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Abstract

It is proved that every flow-admissible bidirected eulerian graph has a nowhere-
zero 4-flow f and a circle C, where either C' is unbalanced or |E(C')| > 3, such that
|f(e)] = 3 only if e € E(C). It is also proved, with an interesting new method,
that in a flow-admissible connected bidirected graph, the support of any Zs-flow is
contained in the support of a 5-flow.

Mathematics Subject Classifications: 05C21, 05C22, 05C45

1 Introduction

A signed graph with orientations on its edges is called a bidirected graph. In 1983, Bouchet
[1] conjectured that every flow-admissible bidirected graph has a nowhere-zero 6-flow.

Bouchet’s Conjecture([1]). Every flow-admissible bidirected graph has a nowhere-zero
6-flow.

In the same paper, Bouchet [1] obtained the first progress by showing that every flow-
admissible bidirected graph has a nowhere-zero 216-flow. The number 216 was improved
to 30 by Zyka [12], to 12 by DeVos [3], and then to 11 by DeVos et al. [4]. Bouchet’s
Conjecture has been confirmed for some families of graphs, for example, Kotzig-graphs by
Schubert and Steffen [9], series-parallel graphs by Kaiser and Rollova [5], graphs with two
negative edges by Wang et al. [10], graphs without edge-disjoint unbalanced circles by Lu
et al. [6]. For certain families of graphs, the flow number 6 may be lowered. Raspaud and
Zhu [8] proved that every 4-edge-connected bidirected graph has a nowhere-zero 4-flow.
Micajovd and Skoviera [7] proved that every bidirected eulerian graph has a nowhere-zero
4-flow.

Theorem 1. ([7]) Every flow-admissible bidirected eulerian graph has a nowhere-zero

4-flow.
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The flow number 4 in Theorem 1 above is best possible. There are infinitely many
bidirected eulerian graphs that have no nowhere-zero 3-flows. In this paper, we strengthen
Theorem 1 by showing the existence of a special 4-flow.

Theorem 2. Let G be a bidirected eulerian graph. If G is flow-admissible, then G has a

nowhere-zero 4-flow f and a circle C, where either C is unbalanced or |E(C)| = 3, such
that |f(e)| = 3 only if e € E(C).

The support of a flow f is S(f) = {e € E(G) : f(e) # 0}. A key step in the proof
of the 11-flow-theorem [4] is to have a 3-flow whose support contains the support of a
Zy-flow f when S(f) contains an even number of negative edges [4, Lemma 3.1], which
was originally obtained by Cheng et al. [2, Theorem 1.5]. In the last section, we consider
the case that S(f) contains an odd number of negative edges and obtain the following
theorem.

Theorem 3. Let f be a Zy-flow in a flow-admissible connected bidirected graph G. Sup-
pose that S(f) contains an odd number of negative edges. Then there is a 5-flow ¢ of G
such that S(f) € S(¢).

Theorem 3 is best possible in the following sense. Let G be the bidirected graph
obtained from three disjoint negative loops L;, where L; is incident with a vertex x;, by
adding a new vertex y joined to each z; with edge yx;, 1 < i < 3. Let f(L;) = 1 and
f(z;y) =0,1< i< 3. Then f is a Zy-flow of G and there is no 4-flow ¢ of G such that
S(f) € S(¢). The proof of Theorem 3 involves an interesting new method, which uses
results on bidirected eulerian graphs given in Section 3.

2 Notation and terminology

Let G be a graph with vertex set V(G) and edge set E(G). For v € V(G), the degree of v
is the number of edges incident with v, a loop being counted twice. G is eulerian if it is
connected and each vertex has even degree. A circle is a minimal nonempty eulerian graph
(a connected graph with each vertex of degree 2). Let H; and Hs be subgraphs of G.
Suppose that fi, fo are two real-valued functions on E(H;) and E(H;), respectively. We
may regard f; as a function on E(G) by considering f;(e) = 0 for each e € E(G) \ E(H;),
i = 1,2, and thus, f; + f is a function on E(G).

