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Abstract

We explain some observed patterns in the Frobenius characteristics of a certain
permanent related to the ménage numbers, and thereby provide a natural algebraic
explanation for a classical number sequence of Moreau, first published by Lucas in
1891 in connection with the probleme des ménages.

Mathematics Subject Classifications: 05A15, 05E05, 05C70, 20C30

1 Introduction

Let &,, be the symmetric group on an n element set, and let d,, denote the number of
derangements on &,,, namely the permutations without fixed points. Let J, (respec-
tively, I,,) denote the all-ones matrix of size n (respectively, the identity matrix of size n),
and write

K, = J,—I,.

Recall that the permanent (“the determinant without the signs”) of an n x n matrix M

is given by
per M = Z HMivU(i)'

oceS, 1=1
It follows directly from the definition that

d, = per K,,.

The problem of counting derangements belongs to the vast subject of enumerating per-
mutations with restricted positions. ! Thus, d,, enumerates all permutations o of &,, such
that o(i) # ¢. Many of the problems arising in this area can be expressed in terms of
permanents of various 0-1 matrices.

Department of Physics, California State University, San Bernardino, CA 92407
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1See, e.g., [20], or the references in [7].
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For instance, the famous probléme des ménages of Lucas ? [12] asks for the number
m,, of permutations o € &,, such that o(i) # i and (i) # i + 1 modn. > We refer to the
my as ménage numbers 4, and by definition of the permanent they are given by

my, = per(K,, — Z,), (1.1)

where Z,, denotes the cyclic matrix with entries (Z,):; = 0,41 modn, Where d;; is the usual
Kronecker delta.

Although these permanental representations are concise, they are by no means con-
venient. Computing with permanents is notoriously difficult, even for 0-1 matrices [25].
Historically, the problem of derangements was solved well before the advent of permanents
by Monmort [16], who introduced the powerful tool of inclusion-exclusion. The probléme
des ménages took considerably longer to solve; the first closed formula was only obtained
by Touchard in 1934 [24]. The ménages problem has a long and storied history. °

Inspired by the permanental expressions above, we could consider the following quan-
tity:

F(7) .= per(K,, — P,), (1.2)

where 7 € G,, is now an arbitrary permutation, and P, is its associated permutation
matrix. More generally, one could ask for

per(K, — P, — P, —--+).

Problems of this kind have been considered previously, most notably by Shevelev, who
calls them ‘generalized Touchard problems’. 6

The present work originated from an attempt to explain a curious observation regard-
ing (1.2). From the definition, it is easy to see that the permanent of a matrix M is
invariant under arbitrary (independent) permutations of its rows and columns. In partic-

ular, if ¢ is an arbitrary permutation and P, its associated permutation matrix,
per PUMPUT = per M.
As JP, = P,J = J and P,PY = I, we see that

F(r) = F(oro™),

2In its original formulation, this was expressed by Lucas as the number of ways to seat n couples around
a circular table, men and women seated alternately, so that no man sits next to his wife. In fact,
the problem was considered earlier by Tait in his attempt to enumerate various types of knots, and
recursive formulae were obtained Cayley and Muir.

3We imagine seating the n women clockwise in alternate seats around the table, and label their positions
from 1 to n. Then assign the number of woman i to both her spouse and to the seat to the right of
her.

4Technically, these are the reduced ménage numbers, where the actual ménage numbers are 2n! - m,,, as
there are 2n! ways to first seat the women.

°For an extensive list of references, see [18].

