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Abstract

We first observe a mysterious similarity between the braid arrangement and the
arrangement of all hyperplanes in a vector space over the finite field F,. These two
arrangements are defined by the determinants of the Vandermonde and the Moore
matrix, respectively. These two matrices are transformed to each other by replacing
a natural number n with ¢" (g-deformation).

In this paper, we introduce the notion of “g-deformation of graphical arrange-
ments” as certain subarrangements of the arrangement of all hyperplanes over F,.
This new class of arrangements extends the relationship between the Vandermonde
and Moore matrices to graphical arrangements. We show that many invariants of
the “g-deformation” behave as “g-deformations” of invariants of the graphical ar-
rangements. Such invariants include the characteristic (chromatic) polynomial, the
Stirling number of the second kind, freeness, exponents, basis of logarithmic vector
fields, etc.

Mathematics Subject Classifications: 52C35, 05C89

1 Introduction

It is classically known that there are similarities between subsets of [n] = {1,...,n} and
linear subspaces of Fy, which is sometimes called the “g-analogue” [7]. We start with
pointing out further similarities between chromatic polynomials for graphs and charac-
teristic polynomials for hyperplane arrangements over finite fields.

A central arrangement A is a finite collection of linear hyperplanes in a finite di-
mensional vector space. Define the intersection lattice L(.A) and the characteristic
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polynomial x(A,t) by

L(A) ::{ (N H

HeB

BQA}, VAT = 3 p(xem,

XeL(A)

where L(.A) is ordered by the reverse inclusion and p denotes the Mébius function on
the lattice L(.A). See [8] for details.

A typical example of an arrangement is the braid arrangement 5, in R’ whose
defining polynomial is the Vandermonde determinant, i.e.,

1z 22 z

1 zy 23 x5!

QB = [] (z—m)= : :
1<i<j<e ' '

1z, a2 T

The characteristic polynomial of the braid arrangement By is
X(Be,t) =t(t—1)(t—2)---(t—L+1).

There are mysterious similarities between the braid arrangements and the arrange-
ments consisting of all hyperplanes in vector spaces over finite fields. Let ¢ be a prime
power and F, the finite field of order ¢. Define the arrangement A, (F ) as the set of all
hyperplanes in F 5. Its defining polynomial is the determinant of the Moore matrix, i.e.,

2 —1
xy oy 2l o af
2 £—1
xo a8 xd oo 2l
Q an(F H H (1 + -+ i+ ;) = . .
i=1 Cly--yCi— lqu : :
q q2 qéfl

The characteristic polynomial of Aau(Ff;) is

X (Aan(Fg),t) = (t = 1)(t = q)(t —¢*) -+~ (t—q").

By formally replacing ¢* in the expressions of @ (Aau (Ff})) and y (Aan(IFg), t) with k,
we obtain the expressions for Q(B,) and x(By,t). Note that x(B,,¢) = ¢! = |S,| and
X (Aan(Fh), ¢") = (" =1)(¢" —q) - -+ (¢ — ¢") = | GLy(F,)|. It is worth mentioning that
the permutation group &, is considered as the “IFi-version” of the general linear group
GL(F,) [11].

A similar phenomenon can be observed in the context of the freeness of arrangements.
Let A= {Hy,...,H,} be an arrangement of hyperplanes in V = K’ Let o; : V — K be
a linear form such that H; = a;*(0). The module of logarithmic polynomial vector fields

D(A) is defined as

D(A {G_Zf”
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Oa; € 1),1<i<n},



where f; € S =Klzy,..., 2, and 9; = ;2. An arrangement A is said to be free if D(A)
is a free module over the polynomial ring (See [8] for details). Both of B, and A,y (F,) are
free with bases

0<k‘<€—1} for D(B,) and

14

(See [8, Example 4.22 and 4.24]).
Moreover, there are mysterious similarities for subarrangements. Let G be a simple
graph on [¢] = {1,...,¢}. Define the graphical arrangement A in R by

Ag = {{z; —z; =0} [{i,j} € Ec }.

0<k<l—1 } for D (Au(F"))

Note that every subarrangement of B, is of the form Ag and it is well known that the
chromatic polynomial x(G,t) coincides with the characteristic polynomial x(Ag,t). We
will see later that the characteristic polynomials of arrangements in IFg have properties
similar to those of chromatic polynomials.

