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Abstract

In 2022 Kim showed that when a graph G is ternary (without induced cycles of
length divisible by three), its independence complex Ind(G) is either contractible or
homotopy equivalent to a sphere. In this paper, we show that when Ind(G) is ho-
motopy equivalent to a sphere of dimension dim Ind(G), the complex is Gorenstein.
Equivalently, G is a 1-well-covered graph. This answers a question by Faridi and
Holleben.

We then focus on the independence complexes of Gorenstein planar ternary
graphs. We prove that they are boundaries of vertex decomposable simplicial poly-
topes. We show that the transformations among these flag spheres using edge sub-
divisions and contractions can be modeled by the Hasse diagram of the partition
refinement poset. In addition, their h-polynomials are products of Delannoy poly-
nomials and thus real-rooted. Finally, we demonstrate a way to construct nonplanar
Gorenstein (1-well-covered) ternary graphs from planar ones.

Mathematics Subject Classifications: 05C10, 05C69, 55P15, 05E45

1 Introduction

In this paper, we explore the algebraic, combinatorial, geometric, and topological proper-
ties of the independence complexes of ternary graphs, graphs that do not contain induced
cycles of length divisible by three. Independence complexes of graphs are flag simplicial
complezes. One way to study the topological properties of these simplicial complexes is
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to use the translation into algebraic properties of the associated Stanley-Reisner ring.
For example, Stanley [20] proved that the Stanley—Reisner ring of a homology sphere is
Gorenstein.

It turns out that the Gorenstein property for independence complexes is strongly
related to properties of the graphs. Staples [21] introduced a class of graphs called 1-
well-covered, denoted Wj; these are defined by a property of the independent sets of the
graph. This class of graphs was further studied by Pinter [17], and plays an important role
in our work. Hoang and Trung [9] proved that for triangle-free graphs without isolated
vertices, a graph G is in W5 if and only if the independence complex of G is Gorenstein.
Trung [22] determined the complete list of connected planar graphs in W, (and hence
with Gorenstein independence complexes); the list contains exactly one graph for each
independence number. These graphs (with one exception) are in fact ternary.

Kim [11] proved that a graph is ternary if and only if the independence complex of
every induced subgraph is contractible or homotopy equivalent to a sphere. (This resolved
a conjecture by Engstrom [5].) This led Faridi and Holleben [6] to ask the question of the
connection between homotopy type and homology of these independence complexes. For
our purposes we phrase the question as follows.

Question 1. Let G be a ternary graph without isolated vertices, Ind(G) its independence
complex, and d—1 the dimension of Ind(G). Are the following two statements equivalent?

1. Ind(G) is homotopy equivalent to a (d — 1)-dimensional sphere.
2. Ind(G) is a homology sphere.
In this paper, we give an affirmative answer to this question.

Theorem A. Let G be a ternary graph without isolated vertices. Then Ind(G) is a
homology sphere if and only if Ind(G) is homotopy equivalent to S¢, where d = dim Ind(G).

Moreover, using the characterization of planar graphs with independence complexes
that are homology spheres ([22]), we are able to provide further details on the indepen-
dence complex of planar ternary graphs.

In general, for d > 4, deciding if a simplicial (d — 1)-sphere can be realized as the
boundary of a d-polytope is a very hard problem. Our result below shows that being
planar and ternary imposes not only strong topological restrictions on the independence
complexes but also strong geometric ones.

Theorem B. Let G be a planar ternary graph such that Ind(G) is a homology sphere.
Then Ind(G) is combinatorially equivalent to the boundary of a simplicial polytope and is
vertex decomposable.

Remark 2. Theorems A and B together imply that if G is a planar ternary graph whose
independence complex is (d — 1)-dimensional, then Ind(G) is homotopy equivalent to a
(d —1)-dimensional sphere if and only if Ind(G) is the boundary of a vertex decomposable
simplicial polytope. Moreover, the only nonternary planar graph G for which Ind(G) is a
homology sphere is the graph of the triangular prism, for which Ind(G) is the hexagon.
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We study how the independence complexes of planar ternary graphs are related by edge
subdivisions. Lutz and Nevo [14] showed that any two PL homeomorphic flag simplicial
complexes can be connected by a sequence of edge subdivisions. For d-dimensional flag
PL spheres we thus have a connected graph we call T,;: the graph has a vertex for each
flag PL d-sphere and an edge from one sphere to another that is obtained by an edge
subdivision.

In this paper, we describe the restriction H; of T}; to independence complexes of planar
ternary graphs. In the statement below, let P,, denote the graph of the Hasse diagram of
the partition refinement poset of the partitions of n.

Theorem C. The graph H,_q is isomorphic to P,. In particular, P, is an induced
subgraph of T,,_1 for every n.

We then focus on combinatorial properties of the flag spheres in Theorem B. We begin
by giving a combinatorial interpretation for their h-vectors, and as a consequence, using
results from [23, 15] we prove the following.

Theorem D. Let G be a planar graph such that Ind(G) is a homology sphere. Then
the h-polynomial h(Ind(G),t) of Ind(G) is real-rooted. If additionally G is ternary and
connected, then h(Ind(G),t) is a Delannoy polynomial.

The paper is structured as follows. In Section 2 we recall important definitions and
related results. In Section 3, we investigate ternary graphs and their independence com-
plexes, proving Theorem A. We introduce and delve into the properties of the graph family
{G.}, which gives all triangle-free connected planar Gorenstein graphs without isolated
vertices. The section ends with a proof of Theorem B. In Section 4, we further exam-
ine the effect of edge subdivisions and contractions on the flag spheres arising from G,,
and prove Theorem C. Section 5 is dedicated to proving Theorem D. Along the way, we
give an explicit formula for the h-polynomial of Ind(G,,) and find a connection between
the h-vector and the Delannoy numbers. We conclude this paper by posing some open
questions and giving future research directions that might be of interest in Section 6.

2 Background

2.1 Simplicial complexes

A simplicial complex A on a vertex set V is a collection of subsets of V' such that 7 C
o € A implies 7 € A. Elements of A are called faces, and maximal faces (with respect
to inclusion) are called facets. The number dimo = |o| — 1 is called the dimension of o,
and the dimension of A is the maximum dimension of its faces. If every facet of A has
the same dimension, we say A is pure. Moreover, 0-dimensional faces are called vertices,
and 1-dimensional faces are called edges. For 0- and 1-dimensional faces, we often omit
the usual set notation if it does not cause ambiguity. That is, if {x} is a face of A, we
denote it by z, and if {z,y} is a face of A, we denote it by xy.
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2.2 Graphs and independence complexes

1-dimensional simplicial complexes are exactly simple graphs (or just “graphs” from now
on). Given a graph G, an independent set of G is a collection of vertices S of G such that
there is no edge in G between elements in S. The independence number, denoted a(G), is
the size of the largest independent set of G. The collection of independent sets of G forms
a simplicial complex called the independence complex of G, which we denote by Ind(G).
Simplicial complexes that arise as independence complexes of graphs are flag complexes,
complexes A where the minimal sets (with respect to inclusion) not in A have size two;
in other words, every minimal nonface is a missing edge. Figure 1 illustrates two graphs
and their independence complexes.

b] bl
C3 Co C3
b] b3 L b] 65 !
as by as ‘ by
“ “ “ W " b “ & W
ay ay

Figure 1: Two graphs whose independence complexes are spheres

The induced subcomplex of A on vertex set A is the complex A[A] on vertex set A
with faces {o € A : 0 C A}. In the case of a graph G with vertex set V', we denote the
induced subgraph of G on the set V '\ A as G — A.

