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Abstract

We study the b-biased Oriented-cycle game where two players, OMaker and
OBreaker, take turns directing the edges of Kn (the complete graph on n vertices).
In each round, OMaker directs one previously undirected edge followed by OBreaker
directing between one and b previously undirected edges. The game ends once all
edges have been directed, and OMaker wins if and only if the resulting tournament
contains a directed cycle. Bollobás and Szabó asked the following question: what
is the largest value of the bias b for which OMaker has a winning strategy? Ben-
Eliezer, Krivelevich and Sudakov proved that OMaker has a winning strategy for
b ⩽ n/2 − 2. In the other direction, Clemens and Liebenau proved that OBreaker
has a winning strategy for b ⩾ 5n/6 + 2. Inspired by their approach, we propose
a significantly stronger strategy for OBreaker which we prove to be winning for
b ⩾ 0.7841n+O(1).

Mathematics Subject Classifications: 05C20, 05C57

1 Introduction

Orientation games are played on the board E(Kn) by two players, OMaker and OBreaker,
who take turns directing previously undirected edges until all edges have been directed.
The resulting directed graph is called a tournament. OMaker wins if and only if the
resulting tournament has some prespecified property P . For example, for a given directed
graph H, the oriented H-game is defined by the property PH of containing a copy of H.

As orientation games often favour OMaker, we usually study biased orientation games.
In (a : b) biased orientation games played under monotone rules, OMaker directs between
1 and a undirected edges on each of their turns, and OBreaker directs between 1 and b
undirected edges on each of their turns. This is in contrast to strict rules where OMaker
directs exactly a undirected edges on each of their turns and OBreaker directs exactly
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b edges on each of their turns. If there are fewer than the specified number of edges
available, then the player directs all remaining edges.

Observe that (a : b) biased orientation games are closely related to (a : b) biased
Maker–Breaker games played on the edge set of the complete graph Kn. In the latter,
the players instead claim edges, and Maker wins if the subgraph formed by their edges
satisfies some pre-defined property P . Maker–Breaker games played on Kn often have
a corresponding orientation game variant. For instance, the Maker–Breaker H-game is
analogous to the aforementioned oriented H-game. A significant amount of literature has
been devoted to Maker–Breaker games [2, 3, 4, 5, 9, 11].

Despite their similarities, orientation games are not Maker–Breaker games: if a player
directs the edge {u, v} to form the arc (u, v), then this also makes the arc (v, u) unavailable.
Also, in Maker–Breaker games, claiming more edges can only help a player whereas in
orientation games, the edges directed by a player may be exploited by the other player. As
such, while Maker–Breaker games typically assume strict rules, we often study orientation
games played under monotone rules.

Finally, it may also be noted that both orientation games and Maker–Breaker games
belong to the same larger family of unordered CNF games as introduced by Ahlroth and
Orponen [1], and later studied by Rahman and Watson [12, 13, 14]. Unordered CNF
games, which are the unordered version of QBF, are played on a CNF formula by two
players: Satisfier and Falsifier. Here, the two players take turns assigning truth values
to variables of their choice, with Satisfier aiming to make the final formula evaluate to
True and Falsifier aiming to make the final formula evaluate to False. Maker–Breaker
games can be viewed as unordered CNF games played on monotone formulas, with Maker
assuming the role of Falsifier and Breaker assuming the role of Satisfier. Here, if the
clauses correspond to Maker’s winning sets, then Breaker seeks to satisfy every clause
by claiming at least one element from each winning set, while Maker tries to falsify the
formula by claiming all elements in some winning set. Orientation games can also be
formulated as unordered CNF games, by associating variables with unordered pairs of
vertices and truth values with orientations. In this context, clauses express that the
desired structural property does not hold. For instance, for the oriented H-game, each
potential copy of H induces a clause expressing that the copy is blocked (that is, at least
one of its edges is oriented incorrectly from OMaker’s perspective). Similar to Maker–
Breaker games, OMaker assumes the role of Falsifier while OBreaker assumes the role of
Satisfier.

Of particular interest are (1 : b) biased orientation games, called b-biased orientation
games. Here, OMaker directs one undirected edge on each of their turns. On the other
hand, OBreaker directs between 1 and b undirected edges on their turn. Observe that
increasing b can only benefit OBreaker as they can opt to direct fewer than b edges
per round. That is, these games are bias monotone. Therefore, for each Kn and non-
degenerate property P , there exists some threshold bias t(n,P) for which OMaker wins if
and only if b ⩽ t(n,P). It is not clear whether strict b-biased orientation games are bias
monotone. Thus, we denote by t+(n,P) the maximum value of b for which OMaker wins
the strict b-biased orientation game. It is clear that t(n, C) ⩽ t+(n, C) but not much else
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is known in general about the relationship between the two quantities.
We study the Oriented-cycle game which is an orientation game defined by the prop-

erty C of containing a directed cycle. The strict b-biased Oriented-cycle game was intro-
duced by Alon and later studied by Bollobás and Szabó [8]. The strict and monotone
variants of the b-biased Oriented-cycle game have since been studied in various other
works [6, 7, 10]. We briefly describe some known results.

Regarding the lower bound of the threshold bias, Alon showed that t+(n, C) ⩾ ⌊n/4⌋
(unpublished but mentioned in [8]). Bollobás and Szabó [8] were able to refine Alon’s
argument to obtain t+(n, C) ⩾

⌊
(2−

√
3)n
⌋
. Ben-Eliezer, Krivelevich and Sudakov [7]

proved that OMaker wins for b ⩽ n/2 − 2 (under both monotone and strict rules) via
a relatively simple strategy: close a directed cycle if possible and otherwise, extend the
longest directed path. This remains the best known strategy for OMaker at the time of
writing. Hence, we know that t(n, C) ⩾ n/2− 2.

In the other direction, it is easily observed that OBreaker wins trivially for b ⩾ n− 2.
Under monotone rules, the trivial strategy for OBreaker goes as follows: whenever OMaker
directs some arc (u, v), OBreaker directs all available arcs of the form (u,w) for w ∈ V .
The trivial strategy for OBreaker in the strict game is described in [10] and we omit it
here. Bollobás and Szabó [8] conjectured that OBreaker in fact only wins for b ⩾ n − 2
so that t+(n, C) = n− 3. This conjecture was refuted by Clemens and Liebenau [10] who
showed that t+(n, C) ⩽ 19n/20− 1 for large enough n. Regarding the monotone game, it
was also shown in [10] that OBreaker has a winning strategy for b ⩾ 5n/6 + 2. Thus, it
was established that t(n, C) ⩽ 5n/6 + 1.

In this paper, we focus on the b-biased Oriented-cycle game played under monotone
rules. We describe how the strategy in [10] for OBreaker in the monotone game can be
significantly improved to allow OBreaker to ensure that the resulting tournament remains
acyclic for notably smaller values of the bias. Concretely, we prove that OBreaker wins
for b ⩾ 0.7841n + O(1) which implies the main theorem of this paper.

Theorem 1.1. t(n, C) ⩽ 0.7841n + O(1).

In fact, we conjecture that t(n, C) ⩾ 3n/4−O(1) and that this upper bound on t(n, C)
is somewhat close to optimal. We say more about this in the concluding remarks.

The remainder of the paper is structured as follows. After we introduce some general
notation and terminology, we outline the main elements of the strategy for OBreaker in
[10] and describe how it can be improved. We then formally define the directed graph
structures which we utilise in our strategy and describe their key properties. Follow-
ing this, we carefully define several functions and quantities which we use to describe a
stronger strategy for OBreaker. Finally, we prove several technical results, which allow
us to quantitatively bound the values of the bias for which the new strategy is winning.

1.1 General Notation and Terminology

We adopt the notation and terminology in [10]. A directed graph (digraph) is a pair
D = (V,E) consisting of a vertex set V = {1, 2, . . . , n} and an arc set E ⊆ V × V .
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Note that we often identify a digraph D with its arc set E. The elements of V are called
vertices and the elements of D are called arcs or directed edges. Each arc is an ordered
pair of the form (v, w) and its underlying set {v, w} is called an edge. A loop is an arc
of the form (v, v). For an arc (v, w), we call (w, v) its reverse arc. We define a simple
digraph as a digraph without loops or pairs of arcs which are the reverse of each other.
In this paper, we only consider simple digraphs. Let L = {(v, v) : v ∈ V } denote the set

of loops and let
←−
D := {(w, v) : (v, w) ∈ D} denote the set of all reverse arcs. We write

A(D) := (V × V ) \ (D ∪
←−
D ∪ L) to denote the set of all available arcs.

