additional bag V,, which
is simply the k + 1-clique of G which contains u. The bag V,, is added to the vertices of T'
and is connected to some bag V; in T' that contains the k-clique to which u is connected
in G. m

Observe that this tree decomposition of TP, fails the assumption of the second part of
Theorem 7. Indeed we have

Lemma 22. The frustration dimension of TPy is k + 1.

Proof. The vertices k + 2, k + 3 and k + 4 form an independent set and therefore

frustdim(T'F;) < k + 1. We show that equality holds. We build a candidate W =
L(TPy,0,w) — S of rank 3 by performing simultaneous row and column operations start-

THE ELECTRONIC JOURNAL OF COMBINATORICS 33(3) (2026), #P3.57 18



ing from a diagonal matrix with diagonal entries (0,...,0,1,1,1) and get

2 1 1|2 210 1 1
1 2 112 211 01
11 22 21110
2 2 2|3 311 11
W=1:: | AR (14)
2 2 2|3 311 11
01 1]1 111 0 0
1 0 1|1 110 1 0
01 0|1 110 0 1
By construction M is positive semi-definite and ¢ = —1. The diagonal of the weighted

Laplacian with the off-diagonal elements of W is
(2k, 2k, 2k, 3k + 3,...,3k + 3,k, k, k)
and thus the vector of vertex weights is
s=(2k—2,2k—2,2k—2,3k,...,3kk—1,k—1,k—1).
For the matrix 25 — L(T Pk, 1, w) we have
28 — L(TP,1,w) = L(TPy,0,w) =S+ C =W+ C
where C' is the diagonal matrix with diagonal
(k—3)-(2,2,2,3,...,3,1,1,1).

So for k > 4 the matrix 25 — L(T'P;, 1,w) is indeed invertible because it is positive
definite. If & = 2 one checks that the determinant is -4. Assume for now that k£ # 3. A
basis of its kernel is in the rows of

1 0 00 0L 0 -1 -1

01 010 0|l—-1 0 -1

00 1|0 --- 0l—-1 =1 O
v_| 0001 0 0[—1 -1 -1

) 0 .

R 0] : :

oo0oo0/0 - 0 1|{-1 -1 -1

This leads to the choice I, =2 for i,j € {1,...,k + 1} and I}, = k — 1 on the remaining
edges. By Theorem 15 the norms of the embedding points of any optimal embedding
Z = (z1,...,2K44) for the given parameters s,l are uniquely determined because 25 —
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L(T Py, 1g(rp,), w) is invertible. Therefore ||z||* = ||y;||* for ¢ € V. Because w;; > 0 for

i,7 €{1l,...,k+ 1} and the KKT conditions we have that

I

2 =15 = lla+ zl* =zl + Izl + 202, 25) = 2+ 22, 25)-

In particular, the Gram matrix of the first k£ 4+ 1 vertices is the (k + 1) x (k + 1) identity
matrix. Therefore, rank(Z) > k + 1. This proves that frustdim(W,o,s,l) > k + 1 and
thus frustdim(7'Py) = k + 1 for k # 3.

In the case k = 3 we replace W by W/ = TWT where T is the diagonal matrix with
diagonal (2,1,1,1,1,1,1). In this case we obtain vertex weights s = (4,5,5,8,2,3,3) and
the matrix 25 — L(T'Ps, 1g(rp,), w') turns out to have determinant -240. A basis of the
kernel of W' is in the rows of

10 0(0] 0 -2 =2
v 01 0[0]—-1 0 -1
00 1|0]-1 =1 O
000[1]-1 -1 —1
and we argue as above. O

Theorem 23. Let G be a k-tree. Then frustdim(G) € {k,k+1} and frustdim(G) = k+1
if and only if G contains a k-tripod.

Proof. Because of Theorem 16 we have frustdim(G) > k and from part 1 of Theorem 7 we
have frustdim(G) < k + 1 thanks to the tree decomposition of Lemma 21. The k-tripod
has by Proposition 22 frustration dimension k + 1 and hence this is true for a k-tree with
a tripod subgraph. It remains to show that for a k-tree G without a k-tripod subgraph
the problem Emb(G, o, s,1) admits an optimal solution of rank k. This follows from part
two of Theorem 7. Consider a bag V; of the tree decomposition of Lemma 21. It contains
at most two distinct k-cliques C and C5 along which other k& + 1-cliques are connected
(otherwise there was a k-tripod). Then the set {v,w} =V, \ C; N Cy is not contained in
any other bag and part 2 of the Theorem applies. O

6 Graphs of frustration dimension at most 2

This section is devoted to the proof of the following theorem.

Theorem 24. Denote by Fi, = {G: frustdim(G) < k} the class of graphs of frustration
dimension at most k. Then the following hold.