Remark 3 (Well-covered graphs and pure flag complezes). A graph G is well-covered if all
its maximal independent sets have the same cardinality. Since the maximal independent
sets of G correspond to the facets of Ind(G), this is equivalent to saying Ind(G) is pure of
dimension a(G) — 1. A well-covered graph is called 1-well-covered if the deletion of any
vertex leaves a graph that is also well-covered. In 1979, Staples [21] introduced the class of
W,, graphs, which consists of graphs where every n disjoint independent sets are contained
in n disjoint maximum independent sets. Levit and Mandrescu [12, Theorem 2.2] then
showed that 1-well-covered graphs without isolated vertices are exactly the graphs in the
class Ws.

2.3 Links, deletions, stars and joins

If A is a simplicial complex and v is a vertex of A, we denote by lka(v) = {7 € A: v &
7 and 7TUw € A} the link of v in A, dela(v) = {7 € A: v & 7} the deletion of v in A,
and sta(v) = {7 € A: 7Uv € A} the star of v in A. If there exists a vertex v of A such
that sta(v) = A, then A is a cone with apezx v, and if A is a cone with apex v for every
v € o for some o € A, we say A is a cone with o. Note that lka(v) = dela(v) N sta(v)
and A = dela(v) Usta(v). More generally, the link of a face o of A is the complex
lka(o) ={r € A:7Uoc € A and 7No =0}. The coning operation is a special case
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of the joining operation; given two simplicial complexes A and I' on disjoint vertex sets,
the join of Aand I'is AxI'={rUo:7€ Ao e}

For a vertex v of a graph G with vertex set V and edge set E, we denote by N(v) = {u €
V' {u,v} € E} the neighborhood of v and by Nv] = {v} U N(v) the closed neighborhood
of v. We will often use the following observations:

Kkinae)(v) = Ind(G — N[v]), delpmae)(v) = Ind(G —v) and stiag)(v) = Ind(G — N(v)).

Moreover, if G and H are disjoint graphs, then one can check by the definition of inde-
pendent set that
Ind(GU H) = Ind(G) * Ind(H).

2.4 Cohen—Macaulay complexes, Gorenstein graphs, homology spheres and
pseudomanifolds

A simplicial complex A is Cohen—Macaulay over a field K if for every o € A

H;(ka(0); K) =0 for i< dimlka(o),

where H;(T'; K) denotes the reduced i-th simplicial homology group of I over K. If more-
over A satisfies Hyi, ika (o) (Ika(0); K) =2 K for every o € A, then we say A is a K-homology
sphere. Finally, if A is a homology sphere, or is a cone with ¢ and lka (o) is a homology
sphere, then we say A is Gorenstein. A graph G for which Ind(G) is Gorenstein is called
a Gorenstein graph (for more details see [20, II Theorem 5.1]).

A (d — 1)-dimensional simplicial complex A is a pseudomanifold if the following 3
conditions are satisfied:

1. A is pure;

2. Given any two facets I, Fy of A, there exists a sequence of facets Gy, ..., Gy such
that Gy = Fi, Gy = F and |G; N Giq| = d — 1. In other words, A is strongly
connected; and

3. Every (d — 2)-dimensional face of A is contained in at most two facets of A.

The boundary of a (d — 1)-dimensional pseudomanifold A is the collection of (d — 2)-
faces of A contained in exactly one facet. If the boundary of a pseudomanifold is empty,
we say it is a pseudomanifold without boundary.

It is well known that a Cohen—Macaulay complex A is pure and strongly connected,
and hence satisfies properties (1) and (2). In particular, a Cohen-Macaulay complex A
can only fail to be a pseudomanifold if A has a (d — 2)-face contained in more than two
facets of A.

Remark 4. Tt turns out that the class of W5 graphs (see Remark 3) plays a key role in the
study of flag homology spheres. It was shown in [8, Proposition 3.7] that a triangle-free
graph G without isolated vertices has a Gorenstein independence complex if and only if
G is a Wy graph.

o
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2.5 Vertex-decomposability, simplicial spheres, and polytopes

A pure simplicial complex A is vertex decomposable if it is a simplex (including () or there
is a vertex v € A such that the link lka(v) and deletion dela(v) are vertex decomposable
simplicial complexes.

A polytope P is the convex hull of finitely many points in a Euclidean space. Its
dimension is given by the dimension of the affine hull of P. For a d-polytope P C R?, the
proper faces of P are the intersections of P with its supporting hyperplanes. The polytope
P is simplicial if all of its (d — 1)-dimensional faces are simplices. The boundary complex
of a simplicial d-polytope is the simplicial complex consisting of the vertex sets of all faces
of dimension less than d. We refer the reader to [24] for more exposition on polytopes.

A (d — 1)-dimensional simplicial complex is a simplicial (d — 1)-sphere if its geometric
realization in Euclidean space is homeomorphic to a (d — 1)-sphere. Simplicial spheres
are examples of pseudomanifolds and are necessarily homology spheres. The Poincaré
homology sphere is a homology sphere but not a simplicial sphere.

The boundary complex of any simplicial polytope is a simplicial sphere. A simplicial
(d — 1)-sphere is said to be polytopal if it can be realized as the boundary complex of a
simplicial d-polytope. An example of a nonpolytopal simplicial 3-sphere is the Barnette
sphere [2].

2.6 PL spheres and stellar moves.

A simplicial (d — 1)-sphere is piecewise linear (PL) if it is PL homeomorphic to the
boundary of a d-simplex. Let A be a simplicial complex and o be a face of A. Then the
stellar subdivision of A at o is given by

1. first, introducing a new vertex a in the interior of o, and
2. next, replacing sta(o) in A with a * do * lka (o).

The inverse operation is called a stellar weld. When o is an edge of A, these operations
are also called edge subdivision (see also Theorem 16) and edge contraction.

A classical result by Alexander [1] states that two simplicial complexes are PL homeo-
morphic if and only if they can be connected by a sequence of stellar moves. More recently,
Lutz and Nevo [14] showed that two flag simplicial spheres are PL homeomorphic if and
only if they can be connected by a sequence of edge subdivisions and contractions such
that all the complexes in the sequence are flag. The barycentric subdivision of the double
suspension of the Poincaré homology sphere is an example of a non-PL flag sphere.