A signed graph is a graph G associated with a partition (S*,S7) of F(G). An edge
e € E(QG) is positive if e € ST and negative if e € S™. An ordinary graph can be regarded
as a signed graph with S~ = (). Let H be a subgraph of a signed graph G. The sign of H
is the parity of |E(H)NS~|; H is positive if |E(H) N S| is even, and negative otherwise.
When H is a circle, instead of positive and negative, we call it balanced and unbalanced,
respectively. A signed graph is balanced if it contains no unbalanced circle.

Let G be a signed graph. Following [1], we consider that each edge e = zy € F(G) is
constituted of two distinct half-edges e® and e¥, having a single end x and y respectively.
The set of half-edges of G is denoted by H(G) = {e" : e € FE(G) and v € V(G)}.
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Thus, |H(G)| = 2|E(G)|. A bidirected graph is a signed graph G with orientations on its
half-edges, associated with a mapping, 7 : H(G) — {+1, —1}, such that for a half-edge

e’ € H(G), 7(e’) = 1if e¥ is oriented away from v and 7(e”) = —1if € is oriented towards
v, and moreover, for each edge e = xy € F(G), if e is negative, then 7(e*) = 7(e¥) = 1 or
T(e”) = 7(e¥) = —1; if e is positive, then 7(e”) = 1 and 7(e¥) = —1, or 7(e”) = —1 and
T(e¥) = 1.

Let G be a bidirected graph and let A be an abelian group. Suppose that f : E(G) — A
is a function from F(G) to A (f can be considered as a function from H(G) to A in which
f(e*) = f(e¥) = f(e) for every edge e = zy € E(G)). The boundary of f at a vertex
v € V(Q) is defined by

eveH(v)

where H(v) is the set of half-edges which have v as their end. Equivalently,

ofw)= > fley= > fle),
)

ecE+(v) e€eE— (v

where ET(v) (E~(v)) is the set of edges away from (towards) v. The support of f is
S(f)={e € E(G): f(e) # 0}. The function f is nowhere-zero if S(f) = E(QG).

Definition 4. Let G be a bidirected graph and f a function from E(G) to an abelian
group A. The function f is an A-flow of G if df(v) = 0 for all v € V(G). For a positive
integer k, a k-flow of G is a Z-flow f of G with |f(e)| < k for each edge e € E(G);
a Zp-flow is also called a modulo k-flow. We say that G is flow-admissible if it has a
nowhere-zero Z-flow.

For bidirected graphs, there are two operations of special importance: (i) switching
operation at a vertex v: change the orientation of every half-edge incident with v, that is,
switch the sets of positive and negative edges incident with v; (ii) reversing operation on
an edge e: reverse the orientation of e, that is, change the orientations of both half-edges
of e. The definitions imply that an A-flow f yields a new A-flow by changing f(e) into
—f(e) after a reversing operation on e; it remains an A-flow after a switching operation
at v (see [1]).

3 Flows on bidirected eulerian graphs

If a bidirected graph is obtained from another by a series of switching and reversing
operations, we say that the two bidirected graphs are flow-equivalent. Note that these
operations are reversible. Thus, for simplicity, from now on we do not distinguish between
flow-equivalent bidirected graphs.

It was first proved by Xu and Zhang [11]that any positive bidirected eulerian graph has
a nowhere-zero 2-flow, a simpler proof of which was given by Mécajové and Skoviera [7].

Lemma 5. (/11]) Fvery positive bidirected eulerian graph has a nowhere-zero 2-flow.
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In this paper, we need the following slightly stronger version.

Lemma 6. Let G be a bidirected eulerian graph. If G is positive, then, for any given
e € E(G) and o € {£1}, there is a nowhere-zero 2-flow f of G such that f(e) = .

Proof. Let C = vgeqvies ... Upm_1€mUy be an eulerian tour of G, where e; = e, m = |E(G)|,
and v,, = vg. We treat all v; as distinct vertices, 1 < 7 < m, that is, consider C as a
circle obtained from G by splitting vertices along the eulerian tour. Define a function
f:E(G) — {1,—1} as follows: let f(e;) = a, choose f(es) € {£1} such that df(v,) =0,
suppose that f(e;) has been defined, choose f(e;11) € {£1} such that 0f(v;) =0, 1 <
i < m — 1. Then, since G is positive, df(v,,) = 0, and so f is a nowhere-zero 2-flow of
G. O

For negative bidirected eulerian graphs, Mécajové and Skoviera [7] obtained the fol-
lowing useful result.

