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Abstract
Let G be a connected graph with n vertices and adjacency matrix A(G). The
critical polynomial dg(x1,...,2,) is a degree-n multivariate polynomial defined as
the determinant of the matrix Mg(z1,...,z,), where

Mg(x1,...,x,) = Diag(z1,...,z,) — A(G).
For any positive integer r, define the set
Vig(r) ={da(z1,...,2n) | 25 € Zzr, 1 < i < n} N Zxo,

where Z-, denotes the set of all integers not less than r. The subset Vg(r) C
Vi (r) consists the elements u such that there exist aj,...,a, € Zs, for which
u = dg(ai,...,a,), the matrix Mg(a,...,ay) is positive definite if v # 0 and
positive semi-definite with rank n — 1 if w = 0. Furthermore, the associated group
Prrs(ar, ... an) Must be cyclic. Motivated by Lorenzini’s exploration of whether the
complement of Vg, (2) in Z>( might be finite for typical graphs [J. Number Theory
257 (2024) 215-248], we establish that for any simple connected graph G, the subset
Ve(2) is dense in Z>o. This provides additional evidence in support of Lorenzini’s
hypothesis that the larger subset Vj,,(2) might actually be cofinite in Zxg.

Mathematics Subject Classifications: 05C50, 11C20

1 Introduction

Let G be a connected, undirected graph without loops on n vertices vy, ..., v,. Let A(G)
denote the adjacency matrix of G. Define

Mg(xq, ..., x,) := Diag(z1, ..., z,) — A(G),

and let
de(zy, ... 2,) :=det (Mg) € Z[xy, ..., x,)].
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The matrix Mg was introduced in [4]. The principal ideal of Z[z1, ..., z,| generated by
dg(zy,...,x,) is referred to as the n-th critical ideal of the graph G. The polynomial
dg(xy,...,x,) is called the critical polynomial of G in [9]. Furthermore, as shown in [5],
two simple graphs G and G’ on n vertices are isomorphic if and only if there exists an
ordering of the vertices of G and G’ such that their critical polynomials dg(x1, ..., z,) and
dg/(zq,...,x,) are identical. Let Z-, denote the set of integers greater than or equal to
the integer r. For ay,...,a, € Z1, let Mg(ay,...,a,) denote the integer matrix obtained
from Mg by evaluating Mg at x; = a; for 1 < ¢ < n. Such matrices play an important
role in geometry. If the matrices of the form Mg(ay, ..., a,) are positive definite, they are
referred to as M-matrices. The associated group of Mg(aq, ..., a,) is defined as follows:

(a) If det(M) # 0, the associated group @ (ay,....an) := Z"/Im (M) has order |det(M)]|.

(b) If det(M) = 0 and rank(M) = p < n, then the associated group @i, . q,) =
Z™/Im(M) is isomorphic to the torsion subgroup of Z"/Im(M).

For the matrix M, there exisit two matrices P and @ in GL,(Z) such that PMQ is a
diagonal matrix N = Diag(d,...,d,,0,...,0) where d; | diy; for i =1,...,p — 1. This
matrix is called the Smith normal form of M. The group ®,, is isomorphic to the torsion
part of Z"/Im N. Thus @), is cyclic if and only if p = 1 or d,_y = 1. An arithmetical
structure on G is a pair (M, R), where M = Mg(ay,...,a,) for some ay,...,a, € Zs1,
and R" = (ry,...,7,) is a positive integer vector with ged(ry,...,r,) = 1 satisfying
MR = 0. Lorenzini [9] showed that M is a positive semi-definite matrix of rank n — 1,
and the associated group is called the critical group of G. Recently, several notable
papers (e.g., [6, 3, 1]) have studied arithmetical structures and critical groups on various
families of graphs, including paths, cycles, bidents, paths with a double edge, and stars.
In particular, Lorenzini in [9] proved that for every connected graph G there exists an
arithmetical structure (M, R) on G such that its critical group is trivial.