2.7 f-, h-, v-vectors and ~-positivity

For a simplicial complex A of dimension d — 1, we denote by f;(A) the number of i-
dimensional faces of A. The f-vector of A is the sequence f(A) = (f_1(A),..., fa_1(A)),
and the f-polynomial is the generating function of f(A). The h-vector of A is the sequence

THE ELECTRONIC JOURNAL OF COMBINATORICS 33(3) (2026), #P3.66 6



h(A) = (ho(A), ..., h4(A)) obtained from f(A) via the polynomial relations

d

Z tdl_Zle t_l)df

=0

The f-polynomial and h-polynomial of A are respectively f(A,t) := Z?:o fic1 (A
and h(A,t) = S0 hi(A)t. Tt is well-known that

FIAT,t) = f(A8)- f(D,8) and h(A*T,t) = h(A,t) - h(T,1).

If it is clear from the context, we may omit A in the previous definitions.

When A is a (d—1)-dimensional homology sphere, the h-vector of A satisfies the Dehn—
Sommerville relations: h; = hy_; for 0 < i < d. It is then possible to express h(A,t) as
h(A,t) = L2041 (14 )2 The y-vector of A is the sequence ¥(A) = (Yo, - - -, Yja/2))-
If v, > 0 for every i, we say h(A,t) is y-positive (or simply A is y-positive). In 2005,
Gal [7] conjectured that every flag homology sphere is y-positive. As is pointed out in [7,
Remark 3.1.1] (see also [4, Lemma 4.1]), if every root of the polynomial h(A,t) is real,
then h(A,t) is y-positive.

3 Flag spheres arising from ternary graphs

In 1978, Lovasz [13] proved Kneser’s conjecture by showing connections between topo-
logical invariants of certain spaces arising from a graph G and the chromatic number of
G. Since then, many topological obstructions to graph coloring have been shown. One
particular example can be found in the class of ternary graphs, that is, graphs without
induced cycles of length divisible by three. Two conjectures of Kalai and Meshulam [10,
Conjectures 1, 2] would imply there exists a constant C', such that the chromatic number
of every ternary graph G is bounded above by C. The bound on chromatic numbers of
ternary graphs was proven by Bonamy, Charbit, and Thomassé in [3], while the following
topological characterization was proven by Kim.

Theorem 5 ([11, Theorem 1.1]). A graph G is ternary if and only if the independence
complex of every induced subgraph of G is either contractible or homotopy equivalent to a
sphere.

In this section, we take a closer look at ternary graphs and their independence com-
plexes. We prove Theorem A characterizing when the independence complex of a ternary
graph is a homology sphere. Then we turn our attention to a family of graphs {G,, }, which
together with the graph Rj give all planar Gorenstein graphs [22]. We show that each
G, is ternary and provide some additional observations about their structure. Finally,
we prove that the independence complex of each GG, can be realized as the boundary of
a polytope.

For a ternary graph G and a sequence of vertices vy, ..., vs of G, a direct consequence
of Theorem 5 is that by recursively taking links (or deletions) of the v;, the resulting
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complex is either contractible or homotopy equivalent to a sphere. This property should
be contrasted with the definition of homology spheres. On the one hand, subcomplexes
of homology spheres obtained by taking links always have the homology of a sphere of
the highest possible dimension. On the other hand, at the homology level, the condition
from Theorem 5 includes more subcomplexes than just the ones obtained from links,
but it does not require the spheres to be of the highest possible dimension. In [6] the
authors introduce the class of spherical complexes as the class of complexes satisfying
the topological condition arising from Theorem 5. The algebraic perspective from [6] led
the authors to conjecture a characterization of Gorenstein spherical complexes, which we
state for ternary graphs. We give an affirmative answer to [6, Question 6.5] below.

Lemma 6. Let G be a ternary graph and d = dim Ind(G). If Ind(G) is homotopy equiv-
alent to a d-dimensional sphere, then Ind(G) is Cohen—Macaulay.

Proof. Let A = Ind(G). By [6, Theorem 3.6], we know that for any o € A either lka (o)
has trivial homology or lka (o) has the homology of a d’-dimensional sphere, where

d—lo| < d <d.

In particular, H;(lka(c);K) = 0 for i < d — |o|, and since dimlka(o) < d — |o], we
conclude A is Cohen—-Macaulay. O

Lemma 7. Let G be a ternary graph. If Ind(G) is Cohen—Macaulay, then Ind(G) is a
pseudomanifold.

Proof. Since Ind(G) is Cohen—Macaulay, we conclude it is pure and strongly connected.
Let o be a (d — 1)-dimensional face of Ind(G). Then lkiqag) (o) = Ind(G — Nlo}]), and
since G — N{o] is also a ternary graph, we conclude the 0-dimensional complex lk,q(ey (o)
is either contractible or homotopy equivalent to S°. More specifically, kma()(o) is either
one point or two points. In other words, there are at most two vertices of Ind(G) such
that v € 0 and 0 Uv € Ind(G). This property, together with the fact that Ind(G) is pure
and strongly connected, implies Ind(G) is a (Cohen—Macaulay) pseudomanifold. O

Theorem A. Let G be a ternary graph without isolated vertices. Then Ind(G) is a
homology sphere if and only if Ind(G) is homotopy equivalent to S¢, where d = dim Ind(G).

Proof. Let G be a ternary graph without isolated vertices. Suppose Ind(G) is a homology
sphere. Then Ind(G) has the same homology as S¢ by [20, Theorem I1.5.1]. Theorem 5
then implies Ind(G) is homotopy equivalent to S<.

Suppose now that Ind(G) is homotopy equivalent to S where d = dimInd(G). By
Theorem 6 we know Ind(G) is Cohen-Macaulay, hence by Theorem 7 we conclude Ind(G)
is a Cohen—Macaulay pseudomanifold.

We now show that Ind(G) is a Cohen—Macaulay pseudomanifold without boundary.
Since Ind(G) is Cohen-Macaulay and homotopy equivalent to S¢ Hy(Ind(G); Zy) = Zs.
Consider the corresponding chain complex

P) Ba—1 P a
0 y Oy —— Cyyq y oo — 5 Oy —— O,

e
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Since Hy is nontrivial, there exists a nonempty set {F;} of facets of Ind(G) such that
0a(>_ F;) = 0. Let A be the subcomplex of Ind(G) generated by {F;}. Since 04(>_ F;) = 0,
every ridge of A is contained in an even number of facets, and thus it must be contained in
exactly two since Ind(G) is a pseudomanifold. Thus, A is a d-dimensional pseudomanifold
without boundary, forcing A = Ind(G).

Finally, since Ind(G) is a Cohen—Macaulay orientable pseudomanifold, [20, Theorem
I1.5.1] directly implies Ind(G) is Gorenstein. O

Remark 8. Although we state Theorem A for ternary graphs, as it fits the context of this
paper, the same proof works for arbitrary spherical complexes (see [6, Definition 2.3]).
In [17] a recursive construction of planar 1-well-covered graphs, G,,, m € N, of girth

four is given.