Lemma 7. ([7]) Every flow-admissible negative bidirected eulerian graph contains at least
two edge-disjoint unbalanced circles.

Let T be a tree and S C V(T') with |S| > 2. A subtree 7" of T is odd (even)
if |V(17") N'S| is odd (even). The following technical lemma is needed in the proof of
Theorem 2.

Lemma 8. Let T be a tree and S C V(T') with |S| > 2. If | S| is odd, then at least one of
the following properties holds.

(i) There are two proper subtrees Ty and Ty with V(T1) NV (Tz) =0 and V(T1) UV (Ty) =
V(T) such that Ty is even, Ty is odd, and |V (T5) NS| > 1;

(i) There is v € S and two proper subtrees Ty and Ty with V(T1) NV (T3) = {r} and
V(Th) UV (Ty) = V(T) such that both Ty and Ty are even;

(iii) There isr € V(T') \ S such that T — r has at least three components, each of which
is odd.

Proof. Let P be a shortest path in T connecting two distinct vertices of S, say P =
V1V . .. Uy, then V(P)NS = {vy,v,}. Since |S|is odd, we have |S| > 3, and so T'—V (P) #
. Let B be a component of T'— V(P). If B is even, then (i) holds with 73 = B and
T, =T — V(B); if B is odd and there is v € {vy, v, } joined to B by an edge e, then (ii)
holds with r = v, T} = B+e, and To = T' — V(B). Assume thus that each component of
T — V(P) is odd and joined to neither v; nor v,.

Let p and ¢ be the smallest and largest integers such that dr(v,) > 3 and dr(v,) > 3,
respectively, where 2 < p < ¢ < n—1. If p # ¢, then T" — v,v,4; has exactly two
components, each of which contains at least two vertices of S, and so (i) holds. Assume
thus that p = ¢. Then (iii) holds with r = v,,. O

Theorem 9. Suppose that G is a bidirected eulerian graph with a circle decomposition
C = {C1,Cs,--- ,Cn}, which contains at least two unbalanced circles. Then there is a
nowhere-zero 4-flow f of G such that for every C € C, |f(e)| = |f(e)| <2 ife, e € E(C),
with possibly one exception C* € C in which case either C* is unbalanced or |E(C*)| > 3.
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Proof. If this is not true, choose G to be a counterexample with | E(G)| minimum. Clearly,
G is negative, for otherwise GG has a nowhere-zero 2-flow by Lemma 5, and the theorem
holds trivially. Construct a graph H with V(H) = {¢1,¢2, -+ , ¢}, where ¢; corresponds
to Cj, 1 < @ < m, there is an edge joining ¢; and ¢; if and only if the corresponding C;
and C; share a common vertex. Note that a connected subgraph of H corresponds to an
eulerian subgraph of GG that is the union of circles from C. Let S be the set of vertices
of H which correspond to unbalanced circles in C. By the given condition, |S| > 2, and
since G is negative, |S| is odd. Let T" be a spanning tree of H. Applying Lemma 8 to T’
and S, we have the following three cases.

(i) There are two proper eulerian subgraphs G; and G of G with E(G1) N E(Gs) =0
and E(G1) U E(Gy) = E(G) such that G is positive and Go is negative containing at
least two unbalanced circles of C. Note that E(G;) is a union of circles of C, i = 1,2. Let
C = Cy Uy, where C; is a circle decomposition of G;, + = 1,2. By Lemma 5, G has a
nowhere-zero 2-flow f;. Clearly, for every C € Cy, |fi(e)| = |fi(e/)| = 1 if e,e’ € E(C).
By the minimality of G, G5 with C, as a circle decomposition has a nowhere-zero 4-flow fo
with the required properties. Then f; + f5 is a nowhere-zero 4-flow of G with the required
properties.

