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Abstract

The binding number b(G) of a graph, introduced by Woodall [J. Combin. Theory,
Ser. B, 1973], is a central topic of both structural and extremal graph theory. It is
closely related to fundamental combinatorial and structural properties of graphs.

The graphs with b(G) > 1 exhibit strong expansion properties and a highly
connected global structure. In contrast, the structure for graphs with b(G) < 1
remains far less well understood. Kane et al. [J. Graph Theory, 1981] proved that if
b(G) < 1, then every binding set of G is independent. Goddard and Swart [Quaest.
Math., 1990] showed that if b(G) < 1, then the toughness 7(G) < b(G). This makes
it particularly interesting to investigate extremal problems for graphs with b(G) < 1.
For any integer r > 1, we completely characterize the unique extremal graph that
maximizes the size (spectral radius) among all graphs of order n satisfying b(G) < %

For any bipartite graph G = (X,Y") on n vertices, it is readily seen that b(G) <
min{|X|/|Y], [Y]/|X|} < 1. Notably, the complete balanced bipartite graph Kz »
achieves the maximum size (spectral radius) among all bipartite graphs with b(G) =
1. In this paper, we completely determine the extremal graphs maximizing the size
or the spectral radius among all bipartite graphs with b(G) < %, where r > 1 is an
integer.

Mathematics Subject Classifications: 05C50, 05C35

1 Introduction

Let G be a simple graph with vertex set V(G) and edge set E(G). The order and size of
G are denoted by |V(G)| = n and |E(G)| = e(G), respectively. Let Gy and G2 be two
vertex-disjoint graphs, and let G; U G5 denote their disjoint union. The join G; V G5 is
the graph obtained from G; UG5 by adding all possible edges between V' (G1) and V(Gs).
For a vertex subset S C V(G), let G[S] and |S| be the subgraph of G induced by S and
the size of S, respectively. For a graph G of order n, its adjacency matrix is the 0-1
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matrix A(G) = (a;;j)nxn, where a;; = 1 if v; ~ v; and a;; = 0 otherwise. Note that A(G)
is a real nonnegative symmetric matrix. So all its eigenvalues are real and can be ordered
non-increasingly as A\ (G) = Ao(G) = - -+ = A\ (G). The largest eigenvalue p(G) = A\ (G)
is called the spectral radius of G. For undefined terminology and notation, one can refer
to [2, 5].

The binding number of graphs was introduced by Woodall [20]. For any vertex v €
V(G), let Ng(v) denote its neighborhood in G, and for S C V(G), define Ng(S) =
Upes Na(v). The binding number b(G) of a graph G is given by

H(G) = min { 'N‘Ggf)‘ 04 S CV(G), Na(S) # V(G)}.

As a fundamental graph invariant, the binding number possesses wide-ranging appli-
cations in numerous fields, such as graph theory, network science, quantum sensing, and
information processing. A central problem concerning the binding number lies in char-
acterizing its bounds via fundamental graph structural parameters, including the degree
sequence [4], minimum degree [3], and connectivity [20].

The binding number of a graph is closely related to the combinatorial structural prop-
erties of the graph. The graphs with b(G) > 1 exhibit strong expansion properties and
a highly connected global structure. Some fundamental graph properties that are guar-
anteed by lower bounds on b(G) include Hamilton cycle [20, 21|, k-factor [14, 15|, k-
extendibility [6, 19], k-clique [17]. In contrast, for graphs with b(G) < 1, the structure
is still not well characterized. Kane et al.[16] established the following useful result. A
non-empty subset S C V(G) is a binding set if and only if b(G) = |N(S)|/|5].

Theorem 1 (Kane et al. [16]). Let G be a graph. If b(G) < 1, then every binding set S
15 independent.

The toughness T(G) = min{% : Sis a cut set of vertices in G} for G 2 K,,, which
is initially proposed by Chvatal [7]. Goddard and Swart [10] discovered the relationship

between 7(G) and b(G) when b(G) < 1.
Theorem 2 (Goddard and Swart [10]). Let G be a graph. If b(G) < 1, then b(G) = 7(G).

Naturally, one wonders about extremal results of graphs with b(G) < 1. So we propose
the following intriguing problem.

Problem 3. What is the maximum size (spectral radius) among all graphs of order n
satisfying b(G) < %, where r > 1 is an integer?

Note that b(G) = 0 if and only if G contains isolated vertices. It is easy to see that
the graph K,,_; U K, attains the maximum size (spectral radius) among all graphs with
b(G) = 0. Therefore, for Problem 3, it suffices to restrict our attention to graphs without
isolated vertices. Let G,, . be the family of graphs without isolated vertices of order n such
that b(G) < % for every G € G, -, where r > 1 is an integer.
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Theorem 4. Let r > 1 and n > r + 13 be two integers, and let G € G, . Then

e(G) < <n_;_1)+r+1

with equality if and only if G = K1V (K2 U (r + 1)K7).
Theorem 5. Let r > 1 and n > 2r 4+ 15 be two integers, and let G € G, .. Then
p(G) < p(KyV (Kppp U (r +1)K1))
with equality if and only if G = K1V (Kp_r—2 U (r + 1)K7).
By taking r = 1 in Theorems 4 and 5, one can get the following result for n > 17.

Corollary 6 (Fan and Lin [8]). Let G be a connected graph of order n > 17 with b(G) <
Each of the following holds.

(i) e(G) < (”52) + 2 with equality if and only if G = K1V (K,—3 U2K}).

(ii) p(G) < p(K1 V (Kn—3 U2K,)) with equality if and only if G = Ky V (K,—3 U2K3).

The research concerning the binding number of bipartite graphs has not yet been
involved in the literature. For any bipartite graph G = (X,Y’) on n vertices, it is readily
seen that b(G) < min{|X|/|Y],|Y|/|X]|} < 1. Notably, the complete balanced bipartite
graph Kn» » achieves the maximum size (spectral radius) over all bipartite graphs with
b(G) = 1. This naturally leads to an interesting problem.

Problem 7. What is the maximum size (spectral radius) among all bipartite graphs of
order n satisfying b(G) < 1, where r > 1 is an integer?

Note that b(G) = 0 if and only if G contains isolated vertices. It is easy to see that the
graph K ENeS U K attains the maximum size (spectral radius) among all bipartite
2 ’ 2

graphs with b(G) = 0. Consequently, when addressing Problem 7, it is sufficient to focus
on graphs that do not contain isolated vertices. Let B, , be the family of n-vertex bipartite
graphs without isolated vertices satisfying b(G) < % for each G € B,,,, where r > 1 is an
integer.

A connected bipartite graph G = (X ,Y') is called a double nested graph if its vertex
sets admit partitions X = X; UXoU---UX,and Y =Y, UYsU---UY),, where X; and
Y; are independent sets, and all vertices in X; are adjacent to every vertex in UhJrl ’ Y;
for 1 <4 < h. In the following figure, large solid circles stand for independent sets, and
each line between two large solid circles means that all vertices in one large solid circle
are adjacent to all vertices in the other one. Let | X;| = p; and |Y;| =¢; fori=1,2,... h.
We denote the double nested graph by D(p1,p2, ..., DPniq1,G2,---,qn) (see Fig. 1).

Define f(n,r) = U:H (n— L:T_H) and g(n,r) = |2=£=L| [2=2=1] 4+ r 4 1. Focusing
on Problem 7, we prove the following results.

Theorem 8. Letr > 1 and n > r?> +r + 1 be two integers, and let G € B,
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Figure 1: Graph D(p1,p2, ..., Priq1, G2, - - -5 qn)-

(i) If r =1, then e(G) < f(n, 1) with equality if and only if G = K Ene
(i) If r = 2 and f(n, r) > g(n,r), then e(G) < f(n,r) with equality if and only if
G Ko 2

r+1

7‘+1

(i) If r > 2 and Jf(n r) < g(n,r), 1then e(G) < g(n,r) with equalityl if and only if
Ge{D([*==],r+1;1,|==|-1),D (| =~ J r+11 (== - 1) ).

