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Abstract

The Morris constant term identity is important due to its equivalence with the
well-known Selberg integral. We find a variation of the Morris constant term, de-
noted hy,(t), in the study of the Ehrhart polynomial H,(t) of the n-th Birkhoff
polytope, which consists of all doubly stochastic matrices of order n. The constant
term hy,(t) corresponds to a particular constant term in the study of H,(t). We give
a characterization of h,(t) as a polynomial of degree (n — 1)? with additional nice
properties involving the Morris constant term. We also construct a recursion for
hy(t) using a technique that is similar to the one used by Baldoni-Silva and Vergne,
and by Xin in their proofs of the Morris constant term identity. Using this method,
we obtain explicit formulas of h,,(t) for 3 < n < 29 without difficulty.

Mathematics Subject Classifications: 05A19, 03D80, 05-08, 05E05

1 Introduction

We are interested in the following form of the Morris constant term identity, which was
first proved by Baldoni-Silva and Vergne using total residue in [4], and then given a
simplified proof in [26].

Theorem 1 ([4, 26]). If ki, ko, ks € N and ky + ko > 2, then

H (ki + ke —1+ (n+j—1)%)
1+ (G+1DE)0(k + j52)D (ke + j%)

cT M(TL, kl, k‘g, k’g

where CT f denotes the constant term of the Laurent series f with respect to the variables
T = (mi To,...,Zy), and

1
|- xfrl [[im (1 — zy) H1<z’<j<n($i — )k .

In particular, we agree that M(0; ky, ko, k3) = 1.

M(n, k‘l,kg,kg) = (1)
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Here and what follows, rational functions in @ are explained as their Laurent series
expansions according to 1 > x1 > x5 > --- > x,, > 0, unless specified otherwise.

Morris’s original constant term identity (stated in his PhD thesis [17]) refers to the
negative even ks case. It is equivalent to the well-known Selberg integral [19]. See [10]
for a nice overview of the importance of the Selberg integral. Indeed, Morris stated a
g-constant term identity, not just the ¢ = 1 case. Zeilberger [29] first considered the case
(k1, ko, k3) = (1,2,1) of Theorem 1, and proved that the volume of the Chan—Robbins—
Yuen polytope may be expressed as a product of Catalan numbers. Theorem 1 was further
studied in [16].

In this paper, we mainly study a variation of the Morris constant term defined in (2).
This constant term arises as a particular case of the Ehrhart polynomial H,(t) of the n-th
Birkhoff polytope B,.

For a positive integer n, B,, is usually described as the set of all n x n doubly stochastic
matrices, where a matrix B € R™*"™ is said to be doubly stochastic if all elements of B are
nonnegative and the sum of each row and each column is equal to 1. The H,(t) counts the
number of the nonnegative integral matrices such that every row sum and every column
sum equal to the nonnegative integer t. This has been studied by many researchers; see,
e.g., the papers [1, 4, 5, 6, 7, 8, 18, 28| for details. It was conjectured by Anand, Dumir
and Gupta [2| and proved by Ehrhart [9] and Stanley [20] that H, () is a polynomial in
t of degree (n — 1)? for any fixed positive integer n. The following theorem holds.

Theorem 2 ([20, 21]). For any positive integer n, we have

(n—1)(n—2)

1 i
2t (1 — y)(n-1*+1 > '

t=0 =0

where the a;’s are nonnegative integers satisfying ap = 1 and a; = a(n—1y(n—2)—i for all .

It is the first conjecture stated in [22] that the sequence (ag,ar, ... s Q(n—1)(n—2)) 18
unimodal, i.e., ap < a1 < -+ < A|n-1)(n—2)/2)- Athanasiadis [3] proved this conjecture
using McMullen’s g-theorem [15].

The formulas Hy(t) = 1 and Hs(t) = t + 1 are trivial. The first nontrivial case was
computed by MacMahon [14] as Hj(t) = 3("3?) + ("1?). The record is held by Beck and
Pixton [5], who obtained an explicit expression for Hgy(t) and the leading coefficient of
Hio(t) (corresponding to the volume of Bjy) using residue computation. For a positive
integer n, H,(t) can be written as [5, 28]

Hot) =Y (:1) CTH™,

m

where m := (my, mo, ..., m,) ranges over all weak compositions of n of length n (that is,
the m;’s are nonnegative integers such that Y " , m; = n), and

ﬁ x(mi—l)t
Hm = — K3
pai Hj:l,j;éi(l —xj/x;)™
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Among all these m, the case m = (2,1"72,0) is the hardest to evaluate. We observe that
CT H@"%0) is similar to the Morris constant term. To be precise,

21720 _ ("3 (zn/21)7" H?;zl(xi/xl)zi_n H?;ll(l — T,/ 7;)
& = [Tl —ai/a1)? H2<z’<j<n(1 —xjfwi)?

Since H21" %0 is homogeneous, we may set z; = 1 when computing CT H@1" %0 That
T
is, we can write

n—1
2

ha(t) == (~1) (") CTHEY 0 = CTH,,, (2)

where - .
- (1—a,) Hz':z zy i=2 (z; — 1) ‘
at, H?:z(l — ;)3 H2<i<j<n(xi — ;)

Now we present our main result, which will be proved in Section 3.

(3)

Theorem 3. Let h,(t) and M (n; ki, ko, k3) be as in (2) and (1), respectively. For any
n = 2, we have

(1) h,(t) is a polynomial in t of degree (n—1)? with leading coefficient ﬁ CwT M(n—
1;1,1,2).

(2) hn(t) = (=1)"""hn (=t —n).

(3) Let N = L@J . Then h,(t) = P,(t) Hi]iilenH(t—i), where P,(t) is a polynomial
int of degree (n —1)(n —2) — 2N.

(4) Let N be as in part (3). Then

hor(r(r — 1)) = (CT M(r — 1;3,1,2))%,  if n = 2r;

T st 1 = (e - 202" in=ae

It is trivial that hy(t) = ¢+ 1. In what follows, we always assume n > 3.

According to Theorem 3, for a fixed n, we can construct the polynomial h,,(t) by the
method of undetermined coefficients. By part (1) we need the values of h,(t) at (n — 1)?
distinct ¢’s; Part (2) cuts this number by half; Part (3) gives some roots of hy,(t); Part (4)
gives h,(N). This leaves us to compute hy(t) at (",') — N — 1 different ¢ > N. Direct
computation of these h,,(t) is already hard when n > 8. Instead, we will derive a recursion
for h,(t) with respect to ¢ in Section 4. The recursion is derived using a technique similar
to that in the proof of the Morris constant term identity.

