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Abstract

Given a hypergraph H = (V, E), define for every edge e € F a linear expression
with arguments corresponding to the vertices. Next, let the polynomial py be the
product of such linear expressions for all edges. Our main goal is to find a relationship
between the Alon—Tarsi number of py and the edge density of H. We prove that
AT (pg) = [ed(H)]+1 if all the coefficients in pg are equal to 1 and the base field has
characteristic zero. Our main result is that, over an arbitrary field, if on every edge
the coefficients are not all equal, then they can be permuted within the edges so that
for the resulting polynomial p';, AT (p;) < 2[ed(H)]+ 1 holds. We conjecture that
this bound holds for every hypergraph polynomial without permuting its coefficients.
If this were true, then in particular a significant generalization of the famous 1-2-3
Conjecture would follow.
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1 Introduction

Let G = (V, E) be a graph with the vertex set V' = [n|. For an orientation G of the edges
of G, the graph polynomial of G is defined as the homogeneous multivariate polynomial
pg(@1, - xn) = [l jyen@ (®; — i). One of the applications of this polynomial arises
from the fact that ps(as, ..., a,) # 0 for some (a4,...,a,) € N" if and only if the coloring
X (i) = a; is a proper coloring of G. Alon and Tarsi [6] developed an algebraic tool, which
has become known as the Combinatorial Nullstellensatz (see Alon [1]), to ensure that
such a nonzero value of pz can be found in a Cartesian product A; x --- x A, providing
an upper bound on the list chromatic number of G. If the expansion of pz in some base

field I is
pa(1, ..., xn) = anw‘fl ceex,

where o = (v, ..., ;) runs over N, then the parameter of interest for the application
of the Combinatorial Nullstellensatz, called the Alon—Tarsi number of G' (see Jensen and
Toft [15]) is
AT(G) = ar~£1i20 max{ay,...,a,} + L.

The Combinatorial Nullstellensatz ensures that AT(G) is an upper bound for the list
chromatic number of G (for different proofs and generalizations of Combinatorial Null-
stellensatz see [19, 25, 17]).

The same framework has been extended to hypergraphs in the following way. Let
H = (V,E) be a (multi)hypergraph, where F is a family of subsets of V' = [n]. Every

polynomial of the form
pu(ay, . xn) = [[O aem), (1)

ecH 1i€ce

where a.; # 0 are taken from a base field IF, is called a hypergraph polynomial of H. A
hypergraph polynomial is homogeneous of degree |E|. Following the above notation, if

— al (07
pH(xl,--~7xn)— E Caly ”'xnn7
[0}

is the expansion of the polynomial in I, we call the Alon—Tarsi number of the polynomial
py the value
AT (py) = aI'?iQO max{aq,...,a,} + 1.

Given a hypergraph H, its chromatic number x(H) is the minimum number of colors that
allows a vertex coloring without monochromatic edges of size at least two. One can also
consider two generalizations of the proper colorings defined this way. Assume that every
vertex of H is assigned a list of at most k colors. If for any such list assignment one
can pick a color from each list so that the resulting vertex coloring has no edge of size
at least 2 that is monochromatic, then we say that H is k-choosable. The smallest k& for
which H is k-choosable is called the list chromatic number of H and denoted . (H). In
another variant of the problem (defined for graphs by Schauz [23]) the lists are not known
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in advance, but in a step-by-step procedure it is announced which vertices have a certain
color, say ¢, on their lists; the vertices to be colored ¢ need to be selected immediately
and no recoloring is possible in the future. If there is a selection strategy such that all
the vertices can be colored from their lists, we say that H is k-online choosable (or k-
paintable). The smallest & for which H is k-online choosable is called online choosability
number (or paintability number) and denoted xp(H). Note that for every hypergraph H
we have x(H) < y1.(H) < xp(H).

Ramamurthi and West [21] obtained a generalization of the Alon-Tarsi theorem |6,
Corollary 1.4], relating Eulerian orientations of a graph with the list chromatic number,
to k-uniform hypergraphs (whose all edges contain k vertices) for k being a prime. To
this end, they use a hypergraph polynomial over C where the coefficients of the variables
are the k-th roots of unity. A similar framework was used by Schauz [25] to obtain upper
bounds on the online choosability number of k-uniform and k-partite hypergraphs. Hefetz
[14] introduced an extension of the Combinatorial Nullstellensatz which can also be ap-
plied to non-necessarily uniform hypergraphs. All these results were reformulated and
presented in a unified form in the monograph of Zhu and Balakrishnan [32, Section 3.9|.
It is worth mentioning that the list colorability of hypergraphs has also been investigated
using methods other than the Combinatorial Nullstellensatz, in particular by variants of
the Probabilistic Method [4]. To be more specific, the hypergraphs with high chromatic
number were studied by Wang and Qian [27|. Lower bounds on the list chromatic num-
ber of simple hypergraphs were studied by Saxton and Thomason [22] and by Alon and
Kostochka [2]. The same authors [3] analyzed the lower bounds for dense uniform hyper-
graphs, Haxell and Verstraete [13] focused on the regular 3-uniform hypergraphs, while
Méroueh and Thomason [18] on the random r-partite hypergraphs. The list chromatic
number of Steiner Triple Systems was analyzed by Haxell and Pei [12]. Wang, Qian, and
Yan [28] investigated the number of list colorings of uniform hypergraphs.

Our motivation comes from the study of the Alon—Tarsi number of planar graphs.
Zhu [30] proved that the Alon—Tarsi number of planar graphs is at most five, giving an
alternate proof of the celebrated theorem by Thomassen [26] of the 5-choosability of this
class of graphs, as well as their 5-paintability.

Our main goal is to obtain an upper bound on the Alon—Tarsi number of a hypergraph
polynomial over an arbitrary field I in terms of the edge density of the hypergraph. Recall
that the edge density of a hypergraph H = (V| F) is defined as

[E(X)
ed(H) = max =7
where E(X) = {e € E(H) : e C X} denotes the set of edges of the subhypergraph H|[X]|
of H induced by X C V.

Let us briefly explain why the edge density is a natural parameter in this context.
Every monomial in the expansion of a hypergraph polynomial of H arises by choosing
one variable z,() from each bracket, that is, by choosing a representative r(e) € e of
every edge, and the exponent of x, in the resulting monomial is exactly the number of
edges represented by v. Since all the edges contained in a set X must be represented
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inside X, some vertex of X represents at least |E(X)|/|X| of them, so no choice of
representatives can do better than [ed(H)]|; conversely, Hall’s theorem guarantees that
a system of representatives in which no vertex is used more than [ed(H)] times always
exists. The edge density is thus precisely the obstruction that pure counting can see. What
remains is to ensure that the monomial produced in this way has a nonzero coefficient, and
the two results below achieve this in different ways: for a fully balanced polynomial that
coefficient is a positive integer and therefore survives in characteristic zero (Lemma 6),
whereas for a fully unbalanced one the coefficients are permuted inside the edges so as to
force it to be nonzero (Theorem 1).
Consider a hypergraph polynomial of H = ([n], F)

p(r1,...,x,) = H (Zae,ixi) € Flxy, ..., x,)

ecEE i€e

over F. We call an edge e € E balanced in p if a.; = a.; for all ¢, j € e, and unbalanced in p
otherwise; when p is clear from the context we simply say that e is balanced or unbalanced.
The polynomial p is then called fully unbalanced if every edge of H is unbalanced in p.

