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Abstract

We show that y-vectors of partitioned permutohedra have nonnegative entries,
thereby generalizing a result of Foata and Schiitzenberger. Our result is closely re-
lated to a result of Athanasiadis on the representation of the symmetric group on the
cohomology of the permutohedral variety. We explain how to derive Athanasiadis’
result from ours and vice versa.

Mathematics Subject Classifications: 05E10, 14M25, 20C30, 52B05

1 Introduction

We continue the study of partitioned permutohedra that was initiated by some of the
present authors in [13]. We examine the ~y-vectors of these polytopes, obtaining a general-
ization of a result of Foata and Schiitzenberger found in [7] and recovering a representation-
theoretic result of Athanasiadis found in [1].

The symmetric group G,, acts on Euclidean space R™ by permuting coordinates. This
action preserves each affine hyperplane £ C R"™ consisting of vectors with constant coor-
dinate sum. Given such E, fix p = (p1,...,p,) € E such that the entries p; are pairwise
distinct. The permutohedron P, is the convex hull of the &,,-orbit of p. (The combinato-
rial type of P, does not depend on the choice of E or p.) For k € [n — 1], we define the
halfspace

H(E)S ={(z1,...,2,) € R" | 2 < 231}
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The partitioned permutohedron associated to K C [n — 1] is

Py(K)=P,n () H(k)*

keK

It was shown in [13] that the polytopes P,(K) are all simple of dimension n — 1.
Therefore, if we write f; for the number of i-dimensional faces of P,(K) and set

n—1 n—1
iy () =Y hit' =Y fi(t = 1)/, (1)
=0 i=0

then hp,(k)(t) is palindromic, that is, h; = h,—1_; for 0 <4 <n — 1. (This is the content
of the Dehn-Sommerville equations, see for example [12, Sectlon 9.2].) It follows that
there exist uniquely determined v, x € Z (0 < j < [%5]) such that

127+

hp,x)(t) = Z ’Yn,j,Ktj(l 4 )T (2)

J=0

In the main result of this article (Theorem 6), we show that each +, ;x appearing
in (2) is non-negative by exhibiting subsets WE and WK of &, such that

Y

e = |{w € WK | des(w) = j}| = |{w € WK | des(w) = j}

where des(w) denotes the number of descents of w. So, the h-polynomial (1) of P,(K)
can also be written as

th(K)(t) = Z tdes(w)<1+t)n*1*2des(w).

weW K

We refer the reader to Section 2 for definitions of V[//?( and ﬁ/\f(
Remark 1. It is known that the h-polynomial hp, (t) of P, is the Eulerian polynomial,

hp,(t) = Ay(t) = ) 4=, (3)

wEGn

(See for instance [18, Section 4.1].) We will see that WO is the set é; of permutations
with no double descent and no final descent and

Z tdesw 1+tn 1— 2des(w)’

’wEGn

as proved by Foata and Schiitzenberger in [7]. See also Theorem 5.
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Remark 2. A simple polytope is called flag if every collection of pairwise intersecting
faces of codimension 1 has a nonempty intersection. It was shown in [13] that each
P,(K) is a simple flag polytope. It was conjectured by Gal in [11] that when the h-
polynomial of a simple flag d-polytope is expanded in terms of the basis #/(1+¢)9"2/ each
coefficient is nonnegative. Theorem 6 confirms that Gal’s Conjecture holds for partitioned
permutohedra.

There is a topological counterpart of the main result, involving the cohomology of
certain toric varieties. We consider toric variety X, (K) of complex dimension n — 1
associated with the normal fan of P,(K’). By work of Danilov and of Jurkiewicz (see [5,
Theorem 10.8 and Remark 10.9]), we have

n—1
hp, ) (t) = Z dim H* (X, (K); C)t".
=0

By construction, P, admits an &,-action. With X,, = X,,(0)), this action determines an
&,,-representation on each H*(X,,;C). Such representations have been studied closely,
for example by Procesi in [20], by Stanley in [22], by Stembridge in [25, 24], and by
Dolgachev and Lunts in [6].

Theorem 1.1 of [13] says that the cohomology ring H*(X,(K);C) is isomorphic (as
a graded ring) to the ring H*(X,,; C)"* of W-invariant elements of H*(X,;C). Every
C[&,,]-module V is completely determined by the dimension of fixed-point submodules
VWk as K ranges over all subsets of [n — 1]. (Indeed, one needs only one representative
from each &,-conjugacy class of parabolic subgroups.) Since each hp, (k)(t) is palindromic,
we recover from Theorem 6 the already-known isomorphism of C[&,,]-modules

H2i (Xna (C) an H2(n—1—i) (Xn; C)

for 0 < i <n—1. (See [22, Corollary 4.4] and [24, Proposition 12].) We should therefore
hope for a nice expansion of the representation &,, on H*(X,,; C) using the palindromic
polynomials #/(1+¢)"~172/. Such an expansion was given by Athanasiadis, who expressed
the irreducible decomposition of this representation in the desired form in [1]. (We remark
here that Stembridge gave in [24, Theorem 4.2] a combinatorial formula for the irreducible
decomposition of each H?*(X,,;C). A different such formula is a special case of [21,
Theorem 6.3].)