In particular, we obtain hyo(t) = Pro(t) [[12_oe(t — i), where Pig(t) is a polynomial of
degree 32 with leading coefficient 321375112314406569619200000/81! that is too compli-
cated to fully state here. The explicit formulas for h,(t) for 3 < n < 29 are available at

[27]. Data shows that P,(t) is divisible by #(¢ +n) when n > 4.
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The rest of this paper is structured as follows. In Section 2, we introduce two versions
of Jacobi’s change of variables formula, and a constant term concept in [28]. These will
be the main tools in our proof of Theorem 3. In Section 3, we complete the proof of
Theorem 3 by dividing it into some lemmas. In Section 4, we introduce a new set of
constant terms D, (¢,t, ki, ke, k3) involving elementary symmetric functions. Then we
obtain a relation among them and use these relations to derive a recursion for h,(t). By
combining with Theorem 3, we can compute the explicit formula for h,(t) for any n. We
provide Examples 25 and 27 to explain our method. We also give a conjectured nice
formula for a tri-diagonal determinant (See Conjecture 28). Section 5 gives a conjecture
about the generating function of h,(t).

2 Jacobi’s change of variables formula and a constant term con-
cept

In this section, we introduce Jacobi’s change of variables formulas and some basic constant
term operations. These will be used in our proof.

We use both constant term and residue, though they are equivalent in some sense. In
series level, they are defined by

CmT E amx™ = ag, Rfs E Amx™ = a_q,

meZ mEZ

so that CT xf(x) = Res f(x). However formal Laurent series does not form a ring. For

instance ) 2™ > 2™ is not well-defined.

We work instead in the field of iterated Laurent series K ((z1))---((z,)) (see [25]),
where a total ordering on the variables determines the unique series expansion of a rational
function. In this framework, “convergence” is understood in the formal sense that every
coefficient in the expansion is a finite sum, guaranteed by the well-orderedness of the
support (the fundamental structure theorem). This is precisely the sense in which we
interpret constant term identities involving multiple variables; in particular, constant term
operators with respect to different variables commute, provided the order is specified.

Thus, when writing CET f(x), the total order must be clear from the context. In this

paper, we specify the order by 1 > 1 > x5 > --- > x,, > 0 for the primary variables,
which gives the expansion

> (ai/z)m, if i > j;

1 — m=0
m=0

Other orderings (e.g., involving auxiliary variables) will be specified when needed. All
multi-variable constant terms in the sequel are understood in the iterated Laurent series
field with the ordering indicated in each instance.
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We also need the residue notation at a particular point. A rational function f(z)
may be expanded as a Laurent series at * = zy. Denote the coefficient of (z — )’ by
[(z — x0)’]f(z), and the residue of f(z) at x = z¢ by

Res f(z) i= [(z = 20) '] (@)

We distinguish Res f(x) from Res f(x): they agree only when z; is treated as the smallest

1‘17

variable.

2.1 Jacobi’s change of variables formula

We need the following Jacobi’s change of variables formula in the one variable case.

Lemma 4 ([12]). Let ¢ be a complex number. Suppose the function g(y) is holomorphic in
a neighborhood of y = ¢ and suppose f(x) is meromorphic in a neighborhood of © = g(c).

If (81/9(9)) ‘y:c # 0, then
Res f< ) =Res f(g(4)) 09 (y).

z=g(c)
where 0y := 8%.
Lemma 5. Let F(xy,x,...,x,) be a rational function. Then we have
1 hn Y2 Yn
CT F(zy,x9,...,2,) = F(— ,— e, — ),
@ 5 H@ (=) l—y” 1—y 1 -y,

where the right hand side adopt the total ordering specified by 1 > y; > yo > --- >y, > 0.

Proof. The lemma follows by applying Lemma 4 with x; = —y—y successively for all 7:

1—

1
CwTF(I'l,ZL'Q,..., T,) = ResHllxlF(xl,xQ,...,xn)
[z 9y (= ﬁyi) N Y2 Yn
= Res - m F(— ,— e, — )
v ILa (=) L—y 1—y, 1y,
1 Y1 Yo Yn
= Res F(— ,— ey — )
v [T vl —w) L=y’ 1—y, 1 -y,
1 Y1 Yo Yn
N S U TR " 2 J S
y H’L 1( yi) L=y 1—yo L —yn

Let F(x) be a formal Laurent series. We define the action of a nonsingular integer
matrix W = (w;;)nxn on F(x) by

WF(.’L') :WOF(:B) :F(yhyﬂvayn)?

— pWei — W1
where y; = "% = 27" -

Notably, W = ",
For the multi-variable case, we need the next version of Jacobi’s change of variables
formula.

zpm, and e; is the standard i-th unit vector in C" for each .
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Lemma 6. Suppose W is a nonsingular integer matriz and F(x) is an iterated Laurent

series in x. Then we have
CT F(x) =CT(WF(x)),

whenever W F(x) converges in the same iterated Laurent series field.

Note that the convergence is not automatic: under the order 1 > x;, the change of
variables 2, — 2! sends D om0 P10 Do o™, which is not a Laurent series.

Proof of Lemma 6. By linearity, we can assume F(x) = *. Then WF(x) = £V*. Since
Wa = 0 if and only if a = 0, the lemma follows.

See [26] for a general version of this lemma, where the convergence issue is addressed
in full. In our applications, however, convergence is easy to verify. n

2.2 A constant term concept
For positive integers ¢, qo, . . ., qn, let

L(z)
[l (1= x/u)%’

where L(x) is a Laurent polynomial in x, and the u;’s do not depend on z. Assume the
PFD (short for partial fraction decomposition) of f(x) with respect to x is given by

(4)

fz) =

f@) Z 1—x/u (5)

where L;(z) is a Laurent polynomial in z, and A;(x) is a polynomial in x of degree less
than ¢; for each i. Define

CT f(z) := Ai(0). (6)

Then we have the following lemmas.
Lemma 7. Let f(x) be as in (4) with PFD as in (5). Then
CT f(z) = CT Ly(x) + > x(z/ui < 1) CT f(x). (7)
i=1 ‘

In particular, if f(x) is proper in x, i.e., the degree of the numerator in x is less than that
of the denominator, then Ly(x) only contains negative powers in x. Consequently,

CT f(x wa/uz<1 T f(x). (8)
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Proof. Equation (7) follows by the following observation:

A;(x) A(0), ifz/u; <1
cr S .
v (1 —x/u;)® 0, if x/u; > 1.