For any polynomial f € Z[zy,...,x,] and an integer r > 1, consider the following set
of non-negative values

Vir) = {f(an,- - an) | ar,....an € Zor} N Zsg.

Since dg(21, ..., Ty) € Z[z1, . . ., z,), for a non-negative integer r, the set Vy,, () is studied.
To focus on a more specific case, the subset Vi (r) C Vg, (r) is defined. The number
u € Zxo belongs to Vi(r) if and only if there exist ay,...,a, € Z>, such that:

(i) u=dg(a,...,a,).

(i) If dg(ay,...,a,) # 0, then the matrix Mq(ay,...,a,) is positive definite; if dg = 0,
then the matrix Mg is positive semi-definite of rank n — 1.

(iii) The associated group ®a(ay,....a,) is cyclic.

As usual, we always write C,,, P,, and K, for the cycle, the path, and the complete
graph on n vertices, respectively. The star on n + 1 vertices is denoted as 5,,, and the
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non-pendent vertex is called the center of S,. The extended cycle C;I is obtained from
C,, by attaching a new vertex to one vertex of C,. The extended star S; is obtained from
S, by attaching a new vertex to a pendent vertex of S,,. The broom B is the graph
obtained by attaching k new vertices to one endpoint of P, such endpoint is called the
center and the other endpoint is called the handle of B(l, k) (see Fig. 2 where u; is the
handle and w; is the center). Clearly, B is just the path P, with the handle being one of
the endpoints, and B, is just the star Sj with the handle being the center. The graph
D,, (n > 4) is obtained from the path P, 1 = v1vs...v,_; by adding an additional vertex
attached to vy. The graph D, is obtained from D,, by adding a new vertex attached to
Up—o. If n =4, then D, is just the star Sy. For 6 < n < 8, the graph E,, is the specific
tree on n + 1 vertices shown in Fig. 1. The graph E,, is obtained from E, by deleting the
pendant vertex colored red. The graphs P, (n > 2), D, (n > 4), and E, (6 < n < 8) are
called Dynkin diagrams on n vertices. The graphs D,, (n > 4) and E, (6 < n < 8) with
n + 1 vertices are called extended Dynkin diagrams or affine Dynkin diagrams.

For two graphs G and H, their disjoint union G U H is the graph with vertex set
V(G)UV(H) and edge set E(G)U E(H). The join GV H of them is the graph obtained
from G U H by adding all possible edges between G and H. Furthermore, the graph
K7 V G is also called the cone of G, and also denoted by C(G).

Fg Er Fg
Figure 1: En, 6<n<s8

Motivated by geometric problems, Lorenzini [9] investigated the properties of the sets
Vi (r) and Vg(r) for r € {1,2}.

Theorem 1 ([9]). Let G be a connected graph containing an induced subgraph H such
that 1 € Vi (2). Then Vi (2) contains Zso. In particularly, if G is a connected simple
graph, then Z~o C Va(2), except possibly if G is a tree, a cycle C,,, a complete bipartite
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graph K, ,, a complete graph K, with n < 13, an extended cycle C;7 with n < 7, or the
cone C'(P3).

Theorem 1 characterize a large family of graphs with V(2) D Zso. For the other
classes of graphs, this property is far from being proved. So, Vj.(2) is considered for
these graphs. For a subset S C Z and a positive integer [, let S(I) :=={0,1,2,...,1}NS
and let s(I): =|S(l)|. The density d(S) of S is defined as

d(S) := lim ﬂ

l—oo
If d(S) =1, then S is dense in Zy.
Theorem 2 ([9]). Let G be one of the following graphs:

(1) G is a Dynkin diagram, an extended Dynkin diagram, a star S,, or an extended star

St
(i) G is a cycle C,, or an extended cycle CF.