Write 8Y7,, for the set of all standard Young tableaux with n boxes and arbitrary
shape and S/H?n for the set of all such tableaux having no double descent and no descent
at n—1. Given a tableau @, write A(Q) for the shape of @ and S*®) for the corresponding
simple module, called the Specht module. The readers are referred to [10, Section 7| for
this definition. Athanasiadis [1, Corollary 2.41, Equation (90)] proved that there is an
isomorphism

n—1
Z H2k(Xn7 (C)tk =N Z S)\(Q)tdes(Q)(l + t)n—l—Qdes(Q)'
k=0 QeSYT,
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of C[&,,]-modules.

As we have discussed, Theorem 6 and the result of Athanasiadis stated above carry the
same information; if one knows the dimensions of the fixed point spaces for all parabolic
subgroups, then one knows the representation and the converse is clear. After proving
Theorem 6 directly in Section 7, we show in Section 8 how to derive each of the theorems
quickly assuming the other.

2 Preliminaries

We review here some standard definitions and known facts from algebraic combinatorics.
We also introduce some notation. It is reasonable to skip much of this section and refer
back as necessary, but note the use of X (resp. X) to indicate the set of all elements of X
having no double descent and no final descent (resp. no double descent and no initial
descent) when X is a set on whose elements descents are defined.

2.1 Words, permutations, and descents

By a word of length n we mean an ordered list v = v(1)---v(n) of n positive integers.
So, the set of words of length n is Z2,. A descent of v € Z% is any ¢ € [n — 1] such that
v(1) > v(i + 1). We write Des(v) for the set of descents of v and des(v) for | Des(v)|. We
say that v has a double descent if there is some i € [n — 2] such that {i,i + 1} C Des(v)
and that v has an initial descent if 1 € Des(v). Similarly, we say that v has a final descent
if n — 1 € Des(v). The multiplicity of i € Z~o in v is the number of j € [n] such that
v(j) = i, which will be denoted by m;(v). For example, v = 4223185 is a word of length
seven, Des(v) = {1,4,6}, des(v) = 3, and (for example) ms(v) = 2 and mg(v) = 1. In
this case, v_has no double descent but does have an initial descent and a final descent.
We write Z” (resp. Z o) for the set of all words of length n having no double descent
and no 1n1t1a1 descent (resp no double descent and no final descent)

For a subset X of ZZ, we write X and X for X N ZQO and X ﬂZ>0, respectively. For

example, a permutation w = w(l)w(2) - -w(n) € &, written in one-line notation, can
be thought of as a word of length n in which m;(v) =1 for all i € [n]. So, we write S,
(resp. S, ») for the set of permutations with no double descent and no initial descent (resp.
no double descent and no final descent).

2.2 Parabolic subgroups of &,

A subgroup of &,, is parabolic if it is generated by transpositions. Every parabolic sub-
group is conjugate in &,, to a standard parabolic subgroup, which is a subgroup generated
by some adjacent transpositions (k,k + 1). For a subset K C [n — 1], we write W for
the standard parabolic subgroup generated by {(k,k+1) : k€ K}. If 1 <1i < j < n then
i, 7 lie in the same Wx-orbit on [n] if and only if € K whenever i < r < j.

The length ((w) of w € &, is the smallest number of adjacent transpositions whose
product is w, which is equal to the number of pairs (i,j) from [n] such that i < j
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and w(i) > w(j) (see for example [2, Proposition 1.5.2]). It is known (see for example
[2, Proposition 2.4.4]) that for K C [n — 1], each left coset wWy for w € &,, has a
unique representative of minimal length. We compose permutations from left to right.
So, applying © € wWjy to [n] is the same as applying w and then permuting elements
within Wi-orbits. Therefore, w is the representative of minimal length in wWp if and
only if ¢+ appears to the left of j in w whenever ¢ < j and ¢, 7 are in the same Wi-orbit.

We write W for the set of all minimal length coset representatives for Wy in &,,.
In other words, if we decompose a subset K C [n — 1] into maximal consecutive strings
K = la1, 01| U+ Ulam, by, then WX is the set of elements of &,, satisfying the following
condition:

for each 7 with 1 <7 < m, the numbers a;,a; +1,--- ,b;,b; + 1

: : . L : (4)
appear in the one-line notation of w as a subsequence in increasing order.

Finally, we define - -
WK :=&,NnW* and WK:=6&,nW¥x

Example 3. Consider the case n = 5 and K = {1,3}. The orbits of Wi are {1, 2}, {3,4}
and {5}. Note that the condition (4) is satisfied by w € & if and only if w™!(1) < w™1(2)
and w!(3) < w'(4). We see that

W = {12345, 12354, 12534, 13245, 13254, 13425, 13452, 13524, 13542, 15234,
15324, 15342, 31245, 31254, 31425, 31452, 31524, 31542, 34125, 34152,
34512, 35124, 35142, 35412, 51234, 51324, 51342, 53124, 53142, 53412} .