D(
(w) If r =2 and f(n,r) = g(n,r), then e(G) < f(n,r) with equality if and only if G €

P L e i e R L

12 ) and o = p (D ([255

r+1

Sl L= - 1)

Theorem 9. Let r > 1 and n = r* + 1 + 2 be two integers, and let G € B,,,.

Letﬂzp( |

(i) If r =1 then p(G) < p' with equality if and only if G = Kn_LnT—lJLnT—lJ

(i7) Ifr =2 and p’ > p", then p(G) < p' with equality if and only if G = anLTHJ’LTHJ.

(15i) If r =2 and p' < p", then p(G) < p" with equality if and only if

n—r—1 n—r—1
620 ([ | 22222 1)

() If r =22 and p' = p”, then p(G) < p' with equality if and only if

G (Kot y (|5 e [ )
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2 Proofs of Theorems 4 and 5

Before proving our main theorems, we present several auxiliary lemmas.

Lemma 10 (Brouwer and Haemers [2], Godsil and Royle [9], Haemers [11]). Let M be a
real symmetric matriz and R(M) its quotient matriz. The eigenvalues of every quotient
matriz of M interlace those of M. If R(M) is equitable, then the eigenvalues of R(M)
are also the eigenvalues of M. Furthermore, if M is nonnegative and irreducible, then the
spectral radius of R(M) equals the spectral radius of M.

Lemma 11 (Godsil and Royle [9]). If H is a spanning subgraph of a connected graph G,
then p(H) < p(G) with equality if and only if H = G.

Lemma 12. b(K; V (K,—,—o U (r +1)K;)) < +.

Proof. Let G = K1 V (K2 U (r + 1)K;). The vertex set of G can be partitioned as
V(G) = V(K1) UV (K, 2) UV((r + 1)K;). Take S = V((r + 1)K;). Then b(G) <
r+ r’

Now we are ready to provide the proof of Theorem 4.

Proof of Theorem 4. Let G be the graph with the maximum size in G, ,. Note that
b(G:) < % for integer r > 1. Let S be a binding set. Then b(G}) = ‘chél(s)l < 1 and
Ng:(S) # V(G7). By Theorem 1, S is an independent set, which implies that SN Ng-(S) =
(. Define Ty = Ng:(S) and Tp, = V(G}) \ (S U Ng=(5)). Let |T;| = t; for i = 1,2 and

|S| = s. Then we have

s>t + 1. (1)
By Lemma 12, K; V (K,,—,_2 U (r + 1)K;) € G,,», and hence

n—r—1

4G9>eUGVUQr2UO*4Vﬁ”_( 2

)+r+L (2)

Claim 13. G:[Tl U TQ] = Kt1+t2 and G:[Tl U S} = Kt1 V SKl.

Proof. If |T} UT;| = 1, then the result follows. Next we consider [T} U Ty| > 2. Suppose
to the contrary that GE[T) U Ty] 2 Kj, 44,. Then there exist two vertices u,v € T3 U Ty

such that wv ¢ E(GY). Let G' = G + uv. Then b(G’) < |NG|L’9(‘S)‘ = ‘NGé'(S)I < 1, which

implies that G’ € G, ,. However, e(G’) > e(G?), which contradicts the maximality of G%.
So G: [Tl U TQ] = Kt1+t2' Slmllarly, G:[Tl U S] = Ktl V SKl. <>

By Claim 13, we have Gi = K, V (K4, —s U sK}).
Claim 14. t, > 2.

o
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Proof. By contradiction, assume that ty < 1. If t5 = 0, then n = s + ¢;. By (1), we have

5> [”f:ﬂ > Ti,’”:ll Note that Gf 2 K,,_, V sK;. Then we have

e(G2) = e(Kn oV sKy) = ”<”2— H_ 8(82— 1)
nin—1)  nr+1 (m~+1 _1>

= 2 2r+1)\r+1

n—r—1
< ( 9 )+r+1,

which contradicts (2). Next we consider to = 1. Let S” = SUT5. Note that G is connected.

Then Ng:(S") = Ng:(S) = Ti, and hence b(G}) < |N%ffl)‘ = 5 < b =G, a

contradiction. Hence t5 > 2. O

Claim 15. s = rt; + 1.
Proof. Note that b(Ky, V (Kp_(r41n-1 U (rt1 + 1)Kp)) < 2% < 1 Then Ky, V

N ot +1
(Kn—ranyp 1 U (rti +1)Ky) € Gnp. By (1), s > rty + 1. If s > rty leQ, then G? is a proper
subgraph of Ky, V (K, — (1), —1U(rt1+1)K1). Hence e( Ky, V(K- 1y 1 U (1t +1) Kq)) >

e(G?), which contradicts the maximality of G?. O

By Claim 15, we have G} = K; V (K,_(416,-1 U (rt1 + 1)K7). Note that Ty # 0.
Then t; > 1. Suppose that t; > 2. By (1), s + ¢ + t2 = n, and Claim 14, we have
2<t < L”_?’J . Define

r+1
2
fl(x):—(%+7’>x2+(nr—%—1>x+n—1.

The quadratic function f;(z) has axis of symmetry x = ﬁ(nr— o) >1(1+ \_f;ﬂ) :

hence fi(x) > fi(1) = w for 2 <z < |22 ]. Combining (2), we have

n—r—1
(" 75T ) et < 6D = el V (ot U KD

nin—1 r? 3r
— (2 >_[_<3+r>t%+(nr—;—l)tlﬁ-n—l}

n(n—1) (r+1)2n—r—4)
2 2

n—r—1 o
= r
2 Y

a contradiction. Hence t; = 1. Then we have G = K, V (K, _,_o U (r + 1) K;). O

Now we are ready to present the proof of Theorem 5.
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Proof of Theorem 5. Let G, be the graph with the maximum spectral radius in G, .. Note

that b(G%) < + for integer r > 1. Let S be a binding set. Then b(G%) = % <1 and
Ngs(S) # V(G}). By Theorem 1, S is an independent set, which implies that SNNg: (S) =
0. Define T\ = Ng:(S) and To = V(G}) \ (S U Ng:(9)). Let |Ti| = t; for i = 1,2 and

|S| = s. Then
s>rt;+ 1. (3)
By Lemma 12, Ky V (K,,—,—2 U (r + 1)K;) € G,,», and hence
p(G}) = p(K1V (K p o U(r+1)Ky)) >n—1—2. (4)

Claim 16. G; 18 connected.

Proof.  Suppose to the contrary that G is disconnected. Let Gi,Ga,...,G. be the
connected components of G, where ¢ > 2. Then there exists a connected component
G; such that S N V(G;) # 0. Without loss of generality, assume that S N V(G;) =
Si # 0. Note that G contains no isolated vertices. Then Ng,(S1) # (. Construct
G' = G +uvy+uvz+- - -+uv,, where u € V(Ng, (51)) and v; € V(G;) for 2 < i < c. Recall

- (S
that SN Ng:(S) = 0. Then S; N Ng, (S1) = 0. Therefore, b(G") < \Nc‘;/sﬁs)l — |NCT§|( )l 1
implying that G’ € G,, .. Note that G’ is connected and G7 is a spanning subgraph of .
By Lemma 11, p(G’) > p(G7), which contradicts the maximality of G7. O

Claim 17. G:[Tl U TQ] = Kt1+t2 and G;[Tl U S] = Kt1 V SKl.