(111) G is the cone C(Ps), the complete graph K, the complete bipartite graph K, or
Ks,.

)

Then the set Vg, (2) is dense in Zs.

In fact, Theorem 1 shows that for any connected simple graph G, the set Vg(2) is
dense in Z, with the exception of certain graphs. These exceptional cases include trees,
cycles C,,, complete bipartite graphs K, ,, complete graphs K, with n < 13, extended
cycles CF with n < 7, and the cone C'(P3;). Motivated by these results, we turn our
attention to these exceptional classes of graphs, leading to the following conclusions.

Theorem 3. If T is a tree on n vertices, then Vr(2) is dense in Zsy.

Theorem 4. If G € {C,, Ky, K,,, C.F, C(Ps)}, then Vi (2) is dense in Zsy.
Combining Theorems 1, 3 and 4, we get the following result immediately.

Theorem 5. If G is connected simple graph, then Vi (2) is dense in Zsg.

Remark 6. In [9], Lorenzini posed the problem of whether the complement of V;,(2) in
Zy is finite for a broad class of finite graphs. Our main result (Theorem 5) addresses this
problem by establishing that for any simple connected graph G, the set V(2) — and hence
Vi (2) — is dense in Z>o. This density result provides a partial resolution to Lorenzini’s
question and simultaneously generalizes Theorem 2 within the framework of arithmetic
progressions.

The remainder of this paper is organized as follows. Section 2 introduces several
essential lemmas that form the basis for proving the main results. In Section 3, we
present the proof of Theorem 3, while Section 4 is devoted to the proof of Theorem 4.
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2 Preliminaries

For a graph G and a vertex v € V(G), denote by G, the subgraph obtained from G by
deleting the vertex v and all edges incident to v.

Lemma 7 ([9]). Let G be a connected graph, and let v € G be a vertex such that the
subgraph G, satisfies one of the following properties:

(i) The complement of Vg, (2) in Z is finite.

(i1) Up to reordering the vertices of G, there exist as, . .., a,_1 € Zso such that dg, (t, as,
ooy an1) = at — B, where a € Z~q, f € Z, and ged(a, B) = 1.

(i41) Vag, (2) contains an infinite subset of pairwise coprime values {uy,usy, ...} such that
lim; o0 [T, (1 — 5) —0.
Then, Va,(2) is dense in Zxo.

Lemma 8 ([9]). Let G be a graph on n vertices, and for some choice of as, . .., a, = 2, we
have dg(t,as, ..., a,) = at — B with ged(a, B) = 1. Let G denote the graph obtained by
attaching a new vertex vy with e > 1 edges to the vertex v,. Let ¢ > 1 denote any integer
coprime to eas. Then, dg+(q,t,as, ..., a,) is of the form o/t — ', where ged(o/, f') = 1.

Lemma 9 ([7, Dirichlet’s Theorem]). Let a,b € Z>, with ged(a,b) = 1. Then, there are
infinitely many prime numbers in the sequence of integers b,b+ a,b + 2a,...,b+ ka for
ke Zsy.

Remark 10. If a € Z>, and b € Z with ged(a,b) = 1, there are also infinitely many
primes in the sequence —b, —b + a,—b+ 2a,...,—b+ ka for k € Z~o. In fact, if b < 0,
the result follows directly from Lemma 9. If b > 0, there exists a positive integer m such
that ma — b > 0. Moreover, since ged(a, b) = 1, it follows that ged(a, ma — b) = 1. Thus,
we can express the sequence —b + ka = (k — m)a + (ma — b), where k € Z-,. Applying
Lemma 9, we conclude that the sequence contains infinitely many primes.

A set of positive primes P is said to have Dirichlet density if

l. Zpe’P pis
im —————
s—11n(s — 1)1

exists. If the limit exists we set it equal to d(P) and call d(P) the Dirichlet density of P.
By using this definition, we get the following result.