SFor a survey, see [21]. For an approach to permanents using zeons, see [4] and [8].
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That is, F is a class function on the symmetric group. As such, it admits an expansion
in terms of the irreducible characters y* of &,,:

F = Za,\x’\ (1.3)
AFn

where the sum is over all partitions A of n. Our goal is to investigate the numbers a,.
Using the standard inner product on class functions on &,,, namely

(e 0er = o 3 @lo)i(o) (14)
we can write
ay) = (F, XA)CF- (15)

Rather than compute this directly, however, we will instead compute the Frobenius char-
acteristic of F. 7 Recall that the order of the centralizer of a permutation with cycle type
p=14272...pin (written in multiplicity notation) is

2, = 1"111224! - - n'n,

We write (o) for the cycle type of o. If ¢)(0) = p and f is a class function, we typically
denote f(o) by f,. For any partition u b n, p, := pi'p3 - - - plr is the power sum symmetric
function, where p; := >_. z¥. The Frobenius characteristic of a class function f on &, is

chf = % Z f(0)Py(o) = Zz;lfupu. (1.6)
" oeG, 1%

The ring A of symmetric functions admits a natural (Hall) inner product in which the
Schur functions sy constitute an orthonormal basis:

(8,1“ 81/>A = 5;”/

where ¢, is the Kronecker delta. The Frobenius map is an isometry between the space
of class functions equipped with the standard inner product (1.4) and the space A of
symmetric functions equipped with the Hall inner product:

(f?g)CF = (Chfa Chg)A- (17)
According to the Murnaghan—Nakayama rule ([23], Cor. 7.17.5)
=22 X0 P (1.8)
o
from which we obtain
ch\* = sy. (1.9)

"For an overview of symmetric function theory, see [13] or [23].
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Therefore, by (1.5) and (1.7),
ax = (Fv XA)CF = (Ch Fa S)\)A' (11())

With those preliminaries out of the way, we now present in Table 1 the results of a
computation using Stembridge’s package SF for MAPLE. The data in Table 1 exhibit
striking regularities, which are collected together in our main result, Theorem 1.

ch F

—5,

S2 + 81,1

—S21

384+ 831+ S22
13 Sy — 8372

8386 + 3851+ Sa2 + 833

592 S7 + 13 56,1 — 54,3

4821 Sg + 83 S7.1 +3 56,2 + 553 + S4.4

43979 Sg + 592 581 + 13 S72 — S5.4

444613 S10 + 4821 591 + 83 58,2 +3 573 + 56,4 + 555

4934720 511 + 43979 510,1 + 592 592 + 13 533 — S65

59661255 S12 + 444613 S11,1 + 4821 510,2 + 83 593 +3 58,4 + 575 + 56,6

— =
P ©00 10 Uk Wi~

Table 1: Frobenius characteristics of F'(7) = per(K,, — P;) for &,

Theorem 1. Let K, := J,, — I,,. For any permutation T € &,,, define F (1) := per(K, —
P.). Define ay : (chF sx), where ch F' is the Frobenius characteristic of F' and sy is the
Schur function indexed by the partition A+ n. Set a, := a(,). Then the following hold:

(a) Forn > 2,
Ap = Nap_1 + ap_o +2(—1)", (1.11)

with initial conditions ay = —1 and ay = 1. In particular, we have a,, = 0,1, where
{0,.} is a sequence first discovered by M. Moreau ([12], p. 495).

b) The coefficients ay vanish if A\ has more than two parts.
(
(c) Fori—1,7>0, agy1,j41) = a3 ), where ag o) = a;.

(d) Define bi(T) by

Zbk(T 1—zﬁ1+zZ ailr)
k =1
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where ¢;(T) is the number of cycles of length i in 7. Then

5]
F(r) = Zan—kak(T)- (1.12)

In particular, if T is a single n-cycle (with n > 2) then F(T7) = m, = a, — ay_s2.

In Sections 2, 3, and 4 we assemble the various tools we shall require in what follows.
Then, in Sections 5, 6, and 7 we use these tools to prove Theorem 1.

2 The matchings polynomial approach to computing perma-
nents

As mentioned in the introduction, direct computation with permanents is tricky. Although
it is not too difficult to obtain the recurrence relation for the derangement numbers d,,
using the Laplace expansion of per K,,, carrying out the same process for anything more
involved rapidly leads to unpleasant complexities.