Definition 9. Let G be the single edge a1b;, and Gy be the 5-cycle (aq, by, ¢a, by, as, aq).
For m > 3, define GG, to be the graph with vertex and edge sets V,,, and E,,, where

Vin = V(Gy) =V (Gp-1) U{am, by, e} and
Em - E(Gm) - E(Gm—l) U {am—lama bm—lcm) Cm—1Qm, ambm7 bmcm}
(&) C3 Cy
NANANT
ay a3 as Ay Am—1 am Am41

Figure 2: G,,

See Figures 2 and 3 for representations of GG, and G3 respectively. In [9] this con-
struction is shown to produce Gorenstein graphs, and in [22] it is shown that these are
all the triangle-free, connected, planar (see Figure 3), Gorenstein graphs without isolated
vertices.

C2

by

ay a9
Figure 3: (3 is planar
More generally, the following holds. Here Rj is the graph of a triangular prism (see
Figure 4). The independence complex of Rj is the complement of Rj3, which is a 6-cycle.

Theorem 10 ([22, Theorem 3.7]). If a planar graph G is Gorenstein, then G is a disjoint
union of graphs of the form G,, and Rs.
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Figure 4: The graph Rj

We now establish some more properties of G,, for any m € N, unless otherwise stated.
Recall that it was proven in [22] that G, is triangle-free. In fact, we can show the following
stronger statement.

Lemma 11. G, is ternary for all m.

Proof. We proceed by induction on m. Recall that G; is isomorphic to a single edge
Ky, and Gy is isomorphic to a 5-cycle C5. Thus, we immediately see that G and G,
are ternary. Now assume that G, is ternary for some m > 3. Recall that V(G,,) =
V(Gm—1)U{am, b, e} and E(G,) = E(Gp_1)U{@m—10m, bi—1Cm, Cm—1m, @b, bmCm -

a m

Note that all induced cycles in G,,,_; are induced cycles in G,,. As G,,,_; is ternary, none
of these induced cycles have length 3k for any £ € N. Additionally, G,, has induced
5-cycles (m—1,bm—1, Cmy bms G, @m—1) and (b1, Cm—1, ), by €y bin—1), and an induced
4-cycle (@m—1,bm—1,Cm—1, @m, @m—1). Finally, we can build induced cycles in G,, from
induced cycles in G,,_; as follows. Observe that as degg _ 1(bm,l) = 2, a cycle in G,,_1
contains the edge a,, 1b,,_1 if and only if it contains the edge b,,_1¢,,—1. Let C be
such a cycle in G,,_1, in particular, len(C') # 3k for any k& € N. Replacing the path
(@m—1,bm-1,Cm—1) in C by the path (ay,_1, am, Cm_1) results in an induced cycle C” in G,
of length len(C”) = len(C') # 3k. We can now conclude that none of the induced cycles
in GG, have length 3k for any k£ € N, and thus G,, is ternary as desired. n

Remark 12. In view of Theorems 10 and 11, we will often state our results for planar
ternary graphs. For results we state with this assumption, there is a less clean version
including the graph Rj3, which is the only nonternary connected planar Gorenstein graph.
For the sake of brevity, we omit these modified versions.

Having excluded the existence of induced cycles of length divisible by three, we now
investigate the existence and interactions of other cycles in G,,.

Proposition 13. Let m > 1. Then G,, has the following properties:

a) Any two distinct 4-cycles in G, are edge-disjoint.
y
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(b) Gy, has no 6-cycles.

(c) Any pair consisting of a 4-cycle and a 5-cycle in G,, is either edge-disjoint or in-
tersects in a 2-path.

Proof.

(a) By construction of G,,, all of its 4-cycles are of the form (a¢_1, as, ¢i—1,bi—1, a;—1) for
some t > 3. Thus, any two distinct 4-cycles are edge-disjoint.

(b) Suppose G,, had a 6-cycle, say (x1,2,...,7,21). As Gy, is ternary, there exists
an edge x;x;43 (indices mod 6) for some i € [6]. However, this gives two distinct
4-cycles sharing one edge, which do not exist by part (a). Hence, G,, has no 6-cycles.

(c¢) Recall that every 4-cycle in Gy, is of the form (a;—1,as, ci—1,bi-1,a;—1) for some
t > 3. By construction of G,,, every 5-cycle is of the form (a;_1, as, by, ¢y, bi—1, ar—1)
for some t > 2, (ay_2, a1, a4, ¢4—1,b1—2,a;_2) for some t > 3, (ay, by, ¢y, by—1, 11, ay)
for some t > 3, or (ay_1, a4, ¢i1,bi_2,¢2,a,1) for some t > 4. If a 4-cycle and a
5-cycle are not edge-disjoint, it is now straightforward to see that the intersection
is a 2-path. ]

We now turn our attention to induced paths in G,,. We find that unless two vertices
are close to each other, there exist multiple induced paths of different lengths between
them.

Lemma 14. Let z,y € V(G,,). If dist(x,y) > 3, then there exist induced paths of length
0,1, and 2 mod 3 between x and y in G,,.

Proof. In the following, all paths are induced paths unless otherwise stated. We start by
finding paths of different lengths between a; and axy;, and between b, and by,;. These
paths are a crucial step in finding the desired paths claimed in the statement of the lemma.
Let k € [m] and [ > 0 such that k+1 < m. A type—(1,a)-path is a path of length [ of the
form (ag, agy1, ..., ax1), where I > 1. A type—(2,a)—path is a path of length [ + 1 of the
form (ay, by, Ckr1, Qrs2, Qprs, - - -, apyy), Wwhere I > 2. A type—(3, a)—path is a path of length
[ 4 2 of the form (ag, by, Ckr1, bkt1, Ckr2, Qkt3, Qgta, - - - Axty), Where [ > 3. (See Figure 5.)
Observe that these three paths immediately give the desired paths if z,y € {a;}icpm-
Moreover, if x = a; and y = b;, we obtain the desired paths as follows. Note that since
dist(x,y) > 3, we may disregard j € {i — 2,9 — 1,i,1+ 1}. If j > i 4+ 3, concatenating
a type—(t,a)-path for ¢ € [3] with the edge a;b; gives the desired paths. Similarly, if
J < 1—4, concatenating the path (b;, a;, a;j41) with a type—(¢, a)-path for ¢ € [3] gives the
desired paths. For the remaining two cases, we refer to Table 1.