For an arc e ∈ D, we write e+ for its tail and e− for its head so that e = (e+, e−). We
write D+ := {e+ : e ∈ E} for the set of all tails and D− := {e− : e ∈ E} for the set of
all heads. We say that S = (VS, ES) is a subdigraph of D if VS ⊆ V and ES ⊆ E. For
a subset A ⊆ V , we write D[A] := D ∩ (A × A) to denote the directed subdigraph of D
consisting of arcs spanned by A.

A digraph D = (V,E) where V = {v0, v1, . . . , vk} (where the vi are all distinct)
is a directed path if E = {(v0, v1), (v1, v2), . . . , (vk−1, vk)} and a directed cycle if E =
{(v0, v1), . . . , (vk−1, vk)}∪{(vk, v0)}. A digraph is acyclic if it does not contain any directed
cycles as a subdigraph. For two disjoint sets A,B ⊆ V , we call the pair (A,B) a uniformly
directed biclique (or UDB for short) if for all v ∈ A,w ∈ B, we have that (v, w) ∈ D.

An orientation of an undirected graph is an assignment of a direction to each edge to
produce a directed graph. A tournament T is an orientation of the complete graph Kn.
In our study of the Oriented-cycle game, two players take turns directing the edges of Kn

until a tournament T is obtained. Let D denote the directed graph on n vertices formed
by the arcs directed so far by the two players. We say that a player directs the edge (v, w)
if they direct the pair {v, w} from v to w. This adds (v, w) to D and prevents (w, v) from
being added to D. For convenience, we define D + e := D ∪ {e}.

2 Safe Digraphs

We outline the key elements of the strategy for OBreaker proposed in [10] to motivate
our approach. Their strategy relies on two types of digraph structures: UDBs and α-
structures. We define α-structures formally below but describe their key properties now.
An α-structure cannot be made cyclic with the addition of a single arc. Given an α-
structure H and an available arc e ∈ A(H), there exists a set of available arcs F for
which (H + e) ∪ F is also an α-structure. The rank of an α-structure provides an upper
bound on the number of additional arcs required to create the new α-structure.

At a high level, OBreaker maintains that the digraph D contains a UDB (A,B) where
both D[V \B] and D[V \A] are α-structures such that each arc in D starts in A or ends
in B. Let us call a digraph having these properties a safe digraph; we provide a formal
definition later and refer the reader to Figure 4 for an illustration. By maintaining that
D is safe, any new edge OMaker directs must lie entirely within V \A or V \B. However,
since OBreaker maintains that D[V \B] and D[V \A] are α-structures, OMaker can never
close a cycle on their turn. As we will see shortly, the number of edges OBreaker must
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direct to recover the safety of the digraph depends on the sizes of A and B, and the ranks
of the α-structures D[V \B] and D[V \ A].

The strategy for OBreaker in [10] consists of three stages. In all three stages, OBreaker
maintains that the digraph is safe. Let (A,B) denote the UDB maintained by OBreaker
which witnesses that the digraph D is safe. Let k denote the rank of the α-structure
D[V \B] and ℓ denote the rank of the α-structure D[V \ A]. We denote

s := min(|A| − k, |B| − ℓ).

In the first stage of their strategy, OBreaker increases s by 1 in each round. It can be
shown that for b ⩾ 5n/6 + 2, OBreaker can increase s until s ⩾ n − b. Once this is
achieved, OBreaker moves onto the second stage. Here, OBreaker keeps the value of s
fixed and only maintains that the digraph is safe. It can be shown that the number of
edges OBreaker must direct to re-establish that the digraph is safe after OMaker’s move
is at most max(|B|+ k, |A|+ ℓ). However, since s ⩾ n− b, we have that

max(|B|+ k, |A|+ ℓ) ⩽ n−min(|A| − k, |B| − ℓ) = n− s ⩽ b.

During the second stage, at least one vertex is added to either A or B in each round.
Once A ∪ B = V , the third stage starts. By this point, OBreaker will have effectively
divided the board into two sets A and B each of size at most b. OBreaker can then easily
ensure that both of these smaller digraphs remain acyclic.

To improve upon the result in [10], we have the following key insight: if OBreaker can
increase s at a faster rate during the first stage, then OBreaker can achieve s ⩾ n− b for
smaller values of b. Furthermore, as long as s ⩾ n− b is achieved while maintaining that
the digraph is safe, OBreaker can always go on to complete the remaining stages of the
strategy to win the game. Thus, we seek to determine the largest value of s that can be
achieved for a given value of the bias b.

Having motivated our approach, we now dive into the technical details. We first
present the formal definition of α-structures as defined in [10].

Definition 2.1. Let V be a set of vertices, r be a non-negative integer and D be a simple
digraph with vertex set V . Then D is called an α-structure of rank r if there exist
k ⩽ r arcs e1, . . . , ek ∈ D such that for all u, v ∈ V , we have

(u, v) ∈ D if and only if (u, v) = (e+i , e
−
j ) for some 1 ⩽ i ⩽ j ⩽ k.

The arcs e1, . . . , ek are called decisive arcs of the α-structure on D.

The prime example of an α-structure is a transitive tournament, where the edges of
the longest directed path form the decisive arcs (in order). A different example is given
on the right in Figure 1, and we invite the reader to verify that both examples satisfy
Theorem 2.1.
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e1 e2 e3 e4

e1 e2

e3 e4

Figure 1: Two α-structures of rank 4 that are not of rank 3. The thick arcs represent the
decisive arcs.

We now summarise the intuition behind α-structures discussed in [10]. Recall that
OMaker’s best known strategy involves building a long directed path [7]. Let P =
(e1, . . . , ek) be a directed path in D with arcs ei = (vi, vi+1) for 1 ⩽ i ⩽ k. Suppose
OMaker directs an edge (vk+1, w) for some w ∈ V . Then all pairs {w, vi} for 1 ⩽ i ⩽ k
represent immediate threats as the inclusion of any (w, vi) would close a directed cycle.
Thus, OBreaker on their turn needs to ensure that all edges (vi, w) are directed. Thus, in
each round while OMaker can extend the directed path, the number of immediate threats
OBreaker has to close immediately also increases by one.

v1 v2 v3 v4 v5 vk vk+1

Figure 2: The thick arcs represent the directed path created by OMaker whereas the thin
arcs represent the immediate threats closed by OBreaker.

However, it is not sufficient for OBreaker to only close immediate threats. Sup-
pose that OMaker builds two vertex-disjoint directed paths P1 = (v1, . . . , vk+1) and
P2 = (w1, . . . , wℓ+1) of lengths k and ℓ respectively such that kℓ > b. If OMaker di-
rects (vk+1, w1), this creates kℓ > b immediate threats which cannot all be closed by
OBreaker on their next turn. The α-structure prevents such a situation from happening.
Furthermore, it demonstrates that building a long directed path is the best strategy for
OMaker in the sense that no matter how they play, in round k, OBreaker can direct at
most k edges to close immediate threats.

A useful property of α-structures proved in [10] is that an induced subdigraph of an
α-structure is still an α-structure.

Proposition 2.2 (Lemma 2.3 in [10]). Let D be an α-structure of rank r on a vertex set
V . Then for any subset V ′ ⊆ V , we have that D[V ′] is an α-structure of rank r.
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As previously mentioned, one key property of α-structures is that they cannot be made
cyclic with the addition of a single arc.

Proposition 2.3 (Proposition 2.5 in [10]). If D is an α-structure, then for every available
e ∈ A(D) we have that D + e is acyclic.

The following result provides an upper bound on the number of arcs required to form
a new α-structure when an additional arc is added to an existing α-structure.

Proposition 2.4 (Lemma 2.7 in [10]). Let D be an α-structure of rank r on a vertex set
V , and let e ∈ A(D) be an available arc. Then there exists a set {f1, . . . , ft} ⊆ A(D+e) of
at most min{r, |V | − 2} available arcs such that D′ = D∪{e, f1, . . . , ft} is an α-structure
of rank r + 1. Moreover, D′+ = D+ ∪ {e+} and D′− = D− ∪ {e−}.

e1 e2 e3 e4 e = e5

e1 e2

e3 e4 e = e5

Figure 3: OBreaker directs at most 4 arcs (dashed) to incorporate OMaker’s arc e into
an α-structure of rank 4 to create an α-structure of rank 5.

Next, we formally define what a safe digraph is. Our definition of a safe digraph is
original and seeks to capture the digraph invariants preserved by OBreaker in the strategy
in [10].

Definition 2.5. For a digraph D and i, s, δ ∈ Z⩾0, we say that D is (i, s, δ)-safe if there
exist A,B ⊆ V such that

(i) (A,B) is a UDB,

(ii) D[V \B] is an α-structure and D[V \B]+ ⊆ A,

(iii) D[V \ A] is an α-structure and D[V \ A]− ⊆ B,

(iv) min(|A|, |B|) ⩾ s,

(v) If A∪B ̸= V , then 2s+δ+ i = |A|+ |B| and the α-structures D[V \B] and D[V \A]
have ranks |A| − s and |B| − s− δ respectively.