We will focus on specific subarrangements of Aan(Fg) that arise from simple graphs.
Note that the braid arrangement B, corresponds to the graphical arrangement associated
with the complete graph K,. Thus, it seems natural to assign K, to Aau(FfI). Further-
more, it seems natural to assign every clique of GG to the set of all hyperplanes using the
coordinates corresponding to the vertices in the clique.

Definition 1. We define a g-deformation of graphical arrangement A7, in Iﬁ‘g as
follows.

AqG = U {{ailxi1+---+airxiT:O}’ (ail,...,air)EIFZ\{O}},
{i1,eeeyir}

where {iy,...,4,} runs over all cliques of G.

It is expected that A} has a lot of properties similar to the graphical arrangement Ag.
The organization of this paper is as follows. In Section 2, we will present that the charac-
teristic polynomials of arrangements in Ff; have properties similar to those of chromatic
polynomials. In Section 3, we will focus on the ¢-deformations AZ of graphical arrange-
ments. In Section 3.1, we will show that the characteristic polynomial of A7, determines
the chromatic polynomial G when ¢ is large enough (Theorem 14 and Corollary 15) and
we will describe a relationship between the characteristic polynomial and the numbers of
stable partitions of G (Theorem 18). In Section 3.2, we will show that A} is free if and
only if G is chordal as in the case of graphical arrangements (Theorem 23). In Section 3.3,
we construct an explicit basis for D(Ag) for a chordal graph G (Theorem 27).
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2 Characteristic polynomials of arrangements over finite fields

The following proposition for the chromatic polynomial is trivial by definition.

Proposition 2. Let G be a simple graph. Suppose x(G,k) =0 for some k € Z~y. Then
X(G,j) =0 for0<j <k

There is a g-version of Proposition 2.

Proposition 3 ([12, Lemma 7]). Let A be an arrangement in Fo. If x(A,¢*) = 0 for
some k € Zg, then x(A,¢’) =0 for any 0 < j < k.

Proof. Let AQF ’; denote the subspace arrangement in (F ’q“)é defined by
A@F: ={HeyF|HcA}.

Then the intersection lattices L(A) and L(A® F¥) = { X @p, F¥ | X € L(A) } are nat-
urally isomorphic. By [2, Proposition 3.1],

X(A,¢") = x(A® Ty, ") = # ((FS)E\ U H @, Fl;) :
HeA
Thus, if x(A,¢*) =0 and 0 < j < k, then x(A, ¢/) = 0. —~

A stable partition of a simple graph is a set partition of the vertex set such that
no edge connects vertices within the same block. Define the falling factorial # for each
i € Zug by tt:=1t(t—1)---(t —i+1). Note that the falling factorial t£ coincides with the
characteristic polynomial x(By,1).

Proposition 4 (]9, Theorem 15]). Let G be a simple graph and suppose x(G,t) =
Zle c;itt. Then ¢; coincides with the number of stable partitions of G into i blocks. In
other words, ¢; coincides with the number of i-dimensional subspaces in L(B,) that are
not contained in any hyperplanes in Ag.

Next, define the polynomial by

th = x(Aw(Fi), 1) = (¢ = 1)(t ) (t —¢).

There is a formula similar to Proposition 4 for arrangements in Fg. To prove it the
following lemma is required.

Lemma 5 (Deletion-restriction formula [8, Corollary 2.57]). Let A be an arrangement
and suppose that H € A. Then

X(-A> t) = X(A/7t) - X(*AHat)a

where A" and A" denote the deletion and restriction defined by A' .= A\ {H} and
AP ={KNH|KeA}.
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.. . 4 i
Proposition 6. Let A be an arrangement in ]Ff; and suppose X (A, t) = > _;_jcitt. Thenc;
1s the number of i-dimensional subspaces in IFf; that are not contained in any hyperplanes

in A.