Proof. 1If |T1 UT3| = 1, then the result follows. Next we consider [T} UT,| > 2. Suppose to
the contrary that G;[Tl U Ty 2 Ky ++,. Then there exist two vertices u,v € T} U T3 such

N (S
that uv ¢ FE(G}). Let G" = G, + uv. Then b(G") < \N%‘(SN _ | Cfg‘( ) < 1, which implies

that G” € G, . However, by Claim 16 and Lemma 11, p(G") > p(G?), which contradicts
the maximality of G7. So G;[Tl U Ty = Ky, 44,. Similarly, G’;[Tl US| = Ky, VsK;. O

By Claim 17, we have G} = Ky, V (K4, s U sKy).
Claim 18. ¢, > 2.
Proof. By contradiction, assume that to < 1. If £, = 0, then n = s + ¢;. By (3), we

deduce that s > (%1 =n— U:‘T’H . Note that G; = K,,_s V sK;. For convenience, let

o= VZT?H . Note that K, sV sKj is a spanning subgraph of K,V (n —a)K;. By (4) and
Lemma 11, we have
n—r—2<p(G))=p(K, sV sKy) <p(KyV(n—a)K). (5)

Notice that A(K, V (n — a)K;) has an equitable quotient matrix

RA(K,V (n — a)Ky)) = {O‘;l ”50‘}.
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Then the characteristic polynomial of R(A(K, V (n — a)K1)) is fo(z) = 2* — (o — 1)z +
a(a — n). The axis of symmetry of fo(z) is * = 271 < n—r — 2, which implies that fs(z)
is increasing for x > n —r — 2. By n > 2r + 15, we have

fo(x) = fon—7r—2)=n(n—2r —2a—3)+7r* + (a+3)r+a*+2a+2 > 0.
Hence p(K, V (n — a)K;) < n —r — 2. Combining (5), we have
n—r—2<p(G) < p(KaV(n—a)K) <n-—r-2

a contradiction. Next we consider ¢y = 1. Let S* = SUT;. By Claim 16, G, is connected.

Then N:(S*) = New(S) = T, and hence b(G%) < e _ o o u _ ygr
e ey — Gy = 41, ahd hence p) X TS T s+l s p)s &

contradiction. Hence t5 > 2. O

Claim 19. s = rt; + 1.
Proof. Note that b(K; V (Kp_ry1y,—1 U (rt1 + 1)K;)) < h_ < % Then K, V

rt1+1
(Kn—rany—1U(rti+1) K1) € Goyp. By (3), s > vty +1. If s > rtl—l—é, then G is a spanning
subgraph of Ky, V (Kn_(r41)r,-1 U (1t + 1)K4). By Lemma 11, p(Ky, V (Kp—(rg1),-1 U

(rt; +1)K1)) > p(G3). This contradicts the maximality of G, Hence s = rt; + 1. O

By Claim 19, G, = K, V (K- (r1),,-1 U (rts + 1)Ky ). Combining s + ¢ + t2 = n,
Claim 18 and Claim 19, we deduce that 1 < t; < [Zf;fj . Next our goal is to prove that
t; = 1. Suppose to the contrary that 2 < ¢; < L"—_?’J . Note that A(G?) has an equitable

r+1
quotient matrix

th—1 n—(r+1)t;—1 rt; +1
R(A(G))) = th n—(r+1)t -2 0
t 0 0
Then the characteristic polynomial of R(A(G})) is
fa(z) = 2* —(n—rt;—3)2® — (rt2 —(r— Dty +n—2)x— (r*+r)+((n—3)r— 1)t +(n—2)t,.
Let G = Ky V (K, _,_2U(r+1)K7). Note that A(G") has an equitable quotient matrix
0 n—r—2 r+1
R(AG")=11 n—=r—=3 0
1 0 0
Its characteristic polynomial is
filx) =2~ (n—r—-3)2  ~(n—Da+ (r+1)(n—r—23).

By (4), p(K1V (Kp—r_2U(r+1)K;)) > n—r—2. Next we prove that f5(z)— fs(z) > 0 for
x =2 n—r—2.Let f5(z) = ra*—(rt;+1)x— (1 +t14+1)r?*+ (nty — 3 +n—4t, —4)r+n—1t, - 3.
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Then f5(x) — fa(x) = (t1 — 1) f5(z). Since n > 2r + 15, the axis of symmetry of f5(z) is
r = ”1“ < n —r — 2, which implies that f5( ) is increasing for x > n — r — 2. Then
fs(z) > f5( n—r—2)=—((r*+rt+2r+t;—r*+2n-3)r = (n*-3n+)r+1) >
n2r2—(2r +57 —r+1)n+r4+4r +4r2—3r+2 > 0 forz > n—r — 2. Hence fg( ) f4(l‘) < 0 for

r=z2n—r—2. By Lemma 10, we have

pELV (Knr 2 U (r + 1) K1) = M(R(A(G™))) > M(R(A(G)))) = p(G)),

which contradicts (4). Hence t; = 1, and so G = Ky V (K, 2 U (r + 1) K1), O

3 Proof of Theorem 8

Before proceeding with the proof, we first state several useful lemmas.

Lemma 20. Let G = (X,Y) be a bipartite graph, and let S be a binding set of G. If
SNX #0 and SNY #0, then SNX and SNY are also binding sets.

Proof. Let S; = SN X and Sy = SNY. Since S is a binding set of G, b(G) = ‘N|GS(|S)| =

|NG(‘|9§3 Ilgﬁ(‘%)' For short, let b(G) = b. By the definition of binding number, we have
IN%(IS|1) > b and ‘Nfs(% > b. We claim that |Nf5(5|1)| |N|GSSS|2)| b. In fact, if IN‘GSSf >

or ‘Nfsﬁz > b, then |Ng(S1)| + [Na(S2)| > b(]S1] + [S2]), and hence

|Na(S1)] + [Na(S2)]
|S1| + ‘S2|

b=b(G) = > b,

a contradiction. This implies that SN X and SNY are binding sets. [

Lemma 21. Let p,q,r,n be four positive integers. Then b(D(p — r(q —Lir(g—1)+
Lig—1,1) < %, bDp—r—1,r+1;1,q—1)) < % and b(Kn_Lr%—1J7L1%71J> < %

|
—_
~—
—_

Proof. Let Gy = D(p—r(¢ —1) —1,r(¢q—1)+1;¢g—1,1), Go = D(p —r — 1,r +

L;l,g—1)and Gs = K __ e The vertex set of Gl can be partitioned as V(G;) =
T+1 r+1

V((p - rlg = 1) = DK U V({rlg — 1) + DI U V(g = DE) U V(KL). Take S; =

V((r(g — 1) + 1)K;). Then b(G;) < |NC|:}9£“|§1)| = r(qq—_1§+1 < 1. The vertex set of G can

be partitioned as V(Gs) = V((p —r — 1)K;) U V((r + 1)K1) UV(K) UV ((g—1)Ky).

Take Sy = V((r 1)K1) Then b(Gs) < ‘Nﬁg(%)‘ =7 < - The vertex set of G can be

partitioned as V(G3) = L” LK) UV ( (L J)Kl). Take S3 = V((n— L«HJ)Kl)
Ng, (S n

Then b(Gs) < Feal) — n_L LT:;Ji <al<l O

Next we prove a technical lemma which is very important to our main result. Let
B, .- be the family of n-vertex bipartite graphs with the bipartition (X,Y’) that contain
no isolated vertices and satisfy b(G) < & for each G € By, where r > 1 is an integer.
Without loss of generality, assume that | X|=p > |Y]| =q.
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Lemma 22. Let r > 1 be an integer, and let G € B, 4. Each of the following holds.
(i) If p = rq+ 1, then e(G) < pq with equality if and only if G = K, ,.

(i) If r(g—1)+2 < p < rq, then e(G) < pg—r(q— 1) — 1 with equality if and only if
G=Dp-r(@-1)-1r¢g-1)+1Lqg-11).