For permutations of edges o, € Se,, 0c, € Se,, . .., O, € Se,,, the permuted polynomial
is defined as

paelge2-~-0'em (xh cee 71:71) - H ( Z aei,aei(v) xv) S F[‘rh cee 7xn]‘

i€lm] vEe;

In other words, it is constructed from the original polynomial by permuting the coefficients
(but not the variables) in every bracket.
The main result of this paper is the following theorem.

Theorem 1. For every hypergraph H = (V, E) and fully unbalanced hypergraph polyno-
mial p of H there exist permutations of edges o¢, € Se,, ey € Sey, -+ O¢,, € Se,, Such
that

AT (o0, 00,,) < 2 [ed(H)] + 1.

The proof reduces the hypergraph to a multigraph. Using the system of representatives
described above, every hyperedge e is shrunk to a pair f C e containing the representative
of e, in such a way that the resulting multigraph still has density at most [ed(H)].
Every edge of a multigraph has only two endpoints, so its degeneracy is at most twice its
density, and this is exactly where the factor 2 in the bound comes from. Both proofs of
Theorem 1 given below start from this reduction; in the first of them the permutations
of the coefficients are then used to guarantee that the monomial provided by it does not
vanish.

We note that, for every collection of permutations o = (0. : e € E) and every
hypergraph polynomial p of a hypergraph H, p, as defined in the statement of Theorem
1 is again a hypergraph polynomial of H. In particular, the bound in the Theorem
also provides a bound on the list chromatic number (choosability) and the online list
chromatic number (paintability) of the hypergraph (see Section 4). The bound is tight,
as, for example, the Fano plane has edge density 1 and chromatic number 3.
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Observe that the Alon—Tarsi number of a polynomial may change when permuting the
coefficients within the edges, as illustrated in the following examples.

Example 2. Consider the tetrahedron hypergraph H, with the vertex set V(H) = [4]
and the edge set E(H) = {e; = {1,2,3},e2 = {1,2,4},e3 = {1,3,4},e4 = {2,3,4}}. For
the hypergraph polynomial

pr (w1, 00, 23, 14) =(21 + Wro + wW?as) (11 + Wy + wWiry)

(23 + wry + Wiy (2 + wrs + Wiry),

where w = %(—1 +iv/3) is a third root of unity, AT(py) = 3. Indeed, one can verify that
coeff (pyr, v129w314) = 0, so AT (py) = 3, while e.g. coeff (py, 2222) = —1 — /3 # 0.
However, if one swaps the coefficients to obtain the polynomial

P, T2, T3, 24) =(21 + W + w2x3)(:v1 + wxe + w2x4)

(:Ii'l -+ WIs + w2x4)(a;2 -+ WTs -+ (.4.)25174),

it comes out that AT(p};) = 2, since coeff (p}y, 1179w314) = —3 + 3v/3i # 0.

Example 3. A smaller example can be exhibited by allowing less regularity in the coef-
ficients. Consider the hypergraph polynomial on the complete graph K3

pr(x1, 22, x3) = (1 + 22) (222 + x3) (T3 — 221).

One can verify that AT (py) = 3, because coeff (py, x17923) = 0 and coeff (py, r123) =
1 # 0. However, for the polynomial

Py (1, o, w3) = (1 + T2) (22 + 223) (23 — 221)

obtained by swapping coefficients in py, we have coeff(p);, x1zow3) = —3 # 0 and in
consequence AT (ply) = 2.

We conjecture that the statement of Theorem 1 can be extended to any hypergraph
polynomial:

Conjecture 4. For every hypergraph polynomial p of a hypergraph H = (V, E),
AT (p) < 2-[ed(H)| + 1.

The truth of Conjecture 4 would provide, as observed by Grytczuk [10], a simple
alternate proof of the longstanding 1-2-3 Conjecture of Karonski, Luczak and Thomason,
recently confirmed by Keusch [16], even in its list version, which is currently open. We
discuss this topic and further applications of our main result in Section 4.

The paper is organized as follows. In Section 2 we give more detailed definitions
and provide a preliminary bound on the Alon—Tarsi number of hypergraph polynomials.
Section 3 contains the proof of Theorem 1. Section 4 discusses some applications of the
Alon—Tarsi number of hypergraph polynomials. We conclude the paper with some final
remarks, including open problems.

ot
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2 Preliminaries

Let F be a field and let
p(z1,...,x,) = anx?l R

«
be a polynomial in Flxy,...,z,]|, where the sum is over all sequences a@ = (ay,...,qy)
with non-negative integer entries. Let

S(p) = {a: Za = deg p, co # 0},

denote the set of sequences corresponding with the monomials of maximum degree ap-
pearing in p. The Alon—Tarsi number of p is
AT(p) = min max{ay,..., o} + 1.
aeS(p)

Let H = (V, E) be a hypergraph with set of edges F, where each edge e € F is a
nonempty subset of V. We allow multiple edges in H but still refer to it as a hypergraph
instead of a multihypergraph, and emphasize with the word simple if multiple edges
are not allowed. However, we do not consider loops: all edges are of size at least 2.
We consider finite hypergraphs, and we will always assume that the set of vertices is
V =[n]=1{1,2,...,n}, if not stated otherwise.

We recall that a hypergraph polynomial over F of H is any polynomial of the form

p(T1, ... x,) = H (Zamxi) € Flxy,...,z,),

ecE ice

for some choice of coefficients a.; # 0. If for a given polynomial p there is a hypergraph H
for which p is a hypergraph polynomial of H, then we will call p a hypergraph polynomial.
Recall that an edge e € E' is balanced in p if a.; = a.; for all 4, j € e, and unbalanced in
p otherwise. The hypergraph polynomial p is fully unbalanced if every edge is unbalanced
in p, and fully balanced if every edge is balanced in p; in the latter case the coefficients
can all be assumed to be equal to one up to scalar multiplication. We denote the fully
balanced hypergraph polynomial of H by py, namely

pu(T1,...,2n) = H <le) € Flxy,...,z,)

ecE i€e

Our main objective is to relate the Alon—Tarsi number of a hypergraph polynomial to the
hypergraph’s edge density, as stated in Theorem 1. For each nonempty subset X C V', we
denote by H[X] the subhypergraph of H induced by the vertices in X, and by F(X) =
E(H[X]) its set of edges. The edge density of H is

_ [E(X)
ed(H) = X x|

The edge density provides a natural lower bound for the Alon—Tarsi number of hyper-
graph polynomials.
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Lemma 5. For every hypergraph polynomial p, we have
AT (p) = [ed(H)] + 1.