(ii) There is an unbalanced circle C* € C and two proper eulerian subgraphs G; and
Go of G with E(G1) N E(G2) = C* and E(G) U E(Gs) = E(G) such that both G; and
G are positive. Let C \ {C*} = C; UCy, where C; U {C*} is a circle decomposition of G,
1 =1,2. By Lemma 5, each G; has a nowhere-zero 2-flow f;, 7 = 1,2. Then f = f1 + 2/,
is a nowhere-zero 4-flow of G such that for every C' € C\ {C*} and any e,¢’ € E(C),
lfe)] = |f(e)] = 1if C € C, and [f(e)] = |f(¢')] = 2 if C € Cy;. Note that C* is
unbalanced. Thus f is indeed a 4-flow with the required properties.

(iii) There is a balanced circle C* € C such that G — E(C*) consists of edge-disjoint
negative eulerian subgraphs By, Bs, ..., By, t > 3, such that V/(B;)NV(C*) # (0, 1 < i < t.
Since (G is negative and C* is balanced, we have that ¢ is odd. Let

Set C \ {C*} = UL_,C;, where C; is a circle decomposition of B;, 1 < i < t.

Ifu =wjforalll <i#j <t letu=mu =u = - =u. Let H; be the positive
eulerian graph obtained from B; by adding a new negative loop L; at u; (= u), the two
half-edges of L; being away from u;, 1 < i < t. By Lemma 6, for any given «; € {£1},
H; has a nowhere-zero 2-flow f; with f;(L;) = o;, 1 < i < t. Since t > 3 is odd, we
may choose a; € {1} such that 20y + 3°0_, a; = 0, so that 2f; + >_'_, f; gives a 3-flow
¢ of G, after deleting all the loops L;, such that S(¢) = E(G) \ E(C*), and for every
C eC\{C*} and any e,¢' € E(C), |p(e)| = |o(e')| =2 if C € Cy and |p(e)| = |p(e/)| =1
if C € U_,C;. Let fy be a 2-flow of G with S(fy) = C*. Then ¢ + fy is a nowhere-zero
3-flow, and so a 4-flow, of G with the required properties. Assume thus that there are i, j
such that w; # u;, and so |E(C*)| > 2.

Case 1. |[E(C*)| =2, say E(C*) = {ey, ez} and V(C*) = {x,y}. Since C* is balanced,
e; and e, have the same sign, either both positive or both negative. By switching and
reversing operations, we may assume that e; and ey are both positive and the orientations
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of both are from x to y.

Since t > 3 is odd, without loss of generality and by relabeling, we may assume that
r=u =us=---=upand y = upy; = Upso =+ =u, where £ > 1l isodd and t — ¢ > 2
is even. As before, let H; be the positive eulerian graph obtained from B; by adding a
new negative loop L; at u;, the two half-edges of L; being away from u;, 1 < i < t. By
Lemma 5, for any given «; € {£1}, H; has a nowhere-zero 2-flow f; with f;(L;) = «,
1 <i <t Choose a3 = 1, and since ¢ is odd, we may choose a; € {£1}, 2 <7 < ¢, such
that 2522 a; = 0. Since t — ¢ > 2 is even, choose ay1; = apio = —1, and a; € {1},
¢+ 3 < i < t, such that Z;H?’ a; = 0. Then 2f; + 3'_, fi gives a function ¢, after
deleting all the loops L;, such that S(¢) = E(G) \ E(C*), 0¢(z) = —4 and 0é(y) = 4.
Extend ¢ to a nowhere-zero 4-flow f of G with f(e) = ¢(e) if e € E(G) \ {e1,e2} and
f(er) = f(e2) = 2. Then, for every C' € C and any e, e’ € E(C), |f(e)| = |f(€')] < 2,
without exception.

Case 2. |E(C*)| = 3. Let Gy = By, Gy = B, UC*, and G5 = G \ (B; U By). Note
that E(C*) C E(Gj). Since C* is balanced and G is negative, each G; is a negative
eulerian subgraph of G with vy € V/(G1)NV(G2) NV (Gs). Let H; be the positive eulerian
graph obtained from G; by adding a new negative loop L; at w1, the two half-edges of L;
being directed away from uq, 1 < ¢ < 3. By Lemma 6, H; has a nowhere-zero 2-flow f;
with f1(Ly) = 1, and H; has a nowhere-zero 2-flow f; with f;(L;) = —1, i = 2,3. Then
2f1+ fo+ f3 gives a 3-flow ¢, after deleting the loops L;, of G such that E(G)\E(C*) C S(¢)
and ¢(e) € {0, £2} for each e € E(C*). Let fy be a 2-flow of G with S(fy) = C*. Then
f = ¢+ f4 is a nowhere-zero 4-flow of G. For every C € C\ {C*} and any e,¢’ € E(C),
If(e)] = |f(e)| =2if C € and |f(e)] = |f(e)] =1if C € UL_,C;, where C; is a circle
decomposition of B; defined before, 1 < i < t. Thus f is indeed a nowhere-zero 4-flow of
G with the required properties. This completes the proof of the theorem. n