To calculate WX observe that there are 6 elements of WX satisfying w(1) = 5 and thus
having an initial descent. There are another 6 satisfying w(1) = 3 and w(2) = 1. Among
the remaining 18 permutations, 13542, 15324, and 35412 each have a double descent.
The remaining 15 elements of WX are the following, where the descents are indicated by
underlines.

e 12345 with no descent;

o 12354, 12534, 13245, 13425, 13452, 13524, 15234, 34125, 34512, and 35124 with one
descent; and

e 13254, 15342, 34152, and 35142 with two descents.

2.3 Fans, polytopes, toric varieties, and h-polynomials

A toric variety is an algebraic variety containing an algebraic torus as a dense open
subset such that the natural torus action on itself extends to the whole variety. We will
not discuss at length the rich theory of toric varieties and related combinatorial objects,
which can be found in various textbooks, including [4, 9, 15]. Rather, we record a little
more than we need herein.

o
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A d-dimensional convex polytope P in R? is simple if each vertex of P is contained in
exactly d faces of dimension (d — 1). Given a simple polytope P, we write f; = f;(P) for
the number of i-dimensional faces of P (0 < i < d). The f-polynomial of P is

d
fe(t) =) _ fit',
=0

and the A-polynomial of P is
hp(t) = fp(t —1).

So, for example, if P is a 4-gon in R? then fp(t) =4 + 4t + t* and hp(t) = 1 + 2t + t°.

Given a simple polytope P C R™ with rational vertices, the fan Ap dual to P is
simplicial and determines a toric variety Xp. The key point here, mentioned in the
introduction, is the result proved in the projective case by Jurkiewicz and in the general
case by Danilov,

d

> dim H*(Xp; C)t* = hp(t).

k=0
We remark that Xp has trivial rational cohomology in odd degrees, hence hp(t) tells us
everything about the Betti numbers of Xp.

2.4 Partitioned permutohedra

Let pi,...,p, be pairwise distinct real numbers. The permutohedron P, (p) associated
to p = (p1,...,Pn) is the convex hull of the n! points (pwa), ... Pwm)), With w running
through &,,. We note that P,(p) lies in the affine hyperplane £ C R" consisting of
vectors whose entries sum to » ., p;. It is known that P,(p) is an (n — 1)-dimensional
simple polytope (see for instance [17]). Under our assumption that the coordinates in p
are pairwise distinct, the combinatorial type of P,(p) does not depend on the choice of p.
Therefore, we write P, for P,(p) for simplicity.! The toric variety associated with P, is
called the permutohedral variety.
For each k € [n — 1], we set

H(E)S = {(x1,...,2,) € B | 23 < Tpy1}.
The partitioned permutohedron P,(K) associated to K C [n — 1] is

P,(K):=P,n () H(k)<.

keK

See Figure 1 for the case where n = 3 with p = (1,2,3). The polytopes P,(K)
were first studied in [13], where it is proved that P, (K) is a simple flag polytope (see [13,

LA canonical choice of p is (1,2,...,n), but alternative choices can sometimes simplify computations.
Indeed, we will take p = (p1,...,pn) With pp41-; = —p; for ¢ = 1,...,n in Section 7 for the proof of
the main theorem.
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Ps({1}) P3({2})

Figure 1: Partitioned permutohedra

Proposition 4.6]). Note that P,(0)) = P,. On the other hand, P,([n—1]) is combinatorially
equivalent to a cube (see [3] for an algebraic proof). Using work of Precup on Hessenberg
varieties in [19], the following result was proved in [13].

Proposition 4 ([13], Proposition 7.4). Given K C [n — 1], set
W(K) ={we&, |w'k) —wk+1)<1 foralkecK}.

For each such K,

weW (K)

3 Main theorem

The main result of this paper gives a combinatorial formula for expanding hp, k) (t) in
terms of the gamma basis {#/(1 + t)n_l_zj}ogjg\_anlj. Foata and Schiitzenberger proved
the following result.

Theorem 5. [7, Theorem 5.6] The Eulerian polynomial (3) satisfies

A( _th Z’Yn] 1+tn12j

where the coefficient v, ; is equal to
=|{w € &, | des(w) = j}| = {w € &,, | des(w) = j}|.
The last equality in Theorem 5 follows from the observation that the map from évn
to &, sending w to the permutation w* satisfying w*(i) = n+ 1 —w(n + 1 — i) for all

i € [n] is a descent-number-preserving bijection. Our main theorem generalizes Theorem 5
as follows.
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Theorem 6. For a subset K C [n—1], the h-polynomial of the partitioned permutohedron
P, (K) satisfies

L*lj

2

i) (t) = Y Angur V(141"
Jj=0

where for each 7,
g = [{w € WE [ des(w) = j} = [{w € WK [ des(w) = j}|.

After making necessary preparations in the next three sections, we complete the proof
of Theorem 6 in Section 7.