Proof. Let us take any monomial [ ] . %) in the expansion of p, where r(e) is a variable
(vertex) chosen from the bracket corresponding to the edge e. Let k' := max;ey [r~1(j)]
denote the maximum power of a variable in [ . #,). Let us show that &' > ed(H).
This will complete the proof because k' is an integer and represents the maximum power
in any monomial, in particular in the one that minimizes this value.

Let us take any X C V. Because r(e) € e for each e € E we have r(E(X)) C X.
Hence, E(X) C r~!}(X) and so

[EX)| < |[r 1 (X)] =] U r @) < Z (@) < K- 1X.

[E(X)]
X

Thus, ed(H) = maxpLxcy < k'. This completes the proof. O

In the case of fully balanced polynomials over fields of characteristic zero, the opposite
inequality is also true.

Lemma 6. For the fully balanced hypergraph polynomial py over a field of characteristic
zero of a hypergraph H we have

AT (p77) = [ed(H)] + 1.

Proof. Observe that Py is a sum of monomials of the form

H Tr(e)s

ecH

where r : E'— V is a function satisfying r(e) € e for all e € E, whose coefficients are
positive integers.

By Lemma 5 we only need to prove that AT (pg) < [ed(H)] + 1. Let us denote
k= [ed(H)]. For any subset () #Y C V| since

EY) _ B
Y| T osxcv | X|

— cd(H) < [ed(H)] = k,

we have
EY)| < k-]Y].
Based on the hypergraph H = (V| E), let us define the hypergraph
H =V'"=Vx[k], E'={ex[k] :e € E}),

that is, every vertex v of H is split into k copies (v,1),...,(v,k) € V', and each edge
¢/ = e x [k] € E' contains all clones of the vertices in e € E. Note that |E| = |E’| and
VI =k-[V].
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Let us show that H’ admits a system of representatives by verifying that Hall’s con-
dition holds. Let {¢],...,e.} C E’ be any family of edges in H’. Then

|{€/1,...,€;}’ = [{er, ..., e}
< |E(e1U...Uey)
<k-legU... Ueg
—(er x KU ... U (es X [K])| = L U... U,

s

Therefore, by Hall’s theorem, there is an injection r' : E — V’ such that r'(¢’) € ¢ for
each ¢ € E'. Let us define the function r : E — V by setting r(e) := j if r'(¢’) = (j,1)
for some [ € [k]. Because |r~!(j)| < k for every j € V, and the characteristic of F is 0,
the monomial @,y * Tr(es) * - - - * Tp(e,,) 15 @ Witness to AT (px) < k + 1, which completes
the proof. n

Example 7. Note that in the proof we used the fact that the field F has characteristic 0,
which implies that the coefficient of the monomial x,(¢,) Zy(ey) - - - * Tp(e,,) does not vanish.
The lemma does not need to be true in the case of a finite field. For example, in the case of
the field Fy and H = C,, being the cycle on n vertices, we have AT (p) = 3 > [ed(H)]|+1.

Let us define the degeneracy of a hypergraph H = (V, E) as

0(H) = maxmin dpx(7), (2)

where dyx)(i) = [{e € £ :i € e C X}| is the degree of vertex i in H[X].
Similarly to the case of graphs, it is easy to show that the degeneracy of a hypergraph
H = (V,E), where V = [n], can be equivalently defined as

d(H) =minmax|[{e € E({o(1),...,0(i)}) : 0(i) € e}/, (3)

o€Sn i€[n]

where the minimum runs over all the permutations of [n|. As in the case of graphs, we
can also relate density and degeneracy in hypergraphs.

Lemma 8. For every hypergraph H = (V, E) we have
< :
I(H) < rgezE(|e| ed(H).

Proof. Let Y CV be a witness to the degeneracy value of 6(H), that is
S(H) = min digy 1)
Now we double count the set of pairs {(i,e) € Y XE :i € e C Y}, that is:

S(H)- Y| <) {(i,e) eYXE:iceCY}

€Y
= > Hle)eYxE:iceCY}
ecE(Y)
< max ef - [E(Y)] < max ef - ed(H) - [Y]. O
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Theorem 9. For every hypergraph polynomial p of the hypergraph H = ([n], E) we have
AT(p) —1<0(H) < ng(\e] ced(H) < max le] - (AT (p) — 1).
ec ec

Proof. Let p be the polynomial

p(zy,...,x,) = H (Z ae,z‘$i> ;
ecl i€e
where a.; € F\ {0} for each pair (e, ).
The second and third inequalities follow from Lemmas 8 and 5, respectively. The only
thing left to prove is that
AT(p) < o(H) + 1. (4)

To prove inequality (4), we use the equivalent definition of hypergraph degeneracy from
(3). To simplify the notation, without loss of generality, we can assume that the permu-
tation o € S, giving the minimum in (3) is the identity, that is

5(H):m?>]<|{6€E:i€e§{1,...,i}}|.
en

Equivalently,
0(H) =max|{e € E: max(e) = i}|. (5)

1€[n]

As a witness of inequality (4), we use the monomial

c H Tmax(e))

ecE

which is one of the monomials resulting from the choice of variables in the product of the
brackets constituting the definition of the polynomial p(z1, ..., z,) = [[.cp (Ziee e i :E,-),
and show that ¢ # 0. First, we note that Equation (5) implies that the highest power of
a single variable in the monomial ¢[]..p Zmax(e) does not exceed §(H). Next, we claim
that the sequence of choices
(CL&maX(e) e c E)

from the appropriate brackets ((Ziee QeiTi) @ € € E) is the only possible one that gener-
ates the monomial ¢ Hee £ Tmax(e)- As a consequence, we will get that ¢ = Hee £ Qe max(e) 7
0, which completes the proof.

We will prove the uniqueness of the choice of factors by induction on n. For n = 0,
this is trivially fulfilled. Now assume that n > 0 and that for n — 1 the induction thesis
is satisfied.

Since the last variable x,, must be selected from all brackets in which it appears,
then the variables x1,...,x,_1 are selected from those brackets that do not contain z,,.
Therefore, the coefficient ¢ of [ ], 5 Te,max(e) €quals

c=c H Qe
ecFE:nee
where ¢ is the coefficient of HeeE([n_l]) Te max(e) 1D the polynomial HeEE([n—l]) (Zi@ aejixi).

The claim follows by induction. This completes the proof. O
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3 Main result

It must be admitted that the above theorems and observations are more or less a gener-
alization of our knowledge about graphs. The real goal of the research is to try to replace
the coefficient max.cp |e| in Theorem 9 with a constant independent of the hyperedge
size. We consider the main contribution of our work to be Theorem 1, which, in a sense,
accomplishes this goal, although it unfortunately uses some manipulation in the shape of
a polynomial.