Now, Theorem 2 in the introduction follows from Theorem 9 as the following corollary.

Corollary 10. Let G be a bidirected eulerian graph. If G is flow-admissible, then G has
a nowhere-zero 4-flow f and a circle C, where either C' is unbalanced or |E(C)| = 3, such

that |f(e)| = 3 only if e € E(C).

Proof. If GG is positive, by Lemma 5, G has a nowhere-zero 2-flow, and the corollary
holds trivially. Assume thus that G is negative. By Lemma 7, G has two edge-disjoint
unbalanced circles, and so it has a circle decomposition that contains these two unbalanced
circles as members. The corollary follows from Theorem 9. O

The technical lemma below will be needed in the next section.

Lemma 11. Let G be a bidirected eulerian graph. Suppose that G is negative and flow-
admissible. If there is a circle C' containing all the negative edges of G, then G has two
2-flows f1 and fy such that E(C) C S(f1)US(fa2), S(f1i)NS(f2) € E(C), and S(f;)—E(C)
consists of vertex-disjoint paths with ends in V(C), i = 1, 2.

Proof. By Lemma 7, GG has two edge-disjoint unbalanced circles, say C and C5. Since
C contains all the negative edges of G, E(C;) N E(C) # 0, and so C; # C, i = 1,2.
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Suppose that C; and Cy have been chosen such that |E(C})UE(Cy) U E(C)] is as small as
possible. Let F} = C1®C and Fy, = CodC, where @ denotes symmetrical difference. Then
E(C) C E(F)UE(Fy) since E(Cy) N E(Cy) = . For each i = 1,2, each component of F;
is eulerian; if F; has an unbalanced circle, then, since F; is positive, it has two edge-disjoint
unbalanced circles C and C%; but |E(C7) U E(CY) U E(C)| < |E(Cy) U E(Cy) U E(C)|,
contradicting the choice of C and Cs. Assume thus that F; is balanced, ¢ = 1,2. Since
C; is a circle and E(C;) N E(C) # 0, we have that E(F;) — E(C) is a set of vertex-disjoint
paths with ends in V(C), ¢ = 1,2. The lemma follows by defining f; to be a 2-flow of G
with S(f;) = Fi, i =1, 2. ]

4 Covering the support of a Z,-flow

As mentioned in the introduction, Theorem 12 below plays a key role in the proof of the
11-flow-theorem [4]. Introducing a new method, we present here a simpler and shorter
proof.

Theorem 12. ([2]) Let f be a Zy-flow of a connected bidirected graph G. If S(f) is
positive, then there is a 3-flow ¢ of G such that S(f) C S(¢) and ¢(e) € {£2} if and only

if e € S(¢)\ S(f).

Proof. For each edge e € E(G) \ S(f), add a copy of e parallel to e with the same
orientation, that is, duplicate e to form a balanced circle of two edges. Denote by G the
resulting bidirected graph Since each component of S(f) is eulerian, G is eulerian. Since

S(f) is positive, so is G. By Lemma 5, G has a nowhere-zero 2-flow, which yields a 3-flow
¢ of G with ¢(e) € {£1} if e € S(f) and ¢(e) € {0, £2} if e € E(G) \ S(f). O

We use the same method to handle the case in which the support of the Zs-flow
contains an odd number of negative edges.

Theorem 13. Let f be a Zso-flow in a flow-admissible connected bidirected graph G.
Suppose that S(f) is negative and contains two edge-disjoint unbalanced circles. Then
there is a 5-flow ¢ of G such that S(f) C S(¢), ¢(e) is even for each e € E(G) \ S(f),
and |p(e)| < 3 for each e € S(f).