Instead, we will employ the beautiful method expounded by Godsil in his excellent
monograph [6]. An r-matching in a n-vertex graph G is a set of r edges, no two of which
have a vertex in common. The number of r-matchings is p(G,r). Set p(G,0) = 1 and
define the matchings polynomial of G by

WG, x) =Y (=1)p(G, )" (2.1)

We will require a few basic examples of matchings polynomials. It follows immediately
from the definition that, if G is the empty graph on n vertices, u(G,x) = z™. For other
graphs, the following simple proposition is very useful.

Proposition 2. (e.g., [6], Thm 1.1) The matchings polynomial satisfies the following
identities:

(Z) M(G UH, $) = M(G, JI)IU,(H, ZE)
(i) w(G,z) = pu(G\e,x) — p(G\uv, x) if e = {u,v} is an edge of G.
Proof. (Sketch)

(i) Every r-matching in G U H is a pair consisting of an s-matching in G and an r — s
matching in H, so

p(GUH,r) = Zp(G, s)p(H,r —s).

s=0

Now plug into (2.1).
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(ii) Fix an edge e = {u,v} € G. The r-matchings of G either contain e or not. Those
that do are counted by p(G\uv,r — 1); those that do not are counted by p(G,r) =
p(G\e,r). Hence,

p(G,r) = p(G\e,r) + p(G\uv,r — 1). O

Again, substitute into (2.1).

Let P, be the path graph on n vertices and let e be the first edge in the path. From
the proof of Proposition 2 we have

p(Po,7) =p(Po1,7) + p(Pra,m — 1).

1, ifr=0, and

0, otherwise,

p(P07T) = {

the unique solution to the recurrence is®

p(P,1) = (” . 7”).

pw(Pay) = S (~1) (” N 7’) Y (2.2)

r=0

Hence,

From p(P,,r) we can obtain p(C,,,r), where C,, is the cycle graph on n vertices. Another
application of the proof of Proposition 2 gives®

p(Gn,r>—p<Pn,r>+p<PnQ,r—1>—("‘7“)+(”"“‘1)— n (”—)

T r—1 n—r

Thus,

w(Cryz) = Y (~1) 2 (” - 7”) P (2.3)

n—r r
r=0

Note that (2.3) remains valid even at n = 1 and n = 2, provided we interpret C; as a
single vertex, and Cy as a digon (two vertices connected by two edges). In the former
case, we simply get p(C1,z) = z, whereas in the latter case we have u(Cy,x) = 22 — 2,
directly from the definition (2.1), and both agree with the expansion on the right hand
side of (2.3).

8Godsil gives the following combinatorial argument instead: lay out the path left to right. Contract
each edge in a given r-matching onto its left endpoint. This gives a path on n — r vertices with r
of them distinguished. Conversely, given a path on n — r vertices with r distinguished edges, we can
reconstruct an r-matching on P,.

9A direct combinatorial proof is also possible (e.g., [22], Lemma 2.3.4).
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The theory of matchings polynomials is intimately connected to the theory of rook
polynomials. '°. Let G be a spanning subgraph of the complete bipartite graph K, ,. The
rook polynomial of G is 1

n

p(G,x) =) (=1)p(G,r)a"". (2.4)

r=0

Evidently,
p(G.2?%) = u(G,x). (2.5)

If G is a spanning subgraph of K, ,,, then its bipartite complement G is the graph obtained
from K, , by removing the edges of G. Write pm(G) for the number of perfect matchings
of G. This brings us to the following important result. !2

Proposition 3 (Godsil [6], Thm. 3.1). Let G be a spanning subgraph of K, ,,. Then

pm(G) = /0 " p(Goa) e du (2.6)

Godsil leaves the proof of this result as an exercise, so we offer one here, mimicking his
proof of ([6], Thm. 2.2). In fact, the proof yields something slightly more general, as (2.6)
holds when G contains digons. In that case G is not a simple graph, but rather can be

viewed as an edge weighted graph in which some edges have weight —1. (See Remark 4
below.)