Lemma 11. Let G be a graph and assume that there exists a vertex v such that, for some
labelling of G, there exist ay, ..., an,_o € Zso salisfying

de(al, e ,(Zn,Q,t) = oot — 5,

where « € Zs1, B € Z, and ged(a, ) = 1. Suppose that there exists a subset P C Py =
{p is a prime | p=at—p,t > 2} such that the complement of P in Py is finite and such
that P satisfies the following properties:

ot
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(i) For anyty > 2 with aty—f € P, the matrix Mg, (a1, . .., an—2,to) is positive definite.

(i) For any to > 2 with aty — f € P, the (n — 1)-th determinant divisor of the matriz
Mg(ay, ... an_29,to,u), for every u € Zso, is equal to 1.

Then V(2) is dense in Zsg.

Proof. Since Py has Dirichlet density 1/¢(c;) where ¢(-) is the Euler’s totient function,
we get > p 1/p is infinite (see [8, Page 251]). As the complement of P in Py is finite,
we have >, 1/p is infinite too. According to [11, Lemma 5.1.1], we have

£ 1

i I1 () =0
where p;, € P for 1 <i < j. For p; = at; — 8 € P and u € Z-,, consider the matrix

Mg(ay, ..., an—2,to,u).
Since its (n — 1)-th leading principal minor is p;, we get

det Mg(ay,. .., an_2,to,u) = p;u — w;,
for some w; € Z.
Let P, = {piju —w; | uw € Zsy and u > w;/p;}. Clearly, P, C V,.(2). Since the set P;
forms an arithmetic progression, the density of P; is 1/p;. Moreover, since
det Mg(aq, ..., an—2,to,up) = piug — w; € P,

the matrix Mg is positive definite when det Mg > 0, and positive semi-definite of rank
n — 1 when det Mg = 0. Moreover, the (n — 1)-th determinant divisor of M¢ is equal to
1, which implies that the associated group @, is cyclic. Thus, P, C Vi (2).

Since the values of P are distinct primes, we find that the union ULI P; has density

greater than
! 1
1-— 1——.
H ( Pz‘)

=1

Since | JI_, P; C Vi(2) for any j, we get

A(Va(2)) > Jim (1 - ﬁ <1 - %)) =1.

=1

This yields d(V(2)) = 1, and thus Vi(2) is dense in Zs. O
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b1 Un+i+1

¢ 2 s :
n Un+1 Un+4l-1 .
by,

Un+1
G(Bik)

Un+i1+2

Un+l+k

Figure 2: The graphs B;;, and G(B; ) with gluable vertex v,,.

3 Proof of Theorem 3

A graph G with n vertices is called an initial graph if, for some labelling of G, there exist
integers aq, ..., a,_1 with each a; > 2 satisfying the following conditions:

Cl. dg(ay,...,an_1,t) = at — 3, where o € Z>1, f € Z, and ged(a, f) = 1; the vertex
corresponding to the variable ¢ is called a gluable vertex;

C2. The r-th leading principal minor of Mg(ay, ..., a,_1,t) is positive for 1 <r <n—1.

In this part, we always assume that G is an initial graph. For integers [ > 1 and k& > 0,
let G(Byx) be the graph obtained from G by attaching the handle of By to the vertex
v, (see Fig.2), where the numbers colored red are the values of z; corresponding to the
vertices v; which will be used in Lemma 12.

Lemma 12. There exist values sg, by, ... by € Zso with s > 1+ Zle b% such that

dg(Blyk)(al, c. ,an,l,t,Q, ey 2,80,[)1, C ,bk) = Oélt — Bl;

for some ay € Z>q and By € Z with ged(aq, 1) = 1.

