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Abstract

We construct an infinite family of triples (G, S, .S2) each consisting of a group
G and a pair (51, S2) of distinct subsets of G with the following properties.

i The two Cayley graphs Cay(G, S1) and Cay(G, S2) are non-isomorphic.

ii The distributions of the simple random walks on Cay(G, S1) and Cay(G, S2)
are the same if one applies an appropriate bijection between the two vertex
sets at each step.

iii The spectral set of Cay(G,S;) is decomposed into a disjoint union of two
subsets A and B; of equal size (|A| = |B;| = |G|/2), which satisfies By =
—B; = {—)\ | AE Bl}
As a byproduct, an infinite family of pairs of isomorphic Cayley graphs on non-
isomorphic groups is obtained.

Mathematics Subject Classifications: 05C50, 05C25, 60J10

1 Introduction

The simple random walks on non-isomorphic Cayley graphs generally have different total
variation distances from the uniform distribution. However, rare exceptions exist. We
present an infinite family of such exceptions, i.e., non-isomorphic pairs of Cayley graphs
whose simple random walks have exactly the same total variation distance from the uni-
form distribution at each step. Each pair is given as a pair of distinct quotient graphs of
the same graph, whose construction is similar to Terras’s construction [7] of isospectral
non-isomorphic graphs. (See also [3] and [2] for the details of the construction of isospec-
tral graphs.) However, the pairs we construct are not isospectral pairs. Their spectral
sets are half the identical and half opposite.
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To be more precise, the main aim of this paper is to give a simple and explicit con-
struction of an infinite family of triples (G, S, S3) each consisting of a group G and a pair
(S1,.52) of distinct subsets of G with the following properties.

i The two Cayley graphs Cay(G, S1) and Cay(G, S2) are non-isomorphic.

ii The distributions of the simple random walks on Cay(G, S;) and Cay(G, Ss) are the
same if one applies an appropriate bijection between the two vertex sets at each
step.

iii The spectral set of Cay(G, S;) is decomposed into a disjoint union of two subsets A
and B; of equal size (|A| = |B;| = |G|/2) which satisfies By = —B; = {—=A| X € B }.

As a byproduct, an infinite family of pairs of isomorphic Cayley graphs on non-isomorphic
groups is obtained.

Here we show a concrete example which illustrates our results in this paper. For a
group G and its subset S, the Cayley graph Cay(G, S) is a directed graph, which has the
vertex set G and has an edge from g € G to h € G if and only if there exists an element
k € S such that gk = h. Though we call S the generating set of the graph Cay(G, S), we
do not impose S to generate the group G, and hence Cay(G,S) may not be connected.
Let 0 = (1,3, 2) be the cyclic permutation of order 3 and 7 = (1, 3) be the transposition
in the symmetric group &3 of degree 3. Then each of the two sets

S ={o, 0_1,7}, Sy = {7, 70,id},

generates G3. The Cayley graphs Cay(Ss, S1) and Cay(&3, Sy) are depicted in Figure 1.

Cay(Ss3, 51) Cay(&3,.52)
Figure 1: Cayley graphs of the symmetric group &3 generated by S; (left) and Sy (right)

The generating sets S7 and Sy give rise to visibly different Cayley graphs. In particular,
the diameter of Cay(S3,.S1) is 2, whereas that of Cay(Ss,.Sy) is 3. Hence the two graphs
are non-isomorphic.
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We consider the simple random walks on these Cayley graphs. Namely we consider
0 @ 2 0 (1) (2) 95
the two sequences (p; ', pty /5 fty - - ) and (,u2 s s s, .. .) of probability measures over

S35, which are defined as follows,

1 ¢g=id,
i (9) = L)g%ﬂ

Y Z 1 (g™

kES

It can be easily checked that these random walks are ergodic and have the uniform dis-
tribution U as their stationary distributions, that is, lim; . ME (9) = U(g) = 1/6 for

all g e (‘53 The speed of the convergence is measured by the total variation distance
dTv(,ul ,U) defined by

w(g) — U(g)|.

1
dpy (1", U) = 2 Z

[/S(GE

Even though the graphs have different diameters, the distributions of the simple random
walks on them approach the uniform distribution in exactly the same way. That is,

dry (17, U) = dpy (1), U),

for t =0,1,2,.... This can be observed in Table 1, where the values of ,ugt) (g9) and ,ugt) (9)
for 0 <t <5 and g € &3 are shown.

t\g| id o o? T oT TO
0 1 0 0 0 0 0
1] o 13 13 13 0 0
2| 3/9 1/9 19 0  2/9  2/9
3 | 2/271 621  6/27 7/2T 3/2T  3/27
4 | 19/81 11/81 11/81  8/s1  16/81 16/81
5 130/243 46/243 46/243 51/243 35/243 35/243
id o o? T oT TO
1 0 0 0 0 0
13 0 0 13 0 1/3
3/9  1/9  1/9  2/9 0 29