Proof. We proceed by induction. Label the integral by I(G). If G is the empty graph on
2n vertices, then G= K, n, and the number pm(é) of perfect matchings of G equals the
number of permutations on n elements, namely n!. As (G, z) = 2" we have p(G, x) = 2",
so as [ a™ e dx = n!, the theorem holds. (This requires that we set pm(2) = 1.)

Now assume that G has at least one edge e = {u, v}, and suppose the theorem holds
for any subgraph of G. Then by (ii) of Proposition 2 combined with (2.4) and (2.5),

H(G) = 1(G\e) = I(G\uv),

so, by the inductive hypothesis,

I(G) = pm(G\e) — pm(G\uv).

10 As we use only the terminology of rook theory and nothing more, we merely refer the interested reader
to [20, 22]

"'This is Godsil’s definition. Riordan calls these ‘associated rook polynomials’.

12A special case of this formula appears as Problem 18 in Chapter 8 of [20]. Hints of the formula can
be found in [24] and [26]. In this generality, it seems to have appeared first in [7], but it was Godsil
who recognized its effectiveness in the theory of permutations with restricted positions. For possible
generalizations, see [1].
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Figure 1: The ménage number my is the number of perfect matchings in the complement
of 08 in K4,4.

On the other hand, conditioning on the presence or absence of the edge e in
G\e = G U e, we obtain

pm(G\e) = pm(G\uv) + pm(G).

But G\uv = é\uv, as any edges incident with v and v in G are absent from both graphs
(both are subgraphs of K,,_1,-1). The theorem follows. O

In the ménages problem, we wish to compute the number of permutations o satisfying
0(i) # 4,7+ 1 modn. This is equivalent to asking for the number of perfect matchings in
the bipartite complement of the cycle Cy,, (see Figure 2). This can also be seen from (1.1),
by viewing the matrix K,, — Z,, as a bipartite adjacency matrix, where the rows of K,, — 7,
label the vertices on the bottom of Figure 2 and the columns of K,, — Z,, label the vertices
on the top. Thus, applying Proposition 3 and using (2.3) and (2.5), Godsil obtains ([6],
p. 9) the familiar result

My = /OOO 1W(Conya?) e du = 3 (—1)" 2n (2” - T) (n—r)l. (2.7)

2n —r r
r=0

The second formula was first obtained by Touchard [24], after many earlier attempts by
others such as Cayley, Muir, and Lucas. '3

Remark 4. As noted in the discussion following (2.3), the second formula in (2.7) re-
mains valid even at n =1 (both sides equal —1). We can see this as well from the proof
of Proposition 3. If G were a digon, then the right hand side of

pm(G) = pm(G\e) — pm(G\uv)

would read 0 — 1, giving my; = pm(G) = —1 as before. Hence, as promised, Proposition 3
holds when G contains digons, provided we interpret G as a kind of generalized bipartite
complement, in which removing two edges from a single edge leaves a single negatively
weighted edge.

13See also [9], [10], and the derivations in [3], [20] and [22]. Most of these derivations require subtle
combinatorial reasoning, whereas Godsil’s elegant approach supplies the answer with ease.
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At this point we recall the well-known and oft-observed fact that the matchings poly-
nomial for a cycle is essentially the Chebyshev polynomial of the first kind (cf., [20], p.
223)

w(C, 2x) = 2T, (x). (2.8)
Thus, setting
tn() = p(Con, 2'/%) = 215, (v/7/2), (2.9)
we find, using (2.7), that
My, = /OO tne “dx. (2.10)
0

Remarkably, (2.10) admits a very neat generalization, providing us with a powerful tool
to aid us in our proof of Theorem 1. !4

Theorem 5. Suppose that T € &, has cycle type p = 1122 ---n' and let F, := F(7) =
per(K,, — P;). Define o ‘
t, =ty -t (2.11)