Proof. As in the proof of Theorem 12, for each edge e € E(G) \ S(f), duplicate e with
the same orientation to form a balanced 2-circle (circle of two edges). Denote by G the
resulting bidirected graph. Then G is eulerian. Because @ is flow-admissible, so is G.
Let C" and C” be two edge-disjoint unbalanced circles in S(f). Let C; be a circle
decomposition of S(f) such that C’,C” € C; and let Cy be the set of all the 2-circles
resulting from duplicating edges of E(G)\ S(f). Then C = C;UCs is a circle decomposition
of G , which contains at least two edge-disjoint unbalanced circles. By Theorem 9, G has a
nowhere-zero 4-flow ¢ such that for every C' € C, |p(e)| = |p(e)| < 2if e, ¢’ € E(C), with
possibly one exception C* € C in which case either C* is unbalanced or |E(C*)| > 3, which
means that C* ¢ Cy, and so ¢ yields a 5-flow ¢ of G with the required properties. O]
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Theorem 14. Let f be a Zo-flow in a flow-admissible connected bidirected graph G.

Suppose that S(f) is negative and does not contain two edge-disjoint unbalanced circles.
Then there is a 5-flow ¢ of G such that S(f) C S(¢) and |p(e)] < 3 for each e €

E(G)\S(f).

Proof. As in the proof of Theorem 13, we obtain from G the flow-admissible connected
eulerian graph G by duplicating each edge e € E(G) \ S(f) to form a balanced 2-circle.
Since S(f) is negative, it contains at least one unbalanced circle. Let C' be an unbalanced
circle of S(f) and H = S(f) — E(C).

Since S(f) does not contain two edge-disjoint unbalanced circles, H contains no un-
balanced circle, and so H is balanced. By switching operations, we may assume that all
the edges of H are positive. For each v € V(C) N V(H), split v into two new vertices
v € V(C)andv” € V(H), where v’ is incident with, and only With the two edges incident
With v in C, and add two positive parallel edges joining v" and v”, both oriented from v’
to v”, so that v’ has degree 4 and v” has the same degree as v in G. Denote by G’ the
resulting bidirected graph. Then G’ is eulerian and flow-admissible. In G let C" and
H'’ be the subgraphs corresponding to C' and H, respectively. Then V(C") ﬂ V(H") =10,
which is the purpose we split v € V(C)NV (H). Let X3, X5, -+, X; be the components of
H'. Then each X is an eulerian subgraph with all edges positive, 1 < i < t. By reversing
operations, we may assume that X; has a directed eulerian tour, say Y;, so that G’ has a
2-flow g; with S(g;) = X; and g;(e) = 1 for each e € E(X;), 1 <i <t Set g=>.'_, g
Let G* be the graph obtained from G by contracting each X; into a single vertex z;,
1 <4 < t¢. By the construction of G,z ¢ V(C'), 1 <i<t. We distinguish two cases.

Case 1. G*\ E(C") contains unbalanced circles. Let C* be such an unbalanced circle.
We consider the following two subcases.

(i) V(C*)NV(C") # 0. Let R = C*+C". Then R is a positive eulerian subgraph with
degree 2 or 4. A vertex = has degree 4 in R if and only if x € V(C*) NV (C"). Let f’ be
a 2-flow of G* with S(f') = R and f’(e) = 1 for each e € E(R).

If z; € V(R), then, since x; ¢ V(C'), x; has degree 2 in R. Let e; and ey be the two
edges incident with x; in R. Let aq, as be the ends of e; and ey, in X;, respectively. Then
a1 and ay divide the directed eulerian tour Y; into two directed segments S; and S,. Note
that g;(e) = 1 for each e € E(Y;) and all the edges of Y; are positive. We may extend [
to a 2-flow f; of G* + X; by choosing a segment S € {51, S5} such that f'(e) = gi(e) = 1
for each e € F(S) and f'(e) = 0 for each e € E(X;) \ E(S). (Sending flow values of
[’ along the forward direction of Y;.) Doing this for each x; € V(R), we extend f’ to a
2-flow f” of G’ such that f'(e) = f'(e) if e € E(@*) and f"(e) =g(e) =1 or f’(e) =0 if
e € U_ E(X;). Then p = f” + g is a 3-flow of G’ with S(f) C S(y) and |p(e)| = 2 only
if e e U, E(X;).