This follows since for x/u; > 1, the series expansion

(= ofu)n — Cafun(l—wfaye )/L<)%;<: I

only contains negative powers of z.
Equation (8) holds by CT L;(x) = 0 provided f(z) is proper. O

Lemma 8. Let f(z) be as in (4) with PFD as in (5). Then

CT f(z) = — Resa ™' f(z).

Proof. Suppose A;(z) = Z?;Bl a; o', where the a;;’s are not all zero. By the definition of
CT f(z) (See (6)), it is sufficient to show that

Res 27" f(x) = [(x —ug) o™ f(z) = —aip.

For any integer 7, we can expand z" at x = u; as follows:
- r r—k k .
r r r E: u; (v — )", if r>0;
Ykso (TR (DR @ — )k, ifr <0

It is clear that

Resz" =0,
and
" -1, ifr=-1;
Res oo = (—ug) (o —w)*Jar =
v=u; (1 — o /u;)% 0, fog<r<g—2

By linearity, we have

. . - $_1Aj x r A (x
Resa™! (o) = Res (7o) + 3 T TEES) R

T=U; T=U4
j=1j#i

qi—1 _
i 21

=0+ Z ;g alieusl m = —aip,
1=0

as desired. ]
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Via Lemma 8, the definition of CT is extended to general rational functions. In

particular, CT is well-defined in what fOZHOWS
Lemma 9. Let F(xy,29,...,2,) be a rational function. We have

I v
CT - CTCTF(xl,xQ,...,x) =" F(1 -y, 1 —y2..., 1 —1yp)
rn=1 ro=1xz1=1 y Hz 1( z)

with order 1 >y, > y,_1 > --- >y > 0 when expanding F as a Laurent series in y.

Proof. We successively make the change of variables z; = 1 —y; for i = 1,2,...,n to
obtain
CT ... CT CT F = Res - - - Res Res (xl’nx% 2n) (by Lemma 8)
rn=1 ro=1xz1=1 rn=1 xo=1x1=1 Hi:1<_$i)
F(l—y,1—yy....1—y,
= Res- - - ResRes (=, N Yoo o 1= ) (by Lemma 4)
Yn v2 i [T, (1 —w)

[T i
=CT=""—F(1—uy,1 —yo,..., 1 —yy).
v [Lo(—w)

The order is naturally 1 >y, > y,—1 > -+ >1y; > 0. O]

In [28, Lemma 2.1] the present authors together with Zhou and Zhong provided an
explicit formula for A4;(0). For convenience, we denote

L(z)
[T (L — /)

gi(x) = f(2)(1 = x/u)* = (9)

for each i € {1,2,...,n}.
Lemma 10 ([28]). Let f(z), A;j(x) and g;(x) be as in (4), (5) and (9), respectively. Then

CT f(z) = A;(0) = ﬂ@wM) ‘w:{

T=u; ¢ ((]Z — 1)' w w

In particular, if ¢; = 1, then

Lemma 11. For integers p1,pa, ..., pn, positive integers qo1,qoz2, - - -, qon, and nonnega-
tive integers ¢; ; (1 <i<j<n), let

H?:1 z}
[Tim (1 — ;)0 H1<i<j<n(xi — x;) %

be proper in x; for each 1 <i < n, i.e., p; < qo,;+ Z;;ll Qi+ D i1 G- Then

F=

CTF CT..-CT CT F.

rn=1 ro=1x1=1
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Proof. By Lemmas 7 and 10, we have
CTF=CTF
T r1=1
(_1)110,1—1

wpl_l

- - <aQO,1*1 ) ) i H?:Q l.zpl
(qog — LI\ H?:z(w — ;)i /) lw=1 H?=2<1 — x;) 0 H2<i<j<n($i - xj)qi’j

~ o it o s
= (—1)%02 1 ( Z mwm 1 H ﬁ(w — ) qm)
i =2

li=qo,1—1
;>0

[,z
H?:Z(l - xi)qo’i H2<i<j<n(‘r7: — ];].)Qi,]‘

- o=\ vr (—qi
xR e

> li=q0,1-1 =2
1;>0

w=1

where each

n Pi
Glhlz ,,,,, ln = Ty T H_ZSZ = —
[Tico (1 — ;) dotanith H2<i<j<n(37i — ;)%

is proper in z; for all 2 <7 < n. The lemma follows by repeating the above process. [J
Applying Lemma 11 to H,, (as defined in (3)) yields the following corollary.
Corollary 12. Let h,(t) and H, be as in (2) and (3), respectively. Then

ho(t) = CT --- CT CT H,.

Tn=1  w3=lay=1
We also need the following lemma, which is a consequence of Theorem 1.
Lemma 13. Let M(n;ky, ko, k3) be as in (1). If ko = 1, then
CwT M(n+1;ki,1,ks) = CmT M(n; ki, ks + 1, ks).
Proof. We give a constant term proof. We first compute
CxlTM(n%—l;kl,l,k:g) = CT M(n+ 1;k, 1, k3) (by (8))

r1=1
= M(n+ Lk, Lks) - (1—a)|, _, (by (10))

B 1

- +1_ ki—1 +1 :
[T o TLS (1 — ay)kst? H2§i<j<n+1(xi — x;)k

Relabelling the variables by x; = x;_; for all 2 < i < n + 1 yields

CTM(TL + 1;]{31, 1,]{73) = ]\4(717 ]{71,]63 + 1,k’3).

The lemma follows. ]
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Theorem 1 presents the following nontrivial symmetry.

Corollary 14. Let M(n;ky, k2, k3) be as in (1). Then

CT ]\4(77/7 kl, ]{32, k’3) = CT M(n, ]{52, ]{51, ]{53)

Proof. Clearly M(n; ki, ko, k3) is proper in z; for each i. Then

CTM(TL, khkg,k}g) = CIl Crfl CT M(n kl,kg,kg) (by Lemma 1].)
1
=CT (by Lemma 9)

y H?:1(1 —y;)k HZL 1%}62 ! H1gi<jgn<yj — y;)ks
== CT M(n, ]{?2, k’l, ]{33),
where the last equation holds by making the change of variables y; = z,,,1_; for all . [

The symmetry in Corollary 14 was considered by Morales and Shi [16]. They gave
two additional proofs using interpretations of CT M (n; ki, ko, k3) by the volume of a flow

polytope, and by the number of integer flows of a certain flow polytope.