Proof. We proceed by double induction on ¢ and |A.u(F;) \ Al. When ¢ = 1, A is the
empty arrangement & or the single-point arrangement {0}. The claim is true since

x(@,t) = (t—1)+1_t1+t0
x({0},8) =t —1=

Suppose that ¢ > 2. Since X(Aau(lﬁ'f;), t) = té the assertion is true for A = A.u(F}).
Assume that A C Aau(]Ffl) and H € A. Then, by Lemma 5, we have

~

X(A' 1) = X (A1) + x (A", 1) ZZCtZ—I—Zdtz—tZ—{—ZcZ—{—d =t

=0

By the induction hypothesis,

:#{XeL(AaH(IFfI)”dimX:i, XZ K forany K € A},
=#{XeL(An(H))|dmX =i, XZHNK forany K € A\ {H}}.

Since
{ X € L(Au(F)) | dm X =i, X Z K for any K € A\ {H} }

_{XeLAaHIFf ) | dimX =i, X Z K forany K € A}
U{X € L(Aum(H)) |dmX =i, X Z HNK forany K € A\ {H} },

the claim follows. O

Some combinatorial sequences and their g-analogues have interpretations in terms of
characteristic polynomials of hyperplane arrangements over [F,.

Example 7. Consider the empty arrangement in IFf;. Then we have the following well-
known formula (see [7, Expression 4.4]):

where

(6) _ w]qw— 1](1'”[6 —i+ 1]q
i q [i]q[i - 1](1 U mq
is the g-binomial coefficient, which is equal to the number of i-dimensional subspaces of

Fg, and [k], = qqk___11 denotes the g-integer. Note that ¢¢ is the characteristic polynomial of
the empty arrangement in IFf;, and t% is the characteristic polynomial of A, in F Z.

o
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Example 8. Consider the Boolean arrangement in ]Ff;, which consists of all coordinate
hyperplanes. Define S,(¢,%) by

L

(t=1)" = (¢— DSyt

=0
which is called the ¢-Stirling number of the second kind. It satisfies the following recur-
rence formula.

Sq(l,i) = Sg(0 — 1,0 — 1) + [i]S,(€ — 1,4), Sq(0,4) = 6o,

It is proved as follows.

(t—1) = e 1(q — 1) S (0= 1,0yt (t - 1)

o

= (- 178 (- Li)ti(t —q' + ¢ — 1)
B

=S (g—1)its, (¢ - Z“+Z 1) g —1)S, (£ — 1,0t
=0 . |
=t Zq—l J(0= 1,0 — 1) + [i] S, (0 — 1,4))tL.

=0

This is a g-version of the following well-known formula for the Stirling number of the
second kind.

¢
=Y S, S(li)=S(0—1,i—1)+iS({—1,4).

i=0

Remark 9. By Proposition 6,

#{ X € L(Au(F)) | dim X =1, XQ{xJ—O} for any j € [(] }
(¢ — 1) '

Syl 1) =

3 g-deformations of graphical arrangements

3.1 Characteristic polynomial

Let G = (V, E) be a graph. One of the most important properties of chromatic polyno-
mials is the following deletion-contraction formula

X(G7 t) = X(G \ €, t) - X(G/e7 t),

fore € E.
We obtain the following g-version of this formula for ¢-deformations of graphical ar-
rangements.
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Proposition 10. Let e = {iy,i2} € E be an edge such that
(1) {i1,is} is a mazximal clique, and

(2) The contraction G/e does not result in a new clique.
Then
X(AG 1) = X(AG 1) — (@ = Dx(AG ). 1)
Proof. Without loss of generality, we may assume that e = {¢ —1,¢}. Then the difference
between .AqG\6 and A is (¢ — 1) hyperplanes of the form {z, ; = ax/} with a € Fy.
Under the hypothesis (1) and (2), the restricted arrangement on such a hyperplane is
Ag/e. Applying Lemma 5, (¢ — 1) times, we obtain the formula. H

Example 11. Let P, be the path graph on the vertex set [¢]. Then a clique is either
a vertex or an edge. Hence A}, consists of 1+ (¢ — 1)q hyperplanes of the form {az; +
briyy = 0}, 4 = 1,...,0 =1, (a,b) € F2\ {(0,0)}. Using Proposition 10, we have
X(A}, 1) = (t = 1)(t — q) " (Note that x(Ap,,t) = t(t — 1)"1).