If x = a; and y = ¢;, we obtain the desired paths as follows. Again, since dist(z,y) > 3,
we may disregard j € {i — 2,7 — 1,4, + 1}. If j > i + 3, concatenating a type—(t,a)—
path for ¢ € [3] with the path (a;, b;, c;) gives the desired paths. Similarly, if j < i — 4,
concatenating the edge cja;41 with a type—(t, a)-path for ¢ € [3] gives the desired paths.
For the remaining two cases, we refer to Table 1. O
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Ck+1 Ch+2 Ch+3 Ck+l Chk+i+1 Ck+1 Ck+2 Ck+3 Ck+l Chktl+1
MZM 3 Mbku 1 %bkﬁbkﬁ bkﬁ\Fvs \[bku b\ Drsi1
Af+1 Af+2 Af+3 Aftl-1 A+l Aftl+1 aj Af+1 Qje+2 Af+3 Apil—1 Ayl Ayl
Type (1,a) Type (1,b)
Ch+2 Chk+3 Ck+l Chk+i+1 Ch+1 Ch+2 Cr+3 Cktl  Chtl+l
m}’kﬂ M}’Hlﬂ % by b N b2\ br+3 \[ brer 1N | bkt N Drs141
k Af+1 Af+2 Ak+3 Af4l-1 A+l Qk+i+1 ay Qf+1 Gf42 Af+3 Af+1-1 A+l Qtl+1
Type (2,a) Type (2,b)
+1 Cl+2 Ck+3 (’LH (’k+/+1 Cl+1 (’k+2 Cr+3 Cl+l CA+I+1
\.
br19, | bry2 bH% bL+l+1 k bA+2 bk+/ bL 141
k sl 0k+> 0k+3 0k+1 1 lez Af141 k ‘LA+1 (luz A+3 Ak+1-1 ‘LA+I HA+1+1
Type (3,a) Type (3,b)

Figure 5: Induced paths of length 0,1, and 2 mod 3 in G,,.

x ‘ Y H 0 mod 3 ‘ 1 mod 3 ‘ 2 mod 3
Q; bi+2 az>az+1aaz+27 42 (aiybiaci+1aai+2:bi+2) (aiabiaci+17bi+17ci+27bi+2)
a; | bi_s bi—3,Ci—2,0i—1,a; (bi—37ai—3aai—27ai—1aai) (bi—Saai—&ai—Qabi—?aci—laai)

(az'7 b;, Cit+1, Qi42, bi+27 Ci+2)
(Ci—3; bi_3,Ci—2,ai_1, ai) (Ci—37 bi—3, ai—3,a;—2, 1, Gi)

Ci—3, A;—2,A;—1, A;

( )
( a;)

a5 | Ciy2 (CL A1, z+1:cz+2) (ai7bi,ci+1,bi+luci+2>
( )

Table 1: Short paths: a;

Similarly, we can define a type—(1,b)—path as a path of length 2 of the form (b, cxy1,
Dki1y - -+ Choats biit), where I > 1. A type—(2,b)—path is a path of length 2 — 1 of the form
(br, Cht1, Qkr2, bkt2, Chtsy bkasy - - -5 Chat, bryy), where [ > 2. A type—(3,b)—path is a path of
length 20 — 2 of the form (bk, Ck+1, k12, k43, bk+3, Ck+4, bk+4, ceoy Cltly bk+l)> where [ = 3.
(See Figure 5.) These immediately give the desired paths if x = b;,y = b;, and |i — j| > 3.
As dist(x,y) > 3, we may disregard pairs i, j € [m]| with |i —j| < 1. If |i — j| = 2, assume
without loss of generality that ¢ < j, and we refer to Table 2

If z = b; and y = ¢;, we obtain the desired paths as follows. Note that since dist(z,y) >
3, we may disregard j € {i —1,7,i+ 1}. If j > i+ 4, concatenating a type—(¢,b)-path for
t € [3] with the edge b;c; gives the desired paths. If j < i— 3, concatenating the edge ¢;b;
with a type—(t, b)—path for ¢ € [3] gives the desired paths. For the remaining three cases,
we refer to Table 2
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T [ Yy “ 0 mod 3 [ 1 mod 3 [ 2 mod 3

bi | bita (bi, Cit1,ai42,bit2) (bis Cit1,bit1, Cit2,bit2) (bi, i, ai41,bi41, Cita,biya)
bi | cit3 (bi, i, 41,0542, ai43,bi43,¢i43) | (bi, Cit1,ai42,bi42,¢i+3) | (bi, Cit1,bit1, Cita,bit2,Cit3)
bi | cit2 (bi, cit1,bit2,Cit2) (bi,ai,aiy1,biy1,cit2) (bi,ai, aiy1,aiy2,biy2, cit2)
bi | ci—2 (Ci—2,ai—1,ai,b;) (Ci—2,bi—2,¢i—1,a;,b;) (ci—2,bi—2,¢i—1,bi—1,¢4,b;)

Table 2: Short paths: b;

Finally, if z = ¢;, y = ¢;, assume without loss of generality that ¢ < j. Asdist(z,y) > 3,
we may disregard pairs 4,7 € [m] with 7 < i+ 1. If 7 > i + 4, concatenating the edge
c;b;, a type—(t,b)-path for ¢ € [3], and the edge b;_;c; gives the desired paths. For the
remaining two cases, we refer to Table 3.

T [ Y H 0 mod 3 [ 1 mod 3 [ 2 mod 3
ci | cit3 || (ci,bi,cip1,bip1,civ2,biva,ciy3) | (i ait1,aiv2,bita,civ3) | (ci,ait1,ai42,ai43,b0i43,Ci13)
ci | Cit2 (ciraiy1,bip1,cita2) (ci,biyciv1,bip1,Cit2) (ci,bi,civ1,ai42,bi42,ci42)

Table 3: Short paths: ¢;

The recursive construction of G, allows us to recursively describe the independent
sets of G,,,. We can moreover specify when such independent sets are maximal.

Proposition 15. Every independent set A of G, has one of the following forms:
1. AN{am,bm,cm} =0 and A is an independent set in Gy for some k < m.
2. An{am,bm, e} = {bm} and A\ {b,} is an independent set in Gy, for some k < m.

3. An{am,bm,cm}t = {am, cm} and A\ {am, cn} is an independent set in Gy, for some
k<m—2. In particular, AN {am-1,bm_1,Cm-1} = 0.

4. AN{am, by, e} = {am} and A\ {a,} is an independent set in Gy, for some k < m
disjoint from {am,—1,Cm_1}.

5. AN{am, b, cm} = {cm} and A\ {cn} is an independent set in Gy, for some k <m
disjoint from {b,,_1}.

Moreover, the independent sets from (2), (4), and (5) are mazimal if A\ {bn}, A\ {am},
and A\{cn} are mazimal independent sets in G,,—1, respectively. Finally, the independent
set from (3) is maximal if A\ {am,cm} is a mazimal independent set in Gp,_o.

Proof. The independent sets (1) - (5) immediately follow from the construction of G,,.
To obtain the maximality statements, recall that a maximal independent set in G,, has
cardinality m. O]

Definition 16. Let A be a simplicial complex and {z,y} an edge of A. The edge sub-
division of A at {x,y} is the simplicial complex A’ with vertex set V(A) U {a} and
faces:

e o, for 0 € A such that {z,y} ¢ o,

THE ELECTRONIC JOURNAL OF COMBINATORICS 33(3) (2026), #P3.66 13



e 0\ {z}U{a}, for o € A such that {z,y} C o,
e 0\ {y}U{a}, for o € A such that {z,y} C 0.