We say that D is safe if D is (i, s, δ)-safe for some i, s, δ ∈ Z⩾0.
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A

B

Figure 4: A depiction of a (4, 2, 1)-safe digraph. The thick arcs represent the decisive arcs
of the α-structures D[V \ B] and D[V \ A] respectively. The α-structure D[V \ B] has
rank 3 and the α-structure D[V \ A] has rank 1.

Another way of understanding Theorem 2.5 (v) is that if k and ℓ denote the ranks
of D[V \ B] and D[V \ A] respectively, then |A| = s + k and |B| = s + ℓ + δ so that
δ = (|B| − ℓ)− (|A| − k). As we seek to maximise min(|A| − k, |B| − ℓ), we expect that
OBreaker maintains δ to be relatively small so that the two quantities are balanced. A
depiction of a safe digraph is given in Figure 4.

Like α-structures, safe digraphs cannot be made cyclic with the addition of a single
arc.

Proposition 2.6. Let D be a safe digraph. Then D is acyclic and for all e ∈ A(D), we
have that D + e is acyclic.

Proof. Suppose D is a safe digraph and let (A,B) be a UDB which witnesses that D is
safe. Suppose on the contrary that for some available arc e ∈ A(D), we have that D + e
contains a directed cycle C. We have that (A,B) is a UDB and for all (v, w) ∈ D, either
v ∈ A or w ∈ B. That is, all arcs between A and B go from A to B, and there are no
arcs from B to V \B and no arcs from V \A to A. This implies that the edges of C must
lie entirely within (D + e)[V \ A] or entirely within (D + e)[V \ B]. However, D[V \ A]
and D[V \B] are both α-structures and so cannot be made cyclic with the addition of a
single arc, by Theorem 2.3. The same argument, without adding e, shows that D itself is
acyclic in all cases.

The following proposition provides an upper bound on the number of arcs required to
re-establish safety after an additional arc is added to a safe digraph. This is the main
technical result underpinning our improved strategy for OBreaker.

Proposition 2.7. Let i ∈ Z>0, s ∈ Z⩾0 and δ ∈ {0, 1}. Suppose that D is an (i− 1, s, δ)-
safe digraph witnessed by some UDB (A,B). Then the following hold for all e ∈ A(D).

(i) Let p, q, x ∈ Z⩾0 be such that p ⩽ δ, q ⩽ 1 − δ, 2x + p + q < |V | − i − 2s − δ,
and assume that A ∪ B ̸= V . Then there exists S ⊆ A(D + e) such that |S| ⩽
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x2+(p+q+2s+δ+i)x+(1+p+q)(s+i)+pδ and (D+e)∪S is (i, s+x+p, δ+q−p)-safe,

witnessed by some UDB (Ã, B̃) with Ã ∪ B̃ ̸= V .

(ii) There exists S ⊆ A(D + e) such that (D + e) ∪ S is (i, s, δ)-safe and |S| ⩽ |V | − s.

The number of parameters deserves a short explanation. The idea here is that in
round i, if OMaker directs the edge e then S will be the set of edges which OBreaker
directs. More specifically, OBreaker will direct the edges given by Theorem 2.7 (i) while
they are building up the UDB which witnesses that the digraph is safe. Once the UDB
is sufficiently large, OBreaker can easily maintain that the digraph is safe until the end
of the game by repeatedly directing the edges given by Theorem 2.7 (ii). Thus, our focus
is on Theorem 2.7 (i).

Following the motivation at the beginning of Section 2, OBreaker wants to increase
the parameter s as much as possible in any given round. Observe that Theorem 2.7 (i)
guarantees that the new digraph is (i, s+x+ p, δ + q− p)-safe so OBreaker should choose
x as large as possible in each round. Sometimes, OBreaker can direct enough edges to
add an additional vertex to one of A or B but not both (so x is already as large as
possible). This case is handled by the auxiliary parameters δ, p, q ∈ {0, 1}. Recalling
Theorem 2.5 (v), by having δ ∈ {0, 1}, we allow B to have, in a sense, up to one extra
vertex compared to A. When δ = 0, OBreaker can add an extra vertex to B by setting
q = 1 and this results in δ = 1. If B already has an extra vertex (signified by δ = 1), then
OBreaker can add an additional vertex to A by setting p = 1. Since both A and B now
have an extra vertex, we can increment s by one and reset δ back to 0. We emphasise here
that in OBreaker’s strategy, there will be a significant number of rounds where OBreaker
can only choose x = 0, but with p = 1 or q = 1. Doing this allows us to obtain a
meaningful improvement on the threshold bias which is why we make the effort to define
and track these auxiliary parameters despite the increase in complexity. Further details
will be provided in Section 3.

Proof of Theorem 2.7. For convenience, we denote D′ := D + e. Let (A,B) be a UDB
which witnesses that D is (i − 1, s, δ)-safe. We construct a set of arcs F1 ⊆ A(D′) such
that |F1| ⩽ |V |− s and D′∪F1 is (i, s, δ)-safe. Within the context of Theorem 2.7 (ii), we
choose S = F1. We also make use of F1 in proving Theorem 2.7 (i) where we construct
another set of arcs F2 and choose S = F1∪F2. The way in which we construct F1 depends
on whether or not A ∪B = V .

• We first consider the case where A ∪ B = V . Since (A,B) is a UDB, all available
arcs are contained in A(D[A]) or A(D[B]). First, suppose that e ∈ A(D[A]). Then
by Theorem 2.4, there exist available arcs F1 ⊆ A(D′[A]) such that (D′ ∪ F1)[A] is
an α-structure and |F1| ⩽ |A| − 2. We check that (A,B) is a UDB which witnesses
that D′ ∪ F1 is (i, s, δ)-safe. It is clear that Theorem 2.5 (i) and (iv) hold, since
D is (i − 1, s, δ)-safe and (A,B) is the UDB witnessing this. Theorem 2.5 (ii) is
satisfied since V \ B = A and (D′ ∪ F1)[A] is an α-structure. Theorem 2.5 (iii)
holds as D[V \A] was originally an α-structure (with D[V \A]− ⊆ B) and we have
F1 ∪ {e} ⊆ A(D[A]) so that (D′ ∪ F1)[V \ A] = D[V \ A]. Lastly, Theorem 2.5 (v)
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is not applicable as A ∪ B = V . Hence, D′ ∪ F1 is (i, s, δ)-safe. Finally, since D is
(i − 1, s, δ)-safe then |A| ⩽ |V | − s so that indeed |F1| ⩽ |V | − s. The case where
e ∈ A(D[B]) can be handled similarly.

• Suppose instead that A ∪B ̸= V . Let k and ℓ denote the ranks of the α-structures
D[V \ B] and D[V \ A] respectively. Since D is (i− 1, s, δ)-safe then we have that
k = |A| − s, ℓ = |B| − s− δ and 2s + δ + i− 1 = |A|+ |B|, see (v) of Theorem 2.5.

– Assume first that e ∈ A(D[V \ B]). By Theorem 2.4, there exist at most k
available arcs E1 ⊆ A(D′[V \B]) such that (D′∪E1)[V \B] is an α-structure of
rank k+1 with (D′∪E1)[V \B]+ = D[V \B]+∪{e+} and (D′∪E1)[V \B]− =
D[V \ B]− ∪ {e−}. We define v to be e+ if e+ ∈ V \ (A ∪ B) and otherwise
an arbitrary vertex in V \ (A ∪ B). For every w ∈ B, the arc (w, v) ̸∈ D by
Theorem 2.5 (iii). This means that the arc (v, w) is an element of D or is
available. Thus, there are available arcs E2 ⊆ A(D′ ∪ E1) of the form (v, w)
(for w ∈ B) such that (A ∪ {v}, B) is a UDB in D′ ∪ E1 ∪ E2 and |E2| ⩽ |B|.
A depiction is provided in Figure 5. In this case, we choose F1 = E1 ∪ E2.

A

B

v

e

Figure 5: A depiction of OBreaker’s response to OMaker in the case where e ∈ A(D[V \B])
and e+ ∈ V \ (A ∪ B). The dashed arcs correspond to the arcs in E1 and incorporate e
into the α-structure D[V \ B]. The dotted arcs correspond to the arcs in E2 and ensure
that (A ∪ {v}, B) is a UDB.