3 The proof of Theorem 3

Our proof of Theorem 3 relies on two alternative constant term expressions for h,,(t).
The first one is obtained by making the change of variables x; = y1y2 - - - y; for all ¢ in
Lemma 6. We can write (2) as follows:

hn(t> - CyT ﬂn|w¢:y1y2~~yi

=CT _Hn 2 H _H (=hin=y H?;zlﬂ — Yit1 ?Jn) (11>
v (1 —y1yz- -yn)2 | s (1 — 12 Yi)? Tacicijon(l = Yi1 - 45)%

Here we shall explain the series expansion as follows. Since the change of variables trans-

forms . .
k _
T = v g $J/ml — g (Yix1 - = :

k>0 k>0 L= Yip1---y;

we can simply treat 0 < y; < 1 in the new constant term expression. Later we will also
use the change of variables y; = x; and y; = x;/x;_ for all i > 2 to transform back. Then
the series expansion will be clear.

Equation (11) has three consequences, as stated in the next three lemmas.

Lemma 15. Let n > 3 be a positive integer, and N = L@J be as in part (3) of
Theorem 3. Then hy,(t) =0 for any 0 <t < N — 1.
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Proof. Let

—t+n-—2, ifi =1,
pi=< —t+(—1)(n—1i), if2<i<n—1;
—t, if i = n.
Clearly p; < p, = —t+ (r—1)(n —r) = =t + N for any 1 < i < n, where r = [%52]. If
0<t< N-—1, thenp, >0, Le, Hon|zimyrys-y; ODLY contains posmve powers in y,., so that
zimyyoy: = 0. Hence hy,(t) = 0. u

("_41)1 be as in part (3) of

Lemma 16. Let n = 2r be a positive even integer, and N = L
Theorem 3. Then

h(N) = hay(r(r = 1)) = (CT M(r — 133, 1, 2))°.

Proof. By (11), we have

—(r—1)(r— 2 r r—1) (r—i)(r—i+1) 1—
s (r(r — 1)) = CT —1 . i [Li (1= oo ) -.
v (1 —y1ya--- n) Hi:Q (1= vy u)? H2<i<j<n<1 — Yit1- ?/j)

Since —(r —i)(r —i+1) =0 when i = r or i = r + 1, ho.(r(r — 1)) is a power series
in both y,. and y,.;. We can eliminate y, and y,,; by substituting vy, = 3.1 = 0
directly. Then using the change of variables y; = z; and y; = x;/z;_q for all i > 2
hor(r(r — 1)) |y, =y, 1=0 = F1 - F, where

1
Fl 97
Hz Xl (1 —z;)? H2<z<]<7“ (@ — )
—r(r—1) yyn—1 2
F2 _ CT Tn Hz r+1 ! Hz r+1( Q?n>
z Hr+1<i<j<n(xl ;)?

Obviously
= CTM(r—2;3,3,2) =CTM(r—1,3,1,2),

where the last equation holds by Lemma 13. For F,, by making the change of variables
T =Y, ! for all 7 in Lemma 6 and then making y; = x,,_;, we obtain

1
n—1
y Hz r+1 y'L Hi:r+l(1 - yl) Hr+1<i<j§n—l(yi - yj)2

Here we clarify the series expansion under the change of variables z; — y; ' — x,_;:

1 1
m Zx]/xz HZyl/yJ |—>an i) T )"

]- - xn—i/xn—j '

=CTM(r—-1;3,1,2).

k>0 k>0 k>0
Thus in the new constant term, we can still use the order 1 > xy > 29 > --- > 2, > 0.
This completes the proof. n
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Lemma 17. Let n = 2r — 1 be a positive odd integer, and N = L("TPJ be as in part (3)

of Theorem 3. Then
ha(N) = o1 ((r = 1)?) = (CT M(r — 1;2,1,2))”.
Proof. By (11), we have

—(r—2)2 —(r—1)2 yyn—1 —(r 1) o
h27~_1(<r . 1)2) —CT Y1 y;L H H ( — Yi+1 yn) .
v L=y )2 T (L= 1t 1) Tlocicion (1 = Yisr -+ 5)

Since —(r —4)> = 0 only when i = 7, ho,_1((r — 1)?) is a power series in y,. Then the
remaining work proceeds similar to the proof of Lemma 16. O]

The second expression for h,(t) is obtained by Corollary 12 and Lemma 9. We can
also write (2) as follows:

op L —2)™" 11_[ o (L—2) " [I} (a1 — )

z L1 Hz 2 512'2 H1<’L<]<n 1(':61 LC]')2

ha(t) = : (12)

where we make the change of variables y; = x,,11_; after applying Lemma 9. It should be
clear that we shall still treat 1 > 1 > x5 > --- > x,_1 > 0 when expanded as Laurent
series.

The formula in (12) also yields several results. Lemma 18 states that h,(t) is a
polynomial in ¢, which allows us to extend the definition of h,(t) for negative ¢. Both
Lemmas 19 and 20 are based on this representation.

Lemma 18. For a posz’tive integer n, h,(t) is a polynomial in t of degree (n — 1)* with
leading coeﬂiczent g CT M(n—1;1,1,2).

Proof. We make the change of variables x; = yyys - - - y; for all i again. Thus (12) becomes
hn(t) = CT Fy - F, where
Yy

(1—w) " '[TE 2(1—yly2 )"
y(n 1)2 9

[0 (L= yi)
n—1 (n—i)(n—i+1 :
| yz( Sy H1<i<j<n—1(1 — Yit1 - Yj)?

b=

Fy =

Observe that

Q(t) = CT Fy = "] ((ni)z (t Z k) y'f) ﬁ (ni (n N 2) (—ya- -yz-)’“y'f>

k=0
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is a polynomial in t of degree (n — 1)2. The coefficients [t/] Q(t) are polynomials in
Yo, ..., Yn—1. In particular, the leading coefficient [t(”’l)Q] Q(t) is ﬁ Therefore,

(n—1)?

= > 1 CT (] M)k

is a polynomial in ¢ of degree (n — 1)
For the leading coefficient, we make the change of variables yo = x9 and y; = x;/z;_1
for ¢ > 2 to obtain

1
CT — 5T 2
v i a7 11 (1= 2) H2<i<j<n—1(xi — ;)
=CTM(n—2;3,1,2)

=CTM(n—-2;1,3,2) (by Corollary 14)
=CTM(n-1;1,1,2) (by Lemma 13).