Remark 17. Edge subdivisions preserve flagness of the complex ([14, Lemma 5.2]). We
will focus on performing edge subdivisions on A when A = Ind(G) for some graph G.
We see how an edge subdivision of A comes from an operation on G. Observe that G is
the complement of the 1-skeleton of A. Therefore, using the notation from the definition
above, A’ = Ind(G’) where GG’ is a graph with vertex set V(G) U {a} and edges

® 1y,
e ¢, for every e € E(G),
e az, for every z € Ng(x) U Ng(y).

In Figure 1, the right-hand-side sphere is obtained by performing an edge subdivision at
the edge ayas on the left-hand-side sphere with a new vertex c;. On the left-hand-side
graph, N(a;) U N(ag) = {b1,be,a3}. Therefore, the edge subdivision is reflected on the
graph as adding a vertex cs and edges ajas, c2by, Caba, coas.

A special polytope that will play an important role in the following results in this
section is the m-dimensional crosspolytope, the convex hull of {¢;,—¢; : i = 1,...,m}
in R™. Moreover, any polytope combinatorially equivalent to a crosspolytope is called a
crosspolytope. The independence complex of the graph of m disjoint edges (mK3) is the
boundary of a crosspolytope.

Theorem 18. For each m > 1 the simplicial complex Ind(G,,) is obtained by a sequence
of m — 1 edge subdivisions of the boundary of the m-dimensional crosspolytope.

Proof. Fix m and let Q7" be the boundary of the m-dimensional crosspolytope. Q7" is the
independence complex of mKs,, which is mGy; call this graph S;. Let the vertex set of S;
be {b; : 1 <i<m}U{¢:1<i<m}, with edge set {b;c; : 1 <i < m}. Now we perform
a sequence of edge subdivisions on ()", producing a sequence of flag complexes, 7", and
of graphs S;, the complements of the 1-skeletons. (These are the graphs for which Q" are
the independence complexes.) Subdivide edge bicy of Q7" with new vertex ay. Call the
new complex )5', and the complement of its 1-skeleton S;. The graph Ss has edges b;c;
and bicg, ascy, and ashy. Thus Ss is a pentagon along with m — 2 disjoint edges, that is,
Sy is the disjoint union of Gy and m — 2 copies of G;. Suppose we have formed Q7" and
Si, 2 <1< m— 2, and we know that S; is the disjoint union of G; and m — ¢ copies of
(1. Then subdivide the edge b;c;11 with new vertex a;;;. Call the new complex @7}, and
the complement of its 1-skeleton S;.;. S;i1 has the edges of S; (including b;11¢;41), and
edges b;c;1 1 and a;y1¢;, a;11b;41, and a;a;1. Thus S;;4 is the disjoint union of G;;; and
m — ¢ — 1 copies of G;. Finally, when ¢ = m — 1, S,, = G,,. So G, is the complement of
the 1-skeleton of 7. Thus, Q7 the simplicial complex resulting from subdividing m — 1
edges of the boundary of the m-dimensional crosspolytope, is the independence complex
of G,,. O
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In order to prove Theorem B, we establish the two corollaries below, which follow from
[7, Proposition 2.4.2] and [19, Theorem 2.7], respectively.

Corollary 19. For m > 1, Ind(G,,) is the boundary of an m-dimensional simplicial
polytope.

Corollary 20. Form > 1, Ind(G,,) is vertex decomposable.
Theorem B now quickly follows from Theorem 10 and the two previous corollaries.

Theorem B. Let G be a planar ternary graph such that Ind(G) is a homology sphere.
Then Ind(G) is combinatorially equivalent to the boundary of a simplicial polytope and is
vertex decomposable.

Proof. Let G be a planar ternary graph such that Ind(G) is a homology sphere. Then
G is Gorenstein, so by Theorem 10, G is the disjoint union of G,, graphs. Thus Ind(G)
is the join of the independence complexes Ind(G,,), each of which is the boundary of a
simplicial polytope and is vertex decomposable. These properties are preserved under
the join operation, so Ind(G) is the boundary of a simplicial polytope and is vertex
decomposable. O

4 An induced subgraph of the Lutz—Nevo graph

Theorem 18 demonstrates how to obtain Ind(G,,) from the boundary of the crosspolytope
by edge subdivisions. As a result, independence complexes of disjoint unions of G,,’s are
polytopal simplicial spheres. Given two such spheres Ind(G) and Ind(G’) of the same
dimension, we now show how to obtain one from the other by edge subdivisions and
contractions. For example, Figure 1 illustrates an edge subdivision that turns Ind(G; U
G+) into Ind(G3). These observations allow us to show that the subgraph of the Lutz—
Nevo graph induced on the set of vertices representing these spheres is isomorphic to the
partition refinement graph.

Theorem 21 ([14, Theorem 1.2]). Two flag simplicial complexes are PL homeomorphic
if and only if they can be connected by a sequence of edge contractions and subdivisions
such that every complex in the sequence is flag.

In view of Theorem 21 the goal of this section is to study the following graph.

Definition 22. Let V; be the set of all isomorphism classes of d-dimensional flag PL
spheres for some fixed d, and E; be the collection of pairs {A1, Ay} of elements of V; such
that {A1,As} € Ey if and only if Ay can be obtained from A; by either contracting an
edge, or subdividing an edge. For an integer d > 0, the Lutz—Nevo graph T} is the graph
with vertex set V; and edge set Ej.

Lemma 23 ([14]). Let A be a flag complex. The complex A" obtained by contracting an
edge e of A is flag if and only if e is not part of an induced square of A.
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We are interested in the subgraph associated with the planar ternary graphs.

Definition 24. Denote by H,_; the induced subgraph of T}, | where the vertices are
given by the (isomorphism types) of independence complexes of planar ternary graphs
with independence number n.

We will show this subgraph is isomorphic to a graph arising from partitions.
A partition X = (my, ..., ms) of n is an ordered nonincreasing list of integers such that
my+---+mg=n.

Definition 25 (Partition refinement graph). A partition A of n refines a partition
of n if each part of u is the sum of parts of A\. The partition refinement graph, P,, is the
graph of the Hasse diagram of the refinement poset on the integer partitions of n.

We will prove that P, is isomorphic to H,,_;.
Lemma 26. There is a bijection between V(H,_1) and V(P,).

Proof. 1f the independence complex of a planar ternary graph G is an (n — 1)-dimensional
sphere, then by [22]
G=Gn UG, U--- UG,

where m; + --- + ms = n. Reordering the m; does not change the isomorphism class.
Hence the map from V(H,_;) to V(P,) given by

Ind(Gpy UGy, U+~ UGy,) = (M, ... my)
is a bijection. O]

Lemma 27. Let Ind(G) be a vertex of H,_1, and zy an edge of Ind(G) where x and y
are vertices of the same connected component in G. Then the sphere given by subdividing
the edge xy is not a vertex of H,_1.