There is a well-known explicit formula for the chromatic polynomial of a cycle graph
C, for ¢ > 3.

X(Acy,t) = (t = 1)+ (=1)(t = 1).
The following lemma is a g-version of this formula.

Lemma 12. Let £ > 4. Then
XA, 1) = (t = o) + (1) (¢ = D)}t —q).
Proof. First consider the arrangement B in IFZ consisting of the following hyperplanes.
T = axe, Ty = axrs, r3=axr; (a €F,).

Then B is supersolvable with exponents (1,¢q,2g — 1). Using the deletion-restriction the-
orem [8, Corollary 2.57] ¢ — 1 times, we have

X(‘chzu t) = ('AP4’ t) — (¢ — 1)x(B,1)

=(t=1)({t—q)°—(q—1){t=1)(t—q)(t —2¢+1)
=(t=1){t—q)((t—q*—(g—1)(t —2¢+1))
=t-1)t-q)((t—q)*—(g—D(t—q)+ (¢ —1)%)
B (t—q)+ (¢ —1)°

B T Ry

— (1) + ()11,

Now suppose that ¢ > 5. Using Proposition 10, we have
X(AG, 1) = x(AB,) — (¢ - 1)><( oo t)
=t-Dt-9" ' = (@-Dt-¢" " = (=) gDt —0q)
=)'+ (D) — D"t~ q). O
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In many concrete graphs G, we observe that x(Ag,t) is a polynomial in ¢ and t.
It is expected that the chromatic polynomial x(G,t) is recovered from the polynomial

X( qG7t)'

Conjecture 13. The function x(Ag,t) is a polynomial in ¢ and in ¢, and the equality

- X(AG )

holds.
The following results are weaker versions of this conjecture.

Theorem 14. For any k € Z~q, and prime power q,

%’S? =x(G,k) (mod g—1).

Proof. Let V = F!. Define

q . ¢| {vi,-.-, v} is linearly independent
Xe(V) = { (Vs v) €V over F if {i1,...,4,} is a clique of G.

Note that y (AL, ¢*) = # X2 (V) since x (AL, ¢*) equals the cardinality of the complement
of the subspace arrangement A ® IF’; as mentioned in the proof of Proposition 3. The
group (F))* acts on X¢(V) by

(a1s. e ra0) - (01 01) = (arvns- . agvy).
q k
Therefore #XL(P(V)) = %’ where
q j—

over F, if {i1,...,4,} is a clique of G.

X9(B(V)) = { (B, T0) € P(V)! {vi,, ..., v;, } is linearly independent } ‘

Let D denote the subgroup of (F;)* defined by D = { (a,...,a) € (F})* | a € F} }.
Let T = (F))"/D, that is, the quotient of (F))* by the diagonal action of F). Let
X1
x= 1] | #0. Then T acts on P(V') by

Ty
a1

(al,...,ak)-f:
ApT

Let v(z) :=#{i € [k]|xz; #0}. Then it is easily seen that

#(T-T) = (¢ — 1)
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In particular, T € P(V) is a fixed point if and only if T = €;, the standard-basis vector, for
some 7. Consider the diagonal T-action on P(V)*. This induces a T-action on X&(P(V)).
The fixed point set is

q T_ ) _ ’ {esil, . ,esip} is linearly independent
Xe(P(V)) { (Cor-o-r85) €P(V) over F, if {i1,...,4,} is a clique of G. [~

Note that {6%7 ey e%} is linearly independent if and only if they are mutually different.
Therefore we have

#XEP(V))" = x(G k).
Any other orbits have cardinalities divisible by ¢ — 1. This completes the proof. O
Corollary 15. If ¢ > (*, then x(A%,t) determines x(G,1).
Proof. Note that x(G,t) is determined by the values x(G, 1), x(G,2),...,x(G,¢). For
k € [f], we have x(G,k) < k* < ¢ — 1. Hence x(G,k) is the remainder of X(((JA_—D]C)
divided by ¢ — 1. O]

Recall that a graph G is triangle-free if G has no cycle of length 3. For example,
bipartite graphs and cycle graphs C, (¢ > 4) are triangle-free. When G is triangle-free,
the characteristic polynomial x(.A¢,t) is equivalent to the chromatic polynomial of G as
follows. Also, note that the following formula is consistent with Lemma 12 for Cy (¢ > 4).