(n— 1) [t D] h,(t) = CT F, =
Yy

This completes the proof. O
Lemma 19. For any —n+ 1 <t < —1, we have hy,(t) = 0.
Proof. By (12), we can write

n—1 n—2 —t—1
1 — 1. 1 —
ha(t) = CT 1} = (1= 2) - CT U=z
* Hz 2 ZE H2<z<]<n 1(:1:1 xj) RO Hi:Q (1'1 - xl)
o \n—2 o \—t—1,—n+l
—CT [Ty (1 — =) oT (1 —a)™" g

* Hi:2 x H2<z<]<n (@ — 25)? = H?:_zl(l — /1)

1—1‘1) t— 1x1 n+1

H?:Q (1—=z;/x1)
in z7. Hence the constant term in z; equals 0, which implies that h,(t) = 0. ]

When —n 4+ 1 <t < —1, the expansion of only contains negative powers

Lemma 20. For a positive integer n, h,(t) = (—1)" " h,(—t —n).

Proof. By applying Lemma 5 to (12) and then making the change of variables y; = z; for
all 7, we obtain

. (t):(—l)”’lCT(l_x)Hn T (= 2)" 2 110 (o )
" x € HZ 9 12 H1<z<]<n 1($1 xj)Q

Taking t = —t — n in the above formula and comparing with (12) yield
ho(t) = (=1)" 'hy(—t — n). O

Now we conclude this section by giving a proof of our main result.

Proof of Theorem 3. Parts (1) and (2) are Lemmas 18 and 20, respectively. Part (3) holds
by Lemmas 15 and 19 with the application of part (2). Part (4) follows from Lemmas 16
and 17. []
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4 The computation of h, (1)

In this section, we first briefly introduce several formulas about elementary symmetric
functions. See [13] or [23] for a comprehensive overview of symmetric functions. Next we
transform h,,(t) into D,(0,t+n—1,n—2,1,2), where D, ({,t, kq, ko, k3) is defined in (18)
involving elementary symmetric functions. Using the well-known fact Res 0, F' = 0, we

derive a relation among D,,(¢,t, k1, ko, k3) (See Proposition 24). Furthermore, for a fixed
n, we can obtain a recursion for D,,(0,t,n — 2,1,2) (and hence for h,(t)) with respect to
t by the method of undetermined coefficients. Finally, we can construct h,(t) using the
recursion and Theorem 3.

4.1 Basic formulas about elementary symmetric functions

Let X ;=21 +29+ -+ x,, and let

e X] = Z Tiy Tiy -+ Ty,

1< <o <<ty <n

be the (-th elementary symmetric function in the variables x, zo, ..., x,. By convention,
eo[X] =1, and ¢,[X] =01if £ < 0 or £ > n. We need the well-known formula
eo X] = el X — 3] + zier1 [ X — ). (13)

We also need the following known formulas, which will be frequently used later.

Lemma 21. For any 0 < £ < n, we have

Y elX —a o —] = (”;5)@[)(], (14)

1<t <<t <n

Z zieg X — x;) = (0 + 1)eg1 [ X]. (15)
i=1
Proof. Observe that for any 1 < 4; < --- < 4 < n, the term z;, ---z;, belongs to
eo[ X — x;] exactly when ¢ ¢ {iy,...,4,}. Since there are n — ¢ such indices i, each term of
e[ X] appears n — £ times in > | e,[X — z;]. Thus (14) holds.

Equation (15) holds by an analogous reasoning: for any 1 < i; < -+ < ipq1 < n, the
term w;, - - - ;,,, belongs to x;e/[X — x;] exactly when ¢ € {i1,...,i1}. Since there are
¢ + 1 such indices i, each term of e, [X] appears £+ 1 times in > | z;¢,[X — x;]. This
completes the proof. O

Let a )

F i, Tj) = S Ve X — il 16
(wmy) = e X — ) (16)

We need the following lemma,; its proof is a straightforward algebraic check and is omitted.

Lemma 22. For any distinct i,j € {1,2,...,n}, let F(x;,z;) be as in (16). Then we
have
F(xi,x;) + Fxj,2;) = e[ X — 2, — 2] + e[ X — 2, — x5] — eppq[X].

THE ELECTRONIC JOURNAL OF COMBINATORICS 33(3) (2026), #P3.75 14



4.2 A transformation for h,(t)
For kl, kg, kg € N, let

eV =yl T, 0 T (20 — @)
ah Tl (U= zi)k2 [T iy (0 — )P

where y; = 1 — x; are treated as variables, and Y :=y; +ya + - - - +yn (s0 e,[Y —y;] is the
(-th elementary symmetric function in the variables y1,. .., 41, Yit1, - -, Yn). Define

q)n<€a t: kl) k27 k3) =

: (17)

Dn(é,t,kl,kz,k’g) := Res (I)n(f,t, kl,kg,kig). (18)

By the definition of ®,(¢,t, kq, ko, k3), we have
(1) Cbn(&t,k’l,k’g,kg) =0ifl<0orl>n-— 1;
(2) 8@, (0, t, Ky, ko, k3) = @, (0, t — i, ki, ko, k3) for any integer 1.

The following lemma transforms the computation of h,(f) into the computation of
Du(0,t+n—1,n—2,1,2).

Lemma 23. For a positive integer n, let h,(t) and D, (¢, t, k1, ko, k3) be as in (2) and
(18), respectively. Then we have

ha(t) = Do(0,t +n — 1,n—2,1,2).
Proof. By (18), we have
D,(0,t+n—1,n—2,1,2) =Res®,(0,t +n—1,n—2,1,2) = CT f,

where

n n—1 n—1 n—1,
f=0,0t+n—1,n-212) ][]z = iy 27 1y (@i = 7a)

i1 af [T (1 — ) H1<i<j<n(xi — ;)%
Since f is proper in 7, by Lemmas 7 and 10, we have

CTf=CT f=((1-z)f)

r1=1"

Then the lemma follows by checking that ((1 — Jcl)f)‘m:l is the same as (3). O

4.3 A recursion for h,(t)

We first derive a relation among D, (¢,t, ky, ke, k3)’s for fixed ki, ks, k3 and different ¢
and t. Then taking by = n — 2, ks = 1 and k3 = 2 to give a specific relation among
D, (¢, t,n—2,1,2). Furthermore, we derive a recursion for D, (0,t,n—2,1,2) with respect
to t by the method of undetermined coefficients.

Let (I)n<g, t, k?l, k?g, k?g) be as in (17) Let V := q)n((),t, kl, ]CQ, k?g) Then

Dy (0t ky, ko, k3) = Resef[Y — y,|V. (19)
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Proposition 24. Let ki, ko, k3 € N, and D, (¢,t, ky, ko, k3) be as in (19). Then we have

Apa Dy (C+ 1,k ko, k) + AeDy (0,8, Ky, ko, ks) + /_lgDn(E,t — 1, ky, ko, k3)
+ A 1Dy (0 — 1, ky, ko k) + A 1D (€ — 1,8 — 1, ky, ko, k3) =0,

where
k
Appr = (€+1)(k:2—k1—3+§(2n—2—£)>,

_ kS k‘3
Ag—t—n—i—(ﬁ—i—l)(kg—k‘l—2+?(2n—2—£)) —(n—ﬁ)(k2—2+5(n—1—£)),
T k3

Ag——<t—n+1+(€+l)(k2—k1—2+?(2n—2—€)>>,
_ k
Apy = —Apq = —(n—e)(k2—1+53(n—1—£)).