Then -
F, = / I (2.12)
0

Proof. Computing per(K,, — P;) is equivalent to computing the number of perfect match-
ings in the (generalized) bipartite complement of

cruc2u---uCh,

where all the unions are disjoint, and C% denotes i disjoint copies of Coy. By (i) of
Proposition 2, the matchings polynomial of the disjoint union is simply the product of
the matchings polynomials of all its constituents. The theorem now follows by combining
this observation with (2.5), (2.6), (2.8), and (2.9). O
3 The coefficients a)

Using (1.5) and (2.12) we obtain

ax = (F,x*) = ZZ;lel F, = / (Z Z,:lX,/) tu) e “d.
1 0 p
Comparing this to the Murnaghan-Nakayama rule (1.8)

_ § : -1,
S}\ - Z'u X'u,p,u
w

14 A closely related formula appears at the end of Touchard’s paper [24]. For another application, see [15].
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we see that

a,\:/ Sye " dx, (3.1)
0

where we have defined
Sy = S)\|pi:ti. (3.2)

By the Jacobi-Trudi identity ([23], Thm 7.16.1)

n
S\ — det h)‘i_i+j|ij:1’

where h,, is the complete homogenous symmetric function. As
Sm = S(m) = hm

we may also write
n
sy = det sAi,l-Jrj‘ij:l,

It follows immediately that
Sy = det Sy i,y (3.3)

In particular, computation of Sy, and thus of a,, reduces to knowledge of the S,,.

4 The polynomials S,

In this section we obtain various formulae for the S,,. To begin, we need some facts about
Chebyshev polynomials. Define the shifted Chebyshev polynomaials

T (x) :==Tn(2x — 1).
These obey the recurrence ([14], Eq. 1.23)
To(x) = 22z = T3, (2) = T, o(2) (4.1)

with initial conditions
T5(x) =1 and 17(z) =2z —1. (4.2)

Moreover, we have ([14], Eq. 1.24)
so that by (2.9),

tm(z) =217 (z/4). (4.3)
Combining (4.1) with (4.3) yields
tm(z) = (2 — 2)tp_1(x) — ty_o(x) (4.4)
with initial conditions
to(z) =2 and ti(x)=x—2. (4.5)
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Next, recall Newton’s formulae written in terms of Schur functions:

m
mspy = § PrSm—r-
r=1

Evaluating both sides at p, = t,. yields

MSm = Sy (4.6)
r=1
Now substitute (4.4) into (4.6) to get
mS,, = (x —2)Sy,_1 + Z tSp_r

r=2

= DS + 3~ Dt — )

r=2
m—1 m—2
= (ZE - 2>Sm—1 + ((L’ - 2) Z t'rSm—l—r - Z t'rSm—Q—r
r=1 r=0

=m(x —2)S,_1 — mSp_q,
whence we conclude that
Sm(z) = (x — 2)Spm-1 — Sm—2(2) (4.7)
with initial conditions
So(x)=1 and Si(z)=t;=2—2. (4.8)
Note that we may also write (4.7) as
S () = t1Sm—1 — Sp—2(x) (4.9)

From the recurrence we obtain the ordinary generating function for the S,,’s in the usual
manner:

i Spnz™

m=0

=1+ tlz + Z(tlSm_l - Sm_g)zm
m=2

S(z) :

=1+tz+t i Sy 2™t — i S,,2m T2
m=0

m=1

=1+t1z+t2(50z2)—1) — 225(2),
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from which we conclude (using (4.5)) that

1 1
= = ) 4.10
1—tiz+22 (1+2)?2—2xz (4.10)

S5(2)
From (4.10) we may obtain an explicit formula for S,,(z). We have

S(z) =

1 . 1
2)2 1—(xz/(14 2)?)

xkzkz (‘7 + ({4— )(—z)]
=0

—_

(

[
WE

k=0

[
WE

k=0 J

and extracting the coefficient of z™ gives

S,n(z) = i(—nm—k <m Tk 1) o (4.11)

m—k
k=0

5 Proofs of 1(b) and 1(c)

For the reader’s convenience, we restate the relevant parts of Theorem 1 here.