Theorem 16. Let G be a triangle-free graph. Then,
t—1
W0 = 0~ 0 (622,

Proof. Let V = F}, and consider #X¢,(P(V)). Note that nonzero vectors vy, v, € V' are
linearly independent if and only if 7; # v in P(V). Since a clique of a triangle-free graph
G is either a vertex or an edge,

XEPWV) ={ (v1,...,0,) € P(V) | v; # v; for each edge {i,j} € E }.

In this case, X (P(V)) is equivalent to the set of vertex coloring by the set P(V'). Hence,
the cardinality is expressed as

#XLEV) = (G 70 = x (6. 21,

(0

Once we fix a prime power ¢, both x(A%,t) and (¢ — 1)

Thus we have

, —11) are polynomials in ¢

(
of degree . These polynomials take same value for t = ¢* (k > 1). Hence, they are
identical. O]
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Remark 17. There exists a pair of graphs (G, H) depicted in the following picture such
that x (A%, t) = x(Af, t) but x(G,t) # x(H,1).

G H

The characteristic polynomials are as follows.

(AL, 1) = (A}, t) =7 — 30t° + 376t° — 2545t + 9934¢° — 21880t> + 24384t — 10240,
(G, t) =7 — 1415 + 83t° — 265t* 4 474t% — 441#% 4 162¢,
X(H,t) =t" — 14¢° 4+ 83t° — 264t* + 468t> — 430t + 156t.

The characteristic polynomial x(Ag,t) can also determine the numbers of stable par-
titions of G' by the following theorem, which is a g-version of Proposition 4 and a special
case of Proposition 6.

Theorem 18. Let x (AL, t) = Zf:[) cith. Then ¢;/(q—1)"" is a non-negative integer and
congruent to the number of stable partitions of G into ¢ blocks modulo ¢ — 1.

Proof. By Proposition 6, the coefficient ¢; is equal to the number of subspaces that are
not contained in any hyperplanes in AZ. Let V = IFZ. Since every i-dimensional subspace
in Fg corresponds to a matrix in reduced row echelon form with ¢ columns and rank ¢, we
have

o q (v1,...,v.) is in reduced row
= { (v, ve) € XG(V) echelon form with rank i.
Therefore
Ci _ _ _ q (v1,...,v.) is in reduced row
— 1) Y echelon form with rank 7.
q 7 - (Ul UZ) € XG(IP(V)) helon f h k

Using the same group action in the proof of Theorem 14, we can show that ¢;/(¢—1)*"!
is congruent to the cardinality of the set

_ _ q 7| (€sy--.,es,) is in reduced row
{ (v --os8s) € XG(P(V)) echelon form with rank i.
modulo ¢ — 1. Each matrix (es,,...,es,) in the set above corresponds with a stable
partition of G consisting of i blocks { j € [¢] | s, =k} (1 <k <1). O

Some of properties of the chromatic polynomials for finite graphs have g-analogues.
For example, let us denote by G + K,, the join of a graph G and the complete graph
K,,. Then it is easily seen that x(G + K,,t) =t(t—1)---(t —m+ 1)x(G,t —m). As a
g-analogue of this formula, we can prove the following.
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Proposition 19. Let G be a graph on [¢]. Then

X(Abik, 1) = (= 1)t —q) - (t —¢" g™ X (AL, ™).

For the proof, we first note that G + K,,, = (G + K,,—1) + K;. It suffices to show the
case m = 1, to be specific,

X(AL g, 1) = (t = 1)g" x (AL, ¢ 't).

To show this, we shall introduce a new kind of deformation of graphical arrangement, and
then complete the proof following a lemma.

Definition 20. Let G be a graph on [(]. Define .,Zlqu of G over the finite field F, by

AV% = U {{ailxi1+---+airmiT:b}|(ail,...7air)EFZ\{O},bEFq}
{i1, sl }

where {i1,...,4,} runs over all cliques of G.

The following lemma illustrates the characteristic polynomial of this kind of deforma-
tion of graphical arrangement.