Proof. Recall that y; = 1 — z;. Since e/[Y — y;]z;(1 — x;)V is a formal Laurent series in
z; for any 1 < i < n, we have Res Or,e0]Y — yi]zi(1 — x;)V = 0. Hence

Reszaxieg[Y —yilz; (1 —2,)V = 0.
i=1

It can be shown that
O, e0lY — yilzi(1 — ;) V
eg[Y — yZ]V<(k1 + 1)(1 — IZ) + (kQ — 1)3:1 — M —+ ]{?3 Z M), 1fZ < n;

Tn—X;

J
ey — yn]V<(/<:1 +1—t)(1 =) + (ky — D + (ks — 1) WW), if i =mn.

Now we take the sum over all 7. The computation is naturally divided into three parts,
denoted S7, Sy, S5 respectively. In detail,

St = —t(1—wp)eY —ya] + Y (k1 + D(1 = z)esY -y

— —tyaedY — il + 3+ Dl ) (by =1 1)
= —tynedY — yn] + (1211 + 1)(0 + 1)eg[Y], (by (15))
Sy = Zn:(ka — DwieY —yi] = Zn:(l@ — D1 —y)eY —y]  (byyi=1—a)
= EZ — 1)((n —DeY] — (¢ i:11)(2“1[}/]), (by (14) and (15))
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x; n_lx(l x;) n_lx(l Tn)
53—k3z Z Z T oY —wil - ; _xZ eelY —yi] — nx_l,nef[y_yn]
1=1 j=1,j#i ’ i=1 " ' j=1 J n
n—1 n—1
—kgz Z Wiryi) = Y FWirvn) = > F(yn, ;) (by yi =1 — ;)
1=1 j=1,j#i i=1 7=1
kS n—1
=5 D (Fluny) + Flyjp) = D (Fyiyn) + Flyn, 00))
1<i#j<n i=1
k
=5 > (@l —yi—yi) —eenlY]+eenly —yi —y;)
I<i#j<n
n—1
- Z(ee[Y —Yi — Yn] — eo1[Y] + erp1[Y — yi — yn)) (by Lemma 22)
=1
k
=S5 (=0~ 1= OeY] = (L +1)2n =2 = Dega [V]) = (n— 1= OerlY — ya]
+(n—=1e1[Y]— (n—2—0)ep1[Y — ynl. (by (14) and (14))

By (13)7 we have eé-i—l[Y] - 6g+1[Y - yn] + ynef[Y - yn]a which yields

—(S1+ 82+ 55) = Apyreca[Y —yn] + (Ao + Agn e Y —yn] + (Aemr + Apiy)ee1 [Y — ).
Then the lemma follows by Res(S; + So + S3)V = 0 and z,®,,({, ¢, k1, ko, k3) = ©,, (4, ¢ —
17k17k27k3)' D

For convenience, let d,(¢,t) :== D,({,t,n — 2,1,2). Substituting ky = n — 2, ks = 1,
ks = 2 into Proposition 24 yields
L+1D)(n—2=-0d,(+1,t)+(t—(n—20)(n—2—10)—1)d,(¢,1)
—(t+Lln—2—-0)d,(l,it—1)—(n—0)(n—1—0)d, (¢ —1,1) (20)
+(n—0)(Mn—-1-0d,(l—1,t—1)=0.

The remaining work is to obtain a recursion for d,(0,t) with respect to ¢, which can
be completed by the following steps:

(S1) We obtain n — 1 equations, say Fy, E1, ..., E,_ 5, by substituting £ =0,1,...,n—2
into (20) respectively. For any ¢ < —1 and ¢ > n— 1, (20) becomes 0 = 0. The only
nontrivial case is when ¢ = n — 1, for which we can verify d,(n—1,t) = 0 as follows:

dy(n—1,t) =Res®,(n — 1,t,n —2,1,2)

_ -1
_C H?:1 i K ?:1 (z; — 1,)
e xl (1 —x,) H1<i<j<n(xi —z;)?
— —1 _
— CT H?:Z :U? ! : H?:Z ('TZ B m”) T xl e

@z, (1 — ) H2<i<j<n(xi - xj)2 w1 (1=, /21) H (1 - :CZ/:Ul)
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Since n > 3, the rightmost part only contains negative powers in z;, which yields
d,(n—1,t)=0.

(S2) For each ¢ € {0,1,...,n — 2}, we substitute t =t — ¢ for : =0,1,...,n —2 — £ into
Ey respectively to obtain (g) equations:

E0,07 E0,17 ey E07n727 El,Oa El,l; s 7E1,n737 ey En72,07
where Ey; = Eyli——i.

(S3) We obtain a recursion for d,, (0, t) with respect to ¢ using the method of undetermined
coefficients. That is, we consider the equation

[\

n—

Z ai B (21)

n—2—¢
=0

14

Il
o

with undetermined coefficients the a,;’s such that d,(¢,t — ¢) vanish for all £ > 0.
This gives a linear system described as follows:

T
B(G/O,Oa ap1y,.--,A0n-2,10,a115---,A1,n—-3,---,An-30, an—3,1) = an—2,0b7 (22)

where B is a upper triangular matrix with B;; = ({4 1)(n —
2—10)if Zj;é(n —1—-j)<i< Zﬁzo(n —1—j). That is, all the diagonal entries of
B are not zero. Hence the linear system in (22) must have a solution. Substituting

any nonzero particular solution (say, with respect to a,—29 = 1) into (21) yields an
equation in d,(0,t),d,(0,t —1),...,d,(0,t —n+1).

(n+1)(n—2) « (n+1)(n—2)
2

We compute the recursion for d4(0,¢) in the following example to explain the above
steps.