We claim that (A∪{v}, B) is a UDB which witnesses that D′∪F1 is (i, s, δ)-safe.
It is clear that Theorem 2.5 (i) and Theorem 2.5 (iv) are satisfied since D is
(i− 1, s, δ)-safe and (A,B) is the UDB witnessing this with min(|A|, |B|) ⩾ s.
We have (D′ ∪ F1)[V \ B] = (D′ ∪ E1)[V \ B] which is an α-structure and
(D′ ∪ F1)[V \ B]+ ⊆ A ∪ {v} so that Theorem 2.5 (ii) is satisfied. Given
that D[V \ A] is an α-structure of rank ℓ with D[V \ A]− ⊆ B, and that
({e} ∪ F1)

+ ⊆ A ∪ {v}, we have by Theorem 2.2 that (D′ ∪ F1)[V \ (A ∪ {v})]
is an α-structure of rank ℓ. Furthermore, (D′ ∪ F1)[V \ (A ∪ {v})]− ⊆ B so
Theorem 2.5 (iii) is satisfied. Towards (v), we have from D being (i− 1, s, δ)-
safe that 2s+ δ + i− 1 = |A|+ |B|, which implies 2s+ δ + i = |A∪ {v}|+ |B|.
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The rank of (D′ ∪ F1)[V \ B] is now k + 1 = |A| − s + 1 = |A ∪ {v}| − s,
and the rank of (D′ ∪ F1)[V \ (A ∪ {v})] is still ℓ = |B| − s− δ (note that an
α-structure of rank r may have fewer than r decisive arcs by Theorem 2.1).
Thus, Theorem 2.5 (v) is satisfied and D′ ∪ F1 is indeed (i, s, δ)-safe. Finally,
we have

|F1| ⩽ |E1|+ |E2| ⩽ k + |B| ⩽ |V | − (|A| − k) = |V | − s. (2.1)

– Assume now that e /∈ A(D[V \ B]). Note that since (A,B) is a UDB, this
implies that e ∈ A(D[V \ A]). This case can be handled similarly to obtain

|F1| ⩽ ℓ + |A| ⩽ |V | − (|B| − ℓ) = |V | − s− δ. (2.2)

This proves Theorem 2.7 (ii) and we now focus on proving Theorem 2.7 (i).
Let p, q, x ∈ Z⩾0 be such that p ⩽ δ, q ⩽ 1 − δ, 2x + p + q < |V | − i − 2s − δ, and

assume now that A ∪ B ̸= V . We construct F1 as above (in the case A ∪ B ̸= V ), but
derive an alternative upper bound on its size. Let µ = 1 if e ∈ A(D[V \B]) and otherwise
µ = 0. Then by (2.1) and (2.2) we have |F1| ⩽ µ(k + |B|) + (1 − µ)(ℓ + |A|). Recalling
from Theorem 2.5 (v) that k = |A| − s, ℓ = |B| − s− δ and |A|+ |B| = 2s+ δ + i− 1, we
have that

|F1| ⩽ s + i− 1 + µδ ⩽ s + i. (2.3)

For convenience, we denote D′′ := D′ ∪ F1 and let (A′, B′) denote the UDB obtained
above which witnesses that D′′ is (i, s, δ)-safe. That is, either (A′, B′) = (A ∪ {v}, B) or
(A′, B′) = (A,B ∪ {v}) depending on whether e ∈ A(D[V \ B]) or e ∈ A(D[V \ A]). We
also let k′ denote the rank of the α-structure D′′[V \ B′] and ℓ′ denote the rank of the
α-structure D′′[V \ A′]. Here, we have k′ = k + µ and ℓ′ = ℓ + 1− µ.

We now construct a set of arcs F2 ⊆ A(D′′) such that D′′∪F2 is (i, s+x+p, δ+q−p)-
safe. Observe that |A′|+ |B′| = |A|+ |B|+ 1 = 2s+ δ + i, by the (i− 1, s, δ)-safety of D.
Thus,

|A′|+ |B′|+ 2x + p + q = 2s + 2x + p + q + δ + i < |V |, (2.4)

since by assumption, 2x + p + q < |V | − i− 2s− δ. This means that there exist disjoint
sets of vertices U,W ⊆ V \ (A′ ∪ B′) where |U | = x + p and |W | = x + q. Every arc
(u, v) ∈ U × (B′ ∪W ) is either in D′′ or available, by Theorem 2.5 (iii) and since D′′ is
(i, s, δ)-safe. Similarly, we see that every arc (v, w) ∈ (A′ ∪ U) ×W is either in D′′ or
available. Let F2 be the set of all those arcs (v, w) ∈ (A′∪U)×W and (u, v) ∈ U×(B′∪W )
which are available. Then clearly F+

2 ⊆ A′ ∪U , F−
2 ⊆ B′ ∪W , (A′ ∪U,B′ ∪W ) is a UDB

in D′′ ∪ F2, and

|F2| ⩽ (x + p)|B′|+ (x + q)|A′|+ (x + p)(x + q). (2.5)

We now verify that (A′ ∪ U,B′ ∪ W ) is a UDB which witnesses that D′′ ∪ F2 is
(i, s + x + p, δ + q − p)-safe. We are using several times that

D′′ is safe and the UDB (A′, B′) witnesses it, (2.6)
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and we recall for the convenience of the reader that |A′| = |A| + µ = k + s + µ, |B′| =
|B| + 1 − µ = ℓ + s + δ + 1 − µ, where we use µ as the indicator variable of whether
e ∈ A(D[V \ B]). Firstly, we have already argued that (A′ ∪ U,B′ ∪ W ) is a UDB,
so (i) is satisfied. Next, (2.6) implies that D′′[V \ B′] and D′′[V \ A′] are α-structures
with D′′[V \ B′]+ ⊆ A′ and D′′[V \ A′]− ⊆ B′, respectively, see parts (ii) and (iii) of
Theorem 2.5. We have by Theorem 2.2 that D′′[V \(B′∪W )] and D′′[V \(A′∪U)] remain
α-structures. Since F+

2 ⊆ A′∪U and F−
2 ⊆ B′∪W , we have that (D′′∪F2)[V \(B′∪W )] =

D′′[V \(B′∪W )] and (D′′∪F2)[V \(A′∪U)] = D′′[V \(A′∪U)] are indeed α-structures with
(D′′∪F2)[V \(B′∪W )]+ ⊆ A′∪U and (D′′∪F2)[V \(A′∪U)]− ⊆ B′∪W , respectively. Thus,
Theorem 2.5 (ii) and Theorem 2.5 (iii) are satisfied. Towards Theorem 2.5 (iv), we have
|A′∪U | = s+k+µ+x+p and |B′∪W | = s+ℓ+δ+1−µ+x+q. Noting that k, ℓ, q, µ, 1−µ ⩾ 0
and δ ⩾ p, we have min(|A′ ∪ U |, |B′ ∪ W |) ⩾ s + x + p. Hence, Theorem 2.5 (iv) is
satisfied. Finally, since D′′ is (i, s, δ)-safe, we have that 2s + δ + i = |A′| + |B′|. Thus,
we have |A′ ∪ U | + |B′ ∪ W | = |A′| + |B′| + 2x + p + q = 2s + 2x + p + q + δ + i =
2(s+ x+ p) + (δ + q− p) + i. Moreover, (D′′ ∪F2)[V \ (B′ ∪W )] is an α-structure of rank
k′ = |A′| − s = |A′ ∪U | − (s+x+ p) and (D′′ ∪F2)[V \ (A′ ∪U)] is an α-structure of rank
ℓ′ = |B′| − s− δ = |B′ ∪W | − (s + x + p)− (δ + q − p). Hence, Theorem 2.5 (v) is also
satisfied. It follows that D′′ ∪ F2 is (i, s + x + p, δ + q − p)-safe.

Finally, we show that

|F1 ∪ F2| ⩽ x2 + (p + q + 2s + δ + i)x + (p + q + 1)(s + i) + pδ. (2.7)

For this, we use (2.5), together with |A′| = k′ + s and |B′| = ℓ′ + s + δ, to obtain

|F2| ⩽ (x + p)(ℓ′ + s + δ) + (x + q)(k′ + s) + (x + p)(x + q)

= x2 + (p + q + 2s + δ + k′ + ℓ′)x + pℓ′ + qk′ + s(p + q) + pδ + pq.

Using the fact that k′ + ℓ′ = i, pℓ′ + qk′ ⩽ (p + q)(k′ + ℓ′), and pq = 0, we see that the
above implies

|F2| ⩽ x2 + (p + q + 2s + δ + i)x + (p + q)(s + i) + pδ.

Combining this with (2.3) gives (2.7).
To see that Part (i) holds, choose S = F1 ∪ F2. Then (2.7) gives the upper bound on

|S|, and (D + e) ∪ S = D′′ ∪ F2 is (i, s + x + p, δ + q − p)-safe, witnessed by the UDB
(A′ ∪ U,B′ ∪W ). Here, note that (2.4) implies that (A′ ∪ U) ∪ (B′ ∪W ) ̸= V .