Example 7. We continue to consider the case n = 5 and K = {1,3} from Example 3.
Using Theorem 6, we conclude that

hpyrisy = (146" + 106(1 +1)? 4+ 4> = 1+ 14t + 30> + 14¢° + . (5)

We can confirm that (5) is correct using Proposition 4.

4 Valley hopping

We begin by reviewing the wvalley-hopping operation on a permutation defined by Foata
and Strehl in [8]. One may also refer to the description by Petersen in [16].

Definition 8. For a permutation w = w(1)w(2)---w(n) € &,, in one-line notation, we
say

1. w(i) is a peak if w(i —1) <w(i) > w(i+ 1);
2. w(i) is a valley if w(i — 1) > w(i) < w(i + 1);
3. w(i) is a free letter if w(i) is neither peak nor valley.

Here we take w(0) = w(n + 1) = oo by convention, so that neither w(1) nor w(n) is a
peak but each might be a valley.

Example 9. If w = 13245 € G5, then 3 is the peak, 1,2 are valleys, and 4,5 are free
letters. We draw a permutation as a mountain range following [16, Section 4]. See Figure 2
for such a depiction of w.

Let w(i) = j be a free letter. We denote by H;(w) the permutation obtained by mov-
ing j directly across the adjacent valley(s) to the nearest mountain slope while maintaining
its height. More precisely, we define H;(w) as follows.
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Figure 2: Peaks, valleys and free letters for w = 13245.

e If w(i) = j lies on a downslope, i.e., w(i — 1) > w(i) > w(i + 1), then we define
Hy(w) = w(1) (i — (i + 1) w(k) juwlk+1) - w(n)
for the smallest k& > i such that w(k) < j < w(k +1).
e If w(i) = j lies on an upslope, i.e., w(i — 1) < w(i) < w(i+ 1), then we define
Hy(w) = w(1) - wlk — 1) jw(k) - w(i — (i +1) - w(n)
for the largest k£ < i such that w(k — 1) > j > w(k).
For any collection of free letters J = {ji,...,jx}, we define
Hy(w) = Hj, - - Hj (w).

Note that H; and Hj, commute for all free letters j; and j,. Hence, the operator H;
is well-defined. We observe that H;(w) has the same peaks and valleys as w. The hop
equivalence relation ~ on &, is defined by

w ~ u if and only if u = H;(w) for some collection of free letters J = {j1,..., jx}
We denote by Hop(w) the hop equivalence class of w.
Example 10. For w = 13245 € &5 of Example 9, we see that
Hop(w) = {13245,41325, 51324, 54132}
as Hy(w) = 41325, Hs(w) = 51324 and Hyy s (w) = 54132. See Figure 3.
For any w € G,,, one can see that
des(w) = |{peaks of w}| + |{free letters of w which lie on a downslope}|.

If w has r peaks, then it has r + 1 valleys and n — 1 — 2r free letters. So, writing pk(w)
as the number of peaks of w € &,,, we have

Z Zfdes(u) _ tpk(w)<1 + t)n7172 pk(w)' (6)

u€Hop(w)
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move

move

Hy(w) = 51324 Hiy 5 (w) = 54132

Figure 3: Valley-hopping.

Recall that for a subset K C [n — 1], we define
WK = {w e S, | w satisfies (4)}.

By summing (6) over all w € ﬁ/\f}, we get

Z Z tdes(u) _ Z tpk(w)(1+t>n—1—2pk(w). (7)

weWw K uwEHop(w) weWE

Hence, in order to prove Theorem 6, it suffices to show that the left-hand side of (7) is
equal to hp, k(1)
Recall from Proposition 4 that a combinatorial formula for hp, (k) (t) is given by

hp, o) (t) = Z estv), (8)

veW (K)
By definition, v € W(K) if and only if in the one-line notation for v, we see either
) - k-ktl- or (i) - k+lke (9)

for each k € K. We note that the cases (i) and (ii) above mean v='(k) < v=(k + 1) and
v (k) —1 =071k + 1), respectively.
It is not true in general that W(K) is the union of the hop equivalence classes of

the elements of WK. So, we cannot use a straightforward counting argument to prove
Theorem 6. Instead, we claim that there is a bijection

O: {(w,u) € WK x &, | u € Hop(w)} — W(K)

such that if ©(w,u) = v, then des(u) = des(v). Then, the bijection © together with (8)
shows that hp,(k)(t) agrees with the left-hand side of (7). To construct ©, we introduce
the following operators.
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Definition 11. 1. For a permutation u € &,, and k € [n — 1], if the one-line notation
of u does not satisfy the condition (9), i.e., u=*(k) > v~ *(k + 1) + 1, then we define
Jr(u) to be the permutation obtained from u by moving k + 1 to the right so that
it is of the form (ii) of (9). Otherwise, we define Jy(u) = u.

2. In general, for K = {iy,4s,...,0y,} with ¢} < iy < -+ <, we define
Irc(u) = 8i,, -+~ 31,0, (w). (10)
We observe that Jx(u) € W(K) for all u € &,, by definition.