Recall that the main result of this work is as follows.

Theorem 1. For every hypergraph H = (V, E) and fully unbalanced hypergraph polyno-
mial p of H there exist permutations of edges o¢, € Sey, ey € Sey, -+ Te,, € Se,, Such
that

AT (Do, 00y 0er,) < 2 [ed(H)| + 1.

For the clarity of presentation, we divide the proof of Theorem 1 into two lemmas.

Lemma 10. Let H = (V| E) be a hypergraph with density ed(H) < k for some integer k
and the set of edges E = {eq,...,en} such that |e;| > 2 for eachi=1,2,... ,m.

There exists a multigraph G = (V, F) of density ed(G) < k with the set of edges
F={f1,..., fm} satisfying f; C e; for eachi=1,2,... ,m.

Proof. 1t is enough to consider the case k = [ed(H)]. As in the proof of Lemma 6, define
the hypergraph H' = (V x [k], E' = {e x [k] : e € E'}) in which, as shown in that proof,
there is a system of representatives 1’ : E' — V' x [k] with r/(¢) € ¢ for each ¢/ € E’ and
{r'(¢') : ¢’ € E'} pairwise distinct.

We define the multigraph G = (V, F) as follows. Let r : E — V be defined as r(e) = v
if r'(¢') = (v,s) € V x [k] for some s € [k]. For every edge e; € E define the edge f; € F
formed by the pair {r(e;), j} for some arbitrarily chosen j € e;\r(e;), hence indeed f; C e;;
we will abuse the notation above, and from now on we regard r as a function r : F' — V
where 7(f;) corresponds to r(e;). Note that |F| = |E]|.

What remains to prove is that ed(G) < k.

Let us consider any nonempty subset X C V. Because r(f) € f for each f € F we
have r(F(X)) C X and in consequence F(X) C r~!(X). Hence,

U ()

1€X

(PO < [r (X)) = <O < k- IX].

1€eX

The last inequality follows because r’ is an injection and the projection from V' to V is

k-to-1. Thus ed(G) = maxpxxcy ‘Flg??‘ < k, which completes the proof. O

One might notice that Lemma 10 could be also proved using the fact that ed(H) < k
is equivalent to the statement that there is a mapping r : E(H) — V(H) such that
|7=1(2)| < k for each vertex 4, which essentially stems from the proof of Lemma 6.

Thus, Lemma 10 allows one to associate with a hypergraph H a multigraph G with the
properties stated in the Lemma. We observe that a coloring x : V' — N of a hypergraph
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H is proper if x is proper in the associated multigraph G, although the reverse implication
is not true.

Example 11. Consider a hypergraph with V' = [3], E = {e = V'} and r(e) = 1. Let
the edge set of G be F' = {f = {1,2}}. So, we have a hypergraph with one edge
containing all its vertices, with representative 1, and a graph with one edge whose other
endpoint is vertex 2. The density condition is obviously satisfied, and there is a coloring
x(1) = x(2) =1, x(3) = 2 which is proper for H but not for G.

In particular, we obtain the following Corollary bounding the list chromatic number
and the paintability number of H.

Corollary 12. The list chromatic number and the paintability of a hypergraph H satisfy
xo(H) < xp(H) < 2[ed(H)] + 1.

Proof. Simply observe that the list chromatic number and the paintability of the associ-
ated multigraph G is upper bounded by its degeneracy plus one, see e.g. [32, p. 63|, and
from Lemma 8 we have 0(G) < 2ed(G). O

Note that the bound on the list chromatic number can be improved for certain special
families of hypergraphs. For instance, Cherkashin and Gordeev [8, Theorem 6| proved
that for any 2-colorable hypergraph H, x.(H) < [ed(H)] + 1.

The following Lemma is the second ingredient used in the proof of Theorem 1.

Lemma 13. Let H = ([n], E) be a hypergraph with the set of edges E = {e1,ea,...,en}
such that |e;] = 2 for each i € [m].
Assume that there is a system of representatives r : . — V such that

r(e;) < max(e;) for alli € [m].

Then, for a fully unbalanced hypergraph polynomial p of H, there exist permutations of
the edges o¢, € Sey, Ocy € Seyy -y Oc,, € Se,, such that the coefficient of the monomial
Trer) " Tr(es) "« -+ " Lr(em) U0 the polynomial ps, o, . 0., 1S nONZETO.

Proof. Without loss of generality, we can assume that the hyperedges in E are numbered
so that
6)

(
The proof is by induction on n+m. The Lemma trivially holds for m = 0 and every n > 0
(in such a case p = 1). Assume m > 0, so that n > 0. We may assume that max(e,,) =n
as otherwise we may apply induction on the hypergraph (V' \ {n}, E).

Let us assume that the polynomial p is of the form

p(xy,...,x,) = H (Zaei,j'xj)'

i€lm] Jj€e;

max(e;) < max(ey) < ... < max(ey).

We refer to the inductive assumption for
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1. the hypergraph H := (V. E \ {en}),

2. the system of representatives r’ : E \ {e,,} — V such that 7/(e;) := r(e;) for all
1=1,...,m—1, and

3. the hypergraph polynomial

Py, .. 2,) = H (Zaei,j -75).

i€lm—1] Jj€ei

By the induction hypothesis, there exist permutations of the edges o, € S¢,, T¢, € Se,,
ooy Ocp_y €8e,,_, such that the coefficient of the monomial Z,(c,) * Tpey) * - - * Tr(e,,_y) I
the polynomial p;el is nonzero.

Oeg--Oepm 1
Now consider the following polynomial for the hypergraph H with the choice of o,
the identity:

— /
Do, .o, oo (1 oy Tn) = < Z e, j - :vj) Doeyoe, (@150, Tn)

JjEem
== Z aem,j . 17]' . p;el---Uem,l (1'1, Ce ,[L’n).
JEem
Let b; be the coefficient of @)+~ @r(e,) /Tj N Py, 4, i J € ey Nr(E) and by = 0
otherwise. The above decomposition of the polynomial Poe, ..o, shows that the coef-

_1%em
ficient ¢ of the monomial x,(c,) -+ - Tp(e,,) in Poe,.oe, is also decomposed analogously:

1%em
c= § : a€m7j ’ b]
Jj€em

If ¢ # 0, taking 0. = id € S,, completes the proof. So we can assume that ¢ = 0. If
there are two vertices k,[ € e,, such that

Qep ko 7 Qe,y and by # by, (7)

then, by choosing 0., = (kl) € S,,, as the transposition of k and [ instead of the identity,
the coefficient of @) - - Ty(e,,) in Poe,..oep, 18

/ _
= emoenti) by
Jj€em
which is different from zero, because

, — , — — . . + — ) .
¢ =¢C—Cc= § :aemagem(]) b § :aem,y b

j€em Jj€em
= Qe k01 eyt - O — Qe o bk — e,y 1 by

= (e, k — Ge,,1) (b — by) # 0.
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Here the last inequality uses only the facts that both factors are nonzero and that a field
has no zero divisors.