3 An Improved Strategy for OBreaker in the Oriented-cycle
Game

In our improved strategy, OBreaker repeatedly directs the edges given by Theorem 2.7
(i) until s ⩾ n − b. Following this, they maintain that the digraph is safe by repeatedly
applying Theorem 2.7 (ii) until the end of the game. Thus, to fully specify our strategy,
we need to provide the values of x, p, q used when we apply Theorem 2.7 (i).
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Let xi, pi, qi denote the values of x, p, q chosen by OBreaker in round i within the
context of Theorem 2.7 (i). Intuitively, OBreaker should choose xi to be as large as
possible as s will directly increase by xi (and p ⩽ 1). When OBreaker cannot direct
sufficiently many edges to add another vertex to both A and B but adds an additional
vertex to only A (respectively B), the quantity pi (respectively qi) is equal to 1. The
quantities xi, pi, qi need to be chosen such that OBreaker directs at most b edges. We
define several functions and quantities which we use in specifying the values of xi, pi, qi
chosen by OBreaker in our improved strategy.

Definition 3.1. We define the function Q : R5
⩾0 → R⩾0 by

Q(x, τ, s, δ, i) := x2 + (τ + 2s + δ + i)x + (1 + τ)(s + i) + τδ.

If OBreaker directs the arcs in S of Theorem 2.7 (i) in round i, then they direct at
most Q(xi, pi + qi, s, δ, i) edges. Thus, to ensure that OBreaker directs at most b edges,
we require

Q(xi, pi + qi, s, δ, i) ⩽ b. (3.1)

Notice that in the definition of Q, we do not restrict ourselves to integer arguments.
However, Q is indeed integer-valued when its arguments are integers, and we will only
apply Theorem 2.7 (i) with integer values. As an initial goal, we seek the largest xi ∈ R⩾0

satisfying (3.1) for pi = qi = δ = 0.

Definition 3.2. For a positive integer b, we define the functions Gb : [0, 4b] → R and

gb : [1, 4b]→ R by Gb(t) := − t
2

+
√
bt− t2

4
and gb(t) := Gb(t)−Gb(t− 1).

In our improved strategy, OBreaker chooses xi = ⌊gb(i)⌋.

Proposition 3.3. For positive integers b and 1 ⩽ i ⩽ 2b+1/2, we have Q(gb(i), 0, Gb(i−
1), 0, i) = b + 1

2
.

We note that this does not quite satisfy (3.1) but will be sufficient in later arguments.

Proof. Combining the definition of gb(i) with Theorem 3.1, and noticing cancellations, we
obtain

Q(gb(i), 0, Gb(i− 1), 0, i) = gb(i)
2 + (2Gb(i− 1) + i)gb(i) + Gb(i− 1) + i

=
(2Gb(i) + i)2 − (2Gb(i− 1) + i− 1)2 + 1 + 2i

4

=
4bi− i2 − 4b(i− 1) + (i− 1)2 + 1 + 2i

4

= b +
1

2
,

where in the third equality we use (2Gb(i)+i)2 = 4bi−i2 which follows from Theorem 3.2.
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It turns out that gb is invertible over a restricted domain where it also has an explicit
formula for its inverse. This will be critical later when we try to quantify the values of
the bias for which our new strategy is winning.

Proposition 3.4. Let b be a positive integer. The function gb is invertible on the interval
[1, 2b + 1/2] where its inverse g−1

b : [gb(2b + 1/2), gb(1)]→ [1, 2b + 1/2] satisfies

g−1
b (x) = 2b

(
1 +

1

4b
−

√
(2x + 1)2

(2x + 1)2 + 1

√
1− (2x + 1)2 + 1

16b2

)
.

We remark here, for the reader’s convenience, that gb(2b + 1/2) < 0, and that we will

only consider 0 ⩽ x ⩽ gb(1) which corresponds to 1 ⩽ g−1
b (x) ⩽ 2b+ 1−

√
8b2−1
2

< 2b+ 1/2.

We also note that gb(1) = Gb(1) ≈
√
b, so for 0 ⩽ x ⩽ gb(1) and b large, we observe that

g−1
b (x) ≈ 2b

(
1−

√
(2x + 1)2

(2x + 1)2 + 1

)
.

Proof. It is clear that gb is continuous on [1, 2b + 1/2]. We show that gb is strictly de-
creasing in the interior of this interval. For t ∈ (1, 2b + 1/2), gb is differentiable and we
have

g′b(t) = G′
b(t)−G′

b(t− 1) =
2b− t

2
√

4bt− t2
− 2b− t + 1

2
√

4b(t− 1)− (t− 1)2
⩽

−1

2
√

4bt− t2
< 0.

Hence, we deduce that it is invertible on the interval [1, 2b + 1/2]. We denote xb := gb(t).
To obtain an expression for g−1

b , we derive an expression for t in terms of xb. Recalling
that gb(t) = Gb(t)−Gb(t− 1), we have

xb = −1

2
+

√
bt− t2

4
−
√

b(t− 1)− (t− 1)2

4
,

which is equivalent to

2xb + 1 =
√

4bt− t2 −
√

4b(t− 1)− (t− 1)2.

Squaring and rearranging, we obtain that

t2 − (4b + 1)t +
1

2
((2xb + 1)2 + 1 + 4b) = −

√
4bt− t2

√
4b(t− 1)− (t− 1)2.

Squaring again, it follows that

t4 − (8b + 2)t3 + (16b2 + 8b + 1 + ((2xb + 1)2 + 1 + 4b))t2

− (4b + 1)((2xb + 1)2 + 1 + 4b)t +
1

4
((2xb + 1)2 + 1 + 4b)2

= t4 − (8b + 2)t3 + (16b2 + 12b + 1)t2 − (16b2 + 4b)t,
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which in turn is equivalent to

t2 − (4b + 1)t +
((2xb + 1)2 + 1 + 4b)2

4((2xb + 1)2 + 1)
= 0. (3.2)

The unique root of (3.2) in [1, 2b + 1/2] is

g−1
b (x) = 2b +

1

2
− 1

2

√
(4b + 1)2 − ((2x + 1)2 + 1 + 4b)2

((2x + 1)2 + 1)

= 2b

(
1 +

1

4b
−

√
(2x + 1)2

(2x + 1)2 + 1

√
1− (2x + 1)2 + 1

16b2

)
.

We define three integer quantities τb,i, δb,i, sb,i which we use in describing our strategy
for OBreaker. We briefly explain the intuition behind each quantity after it is defined.

Definition 3.5. For integers b ⩾ 3 and 1 ⩽ i ⩽
⌊
g−1
b (1/2)

⌋
, we define

τb,i :=

{
1, if gb(i)− ⌊gb(i)⌋ ⩾ 1

2
+
(
16b
i
− 4
)−1/2

,

0, otherwise.

In our strategy for OBreaker, τb,i = 1 corresponds to when OBreaker chooses pi or qi
to be 1, alternating between the two cases to ensure that δ ∈ {0, 1}, where we recall that
δ = (|B| − ℓ)− (|A| − k) and that we seek to maximise s = min(|A| − k, |B| − ℓ).

Recalling that the range of g−1
b is contained in [1, 2b + 1/2], we have 1 ⩽ i ⩽⌊

g−1
b (1/2)

⌋
⩽ 2b so that 1/2 + (16b/i− 4)−1/2 ∈ [1/2, 1]. Essentially, if the fractional

part of gb(i) is sufficiently large, then OBreaker can choose xi = ⌊gb(i)⌋ with either pi = 1
or qi = 1 in our strategy. This is stated more precisely in Theorem 3.7. The requirement
that the fractional part is at least 1/2 can loosely be understood in the following way:
if A and B have almost the same size, then to add another vertex to one of A or B, we
must have been able to add at least half a vertex to both A and B.

Definition 3.6. For integers b ⩾ 3 and 0 ⩽ i ⩽
⌊
g−1
b (1/2)

⌋
, we define δb,i :=

∑i
j=1 τb,j

(mod 2) and sb,i :=
∑i

j=1 ⌊gb(j)⌋+
∑i

j=1 τb,jδb,j−1.

We show later that at the end of round i in our strategy for OBreaker, the digraph
will be (i, sb,i, δb,i)-safe where i := min(i,

⌊
g−1
b (1/2)

⌋
).

Suppose that the digraph D is (i − 1, sb,i−1, δb,i−1)-safe at the start of round i. The
following proposition provides an upper bound on the number of edges OBreaker needs
to then direct to apply Theorem 2.7 (i) with xi = ⌊gb(i)⌋, pi = δb,i−1τb,i, and qi =
(1− δb,i−1)τb,i.