Theorem 1(b). The coefficients ay vanish if A has more than two parts.

Proof. Tt suffices to show this for A having three parts, as the general case is similar. So
assume A = (p,¢q,r). Then by the analogue (3.3) of the Jacobi-Trudi identity,

Sp SPH Sp+2
S(p,qn”) = [S¢-1 S¢  Sgr1
S’r—2 S’r—l S’r

Using the fundamental recurrence (4.9) in the last column gives

Sp Spr1 hiSpr1 — 5
S, 1S, — S, |,

S(p,qﬂ") = |S¢-1
Sr—o Sp—1 t1Sr—1 — Sy—a,

which vanishes, as the three columns are linearly dependent. The theorem now follows
from (3.1). O

Theorem 1(c). Fori—1,5 >0, auy1,+41) = apj), where ago) = ag).
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n o,. A
i o | 2
5 3 | 13
6 13 80
= 83 579
] 592 4738
9 4821 43387
10 43979 139792
1 454i613 8 qorii
7 49 3i720 592 16642
i3 | 396 61255 ==35 46313
i | ~805 31033 1 0ga7§ 34464
15 l 1 09870 95719 16 $8064 35783
16 16 33869 66816 264 93914 69058
17| 266 0378564777 4522 64356 01207
18 4539 20225 68023 81705 6406227416
19 81971 67847 Rg193 13 57461 89109 9665
20 ! 15 62001 09335 62688 312 o021 86512 53762
21 1 31321993 55560 42055 | ...l Awie wiivie

Figure 2: Table from Lucas (1891).

Proof. By (3.3),
Si Sim
Sj_l Sj

Note that S0y = S; (because Sy = 1 by (4.8)). Also, using the recurrence (4.9),

S(’ivj) = = SZS] - Si—l—lSj—l-

Sti1,j+1) — S(ig) = Si415j41 — Sig2S; — 955 + Siv15-1
= Sit1(t1S; — Sj1) — (t1Sip1 — Si)S; — 8iS; + Si1Sj1
=0.
Hence, the theorem follows from (3.1) again. O

Theorem 1(b) implies that the general form of ch F' is
13
ChF =" (k) S(ntoh): (5.1)

k=0

in agreement with the data in Table 1. Moreover, by Theorem 1(c), the entirety of Table 1
follows recursively once we know the values of a,. This is the subject of the next section.

6 Proof of Theorem 1(a)

The earliest appearance of the numbers a,, seems to be in Lucas’ 1891 monograph [12],
where he attributes their discovery to M. C. Moreau. > On p. 495 of [12] we find a

5 Moreau is perhaps best known for his discovery of the formula enumerating cyclically distinct necklaces.
See [17] and ([12], pp. 501-503).
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table, reproduced in Figure 2, listing the ménage numbers, which Lucas calls A,, and
some auxiliary numbers 6,,, whose relationship is

An = Onsr — Op_y. (6.1)

(See also [19].) Moreover, Lucas notes the following recurrence relation 6

Opi1 = b, + 0,1 +2(—1)". (6.2)
Comparing Figure 2 with Table 1, we are led to the identification
Ay — 9n+1- (63)

We prove the general validity of (6.3) by showing that the a,,’s satisfy the same recurrence
as the 6,,1’s. (It is clear from Table 1 and Figure 2 that ag =604 = 0 and a4 = 05 = 3.)

Theorem 1(a). Forn > 2,
Ap = Nap_1 + Qp_o + 2(—1)", (1.11)

with initial conditions a; = —1 and as = 1. In particular, we have a,, = 0,1, where {6,}
is a sequence first discovered by M. Moreau ([12], p. 495).