We shall find the desired k, [ satisfying (7) in the set {j, 7', 7(em),n} C e, where j, j’
are witnesses that p is fully unbalanced for the bracket resulting from the edge e,,, that
is, ae,, j 7 Qe,, . We use the following simple claim.

Claim 14. Let {a,b,c,d} be a multiset and f,g : {a,b,c,d} — F. Assume that f(a) #
f(b) and g(c) # g(d). Then there is a pair x,y € {a,b,c,d} such that f(x) # f(y) and

9(x) # g(y).

Proof of Claim 14. By contradiction. Suppose that f(z) # f(y) implies g(x) = g(y) (or
equivalently g(z) # g(y) implies f(z) = f(y)). By the assumptions, we have a # b and
¢ # d. Color the edge zy of the complete graph K, with the vertices labeled with the
members of {a,b,c,d} red if f(x) # f(y) and g(z) = ¢(y) and blue if g(x) # g(y) and
f(z) = f(y). By the assumptions, ab is a red edge and cd is a blue edge. At least one of
the edges ad or bd must be red by the definition of the coloring. Assume without loss of
generality that ad is red. Then g(a) = g(b) = g(d) and the edges ca and cb are blue. But
then f(a) = f(c) = f(b), contradicting the hypothesis. O

We apply the above Claim to {a,b,c,d} = {j,7’,7(em),n} and the functions f(z) =
Ge,nw and g(z) = b,. We observe that g(r(en)) = by, is the coeflicient of z,,) ... -
Ty(e,,_,) i the polynomial p;el--.aem,l which, by the inductive hypothesis, is nonzero. On
the other hand, since r(ey),...,r(e,) < n by the assumption of the Lemma, the variable
x,, does not appear in Z,(c,) - - - Tr(e,,) and therefore b, = 0. Thus we have g(r(e,)) # g(n),
while f(7) # f(j') by the choice of j and j'. By the claim, there are k,1 € {j,j',r(em),n}
satisfying (7). By the argument preceding the Claim, this completes the proof. m

We can now proceed to the proof of the main theorem.

Proof of Theorem 1. Consider a hypergraph H = ([n], E) with the set of edges E =
{e1,...,em}, where |e;| > 2 for each i = 1,...,m. It follows from Lemma 10 that
there exists a multigraph G = (V, F') of density ed(G) < [ed(H)] with the set of edges
F ={f1,..., fm} such that f; Ce; for each i = 1,2,...,m. In turn, from Lemma 8 we
get the following bound on the degeneracy of the multigraph G:

5(G) < 2-ed(G) < 2 [ed(H)].

Degeneracy defined in (3), where the “left-going” edges are counted, can be represented
equivalently by counting the “right-going” edges in the following way:

0(G) = min max|{j € [m] : 0(i) € f; C o([n] \ [i = 1))}

o€Sn i€[n]

We can assume, without loss of generality, that the permutation realizing the minimum
is the identity.
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Then,

2-[ed(H)| =2 6(G) = maXI{JG[ Jrie f; Cnf\ i =1}

i€[n]

= max|{j & [m] : min(f;) = i}, (8)

Let us define the representative system r : £ — V for a hypergraph H in such a way

that r(e]) := min(f;) for each j = 1,...,m. This is well defined because f; C e; for each
j=1,...,m. As a consequence, we get

r(e;) = min(f;) < max(f;) < max(e;).

This allows us to use Lemma 13 for the hypergraph H, the system of representatives r, and
the polynomial p of H. Then, we get that there exist permutations of the edges ., € S,,,
Tey €Seys -+ 5 Oepy €Se,, such that the coefficient of the monomial x,(c,) - Tpe) - - - - Tp(en)
in the polynomial p,, o,,..o., 1S nonzero. Finally, let us note that by inequality (8) we
obtain that the highest power in the monomial x, () - Tr(ey) - - - - * Tp(e,,) 15 bounded from
above by

rzré?XIT ()|:H€1?>]<|{J€[ m] : r(e;) = i}|

= max|{j & [m] : min(f;) = i}| < 2-[ed(H)],
which completes the proof. O

Another argument can also be presented instead of Lemma 13. It gives a proof of
Theorem 1 that is somewhat shorter but less constructive.

Let H = (V, E) be a hypergraph, where E = {ej,es,...,e,} and |e;| > 2 for each
1=1,2,...,m. For a hypergraph polynomial

p(r1,...,x,) = H (Zaewxv) € Flxy, ..., x,)

ze[m] vee;
consider the following two families of polynomials in Flzy, ..., z,]:

e P(p) will be the family of all permuted polynomials

p051052...aem (:Ela o, X H E a'el,ae 6 IE‘[33'17 cee 7xn]>

i€[m] vEe;
ranging over all possible choices of permutations o., € S¢,, 0c, € Se,, - .., Oc,, € Se,.;

o Q will be the family of all multigraph polynomials

Afi foofn (T15 oy Tp) = H (2o, — Tw;) € Flan, ..., zy),

1€[m]
ranging over all possible choices of two-element subsets f; = {v;, w;} C e;.
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Note that the family P(p) depends on the polynomial p, while Q only depends on H.

Lemma 15. For every hypergraph H = (V, E) and fully unbalanced hypergraph polynomial
p of H
min{AT(p") : p' € P(p)} < min{AT(¢) : ¢ € Q}.

Proof. Assume to the contrary that min{AT(q) : ¢ € Q} = k and min{AT(p) : p' €
P(p)} > k, i.e. there exists a polynomial ¢ € Q containing a monomial ¢-z{" - - - & with
¢ # 0. and all the exponents satisfying «; < k, but no monomial of that type appears in
any element of P(p).

That is, however, not possible because of the following

Claim 16. Q C span(P(p)), ie. every element of Q is a linear combination of polynomials

from P(p).

Proof of Claim 16. Firstly, notice that the statement of the claim is true if the hypergraph
has only one edge e, i.e., every polynomial of the form z, — x,, where u,w € e is a linear
combination of polynomials of the form Zvee Qe o(v) Ty Indeed, if aey # Geq, then setting
o to be the transposition of the vertices u and w, we see that

ZUEC aeﬂ,l'v B Zvee a’evU(U)xU

ae,u - ae,w

Loy — Ty =

On the other hand, if a., = ac. = a, then by the fact that the polynomial is fully
unbalanced, we can find a vertex v € e for which a., # a. As a result, the previous
argument can be applied to the pairs u, v and v, w, and the polynomial

Ly — Ty = (*ru - mv) + (xv - xw)
is a linear combination of polynomials from P(p) as the sum of two such combinations. [

Finally, observe that if every polynomial from @Q is a linear combination of polyno-
mials from P(p) in the single edge case, then the same is true when we multiply those
polynomials corresponding to all edges of the hypergraph. O]

Theorem 1 follows now directly from Lemmas 10 and 15. Indeed, given a hypergraph
H = (V, F) with density not exceeding an integer k, we construct by Lemma 10 a multi-
graph G with density not exceeding k, whose polynomial ¢ satisfies AT(q) < 2k + 1 by
Theorem 9. Invoking Lemma 15 gives now the conclusion of Theorem 1.