Example 25. Fix n = 4. By (20), we have
(C+ D)2 =0dy(0+1,8) + (t—2(2—0)* = D)dy(,t) — (t +£(2 — £))dy(l,t — 1)
—A-0B=0dy(l—1,t)+ (4 —=0)(B—=0)dy({ —1,t —1)=0.
Carrying out the above three steps yields
(t —3)(t — 5)%dy(0,t) + (—3t> + 28t% — T4t + 42)d, (0, — 1)
+ (3% — 17t% + 19t — 3)dy(0,t — 2) — t2(t — 2)d4(0,t — 3) = 0.
Furthermore, by Lemma 23, we obtain
t(t — 2)?hy(t) + (=3t° + > + 13t — ) hy(t — 1)
+ (3t3 + 102 — 2t — 18)hy(t — 2) — (t + 1)(t + 3)*hy(t — 3) = 0.
It is easy to check that

(23)

(=Dt + 1)t +2)(t+3)(t+4)%(t+5)
60480 ’

ha(t) =
which fits (23).

THE ELECTRONIC JOURNAL OF COMBINATORICS 33(3) (2026), #P3.75 18



Remark 26. A formula for D, (¢,t, ky, ko, k) for £ > 0 can be obtained, but is not needed
here.

For general n, the recursion for d,(0,t) can be described as Z?;[)l ci(t)d,(0,t—1i) =0,
where ¢;(t) is a polynomial in ¢ for each i. By Lemma 23, we have

n—1
= — Dh,(t — i 24
B (1) t+n—1 ;czt—i-n n(t—1), (24)

which gives a recursion for ¢ > t,, where t, is the maximum integer root (if it exists) of
co(t+n—1).

Example 27. Analogous to Example 25, for n = 5, we can obtain
t(t —4)(t — 3)%hs(t) — (4t* — 16t° — 22t* + 126t — 80)hs(t — 1)
+ (6% 4 12t° — 74% — 80t + 208)hs(t — 2) (25)
— (4t* + 32* + 50t* — 106t — 208)hs(t — 3) + (t + 4)*(t + 5)(t + 1)hs(t — 4) = 0.

Then we can obtain an explicit expression for hs(t) by the method of undetermined
coefficients. By parts (1) and (3) of Theorem 3, we set

3
300
h5(t) = (1_6't4 + a3t3 + a,2t + ait + a0> H (t — Z)
i=—8

Part (4) of Theorem 3 gives hs(4) = 9. Substituting ¢ = 5 into (25) yields 20h5(5) —
500hs5(4) = 0 since hs(1) = hs(2) = h5(3) = 0. Thus hs(5) = 225. By part (2) of Theorem
3, we have h5(—9) = hs(4) = 9 and h5(—10) = hs(5) = 225. Solving

[ hs(4) = 479001600(ag + 4ar + 1605 + 64as) + % =0,
hs(—9) = 479001600(ap — 9a; + 8lay — 729a3) + 338% =0,
hs(5) = 6227020800(ag + 5a1 + 25as + 125a3) + % = 225,
\h5(—10) = 6227020800(ag — 10a; + 100as — 1000a3) + @ =225
gives
1 127 1
G0 =0 0= 1316480 "2 T 3487131648000 T 6974263296
Therefore,
ha(t) = t(t +5)(5t2 + 25t + 2) + -0

348713164800
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Computer experiments suggest us to conjecture that ty5 = LM For instance,

to = 4 when n = 5. To verify this conjecture, we need a formula for ¢y(t). This can be
obtained by considering a subsystem of (21). Observe that d,,(¢,t) only appears in E,_; o,
Eyo and Epyq9. Thus we only need to consider Z?;OZ apoErp. The coefficient of d,(¢,1t)
in ZZL:_(? Clg’oEg’O is
ln—1—=0ap10+(t—(n—200(n—-2—4)—1Dapg—(n—1—=0)(n—2— a0
for each 0 < ¢ < n — 2. In particular, the coefficient of d, (0, ) is
co(t) = (t — (n—1)Hagp — (n — 1)(n — 2)ao.

We obtain
ap,0
aio

= _an—Q,Ob
an—3,0
by setting the coefficients of d,(¢,t) equal to 0 for any ¢ > 0, where b = (0,...,0, -2t —
)T, and Bis a (n —2) x (n — 2) upper triangular matrix with
i(n—1—1), if § = ;
t—(n—20)n—2—1i)—1, ifi=j—1
—(n—1—=14)(n—2—1), ifi=j5—-2;

0, otherwise.

Bi; =

Clearly det B is a constant. Applying Cramer’s Rule and the rules of column transforma-
tion, we have

(—1)”(1%_270 det(ﬁg, B/, b) (—1)”716@1_270 det(ﬁl, B/, b)
a — a =
00 det B Lo det B ’

where (; denotes the i-th column of B for ¢ = 1,2, and B’ is obtained from B by removing
the first two columns. Consequently,

~(=1)"an—2p 2 ) )
co(t) = deT((t — (n—1)*)det(B2, B',b) + (n — 1)(n — 2) det(61, B', b))
(—1)”’%72,0
= qap e
where F— (-1 ~(n-D@m—-2) 0 0
©= ( 8, S B b ) (26)

The matrix C'is of size (n — 1) x (n — 1). To be precise, C' = (C; ;) (n-1)x(n-1), Where

t—(n—2i4+2)(n—1—14)—1, ifi=j

o =) i=hn—1), if i =j+1;
R R [t if i =j— 1;
0, otherwise.
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Since det C' is just the characteristic polynomial of the (n—1) x (n—1) matrix —C|;—o,
it is a polynomial in ¢t of degree n — 1. It is not hard to compute the determinant for given
n. This leads to the following conjecture.

Conjecture 28. Let C be the matrix in (26). Then

dot O — t—n+ D)Lt —n+1—r@r—1)+ii+ 1)) if n = 2
t—n+1)t—n+1-(-D)[[tt-—n+1-(—1)2+2)?2 ifn=2r—1

For example,

{(t — 13)(t — 55)2(t — 53)%(t — 49)%(t — 43)%(t — 35)%(t — 25)?, if n = 14,
det C =
(t —14)(t — 63)(t — 62)2(t — 59)%(t — 54)(t — 47)2(t — 38)%(t — 27)2, if n = 15.

Conjecture 28 has been proved in [11]. Thus,

S S B (s

4 =1 ifn=2r—1.

It follows that parts (3) and (4) of Theorem 3 give initial values of h,, () for the recursion
(24).

5 A conjecture about the generating function of h,(t)

Theorem 2 suggests one should consider properties of the generating function of h,,(t). It
is necessary to clarify some definitions. A real number sequence (ag, ay, . .., ay) is said to
be palindromic if a; = a,,_; for all i. It is said to be log-concave (short for logarithmically

concave) if a? > a;_1a;41 forall 1 <i < m—1. Let b; = (Lai for all 7. Then the sequence

m

(ag, ay, ..., an) is said to be strongly log-concave if b7 > b;_1b;y 1 for all 1 < i < m — 1.
See [24] for further details.
We pose the following conjecture.