7/27  3/21T  3/2T  6/27  2/27  6/27
19/81 11/81 11/81 16/81 8/81  16/81
51/243 35/243 35/243 46/243 30/243 46/243

~
Cﬂrb-ool\Dr—toé

Table 1: Tables of ugt) (top) and ,ugt) (bottom)
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By comparing the two tables, we find that ugt) and ,ugt) are nearly the same. Let ¢y and
1 be two permutations on &3 defined by

id ¢ 02 7 or TO id ¢ o2 7 or TO
Yo = id 2 ,  P1 = id 2 ) - (1)
id ¢ o or T 7TO T T0 0T O 1 o

Then, as we will prove later, we have

1 (ia(9) = 15 (9),

where [t] is an integer in {0,1} obtained by taking modulo 2 of ¢. The characteristic
polynomials of the adjacency matrices of Cay(Ss3,S1) and Cay(Ss, S2) are

Pi(z) = (z —3)(x — D2*(x +2)?, and Py(z) = (v — 3)(z — 2)*2*(z + 1),
from which we can observe that they have the common factor Pz(x) = (z — 3)z? and

Pl((Z?) PQ(—IIZ‘)

Py(x) Py(—x)

The spectral sets of the two graphs contain the same subset {3,0,0}, whose complements
in two spectral sets {1, —2, —2} and {—1, 2,2} have opposite signs.

A larger example of such pairs of Cayley graphs is given by Cay(As, S;) and Cay(A4s, Ss),
where Aj is the alternating group of degree 5 and

S; =1{(1,2,3,4,5),(1,2,3,4,5)7%,(1,2)(3,4)}, S = {(1,2)(3,5),(1,2)(4,5), (1,3)(4,5)}.

See Figure 2. The Cayley graph Cay(As, S1) is of diameter 6, while Cay(As, Sy) is of
diameter 9.

Figure 2: Another example of Cayley graphs simple random walks on which have the
same total variation distance from the uniform distribution. All edges are bi-directed.
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Let P;(x) be the characteristic polynomial of the adjacency matrix of the Cayley graph
Cay(As,S;) for i = 1,2. Then P;(z) and P(z) have the common factor

Pz(z) = (v —3)(x — 1)°(x + 2)*(2* — 2 — 3)°(2® + 32 + 1)?,
whose degree is |A5]/2 = 30, and

Pi(z)  Py(—z)
Pz(x) Pz(—l')

=@ +2 -4 2? + o - 1% - 32% - 227 + 7o + 1)

Thus, as multiset, the spectral set of Cay(As, S;) is decomposed into a disjoint union of
two subsets A and B; of equal size (|A| = |B;| = |As|/2), which satisfies By = —B; =
{=A|) € B}

Our main aim in this paper is to construct an infinite family of triples (G, Sy, Ss)
consisting of a group G and a pair (S, S2) of distinct subsets of G with the properties
i,ii, and iii. Our construction uses the sliding block puzzles defined on a certain family
of graphs, which can be considered as a generalization of the one studied in [4].

The outline of the paper is as follows. In Section 2, we show a construction of an
infinite family of triples. In Section 3, we show that the triples constructed in Section 2
have property ii. In Section 4, by applying the theory of the zeta functions of finite graph
covering, we show the triples have properties i and iii.

2 Construction of pairs

Let I" be a finite undirected simple graph equipped with the vertex set V' of cardinality
n+ 1 and the edge set E. A position of the sliding block puzzle defined on T is a bijection
f:V—=A{12,...,n,0}. Wesay v eV is blank or unoccupied in a position f if f(v) =0,
and hence, the vertex f~1(0) is blank. A position f is transformed into another position
g by a mowe if there exist two mutually adjacent vertices v, w in I', such that, v or w is
blank in f, and

g=fo(v,w),
where (v, w) denotes the transposition of v and w. Since I' is undirected and simple, every
path p on I' can be represented as a sequence (vg,vq,...,v;) of the vertices. We define

the permutation o, of the vertices by

Op = (UO, 711)(111, 7)2) ce (1)1717 Uz)-

If g= f oo, and vy is blank in f, then v; is blank in g. That is, o, sends the blank from
Vg to v; through the path p.

Let puz(I') be the graph whose vertex set consists of the positions of the puzzle. Two
vertices (or positions) f and g of puz(I') are connected by an edge {f, ¢} if and only if
there is a move transforming f into g.
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Figure 3: The graph 6,

Wilson [8] shows the following fundamental theorem for the sliding block puzzles:

Theorem 1. ([8, Theorem 1]) Let I' be a finite simple connected graph other than a
polygon or the graph 0y shown in Figure 3. Then puz(T') is connected unless I is bipartite,
in which case puz(I') has exactly two components. In this latter case, positions f,g on
[' having blank vertices at even (resp. odd) distance in ' are in the same component
of puz(I') if and only if there exists an even (resp. odd) permutation o of V' such that

foo=y.

Definition 2. Let X be an undirected simple graph. Let v be a vertex of degree two,
{v1,v2} be the neighboring vertices of v, and e; and ey be the two edges incident to v. By
replacing e; and e; with a single edge e connecting v; and vy vertices neighboring v and
removing v from X, we obtain a smaller graph. By repeatedly applying this procedure,
we obtain a graph X without vertices of degree two. We call X the path contraction of
X.