4 Applications

As in the case of graphs, the Alon—Tarsi number of hypergraph polynomials can be used
to obtain an upper bound on the list chromatic number and the online chromatic number
of hypergraphs. Even though the bound provided by Theorem 1 can be simply obtained
from Corollary 12, we next discuss a direct derivation from the Alon—Tarsi number of
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a hypergraph polynomial. Let H = ([n], E) be a hypergraph where the set of edges
contains no singletons. For every edge e = {iy,... it} € F and some linear ordering of
the elements in F, consider the linear form

Le(xy,...,xn) =4 + - +xy_, — (k—1)x,.

Consider the hypergraph polynomial in C[zy, ..., z,):
pu(T1,.. ., x,) = H Le(xy, ..., xy).

This is a fully unbalanced hypergraph polynomial. Up to some reordering of the vertices
in each edge of H, Theorem 1 ensures that

AT (py) < 2[ed(H)] + 1.

Let s > 2 be a positive integer and denote by U; C C the multiplicative group of the s-th
roots of unity. We observe that, for (ai,...,a,) € U?,

pu(al,...,a,) =0
if and only if there exists an edge
e={i,...,ixy} € E

such that
Qi = ... = Qg -

Indeed, for every subset {i1, ...,ix} C [n] the norm |a;, +- - -+a;,_,| < k—1, with equality
if and only if a;, = --- = a;,_,, in which case, if e = {41,...,4;} is an edge of H, then
L.(ay,...a,) =01if and only if a;; = --- = a;,_, = a;,.

Let k = AT (py). By the Combinatorial Nullstellensatz, by choosing s = k, there is a
choice of (ay, . ..,a,) € U} such that py(ay,...,a,) # 0. It follows that the coloring x (i) =
a;,i = 1,...,n produces no monochromatic edges and y(H) < k. Similarly, if A,... A,
is a set of lists, each with cardinality at least k, then by choosing s = |A; U--- U A,| the
same argument shows that the list chromatic number x(H) of H is at most k.

The bound on both numbers can be tight. For instance, the Fano plane has edge
density one and chromatic number 3, while the Alon—Tarsi number of the hypergraph
polynomial defined above is upper bounded by 3. In particular, the list chromatic number
of the Fano plane is also three.

A bound for the paintability number of a hypergraph can be obtained from the Alon—
Tarsi number as well. In the case of graphs, the respective relation was proved for the
first time by Schauz [23], whose proof was presented in a simplified form by Zhu and
Balakrishnan [32, Section 3.9]. Recently, a different approach was used by Grytczuk,
Jendrol, Zajac in [11]. To describe analogous connections for hypergraphs, we shall now
describe in some detail the concept of hypergraph paintability. The exposition below
follows very closely that of [11], with the necessary adjustments.
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Definition 17. Let H = (V, E) be a hypergraph and let f : V' — NU{0}. We call H
f-paintable if the following conditions hold:

L4 vaVf(”) > Oa

e for every nonempty X C V there exists an independent subset X’ C X (i.e. such
that e X’ for every hyperedge e € F) for which the hypergraph H — X' is f'-
paintable, where the function f':V \ X’ — NU {0} is defined by f'(v) = f(v) — 1
ifveXand f'(v) = f(v)ifv & X.

Note that the above definition is formally correct because it always refers to a simpler
instance of itself, namely either H — X’ has fewer vertices than H or ) ., f'(v) <
Y vev f(v) (when X' = 0). The base case of paintability is V' = (), while the base case of
non-paintability is 3,cy f(v) = 0.

The definition describes formally one round of Schauz’s game [24] — in each round
one player (Lister) reveals a new color in the lists of the vertices belonging to X, and
the other (Painter) chooses the subset X’ C X of the vertices that will retain this color
permanently, under the condition that no edge can be monochromatic. Painter wins if
the set of uncolored vertices eventually becomes empty, and loses if at some moment an
uncolored vertex v has f(v) = 0, meaning that no new color will ever be available for v.

Let us also call a hypergraph polynomial of H = (V, E) (we denote n = |V])

p(T1, .. Ty) = H (Zaeyixi) € Flzy, ..., 2,
ecE ice
a coloring polynomial if and only if
veGE Z Qej = 0.
i€e

The notion comes from the fact that the polynomial defined above takes the value 0 if
any edge is monochromatic. Indeed, if it is colored ¢, then the corresponding expression
in brackets takes the value Zi@ c-ae;=0.

Grytczuk, Jendrol and Zajac proved the version of the following theorem for graphs
in [11|. Schauz proved its generalization for hypergraphs in [25]. The presented proof is a
simple generalization of the version in [11], but we allow it to be presented for completeness
and because it is an alternative argument to the one in [25].

Theorem 18. If a coloring polynomial of the hypergraph H = (V, E)

p(ry,. .., xn) = H (Zawxi) € Flxy,...,z,),

ecE ice

where F is an arbitrary field, contains a nonzero monomial of multidegree (o, ..., ay),
then H is f-paintable for f(x;) = o; + 1.

The theorem is a direct inductive consequence of the following.
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Lemma 19. Let X = {x1,...,2x} CV and let VA\X = {y1,...,yi}, where k > 1,1 > 0. If
pg contains a nonzero monomial of multidegree (o, ..., ax, B1,..., B1), then there exists
an independent subset X' C X, (to simplify the notation we may renumber the elements
of X and assume that X' = {x1,...,2;},7 = 0), for which py_x/ contains a non-zero
monomial of multidegree at most (o1 —1,...,ap — 1, B1,..., ).

Proof. First, let us define projection operators of the following two types acting on the
vector space Flxy, ..., x5, y1, ..., Yl

e II3%, whose image is spanned by the polynomials M satisfying deg, (M) < «;, and
kernel by those IV for which deg, (V) > a;
e I1%, whose image is spanned by the polynomials M satisfying degyi(M ) = B;, and

Yi?

kernel by those N for which deg, (N) # 3;.

Let us now consider the following composition:
T=(-T;")o...o(l-I;*)oll) o.. oIl

We easily see that in T'(p) only the monomials M satisfying deg, (M) > a; and
deg, (M) = f; for all ¢ will remain unannihilated. But as p is homogeneous, there is
only one such monomial, namely the one of multidegree (a4, ..., ax, 51,..., ), which
does not vanish by the assumption. Consequently, substituting all values x; and y; equal
to 1 will yield a non-zero constant:

(I -5 o...o(l =TI3*) oIl o ..o I (p)(1,...,1) € F\ {0}.