L

Lemma 21. y( ~qG,t) = ¢"x (A}

G qilt) ‘

Proof. By Whitney’s theorem [8, Lemma 2.55], the characteristic polynomial of .ZqG is
represented as

X( qG’t) = Z(_l)‘wtdim(nHeBH)’
B

where B runs over the subsets of .Z‘é which is central, that is, (.5 H # @. For such
a subset B, by translating each hyperplane in B by the same vector in the intersection
Npes H, we obtain another subset of AZ, whose intersection is isomorphic to (.5 H as
affine spaces.

Therefore any subset S of A, contributes (—1)I5lgt-dimHsydimHs 4 the characteristic

polynomial of AZ, where Hs = () ;;.g H and Hy is the whole space. Then we can compute
the characteristic polynomial of A, as follows.

X( (éwt) — Z (_1)\3|q€—dimHstdimHs — Z (_1)|S\q€(q—1t)dimHS

SCAY SCAL
=q¢" Y (~1)Bl(g s = ¢\ (AL, g ').
SCAL
Hence we get the formula as required. O]
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Proof of Proposition 19. We observe that for any clique in G, it is also a clique in G + K
by adding the vertex in K\, so Af is the deconing of A¢,, . with respect to the additional
hyperplane Hy = {ker(z()} where z, is the indeterminate corresponding to the added
vertex in K. It is well known that for coning and deconing, the characteristic polynomials
differ by a factor ¢t — 1, which means

X(AL e t) = (t = 1)y (AL, 1)
(t —1)g"x(AL, ¢ 't)

as desired. O

3.2 Freeness

An arrangement A4 is supersolvable if and only if there exists a filtration
d=ACA CAC---CA=A

such that, for each i € [¢], rank A; = i and for any distinct hyperplanes H, H' € A;\ A;_;
there exists H” such that HNH’' C H” [1, Theorem 4.3]. Every supersolvable arrangement
is inductively free by [6, Theorem 4.2]. When A is supersolvable with the filtration above,
the characteristic polynomial decomposes as

14

X(A 1) = T = 14\ Aia)).

=1

A vertex v of a simple graph G is called simplicial if the neighborhood Ng(v) =
{ue Vg |{u,v} € Eg} is aclique. An ordering (vy, ..., ) of the vertices of G is a per-
fect elimination ordering if v; is simplicial in the subgraph of G induced by {vy,...,v;}
for each i € [¢].

Theorem 22 (Stanley (See [4, Theorem 3.3]), Dirac [3], Fulkerson-Gross [5]). The fol-
lowing are equivalent.

(1) G has a perfect elimination ordering.
(2) Ag is supersolvable.

(3) Ac is free.

(4) G is chordal.

Moreover, when (vy,...,ve) is a perfect elimination ordering of G

14

X(Ag,t) = [ [t = [Ne, (v3))),

i=1

where G; = G[{vy,...,v;}] and Ng,(v;) is the set of adjacent vertices of v; in G;.
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Theorem 23. The following conditions are equivalent to the conditions in Theorem 22.
(5) AL is supersolvable.
(6) AL is free.

Moreover, when (vy,...,ve) is a perfect elimination ordering of G

14

X(A(é,t) _ H (t _ q|NGi(Ui)‘) 7

i=1
where G; .= G[{vy,...,v;}] and Ng,(v;) is the set of adjacent vertices of v; in G;.

Proof. The proof is very similar to the proof of Theorem 22.

To show (1) = (5), let (vy, ..., vy) be a perfect elimination ordering and (z1, ..., x¢) the
corresponding coordinates. Let A; be the subarrangement of AY, consisting hyperplanes
whose defining linear form contains zq,...,x;. Then the filtration

A C A C--- C A=A

guarantees that A% is supersolvable and |A; \ A;_1| = ¢™NVe: (¥l

The implication (5) = (6) follows since every supersolvable arrangement is inductively
free. To prove (6) = (4) it suffices to show that x(Af,,t) does not factor into the
product of linear forms over Z when ¢ > 4 by Terao’s factorization theorem. Since
X(AL, 1) = (t —q)" + (=1)"(¢ — 1) (t — q) by Lemma 12, we have

X(Ac, ) = (¢ = 1) (2" + (=1)") = (¢ = D'a(a"" + (1)),

where 7 = =2, Since 2+ (—1)* has an imaginary root, X(AZ,, ) does not factor over Z.