Conjecture 29. Let N = L@J and N = L(”_;)QJ. Then

N
hi(y) = (1= )" ha(t)y' =y Y a,
t=0 =0

where the a;’s are positive integers satisfying a; = ay_,. Moreover, the polynomial A} (y)
is real-rooted. Consequently, (ag, a1, ..., ay) is unimodal and strongly log-concave.

We have verified Conjecture 29 for 3 < n < 29. For example,
hi(y) = 3y*(3y* + 249> + 46y° + 24y + 3).

The roots of hi(y) are 0 (with multiplicity 4), —3++/6, —1+ */Té. Also the other properties
are easy to verify.
Data of b} (y) for 3 < n < 29 is also available at [27].

THE ELECTRONIC JOURNAL OF COMBINATORICS 33(3) (2026), #P3.75 21



Acknowledgements

The authors would like to express sincere gratitude for all the suggestions that have
improved the presentation of this paper. Guoce Xin was partially supported by the
National Natural Science Foundation of China (No. 12571355). Chen Zhang was partially
supported by the National Natural Science Foundation of China (No. 12601634), and
the Postdoctoral Fellowship Program and China Postdoctoral Science Foundation (No.
BX20250066).

References

[1] P. Alexandersson, S. Hopkins and G. Zaimi, Restricted Birkhoff polytopes and Ehrhart
period collapse, Discrete Comput. Geom. 73 (2025), 62-78.

[2] H. Anand, V. C. Dumir and H. Gupta, A combinatorial distribution problem, Duke
Math. J. 33 (1966), 757-769.

[3] C. A. Athanasiadis, Ehrhart polynomials, simplicial polytopes, magic squares and a
conjecture of Stanley, J. Reine Angew. Math. 583 (2005), 163-174.

[4] W. Baldoni-Silva and M. Vergne, Residues formulae for volumes and Ehrhart poly-
nomials of convex polytopes, arXiv:math/0103097v1, 2001.

[5] M. Beck and D. Pixton, The Ehrhart polynomial of the Birkhoff polytope, Discrete
Comput. Geom. 30 (2003), 623-637.

[6] C. S. Chan and D. P. Robbins, On the volume of the polytope of doubly stochastic
matrices, Exp. Math. 8 (1999), 291-300.

[7] J. A. De Loera, F. Liu and R. Yoshida, A generating function for all semi-magic
squares and the volume of the Birkhoff polytope, J. Algebr. Comb. 30 (2009), 113—
139.

[8] P. Diaconis and A. Gangolli, Rectangular arrays with fized margins, IMA Series on
Volumes in Mathematics and its Applications, # 72 Springer-Verlag (1995), 15-41.

9] E. Ehrhart, Sur les carrés magiques, C. R. Acad. Sci. Paris 227 A (1973), 575-577.

[10] P. J. Forrester and S. O. Warnaar, The importance of the Selberg integral, B. Am.
Math. Soc. 45 (2008), 489-534.

[11] J. Hu and C. Zhang, A proof of Xin-Zhang’s tridiagonal determinant conjecture,
arXiv:2601.03082, 2026.

[12] C. G. J. Jacobi, De resolutione aequationum per series infinitas, J. Reine Angew.
Math. 6 (1830), 257-286.

[13] 1. G. Macdonald, Symmetric Functions and Hall Polynomials, 2nd edition, Clarendon
Press, Oxford, 1995.

[14] P. A. MacMahon, Combinatory Analysis, Chelsea Publishing Co., New York, 1960.

[15] P. McMullen, The number of faces of simplicial polytopes, Israel J. Math. 9 (1971),
559-570.

THE ELECTRONIC JOURNAL OF COMBINATORICS 33(3) (2026), #P3.75 22


https://arxiv.org/abs/math/0103097v1
https://arxiv.org/abs/2601.03082

[16] A. H. Morales and W. Shi, Refinements and symmetries of the Morris identity for
volumes of flow polytopes, Comptes Rendus. Mathématique 359 (2021), 823-851.

[17] W. G. Morris, Constant term identities for finite and affine root system, Ph.D. Thesis,
University of Wisconsin, Madison, 1982.

[18] J. Mount, Fast unimodular counting, Combin. Probab. Comput. 9 (2000), 277-285.

[19] A. Selberg, Bemerkninger om et multipelt integral, Nordisk Mat. Tidskr. 26 (1944),
T1-78.

[20] R. P. Stanley, Linear homogeneous Diophantine equations and magic labelings of
graphs, Duke Math. J. 40 (1973), 607-632.

[21] R. P. Stanley, Magic labelings of graphs, symmetric magic squares, systems of pa-
rameters, and Cohen-Macaulay rings, Duke Math. J. 43 (1976), 511-531.

[22] R. P. Stanley, Combinatorics and Commutative Algebra, Progress in Mathematics
41, Birkhauser, Boston, first edition, 1983; second edition, 1996.

(23] R. P. Stanley, Enumerative Combinatorics (Volume 2), Cambridge studies in ad-
vanced mathematics, Cambridge, 2012.

[24] R. P. Stanley, Algebraic Combinatorics: Walks, Trees, Tableauz, and More, Springer,
New York, 2013.

[25] G. Xin, A fast algorithm for MacMahon’s partition analysis, Electron. J. Combin. 11
(2004), #R58.

[26] G. Xin, The Ring of Malcev-Neumann Series and The Residue Theorem, Ph.D. thesis,
Brandeis University, arXiv:math.C0/0405133, 2004.

[27] G. Xin and C. Zhang, Morris-Data, https://pan.baidu.com/s/16zjRkvXMQfhDK7E
7£fBhZtQ with passcode morr.

28] G. Xin, C. Zhang, Y. Zhou and Y. Zhong, The constant term algebra of type A: the
structure, Adv. Math. 465 (2025), 110154.

[29] D. Zeilberger, Proof of a conjecture of Chan, Robbins, and Yuen, Electron. Trans.
Numer. Anal. 9 (1999), 147-148.

THE ELECTRONIC JOURNAL OF COMBINATORICS 33(3) (2026), #P3.75 23


https://arxiv.org/abs/math.CO/0405133

	Introduction
	Jacobi's change of variables formula and a constant term concept
	Jacobi's change of variables formula
	A constant term concept

	The proof of Theorem 3
	The computation of hn(t)
	Basic formulas about elementary symmetric functions
	A transformation for hn(t)
	A recursion for hn(t)

	A conjecture about the generating function of hn(t)