(i) If p < r(qg— 1)+ 1, then e(G) < pg — (r + 1)(qg — 1) with equality if and only if
G=ZDp—-r—1r+1;1,q—1).

Proof. Let B} be the graph with the maximum size in B,,,. Note that b(B;) < 1 for
integer r > 1. By Lemma 20, we can choose a binding set .S such that S C X or S C Y.
Then b(B;) = “247 < 1 and N (S) # V(B;). Let |S| = s and | Np. (S)| = t. Then we

have

s=>rt+1. (6)

Claim 23. If S C X, then BX[(X \ S)UY] = K,_,, and B*[SU Ng.(5)] = K.

Proof. Suppose to the contrary that BX[(X \ S)UY] 2 K,_,. Then there exist two
vertices u, v such that wv ¢ E(B}), where u € X \ S and v € Y. Let B’ = Bf + wv. Then

b(B') < |N%(‘S)| — ‘NBlé‘(S)l < L, which implies that B’ € B, ,,. However, e(B’) > e(B;),

which contradicts the maximality of B. So B}[(X \ S)UY] = K, ,. Similarly, we can
prove that B[S U Ng:(5)] = K. O

Similar to the analysis of Claim 23, one can immediately obtain the following result.
Claim 24. If S C Y, then B[X U (Y \ S)] = K, 4—s and BX[SU Np:(5)] = K, .

By Claim 23 and Claim 24, B = D(p — s,s;t,q —t) for S C X and B = D(t,p —
t;q—s,s) for S CY. Hence B! is connected.

Claim 25. s =rt + 1.

Proof. We first consider S € X. Note that b(D(p—rt—1,rt+1;t,q—t)) < 75 < 1. Then
Dp—rt—1,rt+1;t,q—t) € B, 4, By (6), s > rt+ 1. If s > rt + 2, then B} is a proper
subgraph of D(p—rt—1,rt+1;t,q—t). It follows that e(D(p—rt—1,rt+1;t, q—t)) > e(BI),
which contradicts the maximality of B}. Therefore, s = ¢t + 1. By the same analysis, the

result holds for S C Y. O

By Claim 25, B* = D(p —rt — 1,rt + 1;t,q — t) for S C X and B! = D(t,p —t;q —
rt—1,rt+ 1) for S CY.

Claim 26. If SCY andp < rq, thent =1.

Proof. Note that S C Y. Then s < ¢. By Claim 25, we have t < s < ¢ < p, and hence
t <p—1.1If s = ¢, then B} is disconnected, a contradiction. So s < ¢ — 1. Recall that
s=rt+1. Then 1 <t < [%2]. Note that b(D(1,p—1;¢—r—1,r+1)) < =7 < . Then
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D(l,p—1;,q—r—1,r+1) € B,,,, and hence e(B}) > e(D(l,p—1l;g—r—1,r+1)) =
pg— (r+1)(p—1). 1f1 <t <[22], then

pg—(r+1)(p—1)<e(B;) = eD(t,p—tiqg—rt—1,rt+1))
= pq+rt2+(1—rp)t—p
< pg—(r+1)(p-1),

a contradiction. Hence t = 1. O

Claim 27. If SC X and p < rq, then 1 <t < V’%QJ )
Proof. Since S C X, we have Np:(S) C Y, and hence ¢t < ¢. By p < rg, Claim 25 and

s < p, we have 1 <t < \_”%IJ.Ifq:t<s:p,thenb(Bj): |N‘sz,|(s)| 25222%,
a contradiction. If ¢t < ¢ —1 < s = p, then B} is disconnected, a contradiction. Hence
sgp—l.Sinces:rt—i-l,wehavelgtgV’%ﬂ. O

(i) Since p = rg+ 1, b(Kpq) = 1 < 745 < %, and hence K,, € B,,,. So we have

e(B}) > e(K,,) = pq. Note that B is a subgraph of K, ,. Then B} 2 K, .
(ii) By Lemma 21, D(p—r(¢—1) —1,7(¢ — 1)+ 1;¢ — 1,1) € B, ,,. Therefore,
e(Blyze(D(p—r(qg—1)—1,r(¢g—1)+1;¢g—1,1))=pg—r(g—1)—1. (7)

Next we will prove that S C X. If S C Y, by Claim 26 and Bf = D(t,p—t;q—rt —
1,7t + 1), we have

e(Bl)=pg—(r+1)(p—1)<pg—r(g—1) -1,

which contradicts (7). Hence S C X. Since (¢ — 1) + 2 < p < rq, we have r > 2
and ¢ — 1 < V%QJ . Moreover, as r > 2 and p < rg, we obtain that ¢ — 1 > Lp%ﬂ .
Hence ¢ — 1 = V’%ZJ . By Claim 27, we have 1 < t < ¢ — 1. Next we claim that
t=q— 1. In fact, if t < q — 1, then
e(BY) = e(Dp—rt—1,rt+1;t,q—1t))
= pg+rt*+(1—rq)t—q
< pg—r(g—1)—1,
which contradicts (7). Hence t = ¢—1. Then we have B = D(p—r(q¢—1)—1,7(¢—
1)+1;q—1,1).
(ii) By Lemma 21, D(p —r —1,r+1;1,9g — 1) € B, 4, and hence

e(B;) ze(Dp—r—1r+1;1,¢=1)) =pg— (r+1)(¢—1). (8)
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We distinguish our proof into the following two cases.
Case 1. S C X.

By p <r(qg—1)+1 < rq and Claim 27, we have 1 <t < Lpzzj < g — 2. Note that
BX=Dp—rt—1rt+1;t,q—1t). If 1 <t <q—2, then

B(B:) = €(D(p—7“t— 17Tt+1,t7q_t))
= pg+rt? + (1 —rq)t —q
< pg—(r+1)(¢g—1),
which contradicts (8). Hence ¢ = 1. Then we have B} =2 D(p—r — 1,7+ 1;1,q — 1).
Case 2. SCY.

By¢<p<r(g—1)+1< rq, Claim 26 and B = D(t,p — t;q —rt — 1,7t + 1),
we have e(BY) = pg— (r+1)(p—1) < pg— (r+1)(g —1). If p > ¢q, then e(B}) =
pg— (r+1)(p—1) < pg— (r+1)(¢g — 1), which contradicts (8). Hence p = ¢. Then
B:=Dp—-r—1r+1;1,¢-1). ]

Recall that f(n,r) = L"_IJ (n— Ln_lj) and g(n,r) = Ln_THJ PL 5 11 +r+l

r+1 r+1

Proof of Theorem 8. Let B = (X,Y) be the bipartite graph with the maximum size in
B,.... Without loss of generality, we assume that |X| > |Y]. Let |[Y| = ¢. Then | X| =n—¢q
and ¢ < LgJ .