For a positive integer @ and a non-negative integer b, the theta graph 0, is defined as
follows. The theta graph 6, has the vertex set V' = {vg, v1,...,v,} where n = 2a+b+1,
and the edge set E defined by

E = {{’l)i,’l}i+1}|i S {0, 1,...,n— 2}\{2CL+ 1}}

U {{vo, v2a+1}, {v0, Vaa+2}s {V2a4b+15 Var1}} -

where {v,w} denotes the unique edge connecting v and w in 6,,. Figure 4 shows 6, 3.

i

Vo — Vg — U7 — Vg — U3

N

Figure 4: 0,3

Let p: V — V be the bijection defined by

p(U) _ VU(i+a+1)mod(2a+2) 1=0,1,...,2a + 1,
' Via+b+3—i 1=2a+2,2a+3,...,2a+b+ 1.
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Then p induces a graph automorphism of 0, ;, which can be considered as the 180° rotation.
Let ¢ : V' — V be the bijection defined by

Va4+1—i iIO,l,...,a,+1,
V(v;) = Q V3a43—: t=a+2,a+3,...,2a+1,
V4g+b+3—i Z:2a+2,2a+3,,2a+b+1

Then v induces another graph automorphism of 6, ;, which can be considered as a vertical
flip. These two automorphisms p and ) generate a subgroup of the automorphism group
Aut(6,) of 0,5, which is isomorphic to the Klein four-group. The images of each vertex
v; in O3 of p (resp. ) are shown in the left (resp. right) side of Figure 5.

CUTON TN

U3 — Vg — V7 — Vg — Vo U3 — Vg — V7 — Vg — Vo

N N

Figure 5: Images of p (left) and ¢ (right) for 65 3

There exist three simple paths p, ps, p3 from vy and v, 1, defined by

b1 = (U07U17 s ;Ua+1)> P2 = (U07U2a+27 S ,U2a+b+1,Ua+1), b3 = (U07U2a+17 S 7Ua+1)'

Each path pj, defines a vertex permutation o, of 6,;. The vertex permutation o, p fixes
the vertex vy, which gives the permutation o} € G,, such that

Ty, P(Vi) = Vo (i) (2)
forv=1,2,...,n. We define S; by

Sy = {01,02,03}- (3)
In the same manner, we define 7, € &,, by using v instead of p, that is,

Upk¢(vi) = Ury(i)>
for k =1,2,3, and we define Sy by

Sy = {7'1,72,7'3}- (4)

Let S be a subset of a finite group G. The Cayley graph Cay(G,S) of the group G
with the generating set S is a directed graph, whose vertex set is G and there exists an
edge from g to h in G if and only if there exists an element k£ € S such that h = gk. For
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an edge e of Cay(G, S), the starting vertex of e is denoted o(e), and the terminal vertex
is denoted t(e).

We then also consider the Cayley graph of the group G x Cy, where Cy = Z /27 = {0, 1}
is the cyclic group of order 2. For the sake of simplicity of the notation, we write

X(G,S) = Cay(G,S), Y(G,S)=Cay(G x Cs, S x {1}).

Then the Cayley graph Y (G, S) is a bipartite graph, that is, the vertex set G x Cy of
Y (G, S) is divided into two disjoint parts B = G x {0} and W = G x {1} and every edge
is from B to W or W to B.

Let fo be the initial position which is defined by fo(v;) =i fori € {0,1,...,n}. We are
interested in the connected component puzy(,;) of puz(6,,), which contains the initial
position fy. It is clear that the maps

fefo, [ 1,

can be considered as two automorphisms of puz(f, ), since they are the 180° rotation and
the vertical flip of 6, respectively. Thus, we can consider the group K = {id, p, ¢, py}
acting also on puz(f,,) as a subgroup of the automorphisms group Aut(puz(6,,)). When
a+b is an even integer, by Theorem 1, puz(f,;) has two connected components. The fol-
lowing lemma shows the conditions for each of p and ¢ to be contained in Aut(puzy(6.s)).

Lemma 3. Ifa=0 (mod 2) and b= 0 (mod 4), then
p, ¥ € Aut (puzy(fap)), and Sy, Sy C A,.
Ifa=0 (mod 2) and b =2 (mod 4), then
p, ¥ & Aut (puzy(fap)), and 51,8 C 6,\A,.

Ifa=1 (mod 2) and b =1 (mod 4), then

p € Aut (puzg(bap)), ¥ & Aut (puzg(bap)), S1 C Ay, and 52 C 6,\A,.
Ifa=1 (mod 2) and b= 3 (mod 4), then

p & Aut (puzy(0ap)), ¥ € Aut (puzy(ap)), S1 C S,\An, and Sy C A,.