On the other hand, the above expression is, by linearity, a combination of 2% expres-
sions of the form

H;C:il 0...0 H;?it o Hgll 0...0 Hgll(p)(l, o),

corresponding to all 2% subsets {iy,...,i;} of {1,... k}.
At least one of them has therefore to be nonzero, hence, up to renumbering, at least
one of

;% o, oII3™ oIl o... o Il (p)

Tj4+1

has to be a nonzero polynomial. It follows that p has a non-vanishing monomial of

degrees at most (aj+1 —1,..., 4 — 1) in the variables (2,41, ..., 2x), exactly (B1,..., )
in (y1,...,y), and arbitrary in (z1,...,z;).

Let us now see that X’ = {x1,...,z;} satisfies the conditions of the lemma:

e py_x has a monomial of degree at most (aj11 —1,...,ap — 1, 61,...,3): indeed,

py can be factorized as py = py—_x/qu, where g is the product of all linear factors
of p corresponding to the hyperedges in E that have at least one vertex in X’;
as p has a monomial of degrees at most (aj11 —1,...,04 — 1,51,...,06) in the
variables (zj41,..., %k, Y1, .., Y1), the same is true for py_x+ by the very definition
of polynomial multiplication.
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e the set X’ is independent: indeed, if there is a hyperedge e C X', then p contains
the factor ). _a.,;x; which by the assumption ), _a.; = 0 implies

ice i€e €

p(1717' O 17$j+17' oy Tk Y1y - - 7yl)
is identically equal to 0 as a polynomial of n — j variables, contradicting

3% o, ollz™ oIl o... o IIM(p)(1,...,1) € F\ {0},

Tj+1

because the operator of evaluation at x; = 1 commutes with both H;.aj for 7 #£ 14
and TI,". O

As mentioned in the Introduction, as it was communicated to us by Grytczuk [10], the
extension of Theorem 1 to every hypergraph polynomial stated in Conjecture 4 provides
a simple proof of the 1-2-3 Conjecture of Karonski, f.uczak and Thomason. The 1-2-3
Conjecture, now a theorem proved by Keusch [16], states that every connected graph
G = (V, E) different from K, admits an assignment of weights in {1,2,3} to the edges
such that no two neighbors receive the same sum of incident edge weights. In other words,
giving to every vertex the sum of edge weights of its incident edges results in a proper
coloring of the graph.

In order to prove the 1-2-3 Conjecture from Conjecture 4, given a connected graph
G = (V, E) having at least 3 vertices we may consider the hypergraph H(G) = (V', E’)
where V! = FE = {ey,...,en} and, for each edge e = uwv € E, there is a (hyper)edge
fe € E’ consisting of all edges incident to u and to v except e (i.e., containing precisely
all the edges from the open neighborhood of e in the line graph L(G)).

We then consider the hypergraph polynomial

PH(G) (.’L‘el, - ,acem) = H Z Te;, — Z Te;

weE \ e;E€feruce; e;E feiv€e;

Thus, pr(e) is nonzero at (ay, ..., an) if and only if the assignment of weights w(e;) = a;
satisfies the requirement that no two neighbors receive the same sum of incident edge
weights. We next show that H(G) has edge density at most one for every connected
graph G except trees of a special kind, which will be considered separately.

We shall use the standard notation N(v) = {w € V : vw € E} for the open neighbor-
hood of a vertex v € V' and denote further N(X) = J,.x N(v).

veX

Proposition 20. Let H = (V, E) be a graph without vertices of degree 0 or 1. If there
ezists a subset X C V' for which |[N(X)| < |X|, then H contains an induced claw, i.e. the
graph K 3.

Proof. Let Y = X \ N(X),Z = N(X) \ X. We easily see that

|1Z] = IN(X)| = [N(X) n X[ < [X] = [N(X)n X| = [Y].
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Moreover, for every edge vw € E we have
veYe weXANvgNX)=>(weNX)ANwgX)sweZ 9)

Consequently, the set F' = {yz € E:y € Y Az € Z} has at least 2|Y| elements, because
by the assumption every y € Y has at least two neighbors in V(H) and by (9) they all
belong to Z.

On the other hand, the inequality |F| > 2|Y| > 2|Z] implies by the pigeonhole princi-
ple that there exists a vertex z € Z adjacent to at least three distinct vertices y;, y2,y3 € Y.
Thus, an induced claw is formed, because again by (9) no two of the vertices y1, y2, y3 can
be adjacent since Y N Z = (). O

The following comes immediately.

Corollary 21. If G is a graph whose line graph does not have vertices of degree 0 or 1,
then there exists a bijection f : E(G) — E(G) with the property that for every e € E(Q)
the edges e and f(e) have exactly one vertex in common, i.e. the corresponding vertices
in L(G) are adjacent.

Proof. We apply Proposition 20 to the graph H = L(G). As no line graph can contain
an induced claw, we deduce that for all subsets X C V(H) the inequality |Ng(X)| > | X|
holds. The statement now follows from Hall’s theorem. O

Let us also analyze what happens when the graph L(G) contains vertices of degree 0
or 1. Assuming that G is connected, the former is only possible when G ~ K, and this
graph is explicitly excluded from the statement of the 1-2-3 Conjecture.

On the other hand deg, ¢ (uv) = 1 & degg(u) + degg(v) = 3, meaning that one of
the degrees (without loss of generality deg(u)) equals 1, the only neighbor of u is v, and
v has one neighbor other than u. Let us introduce the name 2-pendant to describe the
structure consisting of a vertex of degree 1, named u, a vertex of degree 2, named v, the
edge uv, and one more edge attaching v to some vertex w € V(G) \ {u,v}.

Note that a graph G with a 2-pendant on vertices v and v has a bijection described in
Corollary 21 if and only if the graph G — u — v obtained by removing the 2-pendant has
such a bijection. The reason is that in the required bijection of E(G), the edges uv and
vw have to be mapped onto each other as uv has in L(G) no neighbor other than vw.

We may therefore conclude that Corollary 21 is also true for many graphs with 2-
pendants, namely the graphs in which the iterative procedure of removing one 2-pendant
after another until no 2-pendants exist ends in a graph different from K,. This is in
particular always the case when G is connected and not a tree, because removing 2-
pendants does not destroy any cycles existing in G.

Note also that a graph G has a perfect matching if and only if the graph G —u — v
resulting from removing the 2-pendant on vertices u and v has a perfect matching M and
the perfect matching in G is precisely M U {uv}. Thus, finally, one can observe that the
above results cannot be applied only to the trees with perfect matching. This allows us
to formulate the following.
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Corollary 22. For every connected graph G = (V, E), not being a tree with a perfect
matching the hypergraph H(G) = (V' E') has edge density ed(H(G)) < 1.

Proof. Let f: E — E be a bijection guaranteed by the Corollary 21. There is a bijection
g : E — E’' defined in a natural way with g(e) = f.. Consider their composition h = go f.
It is also a bijection such that h : E — E’ and for every e € E, e € h(e).