(i) Note that r = 1. We claim that | X| = n—q > ¢+1. In fact, if n—q < ¢, then n = 2q,
which implies that n is even. By Lemma 22 (iii), we have Bf = D(5 —2,2;1, 5 —1).

t y Ly 9
Then e(B}) = e(D(5 —2,2;1,5 - 1)) = 1—2 — n + 2. According to Lemma 21,

K NESTREY € Bn,l and e(K”—L%JvL%J) = (n— L”T’lj) L”T’IJ . Note that n is

n

even. Then

(=22 ) |55 < e = -nea <t = (o= |22 |25

a contradiction. Hence n —q¢ > g+ 1, and ¢ < LTl

By 2 K,_4,. Since ¢ < |25, By = Kn—L"——lj,[” npt ]

| . By Lemma 22 (i), we have

(ii) Note that r > 2. We first prove that n — ¢ > rq + 1. Suppose to the contrary
that n — ¢ < rq. If?“(q—l)+2 < n—gq < rq, then (L—‘ < q < Ln-l—r—?J_

r+1 r+1
By Lemma 22 (i), we have Bf = D(n—(r—i—l)q—i—r—l r(g—1)+1;¢g—1,1).
Note that K EIEy GBnTande( ne| net | [ net 1J)— LTHJ L J Then
e(B:) > (n—[217]) [557]) = Fn,r). By [(5] <a < [PEP  and n >0 47+ 1,
we have

fn,r) < e(B)=m—q)q—r(g—1)—1

< {L?”—?J (n—r—LL’”‘Qqu
r+1 r+1
< f(n,r),
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a contradiction. I~f n—gq < r(qg—1)+ 1, then L%Tl_lj < ¢ < |3]). By Lemma
22 (iii), we have B* 2 D(n —q—1r — 1,r+ 1;1,q — 1). By f(n,r) > g(n,r) and
L%’"Ilj < ¢ < | %], we can obtain that

fln,r) <e(By) = (n—q)q— (r+1)(g—1)

<L”_T_w[ﬁ_r_1W+r+1<fm¢%

2 2

a contradiction. Hence n —q > rqg+ 1, and 1 < ¢ < U}T’H . By Lemma 22 (i), we
have Bj S Ky g4 lfg< L”—_lj , then

r+1
f(n,r) < (B*) = e(Kn—gq) = (n —q)g < f(n,r),
a contradiction. Therefore, ¢ = \_’;T_H , which implies that B~;‘ = _L s
r+1 7‘+1

(iii) Note that r > 2. We claim that n — ¢ < r(¢ — 1) + 1. By contradiction, assume that
n—q = r(qg—1)+2.If r(¢g—1)+2 < n—q < rq, then (%W <¢g< L%’?J . Combining
Lemma 22 (ii), we have B* & D(n— (r+1)g+7—1,7(¢g—1)+1;¢—1,1). Note that
D( =], r+1;1, | 2= 1J 1) € B, ande(D((”—’"l] T+1,1, \_” =-1)) =

g(n,r). Then e(B?) > g(n, r). By [25] < ¢ < [®52] and n > 7?4+ 7+ 1, we have

gln,r) < e(B:)=(n—-qq—r(g—1)—1

< n+r—2 n+r—2 L 1
—_— | ln-r—-|— r—
b r+1 r+1

< g(n,r),
a contradiction. If n —q > rq+ 1, then 1 < ¢ < U}T’H . By Lemma 22 (i), we have

Br=K, ., Byl1<¢< Lr L] and f(n,r) < g(n,r), we have

g(n,7) < e(B2) = (n— q)a < (n - [” - IJ) V - 1J = f(n,7) < gln,7),

r+1 r+1

a contradiction. Hence n —q < r(¢—1)+1, and L”*’” 1| < ¢ < [%]. By Lemma 22
(i), we have B* = D(n—q—r—1,r+1;1,q—1). If ¢ # ["‘THJ and g # (”‘T’“_q ,
then

g(n,r) <e(B:) = (n—q)g— (r+1)(¢—1)
< V—r—1J [n—r_ﬂ g

2 2

a contradiction. Hence we have ¢ = L”’THJ or q = (”’THW , which implies that

By = D([257]r+ 51, |27 | =1) or By = D( 25572 r + 151, [2571] - 1),
(iv) Based on the proofs of (ii) and (iii), (iv) directly follows. O
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4 Proof of Theorem 9

Before presenting the proof, we state some necessary lemmas.

Lemma 28 (Bhattacharya et al.[1]). If G is a bipartite graph, then p(G) < \/e(G) with
equality if and only if G is a complete bipartite graph.

Recall that B, ,, is the family of n-vertex bipartite graphs with the bipartition (X,Y)
that contain no isolated vertices and satisfy b(G) < % for each G € B, 4, where r > 1 is
an integer and | X| =p > |Y| =¢.

Lemma 29. Let 2 <t < V’%QJ be an integer. If V’;QJ < q—3, then p(D(p—1rt—1,rt +
Proof. Since V’%ﬂ < q—3,p<r(qg—2)+1. Define Gy = D(p—rt—1,rt+1;t,q—t). Then
the vertex set of G can be partitioned as V(G;) = V(X)) UV (X)) UV (Y1)UV (Ys), where
V(Xl) = {ula U2, - - - 7upfrt71}7 V(XZ) = {vla V2, .- 7Urt+1}a V(Yi) = {wh Wa, . - . 7wt} and
V(Y2) = {z1,22,..., 24—t} Let & be the Perron vector of A(G;), and let p = p(G1). By

symmetry, = takes the same value (say w1, xa, x3, x4) on the vertices of V(X), V(X3),
V (Y1), V(Ys), respectively. By A(G;)x = px, we have

pr1 = twz + (q — )4,

pro = txs,

prs = (p—rt — 1)z + (rt + 1)axo,
pry = (p—rt — 1)y,

which leads to

t tirt+1
T9g = —X3, Ty = (1 — (7"——;)) 3.
p P

Let Gy = D(p—r — 1,7+ 1;1,q — 1). Then the vertex set of G5 can be partitioned as
V(Gs) = V(X)) U V(X)) UV(Y])UV(Yy). Let y be the Perron vector of A(G,), and let

' = p(G,y). By symmetry, y takes the same value (say yi, y2, y3, y4) on the vertices of
V(X1), V(X)), V(Y]), V(Y), respectively. Then, by A(G2)y = p'y, we have

P = ys + (¢ — 1)y,

Py = ys,

pys=(p—71— 1Dy + (r+ 1y,
Pys=(p—r—1)y,

which leads to

p—r—1)(¢g—1 p—r—1
Yo = (1—< ,2)< >>y1, Yo = ——7F—Y1-
p P
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Let By ={vizj |[r+2<i<rt+1,1<j<¢g—t}and Er ={vjw; | 1 <i<r+1,1<

j é t— 1} Note that G2 = G1 + E1 — Eg. Then
(o = p)y

= 2T (A(Gy) — A(Gh))y
- Z (x”iyzj + ZBijvi) o Z (:Bviywj + $wjyvz‘)

viz;€F viw; €K
= 1t —1)(qg — t)(zays + ayn) — (r + 1)(t — 1)(z2ys + 73y2)
= (=D ((r(g—t—=1) = Dzoys +r(q — )xays — (r + 1)x3y2)

tp—r—1 r+1)(¢g—1)(p—r—1

= (t—1)zsy <(r(q —t—1)— 1)<—(p o ) + 1) + ( g p/2)(p )

_rtlg=t)(rt+1)

) 2 (- Do)

Suppose to the contrary that p > p’. Then we have > =. Note that p' = p(D(p —r —

Lr+1;1,¢g—1)) > p(Kp_r—14) = /(p—1—1)g Thenp>\/ —1r —1)q. It follows

that

(x) > ('F(q—t—l)—1)(M+1)+(T+1)(q—1)(p—T—1)

p? p?

rt(q —t)(rt + 1)
2
> (la-t-1-1)(
rt(q —t)(rt + 1)
e

t(p—r—1)+(p—r—1)q)+(7’+1)(q—1)(p—r—1)
p2 p2 p2

g9(t)

P’

lI>

where g(t) = r*t*+[(1=q)r* + (2—=p)r]t* +[r* — (p+q—2)r —p+1Jt+ (1 —¢*)r*+(pg* —¢* —
p+2)r—p+1. Observe that ¢'(t) = 3r?t> + 2[(1 —q)r*+ (2—p)rjt+r*+(2—p—q)r —p+1.
A direct computation gives ¢'(2) = (17 — 4¢)r* + (10 = 5p — q)r —p+ 1 < 0 and

—2
g’(pr > = P+ [(1-29)r —5p+r*+ (3¢ —2)r +5

< @ +[1—2¢)r —5lg+r*+ (3¢ —2)r +5
(1—2r)¢*+ (4r —5)g+r* —2r+5
0.