Proof. First note that p can be expressed as

a

[b/2]
pP= H(Ui, Ua+l+i) H (U2a+1+javn+1—j)
i=0 Jj=1

which is the product of a + 1+ |b/2] disjoint transpositions of the vertices of 6, , and 9

can be expressed as

La/2]

[b/2]
P = (UO; Ua+1) H (Uia Ua+1—z‘)(7fa+1+z‘7 U2a+2—i) H (U2a+1+j7 Un+1—j)
i=1 j=1
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which is the product of an even number of disjoint transpositions if and only if [b/2] is
an odd integer. If a =0 (mod 2) and b = 0 (mod 4), then the distance from vy to v,
is odd and p can be expressed as the product of an odd number of vertex transpositions,
and fp is a vertex of puz,(6,,) for every vertex f of puzy(6,,). Since 9 is also the product
of the odd number (a + 1 + b/2) of disjoint transpositions of the vertices, and f1) is also
a vertex of puz(f,,;) for every vertex f of puzy(f,,). Since o, is an odd permutation of
the vertices for k = 1,2, 3, o, p and 0,1 are both even permutations fixing vy. Thus we
have Sy, Sy C A,,. The other cases can be shown in the same manner. O

In the following theorem, we consider the graph puz(,,) as a bi-directed graph, that
is, if there is an edge {f, ¢} connecting f and ¢ in puz(f,,), we consider there are two
edges of opposite directions, from f to g and from g to f. Therefore, the symbol = in the
theorem stands for the isomorphism of two directed graphs.

Theorem 4. Let a be a positive integer, and b a non-negative integer such that (a,b) #
(2,1). Let Sy and Sy be defined by (3) and (4) respectively. Then, we have

I/)—Hi(ea,b) = Y(Gn’ Sl) = Y(6n7 82)7 (5)

where n = 2a + b+ 1 and puz(6,,) is the path contraction of puz(f.p).

If a + b is an odd integer, then each of Sy and Sy generates the symmetric group &,
of degree n, and puz(6,y) is a strongly connected graph.

Ifa=0 (mod 2) and b =0 (mod 4), then

Eﬁo(ea,b) = Y(A’n? Sl) = Y(Ana SQ);

and each of S1 and Sy generates A,,.
Ifa=0 (mod 2) and b =2 (mod 4), then

Il

51\120(9,1’1,) X(GTHSI) = X(GTL?S?)a

and each of S1 and Sy generates S,,.
Ifa=1 (mod 2) and b =1 (mod 4), then

I

f)—ﬁio(ea,b) Y(ATHSI) = X(erSQ);

Sy generates A,,, and Sy generates &,,.
Ifa=1 (mod 2) and b =3 (mod 4), then

I/J_ﬁio(ea,b) = X(GTH Sl) = Y(An7 SQ);
Sy generates &,,, and Sy generates A,,.

Proof. Given a position f, we define the permutation oy € &,, as follows. If f has the
blank at vy, that is f(vg) = 0, then oy is defined by

fvi) = o(2),
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for i = 1,2,...,n. If f has the blank at v,41, then fp(vg) = 0 and oy is the unique
permutation which satisfies

fo(vi) = oy(i),
fori=1,2,...,n. Let ¢y € {0,1} be defined by

B {o it f(v) =0,

Then the map

[ (oy.¢4)
is a bijection from the vertex set of puz(f,,) to &, x Cy. Let f be a vertex of puz(f,s).
Then, since puz(f,,) is obtained by path contraction, f~1(0) € {vo, var1}. If f71(0) = g
and there exists an edge from f to a position g, there exists k € {1, 2,3} such that g = fo,,
and g(ve+1) = 0. Therefore, using relation (2) we obtain gp(v;) = fo,, p(v;) = f(Vo, ).
This implies

04 = 0f0%. (6)

If f(vay1) = 0 and there exists an edge from f to a position g, there exists k € {1,2,3}
such that g = fpo,, p and g(vo) = 0. Then,

Ug(i) =g(vi) = fPUka(Uz') = fp(vcrk(i)) = Uf(Uk(i)),

and (6) holds. Thus we have obtained the first isomorphism in (5). The second isomor-
phism in (5) can be obtained by using v instead of p.

Let V., be the vertex set of puz(d,,) and Va’b the vertex set of puz(f,;). It is clear
that |V, | = (2a + b+ 2)!, since 6,; has 2a + b+ 2 vertices. Since a vertex in Va,b can be
identified with a vertex in V,; of degree three, we have

20 +b+ 2, ~

~ 1 ~ ~
Vaol = Vol + 5 (2lVas] + blVas! ) = =5 1Vasl.

Thus we have B
|V:1,b| = 2nl.

If a+b is an odd integer, then puz(6,) is a connected graph. Therefore both Sy x {1}
and Sy x {1} generate the group &,, x Cs, and hence each of S; and S, generates &,,.

If a + b is an even integer, then 6, is bipartite and puz(6,;) has two isomorphic con-
nected components, puz,(6,,) and the other one. Let 1768,) be the vertex set of puzy(fap)-

Then it is clear that 1

2

If a=0 (mod 2) and b =0 (mod 4), then, by Lemma 3, we have S;, Sy C A,. Since
Y (6, S;) has two connected components of size n!, one of the two components has the
vertex set A, x Cy, and the other (&,,\ 4,,) x Cs for i = 1,2. Thus each of two components
is isomorphic to Y'(A,, S;), which implies that each of S; and S, generates A,,.

170
Va,b = ‘/:175

=nl.
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If a =0 (mod 2) and b = 2 (mod 4), then, by Lemma 3, we have 51,5, C &,\A4,.
One of the two connected components of Y (&,,,S;) contains the vertex (id,0), and the
other contains (id, 1). Each component is isomorphic to X(&,,S;) for i = 1,2, which
implies that each of S; and Sy generates G,,.