Proposition 12. For a subset K C [n — 1], the map
0: {(w,u) € WK x &, | u € Hop(w)} = W(K) (11)
defined by ©(w,u) = Jx(u) satisfies des(Jx (u)) = des(u) and is bijective.
We will prove the above proposition in the next two sections.

Example 13. For n = 5, K = {1,3} and w = 13245 € WX as in Examples 3 and 7, we
have Hop(w) = {13245,41325,51324, 54132}. Applying the operator Jx to permutations
in Hop(w) above, we obtain

{13245, 14325, 51324, 51432},

which is a subset of W (K). Here, the first and the third elements of Hop(w) are already
elements of W(K) so the operator Jx does nothing, while the second and the fourth
elements are changed. One can verify that | | _%{dx(u)|u € Hop(w)} = W(K).

5 Preserving the descent number

In this section we prove the first assertion of Proposition 12, namely that the operator Jx
introduced in Definition 11 preserves the number of descents. We first observe that some
of the operators J;,, ..., d;,, in (10) act trivially in the construction of g (u). For instance,
when n = 5, K = {1,3} and u = Hy(w) = 41325 € Hop(w) of Example 13, one can see
that

Ik (u) = 14325 = J3(u) # wu.

Hence, we introduce the following definition to make computations simpler.

Definition 14. Let K be a subset of [n — 1]. For a permutation u € &,, with Jx(u) # u,
one can write

Ik(u) =k, - Ik, (u) (12)

for some closed intervals K == [k;, k; + ¢; — 1] in K such that
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° k}l<l€z+fz<k1+1 fOI'Z.G[m—]_] and€m>0,

[ gkj+i3kj+i—l cee ij (U]) # gkj+i_13kj+i_2 cee ij (u]) for all 0 < 1 < gj — 1 with Uy =u
and u; == Jg,_, - JK, (u) for 2 < j < m.

We call the expression in (12) the effective expression for Jx(u). Such an expression exists
for every Jx(u). Note that closed intervals K; = [k;, k; +¢; — 1] in (12) depend on w.

move ; % It

move ‘ b

move ﬁ H0p % Ixr

Figure 4: Two cases of the effective expression Jx(u).

Case (i):

Case (ii):

Proposition 15. Let K be an arbitrary subset of [n — 1]. Let w € WK and u € Hop(w).
Then we have

des(dx(u)) = des(u).

Proof. 1t suffices to show that des(Jk,, ---Jk,(u)) = des(u) for the effective expression
for i (u). First we consider the case where the effective expression of Jx(u) consists of
only one closed interval, say K’ = [k, k + ¢ — 1].

For w € W& and v € Hop(w), due to the description (4) and Definition 11 to-
gether with the assumption on the effective expression, we have the two cases for the
positions of the letters k,k 4+ 1,...,k + £ in the mountain range descriptions for w, u
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and Jg(u). See Figure 4. Observe in both cases Jx+ does not change the descent number,
i.e., des(Jx/(u)) = des(u).

If the effective expression consists of several closed intervals, say K1, ..., K, as in (12)

—_~—

with u; = u and u; = Jg,_, - JK (u) for 2 < j < m, then we consider w; € Wi
obtained by moving all free letters of u; on a downslope by crossing valleys. This implies
that u; € Hop(w;), so that we apply the previous result repeatedly to conclude

des(Jk (u)) = des(dk,, (um)) = des(uy,) = des(Jk,, _, (Um—1)) = --- = des(uy) = des(u).D

6 Inverse operator

In this section we prove the second claim of Proposition 12, that the map © of (11) is
bijective, by constructing its inverse explicitly.

Regarding the closed intervals K; = [k;, k; +¢; — 1] for ¢ = 1,...,m in the effective
expression (12) of Jx(u), we first observe that

o k;+(;is a peak of Jx(u), and

o k; is either a valley or a free letter on a downslope (see cases (i) and (ii) of Figure 4,
respectivley).

We also have the following lemma.

Lemma 16. Let K,w and u be as above. If (Jx(u)) ™ (kj—1) = (Jx(u)) 1 (k;)+1 (which
happens only in Case (i) of Figure 4), then k; —1 & K.

Proof. If k; — 1 € K, then we have u™'(k; — 1) = u™'(k;) + 1. Indeed, if we write
Jx(u) =Jk,, - - JK, (u) as the effective expression discussed in (12), then the assumption
(Jx(u) H(k; — 1) = (Jx(u))*(k;) + 1 implies that k; — 1 does not belong to any closed

interval K. Since w € Hop(u), one has w™*(k;) < w™'(k;—1), which contradicts w € W&
(see (4)). Hence, we conclude k; — 1 ¢ K. O

Based on these facts, we now construct a map Lx: W(K) — &,,. For K C [n — 1]
and v € W(K), we denote by

(k+Ck+0—1,... k) (13)

a consecutive string in K consisting of a peak k + ¢ of v and letters k +¢ —1,...,k
immediately followed by k + ¢ such that {k+/¢—1,... k} C K and k —1 ¢ K whenever
vk —1)—v (k) = 1.