Now, consider any subset of the vertices of H(G), say X C V' = E. The bijection h
matches every hyperedge in E'(X) with a distinct vertex e € X, thus h™}(E'(X)) C X
and consequently |E'(X)| = |h~'(E’(X))| < | X|, which completes the proof. O

Given a graph G = (V, E) # K, let us define the following polynomial, where the
variables are assigned to the edges:

pg(.%el,...,iem): H eri_zxej

uvelR e;du e;jov

It is straightforward to see, that when putting some labels a.,, ac,, . .., a.,, on the edges,
the obtained vertex coloring induced by the sums of labels on the edges incident to the
vertices is proper if and only if pg(ae,, de,, - - -, ae, ) # 0. The above considerations imply
that if Conjecture 4 holds true, then AT (pg) < 3 for every graph G not being a tree with
a perfect matching. Actually, it would be enough to prove Conjecture 4 for hypergraph
polynomials with coefficients 1. On the other hand, Bartnicki, Grytczuk, and Niwczyk
[7, Corollary 3| proved in particular that AT (pr) < 3 for every tree T' # K. Thus Conjec-
ture 4 implies Conjecture 3 from [7] stating that AT (pg) < 3 for every connected graph
G # K;. According to our previous considerations, it further implies the choosability
version of the 1-2-3 Conjecture for every graph G # K, (even its paintability version if, in
addition, Conjecture 25, stated at the end of this section, holds true) and, in consequence,
the 1-2-3 Conjecture itself. As already mentioned, the latter one was recently proved by
Keusch [16]. On the other hand, to our knowledge, the best bound for the list version of
the 1-2-3 Conjecture is five colors, as proved by Zhu [31].

An interesting generalization of the 1-2-3 conjecture worth mentioning is the paintable
version, with the following definition.

Definition 23. Let G = (V, E) be a graph, let w : Ey — F be a function from the subset
of edges Ey C E to the set of elements of some field F and let A C F be its arbitrary
subset. Moreover, let f : E'\ Ey — NU{0}. We say that the ordered pair (G,w) is
(f, A)-unbalanceable if the following conditions hold:

o AAD,
e f(e) >0 for every e € E \ Ej,

o if Fy = F (i.e. w: E — ), then the weighting w satisfies the condition stated
in the 1-2-3 Conjecture, that is, for any two adjacent vertices v,v’ € V we have

Zeav w(e) 7& Ze’av’ w(el)a
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o if £y C F, then for every nonempty X C E'\ Fy and any member a € A there exists
a subset X’ C X for which the pair (G, w’) is (f’, A\ {a})-unbalanceable, where

o w': EyUX" — Fis defined by w'(e) = w(e) if e € Ey and w'(e) = a if e € X',
of'tE \ (EoUX') — NU{0} is defined by f'(e) = f(e) —1if e € X and
1) = f(e) ite & X.

Note that the given definition is correct in the sense that it refers to a simpler instance
of itself, because either X" £ 0 or > _f'(e) < >, f(e).

Definition 24. We say that graph G = (V. E) is f-unbalanceable if (G,0) is (f, A)-
unbalanceable for arbitrarily chosen infinite set A C F, where () denotes the empty func-
tion, i.e., the function with empty domain.

Using the above definitions, one can propose the following intriguing twin of Theorem
18 (let us call it playable 1-2-3 Conjecture).

Conjecture 25. Let G = (V,E) be a graph without isolated edges. Then G is f-
unbalanceable where f: E — N U {0} is defined by f(e) = 3 for every e € E.

Grytezuk [10] pointed out that Conjecture 4 implies also two other famous conjectures.
The first of them is Kahn’s Permanent Conjecture [9, 20, 29]. Recall that the permanent
rank perrank(A) of an x n matrix A is the size of the largest square submatrix of A with
nonzero permanent [29], and AA denotes the n X 2n matrix consisting of two copies of A.
The Kahn’s Conjecture reads as follows.

Conjecture 26. For any n x n nonsingular matrix A over any field, perrank(AA) = n.

Let us show that it follows indeed from Conjecture 4. Consider an arbitrary nonsin-
gular matrix A of size n x n. We associate each row e of A with an edge and each column
© of A with a vertex of a hypergraph H, where i € e & a.; # 0, where a.; is the entry of
A corresponding with edge e and vertex i. Let the hypergraph polynomial of H be

pa(T1,. .. x,) = H(Z Qe iT;).

ecH i€e

We claim that ed(H) < 1. Indeed, if there were a subset of V (H) of size k inducing at least
k+1 edges (note that k < n), they would correspond with a k x (k+1) submatrix of A with
the rows being obviously linearly dependent. Since the remaining entries of these rows in
A would be all 0’s, this would imply the existence of k + 1 < n linearly dependent rows
of A, and contradict its non-singularity. Since ed(H) < 1 and Conjecture 4 is assumed
to be true, we obtain that AT (py) < 3. This means, in turn, that in the expansion of
pg there is a non-vanishing monomial M, = c,x{" - - - 28" with max{ay,...,a,} < 2. It
is a well-known fact [5] that ¢, [[;_,(a;!) = per(A’), where A" is any matrix consisting
of selected columns of A, where each column i is taken exactly «; times. This means in
particular that ¢, # 0 if and only if there exists a submatrix of AA of size n x n having
nonzero permanent, i.e., if and only if perrank(AA) = n.
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It is also known (see e.g. [29]) that Conjecture 26, in turn, implies the Alon—Jaeger—
Tarsi Conjecture [5, 29|, which has been recently solved for sufficiently large primes by
Nagy and Pach [20].

Conjecture 27 (Alon-Jaeger-Tarsi Conjecture). For any field F' with |F| > 4 and any
nonsingular matrix A over F', there is a vector x such that both z and Az have only
nonzero entries.

5 Remarks and open problems

Recall that in our opinion, the most valuable achievement would be to prove the following
hypothesis, implying in particular an immediate proof of the list version of the 1-2-3
Conjecture.

Conjecture 4. For every hypergraph polynomial p of a hypergraph H = (V, E),
AT(p) < 2-Jed(H)] + 1.
Even the following weaker version of Conjecture 4 would be a significant contribution.

Conjecture 28. For every hypergraph H = (V, E) and fully unbalanced hypergraph
polynomial p of H we have
AT(p) < 2-[ed(H)] + 1.

Another significant result would be to prove the playable 1-2-3 Conjecture.

Conjecture 25. Let G = (V,E) be a graph without isolated edges. Then G is f-
unbalanceable where f: E — N U {0} is defined by f(e) = 3 for every e € E.

Since, to our knowledge, there is no constant bound known for the online version of
the 1-2-3 Conjecture problem, even the following relaxation seems interesting.

Conjecture 29. Let G = (V, E) be a graph without isolated edges. Then there exists a
constant ¢ € NU {0} such that G is f-unbalanceable where f : E'— N U {0} is defined
by f(e) = c for every e € E.
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