(i) V(C*)NV(C') = 0. Let R = C* + C" + P, where P is a path intersecting with
C* and C' only at its ends (R is called a long barbell). Let f’ be a 3-flow of G* with
S(f") = R such that f'(e) = 1if e € E(C*)UE(C’) and f'(e) =2 if e € E(P). Note that
each vertex has degree 2 or 3 in R, with degree 3 only if it is an end of the path P.

If x; € V(R) and z; has degree 2 in R, then similarly to (i) above, we may extend f
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to a 3-flow f; of G + X; by sending flow values of f" along the forward direction of Y;.
(If z; is a vertex of the path P, send flow value 2 along the forward direction of Y;.)

If x; € V(R) and z; has degree 3 in R, then x; is an end of P in C*. Let ¢;, 1 < j < 3,
be the three edges incident with z; in R, where e; € E(P), e3,e3 € E(C*), and let y; be
the end of e; in X;, 1 < j < 3, say that y1,y», y3 are around the directed eulerian tour Y;
in that order. Let S be the directed segment of Y; from y; to ys, So the directed segment
of Y; from y, to y3, and S5 the directed segment of Y; from y3 to y;. Without loss of
generality, we may assume that the half-edge e}" has an orientation towards ¥, €3> away
from ys, and €4’ away from ys, with f'(e;) = 2 and f’(e2) = f’(e3) = 1. Note that all the
edges of Y; are positive. Extend f to a 3-flow f; of G* + X; by setting file) = f'(e) if
ec B(GY), file)=2ifee Sy, file)=1if e € Sy, and fi(e) =0 if e € 5.

In either case above, we have a 3-flow f; of G* + X, with file) = f'(e) if e € E(CA}'*)
and f;(e) € {0,1,2} if e € E(X;). Doing this for each z; € V(R), we have a 3-flow f”
of G’ such that f”(e) = f'(e) if e € E(G*) and f”(e) € {0,1,2} if e € U'_, E(X;). Then
¢ = f"+ gis a 4-flow of G’ with S(f) C S(¢) and |¢(e)| = 3 only if e € U, E(X;).

By the definition of R, for each 2-circle B, obtained by duplicating an edge of G,
|E(B) N E(R)| < 1. Therefore, ¢ yields a 4-flow (hence a 5-flow) ¢ of G such that
S(f) € S(¢) and |p(e)| < 2if e € E(G) \ S(f). This completes the proof of Case 1.

Case 2. G* \ E(C") contains no unbalanced circle. By switching operations, we may
assume that all the edges of G* \ E(C") are positive, which means that all the negative
edges of G* are contained in C". It follows from Lemma 11 that G* has two 2-flows f1 and
fa such that E(C") C S(f1) US(f2), S(f1) NS(f2) € E(C'), and S(f;) — E(C") consists
of vertex-disjoint paths with ends in V(C"), i =1,2.

As before, we shall extend f; and fo to flows of G First, consider f;. For each
x; € V(S(f1)), send flow values of f; along the directed eulerian tour Y;, always along
the forward direction of Y}, to obtain a 2-flow ¢ of G’ so that ¢1(e) = fi(e) if e € E(G*)
and ¢1(e) € {0,1} if e € Ul_, F(X;). By the same arguments, f, is extended to a 2-flow
@5 of G’ such that pa(e) = foe) if e € E(G*) and pa(e) € {0,1} if e € U'_, E(X;). Then
© =g+ @1+ 20 is a 5-flow of G. Since S(fi;) — E(C") is a set of vertex-disjoint paths
with ends in V(C"), we see that for each 2-circle B, obtained by duplicating an edge of
G, |E(B)NS(fi)| <1,7=1,2. Hence, ¢ yields a 5-flow ¢ of G such that |¢(e)| < 3 for
each e € E(G) \ S(f), and thus ¢ is indeed a 5-flow of G with the required properties.
This completes the proof of Theorem 14. O

Combining Theorems 13 and 14 yields Theorem 3.
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