A\

This implies that ¢(t) is decreasing for 2 <t < Lp _QJ < ”%2. Together with the condition

r
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p <r(q—2)+1, we deduce that

p—2
t) =
o0 > o(22)
B (—qr —1D)p*+ (*r* +3qr —r+3)p— 3 —@r? +r3 = 2qr +r — 2
r
< Cr3+r(=4r +r+1)g+r(*—2r —2)
- r
> 0.

Hence 27 (p' — p)y > 0, which implies that p < p/, a contradiction. Hence p(D(p — rt —
Lrt+1;t,g—1) <p(Dp—r—1,r+1;1,q—1)). ]

Next we will prove a technical lemma which is crucial to our main result.
Lemma 30. Let r > 1 be an integer, and let G € B, ,,. Each of the following holds.
(1) If p = rq+ 1, then p(G) < /pq with equality if and only if G = K, ,.

(i) If r(g—1) +2 < p <1, then p(G) < p(D(p—r(g—1) = 1,r(g—1) + 14— 1,1))
with equality if and only if G = D(p—r(¢—1)—1,r(¢—1)+1;¢—1,1).

(i) If p<r(q—1)+1, then p(G) < p(D(p—r —1,r+1;1,q — 1)) with equality if and
only if G=D(p—r—1,r+1;1,q—1).

Proof. Let B’ be the graph with the maximum spectral radius in B, 4. Note that b(B}) <

% for integer » > 1. By Lemma 20, we can select a binding set S satisfying S C X or

S C Y. Then b(B;) = “25°) < 1 and Np, (S) # V(B;). Define S| = s and [Ny, (S)| = t.

Then we can obtain that
s=rt+1. (9)

Claim 31. B; 18 connected.

Proof. Suppose to the contrary that B} is disconnected. Let By, Bs, ..., B. be the con-
nected components of B}, where B; = (X;,Y;) for each 1 < i < c. Hence there exists
a connected component B; such that S N V(B;) # 0. Without loss of generality, as-
sume that S N V(By) = S; # 0. We first consider the case S C X. Note that B;
contains no isolated vertices. Then Np,(S1) # 0 and |X;| > 1 for 2 < i < ¢. Define

B' = B} + uvy + uvz + - -+ + uv,, where u € V(Np,(S1)) and v; € X; for 2 < i < c.

N (S
One can check that b(B’) < |N%(|S)‘ _ | Tgf ) < 1. Then B’ € B,,,. Note that B is

connected and Bj is a proper subgraph of B’. By Lemma 11, we have p(B') > p(B;),
which contradicts the maximality of B;. Hence B is connected. From the above analysis,
we can still conclude that B; is connected for S CY. O

Claim 32. If S C X, then B3[(X \ S)UY] 2 K,_,, and Bi[SU Np.(S)] = K,,.
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Proof. Suppose to the contrary that B3[(X \ §)UY] 2 K, ., Then there exist two

vertices u, v such that uv ¢ E(B}), where u € X'\ S and v € Y. Let B’ = B}, + uv. Then

Ny« (S
b(B') < ‘N%(lsﬂ | B‘g‘( ) < %, which implies that B’ € B, ,,. By Claim 31 and Lemma

11, we have p(B’) > p(B}), a contradiction. Hence B;[(X \ S)UY] = K|, ,. Similarly,
B3[SU Np:(9)] = K. O

By a similar argument to Claim 32, we obtain the following result.
Claim 33. If S C Y, then Bi[X U (Y \ S)] = K, 4—s and B;[S U Np:(S)] = Ky 5.

By Claim 32 and Claim 33, B; = D(p — s,s;t,q —t) for S C X and B; = D(t,p —
t;q—s,s) for S CY.

Claim 34. s =1t + 1.

Proof. We first consider S C X. Note that b(D(p—rt—1,7t+1;t,q—1)) < 745 < +. Then
D(p—rt—1,rt+1;t,q—1t) € Bygr By (9), s > rt+ 1. If s > rt + 2, then B} is a proper
subgraph of D(p—rt—1,7t+1;t,q—t). By Lemma 11, p(D(p—rt—1,rt+1;t,q—t)) > p(B}),
which contradicts the maximality of B;. Hence s = rt + 1. Following the same analysis,

the result holds for S C Y. O

By Claim 34, B; = D(p —rt — 1,7t + 1;¢,qg — t) for S C X and B, = D(t,p — t;q —
rt—1,rt+1) for S CY.

Claim 35. If SCY and p < rq, thent = 1.
Proof. Note that S C Y. Then s < ¢. By Claim 34, we have t < s < ¢ < p, and hence

t < p—1.If s = g, then B} is disconnected, a contradiction. So s < ¢—1. Since s = rt+1,
we have 1 <t < |£2] . Note that A(B3) has an equitable quotient matrix

0 0 qg—rt—1 rt+1
0O 0 qg—rt—1 0
t p—t 0 0
t 0 0 0

The characteristic polynomial of R(A(B})) is
g(z) =2 +[(p—t)(rt + 1) — pgla® + t(rt + 1)(q — rt — 1)(p — t).
Note that A(D(1,p —1;g —r — 1,7+ 1)) has an equitable quotient matrix

0 gq—r—1 r+1

0 qg—r—1 0
p—1 0 0

0 0 0

RAD(L,p—Lig—r—1r+1))) =

—_= O O

The characteristic polynomial of R(A(D(1,p—1;q—r—1,r+1))) is
ga(w) = 2t + ((r + 1)(p = 1) = pg)a® + (r + 1) (g —r = (p — 1)
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Observe that D(1,p—1;¢—r—1,r+1) contains K, ,_,_1 as a proper subgraph. Combining
Lemma 11, we have

p(D(1,p—1iq—r—=1r+1)) > p(Kpgr1) = Vplg—7—1).
Let g5(x) = (r(p —1) = (r+ 1))a* + 726 —r(pr+q —r = 2)2 + (L= p)r* + (¢ = 2)(p =
Dr—q+1)t+ (r+1)(g—1r—1)(p—1). Then we have gi(x) — g2(x) = (t — 1)gs3(z).
Suppose that 2 < t < Lq%ﬂ . Then r(p —t) — (r + 1) > 0. The symmetry axis of gs(z) is

x =0 < /p(q—r — 1), which implies that gs(z) is increasing for x > y/p(¢ —r — 1). By

calculation, we have
2r3 +3r2 +3r)(g—1)(r — 1
gs(x) = gs(Vpla—r—1)) = ( T)( =D,
Then A\ (R(A(B}))) < M(R(A(D(1,p —1;¢ —r — 1,7+ 1)))). According to Lemma 10,
we conclude that p(B5) < p(D(1,p — ;g —7— 1,7+ 1)) for 2 <t < | 2] . Note that
D(1,p—1;q—r—1,7+1) € B, ,,. This contradicts the maximality of B;. Hence t =1. ¢

Claim 36. If S C X and p < rq, then 1 <t < L”%QJ

Proof. Since S C X, we have NB;(S) C Y, and hence t < q. By p < rq, Claim 34 and

Nps (S
sgp,wehavelgtgV’%lj.lfq:t<s:p,thenb(B;):%:g %2%,

a contradiction. If £ < ¢ —1 < s = p, then B} is disconnected, a contradiction. Hence
sgp—l.Sinces=7‘t+1,wehavel<t<V’%ZJ. O

Claim 37. p(D(p—r—1,r+1;1,q—1)) =2 p(D(1,p— 1;q —r — 1,7 + 1)) with equality
if and only if p = q.

Proof. Let Gy = D(p—r—1,7r4+1;1,q—1). Then A(G;) has an equitable quotient matrix

).