Proof. Subdividing the edge xy of Ind(G,,) adds the edge =y to G,, (among other edges
/ vertices). There are two cases:

1. If the distance between x and y is two, then the new graph has a triangle, and hence
is not ternary.

2. If the distance between x and y is at least three, by Theorem 14 there exists an
induced path between x and y of length 2 mod 3. In particular, this path together
with the new edge xy gives us an induced cycle of length 3k and hence the graph is
not ternary. [

Lemma 28. Let G = Gy, UGy, U+ - UGy, and A = Ind(G). Suppose xy is an edge of
A, where x is a vertex of Gy, and y is a vertex of Gy, (i # j). Let A’ be obtained from
A by an edge subdivision of xy, and let G' be the graph with Ind(G") = A’. Then G’ has a
connected component with subgraphs G, and Gy, and this component has independence
number m; +m;.
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Proof. Let A’ be as given in the statement of the lemma, with new vertex a created by
the edge subdivision. A’ is a flag complex, so it is the independence complex of some
graph G’. The faces of A’ are those faces of A not containing both xz and y, and the faces
o\{z}U{a} and o\ {y} U{a} for each o0 € A containing {z,y}. The edges of G’ are the
nonedges of A’; these are the nonedges of A, the pair xy and some edges containing a.
Note that if v is a vertex of G not in V (G, U Gr,), then uz € A, so ua € A', so ua
is not an edge of G'. Thus, the subgraph G” induced by the vertex set V(G,,, U Gyp;) U
{a} is a connected component of G’ containing as subgraphs G, and G,,,. If 4; is a
maximal independent set of G,,, containing x, and A; is a maximal independent set of
G, containing y, then A; U A;\{x}U{a} is an independent set of size m; + m; in G'.
Moreover, this set must be a maximal independent set in G”, because every other vertex
of Gy, U Gy, is adjacent to some vertex of A; U Aj. O

Theorem C. The graph H,_ i is isomorphic to P,. In particular, P, is an induced
subgraph of T,,_1 for every n.

(3,1) (2,2)
1]
(2,1.,1)
L] ]
(1,171,1)

Figure 6: A visualization of Theorem C for n =4

Proof. We know there is a bijection between the vertices of H,,_; and P,; hence we just
need to show that this bijection preserves edges. Let Ind(G) and Ind(G’) be neighbors
in H, 1, and assume without loss of generality that Ind(G") is obtained by subdividing
(instead of contracting) an edge zy of Ind(G). Furthermore, assume G = G,,,, U G, U
-+ UGy, By Theorem 27, z and y must belong to two different components of G, say
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G, and G,,, without loss of generality. By Theorem 28 and the fact that G’ is planar
and ternary, we conclude that G’ = G, 4m, U Gy U -+ - U Gyy,. Therefore, the edge
between Ind(G) and Ind(G’) in H,,_; gets mapped to the edge between (my, ..., m;) and
(my 4+ ma,mg, ..., mg) in P,.

Conversely, given the edge between (my, ..., my) and (mq +ma, mg, ..., mg) in P,, we
will show that there exists an edge between their corresponding vertices Ind(G,,, LI G,,, L
- UGp,) and Ind(Goy 4my UGy U+ - - U Gyy,) in H,—1. Indeed, one can go from the first
complex to the second by subdividing any zy where x € G,,, and y € G,,, both having

degree two. See Figure 7 for an illustration. m
U1 V4
m L]
Vo a V3 Vg Vs
Gml sz
v Yy V6
x
(%) a V4 Us
Gm,1+m,2

Figure 7: Isomorphism between G,,, 1, and graph obtained after subdividing the edge
xy (connecting two disconnected components G,,, and G,,,). The dotted edge is being
subdivided, and the gray edges are the new ones in the new graph.

5 The f, h and ~-vectors of planar flag spheres

Recall that Gal’s conjecture [7] posits that all flag homology spheres are ~-positive. More-
over, a real-rooted h-polynomial implies y-positivity. Gal’s conjecture was proposed after
he found counterexamples to the stronger conjecture that the h-polynomials of flag spheres
were real rooted. By [7, Section 2.4], flag simplicial spheres obtained by successive edge
subdivisions from the crosspolytope are v-positive. Therefore, Theorem 18 implies that
Ind(G,,) is y-positive. In this section, we investigate further the f-vector, h-vector and
v-vector of Ind(G,,), and prove the stronger result that a flag homology sphere whose
1-skeleton is complementary to a planar graph has a real-rooted h-polynomial.

Form > 1and 0 < i < m—1, let f;(m) := fi(Ind(G,,)). When needed, we use

fm(m) =0.

Proposition 29. For each m > 1, fo(m) = 3m — 1. For each m > 2, fi(m) = (9Im?* —
19m +12)/2. Form >3 and2 <i<m —1,

fl(m) = 2fi,1(m — 1) + fz(m — 1) + fZ;Q(m — 2) + fifl(m — 2).
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Proof. First note that G; = K», and Ind(G;) = 2K7, so fy(1) = 2. Also, fi(m) is the
number of edges of Ind(G,,), that is, the number of pairs of vertices in G,, that do not
form an edge. So for m > 2, fi(m) = (*4") —5(m — 1) = (9m?* — 19m + 12)/2. Now
assume m >3 and 2 <1< m—1.

Refer to the recursive construction of G,, for the vertices and edges of GG, not in G,,,_1.
Note that G,, — (N]am] U N[en]) = G — {@m—1,bm-1, Cm—1, @m, bm, Cm} = G_a.

Using the characterization of independent sets of G,, from Proposition 15, we count
the number of independent sets of size i + 1 for each of the five cases: Case (1) gives
exactly fi(m — 1) subsets, Case (2) gives f;_i(m — 1) subsets, and Case (3) gives exactly
fiza(m —2).

For Cases (4) and (5), note that every independent set of size i of G,,—1 intersects
{@m—1,bm_1,Cm_1} In either am,_1,bm_1,cm_1,{@m_1,Ccm_1} or 0. We now show that the
number of these intersections is f;_1(m — 1) + fi_1(m — 2). To see this, first consider
independent sets J of size ¢ (dimension i — 1) in G, 1. If J 0 {am_1,bm_1,Cm-1} = 0,
extend J to a set of case 4 by adding a,,. If J N {am_1,bm_1,¢m_1} # 0, then J can be
extended to a unique set of case 4 or 5 by adding a,, (if b,,_1 € J) or ¢, (if a,,—1 and/or
Cm—1 1s in J). This gives all independent sets of Case (4) or (5) except the sets A for
which AN {am-1,bm-1,Cm—1, @m, bm, ¢} = {c¢m}. The number of these is f;_1(m — 2).

Counting the elements in each partition we have

film) = fi(m = 1) + fisa(m = 1) + fica(m — 2) + fios(m — 1) + fii(m — 2)
=2fica(m — 1) + film — 1) + fica(m = 2) + fi-1(m = 2). O

We now define the Delannoy polynomials mentioned in Theorem D.

Definition 30. The Delannoy number D(m, k) is the number of lattice paths from (0,0)
to (m, k) using steps (1,0), (0,1), and (1,1).