Definition 17. For v € W(K), consider all strings (k; + €;;k; +¢; — 1,...,k;) in v of
the form (13). If v has no such a string, then we define £ (v) = v. Otherwise, assuming
1<y <mand ky < ki +0 < ko < kg+4ly < -+ < kyy < kyy + £, without loss of
generality, we define £ (v) inductively as follows.

THE ELECTRONIC JOURNAL OF COMBINATORICS 33(3) (2026), #P3.61 13



1. vpy1 =

2. Given vj4; with j < m, let ¢; == vjjrll(k:j + ¢;) and a; the largest integer such that
aj < ¢j and v41(a;) > kj + £;. We define v; by the following one-line notation:

Ui (1) - vjpalag) K+ kj+6—1 - ki1
vis(ag + 1) - vie = 1) Ky vja(e + 6 +1) - vj4a(n),
where we omit the first part v;11(1) - - vj41(a;) if a; = 0.
3. We define Lk (v) = vy.

We describe Lg(v) pictorially in Figure 5. For instance, regarding v = 14325 =
Ix(u) € W(K) C S5 for u = 41325 and K = {1,3} as in Example 13, we have only one
string (4;3) of (13) which is the case of Figure 5-(B). Hence we have Lk (v) = 41325, and
observe that Jx(Lk(v)) = v. Indeed, we have the following proposition.

34 VR8s

v LK(’U)
(A) k; is a valley in v. (B) k; is a free letter on a downslope in v.

Figure 5: Lk (v) in two cases.

Proposition 18. Let K be a subset of [n — 1].

1. For v € W(K), the permutation Li(v) € &,, determines the unique permutation
w € WX such that L (v) € Hop(w).

2. The map
W(K) = {(w,u) € WE x &, | u € Hop(w)}

defined by v — (w, Lk (v)), where w is the element determined by (1), is the inverse
of ©.

Proof. (1) Let w be the canonical representative obtained from Lx(v) by moving free
letters on a downslope to on an upslope by valley hopping. Then, w is the unique element
of &, such that L (v) € Hop(w). To show that w € WX we verify that

w (k) —w H(k+1) <0 (14)
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for each k € K by (4). Since v is an element of W (K), we have v~ (k) —v 1 (k+1) <1
following (9). If v~ (k) — v™'(k + 1) < 0, then (14) follows from the fact that L
and the construction of w do not affect the positions of £ and k + 1. For the case
of v (k) — v~ (k + 1) = 1, the claim (14) follows from the definition of £y and the
construction of w as k4 1 is a free letter. -

(2) We first assert that Lx(Jx(u)) = u for w € WK and u € Hop(w). Consider
first the case Jx(u) = u. If p is a peak of u with u='(p — 1) = u~'(p) + 1, then we
have p — 1 € K by a similar argument to that in the proof of Lemma 16 because the
permutation w € Hop(u) belongs to WX. Hence we have £ (u) = u by Definition 17,
which implies £ (Jx (u)) = Li(u) = u.

For the case Jx(u) # u, consider the effective expression Jx(u) = Jk,, -+ JKk, (u) as
in (12) with intervals K; = [kj, k; + ¢; — 1]. It follows from Lemma 16 together with
the definition of the effective expression that (k; + ¢;;k; +¢; —1,... k;) for 1 < j < m
are strings of (13) in Jx(u). Moreover, by an argument similar to that in the previous
case, one can see that any string (13) in Jx(u) is (k; + £;;k; +€; — 1,...,k;) for some
1 < j < m. Then, putting v = Jx(u), we get v; = u; for all 1 < j < m by Definition 17.
Hence we have LK(HK(U)) = L) =v1 =u; = u.

Secondly, we claim that Jx (L (v)) = v for v € W(K). Let

{(kj‘i‘gj,k}j—i—g]—l, k)’l ]gm}

be the set of strings in K corresponding to v as defined in (13). Without loss of generality,
we may assume that ky < ky + 0, < kg < kg + 0y < --- <k, < ky, + {,,. Then, following
Definition 17, we have a sequence of permutations

V = Upt 1, Ums U1, - - -, 01 = Lk (V).

Also, we have w € WK with L (v) € Hop(w) by the result of (1).
Writing u == Lk (v) and K; = [k;, k; +{; —1] for each j = 1,...,m, one can show that

I (u) =k, - Ik, (u). (15)

Indeed, if Jx(u) # Jk,, - - dK, (u), then there exists k € K with k;_y + ;-1 < k < k;
for some j € {1,...,m + 1} such that Ji(u;) # u; for u; = J,_, -+~ I, (u). (Here, the
inequality k;_1 + {;_1 < k < k; means k < k; for j =1 and k,, + £, < k for j = m + 1,
respectively.) This implies that the mountain range description of u € Hop(w) is one of
the following two.