If a=1 (mod 2) and b =1 (mod 4), then, by Lemma 3, we have S; C A,, and Sy C
S, \A,. Hence Y (&,,,51) has two connected components, each of which is isomorphic to
Y (A,, S1), and Y (S, S2) has two connected components, each of which is isomorphic to
X(6,,S2). This implies that S; generates A, and S, generates &,,.

If a =1 (mod 2) and b = 3 (mod 4), then, by Lemma 3, we have S; C &,\A, and
Sy C A, and the statement for this case can be proved in the same manner as the previous
case. [

Remark 5. Theorem 4 gives examples of pairs of isomorphic Cayley graphs on the non-
isomorphic groups &,, and A, x Cs. For instance, when a = b = 1, we have

Y(A4,{(1,3,2),(1,3)(2,4),(1,2,3)}) = X(64,{(1,2),(2,4), (2,3)}).

Example 6. Let « = 1 and b = 2m for non-negative integer m. Then puz(f,;) is
connected and we have

([1 234 5 ... n
m > 0,
31 2 n n-1 --- 4
o1 = 9
\(1a372) m = 0.
((1 2345 ... n
m > 0,
3412n --- 5
oy = 9
\(1,3) m =0
o3 = 01_1.

1234 5 n
o= (2’3)"1:(2 13 n n-1 4)
12345 - n
1432n..5 "0
T2 = (1,3)0’2:
id m = 0.
1234 5 -
. (1’2)“3:<1 32n -1 - 4)'
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The diameters of the Cayley graphs X (Sy,,43,5;) for i = 1,2 and m = 0, 1,2 are listed
in the following table.

i\m|0 1 2
1 |2 10 17
2 |3 9 17

The first example shown in Section 1 is obtained from the case when m = 0. (See Figure
6.)

Y (63,5) Y(6s, 52
(r0,1) ——— (o71,0) — (1,0)

\ /

1)

/" N

(1,0) — (id, 1) 1d 0)— (o7,0) - (o, 1 (id,0) — (id, 1)

\ /

a,0) — (o2 ,1) (U ,0)—(70,1)

/ \

(07,1) ——— (70,0) (0%,1) ——— (70,0)

—_

X<63751> X(637SZ)
aT

Figure 6: X(Gg,Sl),X(63,S2),Y(63,Sl) and Y(Gg,SQ) with ¢ = (1,2,3),7’ = (1,2) S
S3. We can observe the isomorphism (5).

3 Random walks

In the rest of the paper we assume the following: a is a positive integer and b is a non-
negative integer satisfying one of the following two conditions 1 and 2.
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1 a+0bis odd and (a,b) # (2,1).
2 a is even and b is divisible by four.

The group G is defined by

(7)
A, 2 holds,

where n = 2a+ b+ 1. The subsets S; and S, of G are defined by (3) and (4) respectively.
Under these assumptions, by Theorem 4, we have

G {Gn 1 holds,

Y(G,S) =2Y(G,S,). (8)

This section shows that the triple (G, S, S2) has property ii.

We first consider the simple random walk on X (G, S) for an arbitrary subset S of
G, which starts at the identity element id of G. Namely we consider the sequence
(@, 1 1@ ) of the probability measures on G defined as follows.

1 ¢g=id,
ORI
0 g#id,

t+1 Zut) gk:

keS

where d = |S|. Therefore 4 has another expression

1 :
H0(g) = & [PV (id, )|

where P®) (g, h) is the set of paths of length ¢ from g to h in X(G,S). If X(G,S) is
connected and aperiodic, then p® converges to the uniform distribution Ug on G,

1
lim 1 (g) = Us(g) = ar

for all g € G. (See [6] for the details.) The speed of convergence is measured by the total
variation distance dry (u®), Ug) defined by

dry (', Ug) = Z !N(t) c(9)]-
gEG

For an edge e from (g,¢) to (h,c+1) in Y(G, S), we define 7g(e) to be the edge from g
to hin X(G,S). Let my : G x Cy — G be defined by my(g,¢) = g. We state the following
trivial fact as a lemma, which is frequently used later.

Lemma 7. Let my and wg be defined as above. Then the pair m = (my,mg) is a double
covering map from Y (G, S) to X(G,S). That is,
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1. m is a graph morphism: my(o(e)) = o(mwg(e)) and my(t(e)) = t(mr(e)), where o(e) is
the starting vertex of e and t(e) is the terminal vertez of e.

2. my and mg are two-to-one surjections.

3. The restriction wg|g, of mg is a bijection from E, to Er, () for every x € G x Cs,
where E, is the set of edges starting from a vertex x.

By Lemma 7, mg can induce the map 7p from the set of paths in Y (G, S) to those of
X(G,S). That is, if p = (ey, ea,...,€) is a path of length ¢ in Y (G, S) where each e; is an
edge, then mp(p) = (wp(e1), mp(es), ..., me(ey)) is a path in X (G, S). We define 73)(? (g,h)
as the set of the paths of length ¢ starting from a vertex g and terminating at a vertex h
in a graph X.

Lemma 8. Let X(G,S), Y(G,S) and wp be defined as above. Then the restriction of wp
to 'P)(,t)((g, c), (h,[c+t])) is a bijection to Pﬁ?(g, h) for every g € G, where [c+t] € {0,1}
satisfies [c + t] = ¢ + t(mod2).