Proposition 3.7. For integers b ⩾ 3 and 1 ⩽ i ⩽
⌊
g−1
b (1/2)

⌋
, we have

Q(⌊gb(i)⌋ , τb,i, sb,i−1, δb,i−1, i) ⩽ b.
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Proof. We show that

sb,i−1 ⩽ Gb(i− 1)− δb,i−1/2 (3.3)

and

Q(⌊gb(i)⌋ , τb,i, Gb(i− 1)− δb,i−1/2, δb,i−1, i) ⩽ Q(gb(i), 0, Gb(i− 1), 0, i). (3.4)

This is sufficient as combining the monotonicity of Q in s, (3.3) and (3.4) yields

Q(⌊gb(i)⌋ , τb,i, sb,i−1, δb,i−1, i) ⩽ Q(⌊gb(i)⌋ , τb,i, Gb(i− 1)− δb,i−1/2, δb,i−1, i)

⩽ Q(gb(i), 0, Gb(i− 1), 0, i)

= b + 1/2,

by Theorem 3.3. Since Q is integer-valued when its inputs are integers, it then follows
that

Q(⌊gb(i)⌋ , τb,i, sb,i−1, δb,i−1, i) ⩽ b.

We prove (3.3) by induction on i. The case where i = 1 holds trivially. Assume now that
sb,i−1 ⩽ Gb(i− 1)− δb,i−1/2 for some arbitrary integer 1 ⩽ i <

⌊
g−1
b (1/2)

⌋
. Then we have

that

sb,i = sb,i−1 + ⌊gb(i)⌋+ τb,iδb,i−1

⩽ Gb(i− 1)− δb,i−1/2 + ⌊gb(i)⌋+ τb,iδb,i−1

⩽ Gb(i)− (δb,i−1/2 + gb(i)− ⌊gb(i)⌋ − τb,iδb,i−1),

by Theorem 3.6, the inductive hypothesis, and Theorem 3.2, respectively. Recall that

δb,i =
i∑

j=1

τb,j (mod 2) = δb,i−1 + τb,i (mod 2)

and that τb,i = 1 implies gb(i) − ⌊gb(i)⌋ ⩾ 1/2. It can then be verified that for all
δb,i−1, τb,i ∈ {0, 1}, we have

δb,i/2 =
1

2
(δb,i−1 + τb,i (mod 2)) ⩽ δb,i−1/2 + gb(i)− ⌊gb(i)⌋ − τb,iδb,i−1.

Thus, sb,i ⩽ Gb(i)− δb,i/2 as desired.
Next, we prove (3.4) by showing that R−L ⩾ 0 where R := Q(gb(i), 0, Gb(i− 1), 0, i)

and L := Q(⌊gb(i)⌋ , τb,i, Gb(i−1)−δb,i−1/2, δb,i−1, i). Theorem 3.1, with some rearranging,
yields

R = gb(i)
2 + (2Gb(i− 1) + i)gb(i) + Gb(i− 1) + i

L = ⌊gb(i)⌋2 + (τb,i + 2Gb(i− 1) + i) ⌊gb(i)⌋
+ (1 + τb,i)(Gb(i− 1)− δb,i−1/2 + i) + τb,iδb,i−1.
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Writing εb,i for the fractional part gb(i)− ⌊gb(i)⌋ of gb(i), the subtraction can be written
as

R− L = ε2b,i + εb,i(2 ⌊gb(i)⌋+ 2Gb(i− 1) + i)

− τb,i(⌊gb(i)⌋+ Gb(i− 1) + i + δb,i−1/2) + δb,i−1/2.

Hence, to prove that R− L ⩾ 0, it suffices to show that

εb,i(2 ⌊gb(i)⌋+ 2Gb(i− 1) + i)− τb,i(⌊gb(i)⌋+Gb(i− 1) + i) ⩾ (τb,i− 1)δb,i−1/2− ε2b,i. (3.5)

If εb,i < 1/2 + (16b/i− 4)−1/2, we have τb,i = 0 by Theorem 3.5, and (3.5) becomes

εb,i(2 ⌊gb(i)⌋+ 2Gb(i− 1) + i) ⩾ −δb,i−1/2− ε2b,i.

This clearly holds as 2Gb(i − 1) + i ⩾ 0 by Theorem 3.2. Otherwise, suppose that

εb,i ⩾ 1/2 + (16b/i− 4)−1/2 so that τb,i = 1 and the right-hand side of (3.5) is just

−ε2b,i. Recalling that by Theorem 3.2, we have Gb(i) = −i/2 +
√

bi− i2/4, it is easily

verified that i(4Gb(i) + 2i)−1 = (16b/i− 4)−1/2 so that εb,i ⩾ 1/2 + i(4Gb(i) + 2i)−1.
Thus, εb,i(2Gb(i) + i) ⩾ Gb(i) + i so that εb,i(2Gb(i) + i) − Gb(i) − i ⩾ 0. Recalling that
Gb(i) = gb(i) + Gb(i− 1), by Theorem 3.2, this is equivalent to

εb,i(2 ⌊gb(i)⌋+ 2Gb(i− 1) + i)− (⌊gb(i)⌋+ Gb(i− 1) + i) ⩾ εb,i − 2ε2b,i. (3.6)

Comparing the right-hand side of (3.5) and (3.6), we see that to prove (3.5), it suffices to
show that

εb,i − ε2b,i ⩾ 0.

However, this is clear as 0 ⩽ εb,i < 1. Hence, we have proved (3.5) which in turn proves
(3.4) and thus, the proposition.

The following proposition essentially reformulates Theorem 2.7 within the context of
our improved strategy for OBreaker in the Oriented-cycle game. Let M = M(b) :=⌊
g−1
b (1/2)

⌋
which is the last round i where gb(i) ⩾ 1/2, and which is approximately

(2− 4/
√

5)b ≈ 0.2111b. Round M is, roughly speaking, the last round in which OBreaker
uses Theorem 2.7 (i); from round M + 1 onward, OBreaker uses Theorem 2.7 (ii). For
i ∈ Z>0, we write i := min(i,M).

Proposition 3.8. Let positive integers n, b be large enough with b ⩽ n ⩽ sb,M + b. For
some positive integer i, let D be an (i−1, sb,i−1, δb,i−1)-safe digraph on n vertices, witnessed
by the UDB (A,B), and suppose additionally that A ∪B ̸= V when i ⩽ M . Assume that
|A(D)| > 0 and let e ∈ A(D). Then either |A(D + e)| = 0, or there exists S ⊆ A(D + e)
of size at most b such that (D + e) ∪ S is (i, sb,i, δb,i)-safe, where, if i ⩽ M , the UDB

(Ã, B̃) witnessing the (i, sb,i, δb,i)-safety satisfies Ã ∪ B̃ ̸= V .
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Proof. Let D be a digraph which is (i − 1, sb,i−1, δb,i−1)-safe, witnessed by some UDB
(A,B), and assume that |A(D + e)| > 0. We first consider the case where i ⩽ M . In
this case, we have i− 1 = i − 1. We seek to apply Theorem 2.7 (i) with pi = δb,i−1τb,i,
qi = (1 − δb,i−1)τb,i and xi = ⌊gb(i)⌋. Note that our choice of pi and qi ensures that
δb,i = δb,i−1 + qi − pi for all δb,i−1 and τb,i. By assumption, we have A ∪ B ̸= V so it just
remains to check that 2xi +pi +qi < |V |− i−2sb,i−1−δb,i−1. First, it can be easily verified
that

i ⩽ M =
⌊
g−1
b (1/2)

⌋
⩽

(
2− 4√

5

)
b + O(1). (3.7)

Next, recall that in the proof of Theorem 3.7, we showed that sb,i−1 ⩽ Gb(i − 1). Since
Gb is monotonically increasing for 1 ⩽ i ⩽ M , we have

sb,i−1 ⩽ Gb(M) ⩽

(
3√
5
− 1

)
b + O(1). (3.8)

Finally, since gb is monotonically decreasing for 1 ⩽ i ⩽ M , we have

xi ⩽ gb(i) ⩽ gb(1) ⩽
√
b. (3.9)

Thus, by (3.7), (3.8) and (3.9), together with b ⩽ n and τb,i, δb,i−1 ∈ {0, 1}, we have that

|V | − i− 2sb,i−1 − δb,i−1 ⩾

(
1− 2√

5

)
b−O(1) > 0.1b > 2

√
b + 1 ⩾ 2xi + pi + qi

for all sufficiently large b. Hence, by Theorem 2.7 (i), there exists S ⊆ A(D+e) such that
|S| ⩽ Q(⌊gb(i)⌋ , τb,i, sb,i−1, δb,i−1, i) and (D+e)∪S is (i, sb,i−1+xi+pi, δb,i−1+qi−pi)-safe,

witnessed by some UDB (Ã, B̃) with Ã∪ B̃ ̸= V . By Theorem 3.7 we therefore have that
|S| ⩽ b. By definition of sb,i and δb,i, see Theorem 3.6, and since i = i, the claim follows
in this case.