¢ Sa/

By the definition of u = L (v), the relative positions of k and k+ 1 remain unchanged
in the mountain range descrlptlon ofv (see Figure 5). So, v satisfies v (k)—v~ 1 (k+1) > 1,
which contradicts v € W(K). Thus, (15) holds, and we conclude that
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UV ="Unt1 = 3Km(Um) = HK,ngKm,l(Um—ﬂ ==K, '3K1(U1)
=k, I, (u) = Ix(v) = Ik (Lk(v)). O
Proof of Proposition 12. The claim follows immediately from Propositions 15 and 18. [J

7 Proof of Theorem 6

Recall from (6) that we have
Z tdes(u) _ tpk(w)(l + t)nfle pk(w)

u€Hop(w)

for any w € &,,. By summing the equality above over all w € Vlf}?{, we obtain

Z Z Zfdes(u) _ Z tpk(w)(l + t)nflprk(w) _ Z tdes(w)(l + t>n7172des(w).

wew K weHop(w) weW K weW kK

(16)

Here, the last equality follows because pk(w) = des(w) for all w € S,.. By Propositions 4
and 12 the leftmost term of (16) is equal to

Z pdes(v) _ th(K)(t)-

veW(K)
Therefore, we conclude that
th(K) (t) _ Z 7fdes(w)<1 + t)n7172des(w)' (17)
weW K

It remains to prove the equality
[{w € WK | des(w) = j}| = [{w € WX | des(w) = j}. (18)
We set
K ={n—-k|keK},

and for w € &, let w* be the permutation satisfying w*(i) =n+1—w(n+ 1 —1) for all
i € [n]. One can confirm that Des(w*) = {n — i : ¢ € Des(w)} and that

WK = {w* |w e VI//}}
It follows now from (17) that
th(K*)(t) = Z tdCS(w)<l + t)n—1—2dcs(w)'

weWk
The equality (18) will follow once we prove that P,(K*) and P,(K) are isomorphic.
To do this, we observe that we may assume that P, is the convex hull of {w(p) : w € &,,},
where p = (p1, ..., pn) satisfies p,y1_; = —p; for all i € [n]. Under this assumption, it is
straightforward to show that if wq is the permutation matrix mapping the standard basis
vector e; to e,41-; for all ¢ € [n], then P,(K) = —wy(P,(K*)). The claim follows. This
completes the proof of Theorem 6.
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8 Athanasiadis’ result

The aim of this section is to compare our main result (Theorem 6) with Athanasiadis’
result [1, Corollary 2.41] on gamma vectors of permutohedra. We adhere to the notation
of Section 2 and assume the reader is familiar with material in [23, Chapter 7] or [10,
Parts T and TI].

For a positive integer n, we write 8Y7T,, and 88YT,, for the set of all standard Young
tableaux and the set of all semistandard Young tableaux, respectively, whose underlying
Young diagram has n squares. Given T' € 8YT,,, a descent of T is any i € [n — 1] such
that ¢ appears in a higher row of 7" than i+ 1 does. We write Des(7T") for the set of descents
of T" and des(T") for | Des(T)|. Double, initial and final descents are defined as they were

for words (see Section 2.1). We write 8Y7, (resp. S/H?n) for the subset of 8YT,, consisting
of tableaux with no double descent and no initial descent (resp. no double descent and
no final descent). In what follows, given an arbitrary semistandard Young tableau T,
we write \(T") for the partition from which the Young diagram for 7" is obtained, and
co(T) = (¢1,¢9,...) for its content, namely the sequence (¢, ¢y, ...) such that ¢; is the
number of entries of T equal to 1.

8.1 The Robinson—Schensted—Knuth (RSK) algorithm

We will not describe the RSK algorithm here. Rather, in addition to providing an example
below, we will describe its key consequences. The interested reader can find details in [23,
Chapter 7]. With the notation used in (7.38) on page 318 of [23], we assume at all times
that i, = k for all k£ € [m]. Under this assumption, the algorithm produces from a word
v of length n a pair (P,,Q,) € 88YT,, x 8YT,, such that P, and @, are obtained from the
same partition and have two other essential properties.

Proposition 19. For every positive integer n, there is a bijection
RSK : Z%, — {(P,Q) € 88YT,, x 8YT, | A(P) = A(Q)}
such that given RSK(v) = (P,, Q,), both
(A) if P, has content ¢(P,) = (c1,¢a,...), then ¢; = m;(v) for all i, and
(B) Des(Q,) = Des(v)
hold.

For example, applying RSK to the word v = 23132, we obtain the following sequence
of pairs of tableaux, terminating with (P,, Q,).

(@ @O) - (@BE0) - (1 311 2|) 5 (1 313 [T 2|4|) 5 (1 213 [1]2 4|).
2 3 315

3 2 2(3

We observe that Q, € YT, (resp. @, € @) if and only if v € ZZ) (resp. v € Z’;\O)
and that P, € 8Y7T, if and only if v € &,,. The fact that (A) holds follows immediately
from the definition of the RSK algorithm. The fact that (B) holds follows from the
discussion following (7.43) on page 321 along with Lemma 7.23.1 in [23].
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8.2 Modules for C[&,,] and Kostka numbers

The simple modules of C[&,,] are parameterized by partitions of n. We write S* for
the module associated to the partition A. Every C[&,]-module is a direct sum of simple
modules, and each S* is a summand in some permutation module M*. Here pu = u(K)
for some K C [n — 1], and M* has a C-basis indexed by the cosets of Wi in &,,. The
elements of &,, permute this basis as they permute the cosets by translation. The Kostka
number X ,, is the number of semistandard Young tableaux of shape A and content p. The
first equality in the next theorem is well-known (see for example [23, Theorem 7.18.7]) and
the second follows directly from Frobenius reciprocity (see for example [14, Lemma 5.2]).