Proof. Let p = (e1,ea,...,¢;) be a path in X(G,S), which corresponds to a sequence
(81, 89,...,5;) of the elements of S. That is, if o(e;) = g and t(e;) = h, then h = gs;.
Then there exists a unique path p in Y(G,S) which starts from the vertex (g,c) and
corresponds to the sequence ((s1,1),(s2,1),...,(ss, 1)) of the elements of S x {1}. It is

clear that this p is the unique path in Y(G, S) of length ¢ such that p starts from (g, c)
and 7p(p) = p. O

Lemma 9. Let S be a generating set of a finite group G and suppose that S x {1}
generates the direct product G x Cy. Let (@, uM,...) be the simple random walk on
X (G, S) starting from the identity element id of G, and let (v©, v .. ) be the simple
random walk on Y (G, S) starting from the identity element (id,0) € G x Cy. Then,

1 (g) = v (g,[1]), (9)

and therefore
v (g, [t +1]) = 0.

Proof. 1t is clear that
. 1 .
PUGdg)|, v, lt) = 5 [PY((id,0). (9. )]

From Lemma 8, (9) follows. O

1
M(t) (9) = at

By (8) X(G,S;) and X(G,S;) have a common double covering, and there exists a
graph isomorphism ¢ = (v, ¢g) from Y(G, S1) to Y (G, S3), which satisfies py (id, 0) =
(id,0). Then it is obvious that

pv (G x{0}) =G x {0}, ¢v (G x{l})=Gx{1},
which induces two bijections g : G — G and ¢, : G — G such that

©v(9,0) = (v0(9),0), @v(g,1) = (v1(g),1). (10)
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Theorem 10. There exists a bijection between Pg)(a,sl)(ga h) and 'PS)(G’SQ)(QO()(Q), o (h))
and hence

Plas0(9:1)] = [P (20(0), ()] (11)

Proof. By Lemma 8, there is a bijection between 73;5)(6.751)(9, h) and 7? vic.sn((9,0), (A, [t])).
Since condition (8) is satisfied, there exists a graph isomorphism ¢ : Y (G, S;) = Y(G, Ss).
Let ¢ and ¢ be defined by (10). Then, we obtain the bijection

Pl (9,0, (1, [t) = P s, (09,0, 0k, [1]) = Pl 6 (00(9), 0), (p(h), [t]))-

By applying Lemma 8, we obtain the bijection,

P 5 (20(9).0). (21 (1) 1) = P 5 (00l). 010 (1)):

By composing these three bijections, we obtain a bijection

,P)(;)(G,Sl)(g’ )_>P X(G,S2) (‘PO(Q)aSO[t](h))-

]
Corollary 11. Let (,uZ 28 ;JJZ(I), ...) be the simple random walk on the Cayley graph X (G, S;)
fori=1,2. Then,

1(9) = 1 (019(9)) (12)

forallge G and t >0, and

drv (1", Ug) = drv (s, Ug),
where Ug is the uniform probability measure over G.

Proof. Since we suppose the random walks start from the identity element id € G,

1
dt

1

1(9) = % |Pxiesy (49|, 15 (eu(9) = = [PXias, (id; e (9))]

Since pg(id) = id, Theorem 10 implies

9] P00

Thus we obtain (12).

1 1 1 1
drv (1, Ug) = 3 > (g) — al| = 2 > 1 (e(9)) - @'
geG geG

1 (t) 1
= —Z e (9) — _dTV(/UQ Ug).
2 |G|
geG
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4 Spectral structure

This section is about properties i and iii. Recall from Theorem 4 that puz(f,,) stands
for a connected component of puz(f,;), whose path contraction puzy(,) is isomorphic
to Y (G, S;) where G is as in (7), and the generating sets S; and Sy have been defined
by (3) and (4) respectively. We apply the theory of the zeta functions of the finite graph
coverings to show that the Cayley graphs X (G, S;) and X (G, S3) have properties i and
iii. The readers who are not familiar with the theory of the zeta functions of the finite
graphs are referred to [7]. A remark is in order here.

Remark 12. We will introduce the zeta function and L-function of a finite graph I", which
is considered to be a bi-directed graph. That is, every edge e of I' is directed and there
exists a unique edge €, the reverse of e. Among all the Cayley graphs of the forms X (G, S)
and Y (G, S), the only exception which does not fit into this formulation is our running
example puz, (6 ) since X(S3,52) with So = {(1,2),(2,3),id} has loops and the loops
do not have their reverses. Nevertheless the statements of our main results Theorem 17
and 19 perfectly hold for this only exception (shown in Figure 9).

As we have explained in the previous section, the automorphism group Aut(6,;) con-
tains a subgroup K = {id, p, v, p1} isomorphic to the Klein four-group, which acts also
on Y = puzy(f,,) from the right as a subgroup of the automorphism group of Y, namely
we can regard K as

K C Aut(Y).