Proof. Consider the corresponding matrix Mg, (a1, ..., an-1,t,2,...,2,50,b1,...,bg),
which has the form
G,, *
* t -1
-1 2 -1
-1 2 -1
-1 2 -1
1 s -1 —1 -1

-1 b
-1 by
—1 by,

By directed calculations, we get
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det (Maep,)) = fu(b) (so— ge(0)) (1= 1) (at — B — a) + (ot — J3))
—fx(®) (1 =2) (at = B —a) + at — j)
= (fr(b) (so — g (b)) L = fi(b) (I = 1)) ot — (fi(D) (so — gk(b)) L (1)
—fi(0) (1 = 1))B8 — (f&(b) (s0 — gx(b)) (1 = 1) — fi(b) (I — 2))

= ait — B,
where 1, b, ifk>1 S OL k=1
ﬁ@:{ . /’,%wz{ AR (2)
1, if k=0, 0, if k=0,
and

{ a1 = (fi(b) (s0 — g(b)) I — fir(b) (I = 1)) a,
B = (fx(b) (s0 = gr(0)) { = fir(b) (1 = 1)) B+ (f&(]) (s0 — gr(b)) (I = 1) — fr(D) (I — 2)) .

First, we choose by,...,b, to be different primes which are coprime with each of
ai,...,a,_1,a,0 and [. For any prime p satisfying p | fx(b)l, we get either p | [ or
p | fr(b). If p |, then p t (I — 1), and thus p 1 (fx(b)gr(b)l + fr(b) (I — 1)) because
ged(l, fr(b)) = 1. If p | fx(b), then p = b; for some i. Since fi(b)gr(b) = Zle [0,
we get p{ fe(b)gr(b). This yields p 4 (fx(b)gr(b)l + fx(b) (I — 1)) because ged(b;, 1) = 1.
Therefore, we conclude that

ged (fr(b)L fe(b)gr(b)l + fr(b)(l — 1)) = 1.
According to Lemma 9, there exists a number sy > gx(b) + 1 such that
fe(0)lso = (fe(0)gr(B)l + fr(0)(l = 1)) = P,
where p’ is a prime coprime with «. For convenience, denote by
¢ = fi(b) (so = ge(0)) (1 = 1) = fu(b) (1 = 2).
Since p’ > ¢’ > 0, we have ged(p/, ¢') = 1. Note that
a; =paand B =p'B+ ¢ .

For any prime factor p of ay, we have either p = p’ or p | a. If p = p/, then p 1 3
because ged(p', ¢') = ged(p/,a) = 1. If p | «, then we also have p { 81 because ged(a, p') =
ged(a, B) = 1. Thus, ged(aq, 1) = 1. ]

Remark 13. Lemma 8 for e = 1 shows that if GG satisfies the condition C1 with a gluable
vertex v, then G, obtained by attaching a new vertex vy to v, also satisfies the condition
C1. Lemma 12 generalizes this result by replacing G* with G(B, ), where G corresponds
to the special case G(Bip).
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Next, we show that the matrix Mg(Bl’k)(fL’l, ..oy Tpiitk) 18 positive definite for some
values x;. Let oy and (1 be the values determined in Lemma 12. Define the set

Po={pisaprime|p=ait — f1,t € Z=s}.
Using the symbols of Lemma 12, define the set
P={pePy|t>p/a+1and pt fr(b)a}. (3)

It is clear that the complement of P in Py is finite.

Lemma 14. If py = ayty — 51 € P, then the matriz
MG(BUC) (ah ey Qp—1, th 27 ey 27 50, bl; o 7bk)
1s positive definite.