Next, we consider the case where i > M . In this case, we have that i = i− 1 = M .
By Theorem 2.7 (ii) and the assumption that sb,M ⩾ n − b, there exists S ⊆ A(D + e)
such that (D + e) ∪ S is (i, sb,i, δb,i)-safe and |S| ⩽ n− sb,i−1 = n− sb,M ⩽ b.

For technical reasons, we will apply Theorem 3.8 with b′ = b−1 later on when formally
describing our improved strategy for OBreaker. Furthermore, the index i will track the
number of times we have applied Theorem 3.8, rather than the actual round number. The
reason for this distinction is that we may sometimes apply Theorem 3.8 twice in a given
round to ensure that OBreaker directs at least one edge.

In order to apply Theorem 3.8, we require n ⩽ sb,M + b. Noting that we only consider
b = Θ(n) as it is known that t(n, C) = Θ(n), we derive a linear lower bound on sb,M .

Proposition 3.9. For every integer b ⩾ 3, we have that sb,M ⩾ Cbb where

Cb := −2 + gb(1)

2b
+

⌊gb(1)⌋−1∑
a=0

(
2−

√
(2(a + ϕb,a) + 1)2

(2(a + ϕb,a) + 1)2 + 1
−

√
(2a + 3)2

(2a + 3)2 + 1

)
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and

ϕb,a :=
1

2
+

(
16b

g−1
b (a + 1/2)

− 4

)−1/2

for 0 ⩽ a ⩽ ⌊gb(1)⌋ − 1.

As we seek as tight a lower bound as possible on sb,M , this means that the definition
for our coefficient Cb is unfortunately quite technical. In practice, Cb ≈ 0.275 for large
values of b. We recall that

sb,M =
M∑
i=1

⌊gb(i)⌋+
M∑
i=1

τb,iδb,i−1, (3.10)

by Theorem 3.6. The second sum accounts for the fact that in some rounds we add an
additional vertex to A or B, but not both. We mention here that this contribution turns
out to be a significant proportion of sb,M , and thus has a direct effect on improving the
threshold bias by Θ(n).

Note that 1/2 ⩽ ϕb,a < 1 for 0 ⩽ a ⩽ ⌊gb(1)⌋− 1. The lower bound 1/2 ⩽ ϕb,a is clear.
Regarding the upper bound, g−1

b is decreasing so g−1
b (a + 1/2) ⩽ g−1

b (1/2) < 2b. Hence,
ϕb,a is decreasing in a with ϕb,a ⩽ ϕb,0 < 1.

Proof. We first derive alternative expressions for both sums on the right-hand side of
(3.10) individually. We split the sum Σ1 :=

∑M
i=1 ⌊gb(i)⌋ according to the different values

of ⌊gb(i)⌋. The function ⌊gb(i)⌋ is decreasing in i, since gb(i) is, with values between
⌊gb(M)⌋ ⩾ 0 and ⌊gb(1)⌋. For 0 ⩽ a ⩽ ⌊gb(1)⌋ , let Ia be the set of all integers i ∈ [1,M ]
such that ⌊gb(i)⌋ = a. Then

Σ1 =

⌊gb(1)⌋∑
a=1

a · |Ia| = ⌊gb(1)⌋ ·
⌊
g−1
b (⌊gb(1)⌋)

⌋
+

⌊gb(1)⌋−1∑
a=1

a ·
( ⌊

g−1
b (a)

⌋
−
⌊
g−1
b (a + 1)

⌋ )
.

Observe that this is a telescoping sum which simplifies to

Σ1 =

⌊gb(1)⌋∑
a=1

⌊
g−1
b (a)

⌋
. (3.11)

We now turn to Σ2 :=
∑M

i=1 τb,iδb,i−1 which is the second sum in (3.10). Recalling The-

orem 3.5, we have that δb,i−1 =
∑i−1

j=1 τb,j (mod 2). Let 1 ⩽ i1 < i2 < · · · < ik < · · · <
im ⩽ M be the values of i for which τb,i = 1. For all other values of i, we have τb,i = 0.
Thus, we have

δb,ik−1 =

ik−1∑
j=1

τb,j (mod 2) =
∑

1⩽j<k

τb,ij (mod 2) = k − 1 (mod 2).

Hence, we have that τb,iδb,i−1 = 1 if and only if i = ik for some even 1 ⩽ k ⩽ m. Therefore,

Σ2 =
M∑
i=1

τb,iδb,i−1 =

1

2

∑
i∈{i1,...,im}

1

 .
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Again, since τb,i = 1 if i ∈ {i1, . . . , im} and otherwise τb,i = 0, this is equivalent to

Σ2 =

⌊
1

2

M∑
i=1

τb,i

⌋
. (3.12)

We now derive a lower bound on
∑M

i=1 τb,i similarly to how we derived (3.11). By Theo-
rem 3.5 we have τb,i = 1 if and only if

gb(i)− ⌊gb(i)⌋ ⩾
1

2
+

(
16b

i
− 4

)−1/2

. (3.13)

We claim that this inequality holds for all integers i such that⌊
g−1
b (a + 1)

⌋
+ 1 ⩽ i ⩽ g−1

b (a + ϕb,a), (3.14)

for all integers 0 ⩽ a ⩽ ⌊gb(1)⌋ − 1, and where we recall the definition of ϕb,a from the
proposition statement. Applying gb, which is decreasing, to (3.14) and using g−1

b (a+ 1) <⌊
g−1
b (a + 1)

⌋
+ 1, we obtain that

a + 1 > gb(i) ⩾ a + ϕb,a.

In particular, a ⩾ ⌊gb(i)⌋, and thus,

gb(i)− ⌊gb(i)⌋ ⩾ ϕb,a =
1

2
+

(
16b

g−1
b (a + 1/2)

− 4

)−1/2

.

By assumption, we have i ⩽ g−1
b (a+ ϕb,a). Since g−1

b is decreasing and ϕb,a ⩾ 1
2
, this then

implies that i ⩽ g−1
b (a+ 1

2
). As i is an integer, this means that i ⩽

⌊
g−1
b (a + 1

2
)
⌋
. Finally,

noting that
(
16b
t
− 4
)−1/2

is increasing in t, we have that (3.13) holds for all such i. It
follows that

M∑
i=1

τb,i ⩾
⌊gb(1)⌋−1∑

a=0

(
⌊
g−1
b (a + ϕb,a)

⌋
−
⌊
g−1
b (a + 1)

⌋
). (3.15)

Putting together (3.10), (3.11), (3.12) and (3.15), we obtain the lower bound

sb,M = Σ1 + Σ2

⩾
⌊gb(1)⌋∑
a=1

⌊
g−1
b (a)

⌋
+

1

2

⌊gb(1)⌋−1∑
a=0

( ⌊
g−1
b (a + ϕb,a)

⌋
−
⌊
g−1
b (a + 1)

⌋ )
⩾ −1 +

1

2

⌊gb(1)⌋−1∑
a=0

(
⌊
g−1
b (a + ϕb,a)

⌋
+
⌊
g−1
b (a + 1)

⌋
). (3.16)
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We derive a lower bound on
⌊
g−1
b (x)

⌋
for 0 ⩽ x ⩽ gb(1). Recalling Theorem 3.4, we have

g−1
b (x) = 2b

(
1 +

1

4b
−

√
(2x + 1)2

(2x + 1)2 + 1

√
1− (2x + 1)2 + 1

16b2

)

⩾
1

2
+ 2b

(
1−

√
(2x + 1)2

(2x + 1)2 + 1

)
,

and taking the floor yields

⌊
g−1
b (x)

⌋
⩾ −1

2
+ 2b

(
1−

√
(2x + 1)2

(2x + 1)2 + 1

)
. (3.17)

Putting together (3.16) and (3.17) we have

sb,M ⩾ −1 +
1

2

⌊gb(1)⌋−1∑
a=0

(
−1 + 2b

(
2−

√
(2(a + ϕb,a) + 1)2

(2(a + ϕb,a) + 1)2 + 1
−

√
(2a + 3)2

(2a + 3)2 + 1

))

⩾ b

(
− 2 + gb(1)

2b
+

⌊gb(1)⌋−1∑
a=0

(
2−

√
(2(a + ϕb,a) + 1)2

(2(a + ϕb,a) + 1)2 + 1
−

√
(2a + 3)2

(2a + 3)2 + 1

))
= Cbb.