The group K has three non-trivial subgroups (p), (), and (py)). Let Y = puz,(0,,) =
(Vy, Ey), where Vi is the vertex set of Y and Fy is the set of (directed) edges of Y.
For each subgroup H of K, we obtain the quotient graph Xy = Y/H as follows. The
subgroup acts on Vy and Ey from the right. The vertex set of Xy is the set of H-orbits
Vy/H, and the edge set of Xy is the set of H-orbits Ey/H. Thus we obtain the natural
covering map 7 = (my, 7g) consisting of

mv:Vydv—ovH e€Vx, =V/H, 7gp:Ey>e—eH e FEx, =FEy/H.

Then this covering is normal (or Galois), that is, H acts transitively and freely on each
fiber 7' (v) (and also on w5'(e)). When a graph T is a normal cover of a graph A, the
covering transformation group (or the Galois group) of I'/A is denoted Gal(I'/A). Thus
we have

H = Gal(Y/Xp).

Let Z = Y/K. Then Gal(Y/Z) = K and by applying Theorem 14.3 of [7], we have
three intermediate coverings of Y/Z,

Xy =Y/ )y Xy =Y/ ) Xy =Y/ (),

each of which is a double (and therefore Galois) covering of Z. Figure 7 illustrates this
covering relation.
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Y

X(p) X(y) X (op)

Z

Figure 7: Covering relation of puz(f,;),

Note that we have

/
AN

{id}

()

K

X(G,Sl), X(G, 82), and Xg, Z

Xy =X(G,5), Xy =X(G,5,).
The following is an example of X,.
Example 13.
({id,7},0)  ({o,07},0) ({0?,70},0)
(’7’0’,1\)7(/0‘7‘, 0)
—(0,1)
/ \ ({id,7},1)  ({o,07},1) ({o?,710},1)
(1,0) —(id, 1) (id,0) — (7, 1)
(67,1) ——— (70,0) {id, 7}

Figure 8: Y (&3, 5;) =
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As we have seen in Example 6, puz(#; o) is isomorphic to the Cayley graph Y (&3, ;) where
S1={0o=1(1,3,2),7 = (1,3)}. Then the vertex permutation pt is the transposition just
exchanging the vertices v; and v3. The quotient graphs X,,) and Xk are shown in Figure
8.

Let C' = (eg,e1,...,€-1) be a cycle in a graph I'. Then C' is non-backtracking if
€ # €t
for every i € Z/IZ. The length v(C) of a cycle C is defined by
v(C) =1.

A non-backtracking cycle C' is a prime cycle if there exists no pair of a cycle D and an
integer £ > 1 such that
C = DF.

Let C' = (eg,e1,...,€,-1) be a cycle in a graph I". We introduce an equivalence relation
~ to the set of prime cycles in I" as follows. Let C' and C’ be two prime cycles in I'. Then
we define that C' ~ C” if there exists a k € Z/IZ such that

C'= (€ks €htls - - - Chpi=1)-

That is, C” is obtained from C' by changing the starting vertex. This relation defines an
equivalence relation on the set of all prime cycles in I'; and we denote the equivalence
class [C] to which C belongs. We call [C] a prime in T

The zeta function (r of a graph I' is defined by

CF(U) _ H (1 . uu(C))—l,

(€]

where [C] runs through the primes in I". The following theorem shows how the zeta
functions are related to the spectra of T

Theorem 14. ([5, 1]) Let A be the adjacency matriz of I, and let Q be the diagonal
matriz whose diagonal entry corresponding to vertex v is deg(v) — 1. Then we have

Cr(u) = ((1—wu?)""'det (I —uA+ uQQ))_l ,
where r —1 = $Tr (Q — I).
When we apply Theorem 14 to Xy = Y/H, we have () = 2[ and

2 -1
(W) = (1—w?) IG/IHI =261/ gt (2“T+1]_A) (13)

—1
_ (1 = )G~ H py <2u N %) 7 (14)
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where Pr(zx) is the characteristic polynomial of the adjacency matrix of a graph I'. We
use this fact frequently to translate the relations of the zeta functions into the relations
of the characteristic polynomials.

If I' is a normal covering of a graph A where Gal(I'/A) is abelian, we say I'/A is an
abelian covering. In what follows, we state theorems on Galois coverings in [7] in the forms
restricted to the abelian cases. Let I'/A be an abelian covering with the covering map
m = (my,mg). Let C'= (eg,e1,...,e1) be a prime cycle of A, and C = (fos f1s--+y fio1)
be a lift of C'in I', that is, Cisa path in I' whose projection ﬂ(é) onto A is C. Let 0(6’)
be the starting vertex of C' and t(C) the terminal vertex. Then, since I'/A is a normal
covering, and both o(C) and #(C) are projected onto the same vertex v, there exits a
unique automorphism ¢ in Gal(I'/A) such that o(C')g = ¢t(C). This unique automorphism

g is denoted
r'/A
o)

The following proposition corresponds to the parts (1) and (3) of Proposition 16.5 of
[7,p.137] restricted to the abelian covering case.

Proposition 15. The automorphism (F/—A) is determined by the prime [C] not depending

c
on the choice of C.

We call the automorphism (F/TA) the Frobenius automorphism of C' associated with

the abelian covering I'/A. Let I'/A be an abelian covering, and let y be a character of
Gal(I'/A). Then the Artin L-function L(u, x,I'/A) of I'/A associated with the character

x is defined by
r'/A -
st/ =TT (1-x (52 ) w@) (15)
(]

where [C] in the product runs through the primes of A. The following proposition corre-
sponds to Proposition 18.10 and Corollary 18.11 of [7, p.154-155].