0 0 1 ¢g—-1
0 0 1 0
p—r—1 r+1 0 0
p—r—1 0 0 0

R(A(Gh)) =

The characteristic polynomial of R(A(G1)) is
ga(x) = 2* + (r+1)(g = 1) = pg)a® + (r + 1)(g = D(p—7 - 1).
Recall that the characteristic polynomial of R(A(D(1,p —1;q—r—1,r+1))) is
g2(z) = 2t + ((r + D(p = 1) = pg)a® + (r + )(p — (g —r — 1).

Observe that G contains K, as a proper subgraph. By Lemma 11, we have p(G;) >
p(Kri11) = V/r+1. Since gao(z) — ga(z) = (r + 1)(2® —=7)(p —¢) > 0 for @ > Vr +1,
M(G1) = M(RA(D(L,p—1;g —r — 1,r + 1)))) with equality if and only if p = ¢. By
Lemma 10, we have p(D(p —r — 1,7+ 1;1,g— 1)) = p(D(1,p— 1;g —r — 1,7 + 1)) with
equality if and only if p = q. O
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(i) Since p = rq + 1, K4 € By Then p(B}) > p(Kp,) = /pq. Note that B} is a
subgraph of K, 4. Then B} = K, ;.

(ii) Note that r(¢—1)+2 < p <rq. Then r > 2 and p > ¢. Recall that D(p —r — 1,7+
L1,q—1) € By, If S C Y, then By = D(t,p—t;q—rt—1,7t+1). By Claim 35 and
Claim 37, we obtain that p(D(p—r—1,r+1;1,q—1)) > p(D(1,p—1;q—r—1,r+1)) =
p(B3), a contradiction. Hence S C X and B} = D(p —rt — 1,7t + 1;¢,q — t). Since
rg—D)+2<p<rgandr >2,q—1= V’%QJ . By Claim 36, we have 1 <t < ¢—1.
Observe that A(B}) has an equitable quotient matrix

0 0 t g—t

0 0 t 0
p—rt—1 rt+1 0 0
p—rt—1 0 0 0

The characteristic polynomial of R(A(B)) is given by
gs(x) = ' + ((rt + 1)(q = t) — pg)a® + t(rt + 1)(g — t)(p — 1t — 1).

Let Go =D(p—r(g—1)—1,r(¢q—1)+1;¢—1,1). Note that A(G5) has an equitable
quotient matrix

0 0 qg—1 1

- 0 0 g—1 0
R(A(G2)) = p—r(¢g—1)—1 r(g—1)+1 0 0
p—r(g—1)—1 0 0 O

The characteristic polynomial of R(A(G>)) is
go(z) = + (r(g = 1) = pg + 1)2* + (¢ = 1)(gr —r + 1)(p —rg +r = 1).
Observe that G5 contains K, ,_1 as a proper subgraph. By Lemma 11, we have

p(Ga) > p(Kpq1) = V/plg —1).

Let g7(z) = (rt—r+ 1)+ (t(rt —r+1) —r(qg—1) = Dp—r*t3 +r(r — 2)t*> + (qr* —
(r—=1)*)t+(¢>+1)r*—2r(r—1)q—2r+1. Then g5(x) — gs(x) = (¢—t—1)gz(x). The
symmetry axis of g7(z) is x = 0 < \/p(q — 1), which implies that g;(x) is increasing
for x > /p(qg—1). If 1 <t < g — 2, then combining p < rq, we have

gr(x) = gr(Vpla = 1) = (¢ = D(ar’ = (p—=2r+p) > (¢ +q—2)r > 0.
Then A\ (R(A(B}))) < Ai(R(A(Gz))). By Lemma 10, we have

p(B;) < p(G2),
a contradiction. Hence t =¢—1,s0 B, =2 D(p—r(¢—1)—1,r(¢—1)+1;¢—1,1).
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(ii) By Lemma 21, D(p —r —1,r+1;1,¢g— 1) € B, ,,. Then

p(B;) = p(D(p—r—1,r+1;1,q—1)). (10)

Now we divide our argument into the following two cases.

Case 1. S C X.

By p < r(¢—1)+1 < rq and Claim 36, we have 1 < ¢ < |22 < ¢ — 2. Note that
By = D(p—rt—1,rt+1;t,q —t). Recall that the characteristic polynomial of R(A(B}))
1s

gs(x) = ' + ((rt +1)(q — t) — pg)a® + t(rt + 1)(g — t)(p — rt — 1).

Since D(p —r — 1,7+ 1;1,¢ — 1) contains K,_,_1, as a proper subgraph, we have

p(Dp—r—1r+1;1,q—1)) > p(Kp_r_14) =/ (p—1—1)q.
Recall that the characteristic polynomial of R(A(D(p —r — 1,7 +1;1,¢ —1))) is

ga(w) =2+ ((r+ 1)(¢ = 1) = pg)a® + (r + (g — D(p—r —1).
Let gs(w) = (g =t =D)r = Da® + (8 = ( + 1+ 1)(g = ))r* + (¢t + 1)(g — 1) = 1)(p —
2)r+(q—t—1)(p —1). Then gs5(x) — gsa(x) = (t — 1)gs(z). The symmetry axis of
gs(z) is x = 0 < 4/(p—r —1)g, which implies that gs(z) is increasing with respect
tox>+/(p—7r—1)q.

Next we claim that ¢ = 1. Suppose that 2 <t < LP_QJ 2Kt LP_QJ — 1, then

T T

gs(x) = gs(v/(p—7r—1)q)
(p—r—=1)((—qr—r—1)p+¢*r* +1r2°q+2rq + 2r +2)

>

r
- (p—r—1)(1+ (g+1)r* +2r)
- r
> 0,

implying A1 (R(A(B})) < M(R(A(D(p —r — 1,7 + 1;1,g — 1)))). By Lemma 10, we have
p(B;) < p(D(p —7 — 1,7+ 1;1,q — 1)), a contradiction. Hence t = V’%zj <qg-—21If
t= V%ZJ =q—2,thenr(¢—2)+2<p<r(g—1)+1, and

gs(z) = gs(v/(p—r—1)q) = (r = 1)((¢* —4g+ D)r +q—1) > 0.

Hence p(B;) < p(D(p—r—1,7+1;1,q— 1)), a contradiction. If t = V’%QJ < ¢ — 3, then
by Lemma 29, we have p(B}) < p(D(p —r — 1,7 +1;1,q — 1)), a contradiction. Hence
t=1land B; =2 D(p—r—1,r+1;1,q-1).

Case 2. SCY.

Note that B = D(t,p —t;q —rt —Lrt +1) and ¢ < p < r(g— 1)+ 1 < rq.
Combining (10), Claim 35 and Claim 37, we have p(D(p —r — 1,7 + 1;1,g — 1)) <
p(B) =p(D(L,p—1;g—r—1,r+1)) <p(D(p—r—1,7r+1;1,¢—1)). Then p =g and
By=Dp—r—1r+11,q¢-1). ]
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Lemma 38. Ifn—qg<r(¢g—1)+1andr > 2, then p(Din—qg—r—1,r+1;1,q—1)) <
p (D ((”‘TT’_W 7+ 151, L”_;_lj — 1)) with equality if and only if ¢ = ["‘T”_lj .