We show that Cb is increasing in b which is needed when proving our result on the
threshold bias t(n, C).

Proposition 3.10. Cb is increasing in b.

Proof. We first check that −2+gb(1)
2b

, which is the first term in the definition of Cb, is

increasing in b. By Theorem 3.2, we have gb(1) = Gb(1)− Gb(0) = −1
2

+
√

b− 1
4
. Thus,

we have

−2 + gb(1)

2b
= −

3/2 +
√
b− 1/4

2b
,

which is easily seen to be increasing in b. Next, we show that ϕb,a is decreasing in b, for
every fixed a in [0, ⌊gb(1)⌋ − 1]. Recalling Theorem 3.4, we have

ϕb,a =
1

2
+

 8

1 + 1
4b
−
√

(2a+2)2

(2a+2)2+1

√
1− (2a+2)2+1

16b2

− 4


−1/2

.

For any fixed a, it is clear that (2a+2)2+1
16b2

is decreasing in b. Thus, it follows that 1 + 1
4b
−√

(2a+2)2

(2a+2)2+1

√
1− (2a+2)2+1

16b2
is decreasing in b so that ϕb,a is decreasing in b. Hence, for all

a in [0, ⌊gb(1)⌋ − 1], the summands in the definition of Cb are increasing in b. Moreover,
these summands are positive and the upper limit of summation ⌊gb(1)⌋ − 1 is increasing
in b. Thus, we conclude that Cb is increasing in b.

the electronic journal of combinatorics 33(3) (2026), #P3.59 21



Having determined the values of b for which OBreaker is able to carry out their im-
proved strategy, we are now able to prove results regarding the threshold bias.

Theorem 3.11. Fix an integer B ⩾ 3. Then, for all sufficiently large integers n,

t(n, C) ⩽ n

1 + CB

+ OB(1).

Proof. Let n, b be positive integers and fix some integer B ⩾ 3. For n < (1 + CB)B,
OBreaker wins for b ⩾ (1 + CB)B via the trivial strategy. For n ⩾ (1 + CB)B and
b ⩾ n

1+CB
+ (1 + CB)B sufficiently large, we show that OBreaker has a winning strategy.

If n < b then OBreaker can again win via the trivial strategy so we may assume that
n ⩾ b. Denote b′ := b − 1 and M ′ :=

⌊
g−1
b′ (1/2)

⌋
, and recall the definition of sb′,M ′ .

It can be computationally verified that (1 + C3)3 > 1, and thus (1 + CB)B > 1 for
B ⩾ 3. Therefore, b′ ⩾ n

1+CB
. By Theorem 3.9, we have that b′ + sb′,M ′ ⩾ (1 + Cb′)b

′.
The assumption n ⩾ (1 + CB)B implies b′ ⩾ n

1+CB
⩾ B. Since CB is increasing in B

by Theorem 3.10, we have Cb′ ⩾ CB so that b′ + sb′,M ′ ⩾ (1 + CB)b′ ⩾ n. Putting this
together, we have b′ ⩽ n ⩽ b′ + sb′,M ′ which is required for applying Theorem 3.8.

We will prove that, starting from an empty digraph, OBreaker can maintain that
the digraph of the game remains safe if the game has not yet ended, and is otherwise an
acyclic tournament. Since being safe entails being acyclic by Theorem 2.6, this proves that
OBreaker has a winning strategy. More precisely, we prove by induction on the rounds that
at the start of every round while the game has not yet ended, the digraph is (i, sb′,i, δb′,i)-
safe for some i ∈ Z⩾0. Note that in this context, i naturally refers to min(i,M ′) rather
than min(i,M). Letting (Ai, Bi) denote the UDB witnessing the (i, sb′,i, δb′,i)-safety of D,
we also show that Ai∪Bi ̸= V for 1 ⩽ i ⩽ M ′ which is required for applying Theorem 3.8.

At the start of the game, the digraph is empty and this is indeed (0, sb′,0, δb′,0)-safe
and is trivially witnessed by the empty UDB (∅, ∅).

For the induction step, we show that if the game is not over and the digraph is
(i− 1, sb′,i−1, δb′,i−1)-safe for some i ∈ Z>0 at the start of some round, then the digraph is
(j, sb′,j, δb′,j)-safe for some j ∈ Z⩾0 when the round ends. Assuming that Ai−1 ∪Bi−1 ̸= V
if i ⩽ M ′, we also show that Aj ∪ Bj ̸= V if j ⩽ M ′. Let D be the (i− 1, sb′,i−1, δb′,i−1)-
safe digraph and let e be the edge directed by OMaker in the current round. If A(D + e)
is empty, then the final tournament is acyclic by Theorem 2.6. Otherwise, OBreaker
applies Theorem 3.8 to D and e and directs the obtained set of arcs S ⊆ A(D + e) so
that (D + e) ∪ S is (i, sb′,i, δb′,i)-safe and |S| ⩽ b′. Observe that Theorem 3.8 ensures
that if i ⩽ M ′, then Ai ∪ Bi ̸= V . If |S| > 0, then OBreaker ends their current turn.
Otherwise, suppose that |S| = 0. In this case, OBreaker then directs an arbitrary available
arc e′ ∈ A(D + e). If A(D ∪ {e, e′}) is empty, then the final tournament is acyclic by
Theorem 2.6. Otherwise, OBreaker applies Theorem 3.8 on D + e and e′ and directs the
obtained set of arcs S ′ ⊆ A(D∪{e, e′}) so that (D∪{e, e′})∪S ′ is (i+1, sb′,i+1, δb′,i+1)-safe
and |S ′| ⩽ b′. Here, Theorem 3.8 ensures that if i+ 1 ⩽ M ′, then Ai+1 ∪Bi+1 ̸= V . In all
cases, OBreaker directs at least one edge and no more than b′ + 1 = b edges. Thus, either
the game ends and the final digraph is an acyclic tournament, or OBreaker is able to
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ensure that after their move, the digraph is (j, sb′,j, δb′,j)-safe for some j ∈ Z⩾0. Moreover,
we have that Aj ∪Bj ̸= V if j ⩽ M ′.

Hence, OBreaker has a winning strategy in all cases for b ⩾ n
1+CB

+ (1 + CB)B which
implies that t(n, C) ⩽ n

1+CB
+ OB(1).

To obtain Theorem 1.1, we can apply Theorem 3.11 with a fixed value of B.

Proof of Theorem 1.1. This is immediate from Theorem 3.11 by setting B = 109 and
noting that 1

1+C109
< 0.7841 by evaluation.

Applying Theorem 3.11 with a larger value of B would, in principle, yield a tighter
upper bound on t(n, C). However, in practice, after evaluating 1

1+CB
with larger values

of B, we suspect that limB→∞
1

1+CB
> 0.784 so that one cannot actually obtain a result

which is materially better in this manner.

4 Concluding Remarks

We achieve a significantly tighter upper bound on t(n, C) with our new strategy. Yet, we
believe that there is slightly more room for improvement. Recall that our strategy is based
on maintaining safety via Theorem 2.7. Choosing xi to be ⌊gb(i)⌋ enabled us to achieve
(n− b)-safety quickly while directing at most b edges in each round, and while still being
able to effectively lower bound the size of the UDB. A better strategy would be to instead
choose xi to be as large as possible in each round. Here, obtaining explicit expressions
for the size of the UDB, as well as for t(n, C) seems to be challenging. Computational
experiments (with b = 106) suggest that the upper bound on the threshold bias can be
improved to t(n, C) ⩽ 0.7692n + O(1).

We believe that the optimal strategy for OBreaker involves maintaining safety, but not
necessarily via Theorem 2.7. Using Theorem 2.7 necessitates that |A|−k and |B|−ℓ differ
by at most one, but an optimal strategy likely requires no such constraint. For instance,
if OMaker is only directing edges into A or only directing edges out from B, which we
believe to be their best response to OBreaker’s strategy of building a safe digraph, then it
may be in OBreaker’s interest to more aggressively add more vertices to one of A or B in
response. However, we saw that in practice this seemed to only result in a relatively minor
improvement over the aforementioned stronger strategy. This leads us to the conjecture
mentioned in the introduction.

Conjecture 4.1. t(n, C) ⩾ 3n/4−O(1).

As a final remark, recall that OMaker’s best known strategy involves extending the
longest path and was shown to be winning for b ⩽ n/2−2. We believe that such a strategy
is close to optimal, and a more refined proof can show that this strategy is winning for
OMaker for significantly larger values of b.
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[8] Béla Bollobás and Tamás Szabó. The oriented cycle game. Discrete Mathematics,
186(1):55–67, 1998.
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