Proposition 16. Let I'/A be an abelian covering, and A be an intermediate covering of

I'/A. Then, a character X of Gal(ﬁ/A) can be lifted to the character x of Gal(I'/A) and
we have

L(u,x,T/A) = L(u, X, A/A). (16)
The zeta function Cr is factorized into the products of L-functions:
=] Ix.T/4), (17)
XEGal(T/A)

—

where Gal(I'/A) is the set of the characters of Gal(I'/A).

Theorem 17. Let Y = puz(f,p) with (a,b) # (1,0). Let Xy, Xy, Xippy and Z be
defined as above. Then

Py (u)Pz(u)* = Px, (u)Px, (u)Px,,, (u)
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Proof. We apply Proposition 16 to our case where I' = Y = puz(f,;) and A = Z =
Xgk. The Galois group K = Gal(Y/Z) = {id, p, ¢, pto} has the four characters, which is
summarized in the following table.

d p o pyp
1 [1 1 1 1
X, |1 1 -1 -1 (18)
Xo |1 -1 1 -1
Xpw| 1 -1 =1 1

Then x, is the lift of the non-trivial character X, of K/(p) and it follows from (16) that
L(u,xp,Y/Z) = L(Uj(/an(p)/Z)-
In the same manner we have
L(u, xy, Y/ Z) = L(u, Xy, X3/ Z),
and
L(u, Xpyp, Y/ Z) = L(w; Xpp, X(py) [ Z).-
Then by applying the factorization formula (17) to abelian covers X, /Z, X /Z and
Xy /Z, we have
Cx,y (1) = Cz(u) L(u, X, Y/ Z), (19)
Xy (W) = Cz(w) L(u, x4, Y/ Z), (20)
and
Xy (W) = Cz (W) L1, X, Y/ Z).
Consequently, by applying (17) to the abelian cover Y/Z, we obtain
Cr(u) = Ca(w)L(u, X0, Y/Z) L(u, Xy, Y/ Z) L(, Xy, Y/ Z)
— ) Cxy (W) Cx yy (0) Cx (1) ,
Cz(u)  Cz(u)  Cz(w)

from which we have

CY(U)CZ (’U,)2 - §X<p> (U)CX(,M (u)C-X(p'(p) (u)

O
Lemma 18. Let Y = puzy(0.,), let Z =Y /K and let C be a prime cycle of Z. Then we
have v/7
v(C) is even <= (%) e {id, py}.

Proof. As we have explained in Section 2, Y = Y(G,S;) is a bipartite graph. If two
vertices (or positions) f; and f, are adjacent in Y, then the blanks of f; and f; do not
coincide, that is, f;'(0) # f, *(0). Let C be the lift of C to Y. If »(C) is even and C

starts from f and terminates at g, then f~(0) = ¢~(0) and fo (Y/TX) = ¢, which means
(Y/TX) € {id, py} since p and ¢ move the blank. The converse is clear. O
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Theorem 19.

Px,,(z) B |G|/2PX<w>(_x)
R A 2
Px,,, () = (=1)V?Py(2) Pz (~x) (22)
Proof. By (14),(19) and (20), to prove (21), it suffices to show
L(u, o0 Y/Z) = L(—u, x4, Y/2). (23)

Let C be a prime cycle in Z and C its lift to Y. If »(C) is an even integer, then by Lemma

18, we have
Y/Z
(%) e {id, p}.

Further, by the table (18), we have x, (%) = Xy (%) and the corresponding factors

in (15) of the L-functions coincide:

1-x, (%?) u @ =1—y, (%Z> (=), (24)

If v(C) is an odd integer, then by Lemma 18, we have

(*F) € ot

Further, by the table (18), we obtain y, (%) = —Xy <%) and (24) holds. Thus we

obtain (23). The relation (22) can be obtained in the same manner. O

Theorem 20. Let G,S; and Sy be as above. Then X(G,S1) is not isomorphic to
X(G,Ss).

Proof. As we have defined X,y = X (G, S1) (resp. Xy = X (G, Ss)) as the quotient Y/(p)
(resp. Y/(¢)), if two vertices of Y are on the same p-orbit (resp. 1-orbit), they are at odd
distance. Hence paths connecting two vertices on a p-orbit (resp. i-orbit) are projected
onto cycles of odd length in X, (resp. X(y). Thus X, and X, are non-bipartite. For
the same reason, Z = Y/(p, 1) is also a non-bipartite graph containing prime cycles of
odd length. Therefore we have

L(u, X, Y/Z) # L(~u. X0, Y/Z) = L(u, x.Y/Z).

Hence
CX<p> (’LL) = CZ(U)L(U7 Xps Y/Z) # CZ(U)L(ua X5 Y/Z) = CX(W (U),
which completes the proof. O
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Y = puz(1 )

(x —3)(x — 2)%(z — Dat(z + 1)(z + 2)*(z + 3)

N

(2= 3)(x — Da(z +2)° (2 = 3)(z — 2)%2(x + 1) (x - iz +3)

(r — 3)a?
Figure 9: The statements of Theorem 17 and 19 hold for this exceptional case 6, .
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