1. For k €{0,1} : G € F, if and only if G has no Kyo minor.
2. G € Fy if and only if G has no minor in the set { K4, TP,}.

The Graph Minor Theorem guarantees the existence of a set of forbidden minors charac-
terizing Fj, and the assertions under 1 hold by Observation 4 and Corollary 19.
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We have seen already that K, is a minimal graph of frustration dimension 3 because
each of its subgraphs and minors has a frustration dimension less than 3. So Ky is a
minimal forbidden minor for the class 7, = {G: frustdim(G) < 2}. Furthermore, we
have seen in Theorem 23 that the 2-tripod TP, ' with

V(TP) ={1,...,6}, E(TP)={12,23,13,15,16,24, 26, 34, 35}
(see Figure 2) is a forbidden minor for F5, as well. Indeed it is a minimal forbidden minor:

Lemma 25. FEvery subgraph and every minor of TP, has frustration dimension strictly
less than 3.

5 3 4

Figure 2: The graph T'P,

Proof. We show that the removal (resp., contraction), of any single edge leads to a smaller
frustration dimension. First observe that up to isomorphism there are only two different
edges to consider, namely 12 and 16.

In the graph TP, — 12 we can add the edge 36 and thus obtain a 2-tree A without
a T P,-subgraph. Similarly, in T'P, — 16 we add an edge 46 to obtain another 2-tree B
without a T'P, subgraph.

In the graph T'P,/12 we add the edge 56 and obtain a 2-tree C, the graph T'P,/16 is
indeed a 2-tree isomorphic to C' and clearly has no T'P, subgraph.

From Theorem 23 we know that A, B and C can have frustration dimension at most 2
and consequently this is true for both subgraphs and both minors under consideration. [

Theorem 24 follows from Theorem 13 (frustdim(G) < la(G)) and the following char-
acterization of the graphs with la(G) at most two:

Theorem 26 ([7]). For a graph G the following are equivalent.
1. la(G) < 2.
2. v(G) < 2.
3. G has no minors in {Ky, TP»}.

Iwhich goes under various names in the literature, the k-tripods are yet another family it belongs to
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7 Proof of the Rotation Lemma

This section provides the postponed proof of the rotation lemma.

Lemma 27 (Rotation Lemma). Let V. W some subspaces of a Fuclidean vectorspace E
with dim W < dimV and let v € V and w € W. Then there is an orthogonal transfor-
mation Q of E satisfying

1. QW CV,
2. Qx =x for everyx e VNW,
3. [|Quw — o] < flw—wvl|.

Proof. We construct two orthonormal bases of F and define () by the mapping taking the
one to the other. Denote by U = VNW, A= (U+NV)and B = (U-NW). Then we
can write E as orthogonal sums, namely and

E=U+A+V*+

and
E=U+B+WH.

Accordingly define two orthonormal bases (ONBs) of E

By = (t1,..., Uk, Q1. ..y Qp, U1, .., Uy)
withw; e Uyt=1,...,k,a;, € A,i=1,...,p and

By = (uq, ..., Uk, b1, ... bs,wr, ..., wy)

with b; € B,7 = 1,...,s. An orthogonal transformation ) which satisfies 1 and 2 is
obtained if we define

Qui:ui,izl,...,k, ( )

ij:aj7j:]-7"'7s7 ( )

ka:as+k7 kzl?"'7p_87 (17>

Q’LUp_S_HZUl, lzl,...,q. ( )

In order to make () satisfy 3, as well, we first observe that vectors v € V,w € W decompose

as v = U, + a, and w = u,, + b, with u,,u,, € U, a, € A and b,, € B. If both a, and b,
are non-zero we can choose the ONBs of A (resp., B) such that

y by

= and b; = .
lla| [[bw ||

a1
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Then we have
1Qw — v|* = [|Qua — uol” + [|Qbw — au)?

b
oty — o ? + 2l 2
ool
2
— Yt — ol + Bl = llaull

< e — uvH2 + [[bw — asz

= [Jw — vl

and @ also satisfies 3. If a, = 0 or b, = 0 it is easy to see that @ as defined in (15)
satisfies 3 with equality. O]

8 Conclusion

We have discovered a new minor monotone graph invariant and established connections to
other minor monotone graph invariants, most strikingly Colin de Verdiere’s v-invariant.
It would be interesting to study the general relation between v and frustdim. In [10] the
characterization of graphs G with v(G) < 3 is given and it is furthermore shown that v is
large if and only if the tree width is large. Both questions can be asked for frustdim, as
well. We point out that the results in [10] are derived for multigraphs in which multiple
edges are allowed but loops are not. This leads to a slightly different forbidden minor
characterization of graphs with v < 2 than the one given in [7] for simple graphs. Such a
multigraph version of frustdim should also be considered. Perhaps the results of [10] can
be utilized to establish a characterization of graphs with frustdim < 3.
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