Theorem 20. The Kostka number X, , is equal to the number of summands isomorphic
to S* in a direct sum decomposition of M* into simple submodules, which is equal in
turn to the dimension dim(S*)Wx of the subspace of S* consisting of vectors fized by a
parabolic subgroup Wi satisfying u(K) = p.

8.3 Graded &,,-representation formula for gamma vectors

Consider the permutohedral variety X,,, which is the toric variety associated with the
normal fan A, of a permutohedron P,. Since the fan A, is invariant under the reflection
action of G,,, this induces an action of &,, on X,,, which determines a representation of G,
on H*(X,;C). This representation is palindromic as noted in [22, Corollary 4.4] and [24,
Proposition 12], which implies that there exist virtual modules R,,; (0 < j < |[%57]) such
that

n—1 L%J

S HM(X,C)tf g, > Ryt (141,

k=0 §=0

Y

where =g, denotes isomorphism of C[&,]-modules. Athanasiadis proved the following
result.

Theorem 21. (/1, Corollary 2.41]) For 0 < j < |%5*],

R, =, Z SAMQ) — Z SAN@)

QESYT, QESYT,
des(Q)=j des(Q)=j
Equivalently,
n—1
S OHM(X Ot e, Y SNQpsQ (1 yno1-2des(@)
h=0 QESYT,
_ Z S)\(Q)tdes(Q)(l_i_t)nfldees(Q)'
QESYT,
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8.4 A relation between our theorem and Athanasiadis’ result

The aim of this section is to explain how to derive each of Theorems 6 and 21 assuming
the other. We begin with a result from [13]. For a subset K C [n — 1], we write X,,(K)
for the toric orbifold associated with the partitioned permutohedron P, (K).

Theorem 22 ([13], Theorem 1.1). For any subset K C [n — 1], the cohomology ring
H*(X,(K);C) is isomorphic to the ring H*(X,; C)W& of Wi -fized elements of H*(X,,; C).
In particular, we obtain

n—1

i) = S im B X, () O = 3 dim(H(X,: €)' ) (19)
= =0

For K C [n — 1], write u(K) = (i1, ..., ftm) for the composition of n defined to be
(|01l ..., |On—ik||) where Oy, ..., O,k are Wg-orbits in [n]. For example, if n = 5 and
K ={1,3}, we have u(K) = (2,2,1). Then, we define

[m]"(K) —{UEZ o | mi(v) = p; for all ¢ € [m]}.

So, the set [W‘(K ) consists of all words v of length n with entries in [m| such that v
has no double descent, no final descent, and p; letters equal to i for each i € [m] (and no

letter greater than m). We observe that RSK maps [W(K ) onto the set of pairs (P, Q)
from 88YT,, x 8YT,, such that A(P) = A(Q) and P has content u(K). Therefore,

Z tdes(v)(1+t)n_1_2desv Z Kn(@) tdes (1—!—25)" 1-2des(Q) (20)
ve[m]™ (K) QeSYT,

—_

Here, one can see that there is a descent-preserving bijection from [m|*(K) to WK,
Given v € [m|*(K) and i € [m], define

Yi(v) = {j € n] | v(j) =i}

and let ¢(v) € &,, be the permutation such that if j is the k™ smallest element of Y;(v)
then

o(v); =k+ ZW-

For instance, an element v = 23112 € [3](K) with K = {1,3} gives ¢(v) = 35124 € WK,
It is straightforward to confirm that ¢ is the desired bijection. Hence, the left hand
side of (20) is described as Y #9°09) (1 4 )"~ 1=24() On the other hand, the right

hand side of (20) is dlm(S’\(Q))WtheS( )(1 4 t)"~172des(@) by Theorem 20. Thus,
we can rewrite (20) as

Z tdes(w)(1+t)n—1—2des(w _ Z dim S)\ Wthes(Q (1_|_t)n 1— 2des(Q) (21>

weWk QesYT,

ZQESH‘J’
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Therefore, we conclude from (19) and (21) that the equation

th(K)(t) = Z tdes(w)(1+t)n_1_2des(w)

weWw K
is equivalent to
n—1
Zdlm HM(XH,(C Wiyt Z dim( SM@ WtheS (1 + t)"fl*QdeS(Q).
=0 QESYT,

If we pick for each partition v of n some K, such that par(u(K,)) = v, then any
C[&,,]-module M is determined up to isomorphism by the dimensions of all of the spaces
of Wi, -invariant vectors. (This is well-known and follows from, for example [23, Propo-
sitions 7.10.5 and 7.18.7].) Now we know that Theorem 6 follows from Theorem 21 and
vice versa.
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