Proof. Combining (3.1) and (4.11) yields

n n

G = /OOO Spemdr =3 (~1)" k! (” Zfz 1) =3 (1) (k). (2” _]f - 1) (6.4)

k=0 k=0

By direct computation we find a; = —1 and ay = 1. Attempts to use (6.4) directly
to demonstrate (1.11) rapidly devolve into a morass of binomial coefficients. Instead,
we simply appeal to a result of Riordan ([20], p. 200), who shows that the generating

function
W)= 3 (T ) e - 1y

Kk
satisfies the recurrence

Wi(2) = nWo_1(2) + (2 — 1)*W,_a(2) + 2(z — )™ (6.5)
Comparison with (6.4) shows that
a, = W,(0). (6.6)

Now (1.11) follows immediately from (6.5). O

16Other, similar recurrences were obtained earlier by Cayley and Muir.
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In Lucas’ book he introduces the sequence {6,} as a mere aide au calcul. But our
results reveal the reason why this particular sequence shows up naturally in the evaluation
of the ménage numbers. By the Murnaghan-Nakayama rule, if ¢ is a cycle of length n in
S, then

—1)*, if A= (n—k,1%), and
o)=Y =k 1)
0, otherwise.

So by Theorems 1(b) and 1(c),

m, = F(o) = Za,\x’\(a) = Z(—l)ka(n_hlk) = Q) — Q(n-1,1) = Up — An—2.  (6.7)
y !

Taken together, Theorem 1(a) and (6.7) provide an explanation for (6.1) and (6.2). More-
over, using (1.4) and (1.5) and the fact that x(™ is the trivial representation, we see that

1
Oner = an = — > per(K, — P;), (6.8)

TEG),

thereby supplying an algebraic interpretation for Moreau’s sequence {6,,}.

7 Proof of 1(d)

Given ch F' we can obtain the value of F'(7) = per(K,, — P.) without having to compute
any permanents, simply by knowing the values of the irreducible characters of &,,. For
instance, in the previous section we observed that if 7 is a full cycle, per(K, — P,) =
a(n) — G(n-1,1)- For another example, suppose that 7 = (1)(2)(34)(567). Then using
Table 1 and MAPLE we find

F(1) = 5927 (7) + 13V (1) — x4 (1) = 59214+ 13-1 — 1 = 604.

To carry out these computations in general one desires a reasonable formula for the
character values y* where \ is a two-rowed partition. Of course, one always has the
Murnaghan-Nakayama formula. But another approach employs character polynomials. 17
Write ¢;(7) for the number of cycles of length ¢ in the disjoint cycle decomposition of 7.
In an upublished paper, Ashraf derives a formula ([2], Eq. 9) for the character polyno-
mials associated to two-rowed partitions.'® From his analysis we immediately obtain the
following result. 1

X () = (241 = 2) T+ 25 = b(7). (7.1)

7

We can now prove Theorem 1(d).

I"For a survey, see [5]; see also [11].
8By a result of Frobenius, every irreducible character is a polynomial function of the ¢;’s.
YThere is a typographical (sign) error in Ashraf’s formula, which is corrected here.
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Proof of Theorem 1(d). From (1.10), (5.1), and Theorem 1(c) we have

L5]
F(r) =Y anax""9(7),
so (7.1) gives
F(r) = Zan—kak(T)- (1.12)

In particular, if 7 is a single n-cycle (with n > 2) then ¢,(7) = land ¢; =0 (1 < i < n—1),
so that

15)
— Zan_gk[zk](l — 242" — 2"
k=0
=a, — Gnp_9. ]
For 7 = (1)(2)(34)(567) we find ¢;(7) = 2, co(7) = 1, and ¢3(7) = 1, so
Q=2 JJa+2)D =1 -2)1 4220+ 22)(1+2") =1+ 242" —2° — 27— 2%
Reading off the coefficients and using Table 1 again we find

3
F(r) = Za7—2kbk(7) =ar+as+a; =592+ 13 — 1 =604,

k=0

as before.
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