Proof. Since n —q < r(qg—1)+1and ¢ < 5], L%’“IIJ <q < |3]). Let Gy = D(n —

g—r—1,r+1;1,¢g — 1). For short, let § = ["‘T”_IJ Then L”j_:lj <A< 5 I
q = f, then p(Gy) = p(D(n — 8 —r —1,r +1;1,8 — 1)). Next we will prove that
p(Gy) <p(D(n—p—r—1,r+1;1,5—1)) for ¢ # 5. Note that A(G) has an equitable

quotient matrix

0 0 1 ¢g—-1
0 0 1 0
R(A(Gr)) = n—qg—r—1r+1 0 0
n—qg—7r—1 0 0 0

The characteristic polynomial of R(A(G,)) is
h(z) =2 +(¢* —ng+rqg+q—r—1)2> +(r+1)(g-1)(n—g-r—1).
Let Go=D(n—08—r—1,r+1;1,5—1). Then A(G>) has an equitable quotient matrix
0 0 1 -1
0 0 0

1
n—pf—r—1r+1 0 0
n—F—r—1 0 0 0

R(A(Gz)) =

The characteristic polynomial of R(A(G3)) is
ho(z) =2 + (B2 —nB+rB+B—r— 12’ + (r+1)(B—1)(n—f—r—1).

Note that G9 contains K,,_g_,_1 s as a proper subgraph. Combining Lemma 11, we have

p(G2) > p(Kpp-r1,6) =V (n— B —r—1)8.

Let h3(z) = hi(z) —ho(x) = (B—q)(n—r—B—q—1)2®+r*+(B+q+1—n)r+B8+q—n).

Ifg<p—1,then 3—g=>1and n—r—p —q—1> 0, which implies that hs(z) is
increasing on « > /(n — 8 —r — 1)3. Combining n > r>+r+2 and "‘TT_Q <pB < ”_TH,
we obtain that hz(z) > hs(\/(n—B—r—1)8) > % + % —2r — 1> 0. By Lemma 10,
we have p(G1) < ,o(D ([”‘TT—I-‘ 7+ 11, L”_THJ — 1)) .

Ifg>p+1 then f—g<Oandn—r—p0—qg—1<0. It follows that hs(x) is
increasing for > \/(n—f—r—1)8. By n > r*+r+2 and 212 < g < 2=,
we deduce that hy(z) > h3(y/(n—B—r—1)8) = r+1 > 0. By Lemma 10, we have

pGr) < p (D ([25] o + 100, [ 25— 1)), 0

Recall that p/ = p (K, {acr| [at| ) and o = p (D ([2571] 7+ 131, [ 2522 = 1))

n-— r+1 ]’
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Proof of Theorem 9. Let é; = (X,Y) be the bipartite graph with the maximum spectral
radius in B,,,. Without loss of generality, we assume that | X| > |Y|. Let |Y| = ¢. Then
| X|=n—-qand ¢ < |%].

(i) Note that r = 1. We claim that | X| = n—q > ¢+1. In fact, if n—q < ¢, then n = 2q,
which implies that n is even. By Lemma 30 (iii), we have B% = D(5 —2,2;1,5 —1).
Note that K NESYRESY € B,,1. Combining Lemma 28, We obtaln that

o5 =o(0(5 -221.3 1)
< Je(p(5-22:1.5-1)) <o (Ko )

which contradicts the maximality of E; Hencen —qg > q+ 1, and ¢ < L”T_lj . By
Lemma 30 (i), we have B~; >~ Kygq- Since ¢ < |52 B; =K NESTNEST
2 b

n 2

(ii) Note that r > 2. We first prove that n — ¢ > rq + 1. Suppose to the contrary that

n—q<rq. Ifr(q—1)+2<n—q<rq,then LJFLJ < ¢ < L”L’; 2] . By Lemma

0 (ii), we have B* ~ Dn—(r+g+r—1,r(qg—1)+ 1;9g — 1,1). Note that
7Ln = € Bnr Combining Lemma 28 and n > 72 +1r + 2,
r+1

p(B)<V(n—q)q—r(g—1)—1

o n+r—2 < n4+r—2 >+ 1<y
— | \n—r = | — r—
= r+1 r+1 P

which contradicts the maximality of B;. If n—q<r(g—1)+1, then by Lemma 30
(iii), we have B~; =Dn—q—r—1,r+1;1,g—1). By p/ > p” and Lemma 38, we

have

p(B;) =p(Dn—q—r—1r+1;1,¢—1)) <p" </,
which contradicts the maximality of é;. Hencen—q>rq+1,and 1 < [Z;H :
By Lemma 30 (i), we have B; = K, g4 Since g < MT_H , B~; =K, Lr+1 e

(iii) Note that r > 2. We claim that n — ¢ < r(¢ — 1) + 1. By contradiction, assume
that n —q¢>r(g—1)+2. If r(¢ — 1) + 2 < n — ¢ < rq, then by Lemma 30 (ii), we
have B~* “Dn—(r+1)g+r—1,r(g—1)+1;g—1 1) Note that D( (==t r +
1;1, L” i=1| —1) € B,,,. Combining Lemma 28, n > r? 4+ 7+ 2 and p' < p” we can
obtain that

p(B:) <V(in—q)q—r(g—1)—1

n+r—2 n+r—2
<y | ——— —r = | — —1<p <)y
\/{ r+1 J(n " { r+1 J>+T pr=ps
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which contradicts the maximality of B~* Ifn—qg>rq+1,then1 < q< U}T_H . By

Lemma 30 (i), we have é; = Kygg By p < p”and ¢ < [" 1J we have
P(By) < p(K, | azt| |2z2)) =0 < 0

r+1 1’ L r+1
which contradicts the maximality of é;. Hence n — ¢ < r(qg—1) + 1. By Lemma 30
(iii), we have é; Dn—qgq—r—1r+1;1,q—1). If ¢ # L” o IJ , then by Lemma
, which implies that

n—r—

38, we have p(B~*) < p", a contradiction. Hence ¢ = | 2=
By D ([ 11, [ 1),

(iv) Based on the proofs of (ii) and (iii), (iv) directly follows. O

5 Concluding remarks

The bipartite binding number was introduced in [18, 13] to characterize structural prop-
erties of bipartite graphs. For a bipartite graph G' = (X,Y), its bipartite binding number
b?(G) is defined as follows. If G = K|x|y|, then v?(G) = min{|X|, |Y|}. Otherwise,

Ne(S)| . ING(T)

b?(G) = min min ,
(@) p£scx |5 oxrcy |7
Ng(S)QY Ne(T)eX

Hao et al.[12] characterized the extremal graphs with the maximum size (spectral radius)
among all connected balanced bipartite graphs with b%(G) < r, where r > 1 is an integer.

Theorem 39 (Hao et al.[12]). Let r be a positive integer, and let G be a connected balanced
bipartite graph of order 2n such that bB(G) < r. Each of the following holds.

(1)) If r = 1 and n > 3, then e(G) < n* — 2n + 2 with equality if and only if G =
D(n—2,2;1,n — 1).

(i) Ifr =22, n>r+1andn=0 (mod r), then e(G) < n* — 2 with equality if and only
if G= D(n — in—1,1).

(1) If r > 2, n cr+1 andn £ 0 (mod ), then e(G) < n® — [®L] with equality if and
only if G = D( — (”jq , (”Hw n—1,1).

T

Theorem 40 (Hao et al.[12]). Let r be a positive integer, and let G be a connected balanced
bipartite graph of order 2n such that b?(G) < r. Each of the following holds.

(i) If r =1 and n > 3, then p(G) < p(D(n —2,2;1,n — 1)) with equality if and only if
G=D(n—-22;1,n—1).

(it) If r 2 2, n 27+ 1 and n = 0 (mod r), then p(G) < p(D(n — =, %:n — 1,1)) with
equality if and only if G = D(n — %, %;n —1,1).

(iti) If r > 2, n > r+1 andn # 0 (mod r), then p(G) < p(D(n— [25], [2] ;n—1,1))
with equality if and only if G = D(n — [2H]  [2H] 0 —1,1).

With the above characterization on connected balanced bipartite graphs, one may
ask the following problem: What is the maximum size (spectral radius) among bipartite
graphs satisfying b®(G) < r, where r > 1 is an integer? The methods and techniques
developed in our work offer a viable and insightful approach to tackling this problem.
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