-1
0

(=}

Example 24. Let T be a tree on [(]. Since T is chordal, both Az and A% are free.
Moreover, since every leaf of T' is simplicial, we can compute inductively

X(Ap,t)=tt -1 and  x(ALt) = (t—1)(t—q)" "
Note that these can be computed using the deletion-contraction formula, as in Example 11.

Example 25. Let G be the diamond graph on [4] with edge set Eg = ([;1]) \{{2,4}} (See
Figure 1). Then G has a perfect elimination ordering (1,2,3,4) and hence

X(Ag,t) =tt =1)(t—2)> and  x(AL, 1) = ({t—1)(t—q)(t —¢*).
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Figure 1: Diamond graph

3.3 Basis construction

Let G be a chordal graph with a perfect elimination ordering (vy,...,v,) and (z1,...,z)
the corresponding coordinates. Define the sets Cs and E_j by

such that k < j; <--- < j, <1
Eq,o={jell]|j<kand {vj,v} € Eg}.

Cop = {k} U { i€l ‘ there exists a path vyv;, -+ -v;,v; } |

Let A(xy,...,xx) denote the Vandermonde determinant:
2 k-1
1 =y o -+ o]
1wy 22 -0 2!
A(zy, ... xp) = .| = H (z; — ;)
: : : 1<i<j<k
2 k-1
1z, oy - @)

When E<k = {jla cee 7]m} Wlt’h .jl < < jm7
A(Ecy) = Az, ..., xj,) and  A(Ecg,x;) = Az, ..., T, ).

Theorem 26 ([10, Theorem 4.1]). Suppose that G is a chordal graph and the symbols are
as above. Let

A<E<k7 'rl)

0, =
F A(E<y)

i€C>k

o (1<k<0).

Then {01, ...,0,} forms a basis for D(Ag).

Let A,(xy,...,21) € F,lzy,..., 2] denote the determinant of the Moore matrix.
q ’ ’ q ) )
Namely
2 k—1
xry x$ b o af
2 k-1 k
7 .9 q
Aq(l'l,...,l‘k) =1 . . . . = H H (clx1+---+ci_1mi_1+mi).
D : : i1 oo
q q2 qkfl 7 Cl,---,Cq le]Fq

The following theorem is a g-version of Theorem 26.
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Theorem 27. Suppose that G is a chordal graph and the symbols are as above. Let

=2 AE;’”’@ 1<k<o).
l€C>k <k

Then {61, ...,0,} forms a basis for D(AZL).

Proof. Let K = {iy,...,in} be a clique of G with iy < -+ <'i,,. Let o = ¢, x4, + iy, +
-+ + ¢, x;,, be a nonzero linear form over F,. If K N Cyy, = @, then 6(a) = 0.
Suppose that K N Csy # @ and take iy € K N Cs) with minimal s. Then one can
show that {i1,...,is_1} C E<y and {is, 9541, --,im} C Cs. Then

Z _E’<]<;7 I’Zu e — Aq(E<k, C’isxis + e + Ciml‘im) _ Aq(E<k;, Oé) c (a)
A E<k tu Aq(E<k) Aq(E<k>
Using Saito’s criterion [8, Theorem 4.19], we can prove {#,...,0,} is a basis. O

Example 28. Let G be the diamond graph shown in Figure 1. Then

Cs1 ={1,2,3,4}, Eo=0
Cso ={2,3,4}, E_o = {1},
Cs3 = {3,4}, E.3=1{1,2},
Csy = {4}, E_,=1{1,3}.

Therefore, {61, 02,053,604} forms a basis for D(A{), where

01 = 2101 + 2205 + 1305 + 404,
0y = H (azxy + x2)09 + H (axy + x3)05 + H (azy + x4)0y,

aclFy a€ly a€lF,
03 = H (axl + bxoy + .Tg)ag + H (a$1 + bxy + x4>a4’
a,bqu a’bqu
04 = H (axl + bl‘g -+ IL‘4)84.
a,belfy
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