Following [23], let d(m, k) = D(m —k, k), and for fixed m, let d,,(t) be the generating
function d,(t) = Y_j,d(m, k)t*. It is known (see for example [16, A008288] and [23,
Section 2]) that d(m, k) satisfies the recursion d(m,0) = d(m,m) = 1 for m > 0 and, for
m>1land 0 <k <m,

dm,k)=dm—1,k)+dim—-1,k—1)+d(m -2,k —1).
In 2019, Wang, Zheng and Chen [23] showed that Delannoy polynomials are real-rooted.

Theorem 31 ([23, Theorem 2.1]). The zeros of the Delannoy polynomial >, d(m, k)t*
are negative real numbers.

We are now ready to tackle Theorem D. The first part of the theorem is stated for
all planar graphs whose independence complexes are homology spheres. Let G' be such a
graph and assume further it is connected. Then recall from Theorem 12 that G is either
a G, or R3. The case of G = (G,, is stated as the second part of Theorem D and proved
as Theorem 32. When G' = R3, the h-polynomial of Ind(G) = Cg is t? + 4t + 1, which is
real-rooted.
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Theorem 32. Let G be a planar ternary connected graph such that Ind(G) is an (m —1)-
dimensional homology sphere. Then hy(Ind(G)) = d(m, k).

Proof. We may assume G = G,, by the previous discussion. Recall f;(m) = f;(Ind(G,,))
and, similarly, write hy(m) = hy(Ind(G,,)) and

Zh ek = Zfl )(t—1)"

Proposition 29 gives

fieai(m) =2fia(m — 1) + fioa(m — 1) + fi—g(m — 2) + fi_a(m — 2).
So

h(m,t) - Zfz 1 t—]_

_ 22:fz m —1)( t—1"”+2fz_ Dt —1)m"
+Zf1 _2 t_lml"i_z.fl )(t_l)

= 22fi1(m — )t =)™ (1) Zfl . el
5 fatm =2 0 =) S - 21—

= (t+ Dh(m—1,8) +th(m — 2,1).

Equating coefficients of t™~* hy(m) = hp(m — 1) + hxy_1(m — 1) + hx_1(m — 2). This
is the same recursion as for d(m k). Since (ho(1),h1(1)) = (1,1) = (d(1,0),d(1,1)) and
(ho(2), h1(2), ha(2)) = (1,3,1) = (d(2,0),d(2,1),d(2,2)), hx(m ) = d(m, k) for all m > 1,
0<km. O

We immediately conclude the following from Theorems 31 and 32.
Corollary 33. The zeros of the h-polynomial of Ind(G,,) are negative real numbers.

To remove the requirement of connectedness, recall from Sections 2.3 and 2.7 that for
any pair of graphs G and H,

h(Ind(GU H),t) = h(Ind(G) * Ind(H), t) = h(Ind(G),t) - h(Ind(H), ).

Corollary 34. If G is a planar graph such that Ind(G) is a homology sphere, then the
zeros of h(Ind(G),t) are negative real numbers.

Theorem D then follows directly from Theorem 32 and the corollaries above.
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6 Future work

Recall that Trung characterized Gorenstein planar graphs [22], all of which are ternary
except the graph R3. Pinter constructed Gorenstein nonplanar graphs in [18], but the
ternary property of such graphs was not explored. In particular, many of the graphs
introduced in [18] contain an induced subgraph isomorphic to G,, for some m, see for
example [18, Figure 4, Figure 10]. This naturally leads to the question of finding nonplanar
ternary graphs that are Gorenstein.

We now provide one such example below. Start with a disconnected graph G° =
H, U Hy U Hy with H; = Cj; for i € [3]. Consider vertices 1 € V(H;) and 6 € V(H,).
We obtain a graph G' by subdividing the edge {1,6} in Ind(G°). Next, consider vertices
7 € Ny,(6) and 11 € V(Hs3). We obtain the graph G? pictured below by subdividing the
edge {7,11} in Ind(G").

14 ]
22
15 2@5 15 )

Figure 8: Constructing a nonplanar ternary Gorenstein graph

8 9 8 9 8 9
12 12 12 10
13 7@10 13 7@10 13 x.
‘0
6 21 . *
11 \ = 11 et =) ‘
14 14 \
) 2Q5 .
3 4 3 4

It is quick to check that all induced cycles in G? have length four or five. G? is non-
planar as the induced subgraph of G? on vertices {6,7,8,9,10,21,22} is homeomorphic
to K33. Lastly, to see that G* is a Gorenstein graph, notice that Ind(G°) is homeo-
morphic to Ind(G?) since we obtain Ind(G?) from Ind(G°) by subdividing edges, and
by Theorem A Ind(G°) is homotopy equivalent to S#™™md(G)  The result then follows
since dim Ind(G°) = dim Ind(G?).

We can use a generalization of this construction to obtain Gorenstein graphs, and
we suspect that many of these are ternary. Additionally, under certain conditions we can
guarantee the output of this construction to be nonplanar. The general construction looks
as follows.

1. Set k= 0.
2. Let G* > | | | H; with H; & G,,, for all i and n > 2.

3. Pick two vertices v; € V(H;) and v; € V(H;) such that v;,v; are in different com-
ponents of G*.

4. Subdivide the edge v;v; in Ind(G*) and call the resulting graph G**1.
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5. If G is connected, stop the procedure. Else, either stop the procedure or set
k =k + 1 and return to (3).

Observe that we used a special case of this in the proof of Theorem C. In particular,
as long as we choose the vertices v; and v; such that degv; = degv; = 2, the graph G* is
isomorphic to a disjoint union of G,,, that is, it is a planar ternary Gorenstein graph.

We can actually show that G* is nonplanar if and only if we at least once pick some
vertex v; such that degwv; > 3: Note that the forward direction is given by the above
observation. For the other direction, let k£ be the largest such that at each prior step
degv; = degv; = 2. Hence, we currently have GF =~ |_|?:1 H; with H; = G,,, for all 7.
Now assume degv; > 3 and let N(v;) D {z, 22, 73}. Calling the new vertex in G¥*! y,
the induced subgraph on vertices {y, 1, z2, 3, v;} is isomorphic to Ky 3. By the structure
of G,, we can additionally find a vertex z € V(H;) such that for each ¢ € [3] there exist
pairwise disjoint paths from z, to z in H; avoiding v;. Hence, G**! contains a subgraph
homeomorphic to K33 and is therefore nonplanar.

Question 35. If G* is nonplanar, under which conditions is it also ternary?

Remark 36. Suppose G° has N connected components, and the construction above pro-
duces a graph . Form a graph W on N vertices, each corresponding to a connected
component of G°, with two vertices adjacent if at some point the construction uses ver-
tices from the corresponding components. We believe that if W is a tree, then the graph
G is ternary.

Question 37. How do the conditions for being nonplanar or ternary change if we just
require v; and v; to be in different components of G*, but not necessarily vertices of H;?
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