Proof. Let M ’“( denote the r-th leading principal submatrix of Mg(p,,), which is

obtained by taklng the first 7 rows and columns of Mg(p, ). Then, det MG( By 18 the r-th

leading principal minor of Mg, ,). It suffices to prove that det MG( By > O for r>1.
For1<r<n-—1,itis clearly det M, G(p, ) > 0 since the r-th 1ead1ng principal minor

of Mg(ay,...,a,_1,t) is positive. If r = n, the determinant det Mgp, ) =0oto— >0
as tg > B/a + 1. Forn+1<r<n+1[0—1, the matrix Mé(Blk) can be viewed as

MGBrfn,O (al, e 7an717t07 2, ey 2)

Therefore, from Eqs.(1) and (2) we get
det M¢p,,) = (r—n)(ato — B — a) + atg — 8 > 0.
Forn+1<r <n-+ k+1[, the matrix M&Bl ,) can be viewed as matrix

MG(Blyr_n_l)(ala ceey Qp—1, tO? 27 sy 27 S0, bla B 7b'r—n—l)‘
Thus, by Eqs.(1) and (2) we get
det M&BM)
= fr,n,l(b) ((So — gr,n,l(b) — 1) ((l — 1) (Ott() — ﬁ — Oé) + Oét() — ﬁ) + Oét(] — B — Ot) .

According to the proof Lemma 12, we get f,._,_;(b) > 0 and so = gx(b)+1 = g—pn_i(b)+1.
Combining the fact ¢ty > 5/a + 1, we get det Mg, ,) > 0.
The proof is completed. ’ O

If we relabel the vertices of G(B; ) such that v, is listed last, then Lemma 12 implies
that G(B; ) satisfies condition C1 with gluable vertex wv,. Furthermore, for 1 < r <
[+ k+n —1, since the r-th leading principal minors of Mg(Bl’k)(al, ey Up_1,2,...,2, 50,
bi,..., b, to) and Mgep, (a1, ..., an-1,2,...,2,80,b1,...,bx,t) are identical for any t,
Lemma 14 implies that G(B;;) also satisfies condition C2. Hence, the following result
holds.
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Corollary 15. If G is an initial graph with gluable vertez vy, then so is G(Byy).

Let G*(By) denote the graph obtained from G(B;;) by adding a new vertex to the
vertex corresponding to the value sy, i.e., the vertex v,; in Fig. 2.

Lemma 16. For any po = aitg— 1 € P and u € Z, the (n+1+k)-th determinant divisor
of the matrix
Mg+(317k)(a1, ey Qp1, to, 2, Ce ,2, S0, bl, ceey bk, U)7

equals to 1.

Proof. Assume that d is the (n+I+k)-th determinant divisor of Mg+ (p, ). Since the matrix
Mg, ) is an (n+1+k)-th leading principal submatrix of Mg+ (p, ,) and det Mg (s, ) = po,
we get d | po. On the other hand, consider the submatrix obtained by deleting the last
row and the n-th column of Mg+ (p,,). The resulting matrix M’ has the following form:

G,
*  —1
2 -1
-1 2 -1
-1 2 -1
-1 ¢4 -1 -1 -1 -1
-1 b 0
-1 by O
-1 by 0

By directed calculations, we get det M’ = (—1)**f,(b)a, and thus d | fx(b)a. Since
ged (po, fr(b)a) = 1 by the choice of py, we get d = 1. ]

Lemmas 12, 14 and 16 imply that G*(B) satisfies the conditions of Lemma 11. This
yields the following result immediately.

Lemma 17. The set Vg+(p, ,)(2) is dense in Zx.

According to the calculations in the proof of Lemma 12, we get the following result,
which implies that the gluable vertex could be changed when [ = 1 (see Fig. 3).

Corollary 18. There exist integers xg,by,ba, ... b € Z=o salisfying axy — > « such
that

dg(Blﬂk)<CL1, as,...,0n-1,%0,Y, bl, bQ, C.e ,bk) = Y — 62,

for some ay € Z=1 and Py € Z with ged(ag, Be) = 1. It means that the gluable vertex
turns to be the handle of B .
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Figure 3: The graph G(B; ) with gluable vertex v,

Proof. By taking [ =1 in the proof of Lemma 12, we get

d(;(Bl,k)(al, v, an-1,T0,Y, bl, .. ,bk> = Yy — /82, (4)
where ay = fi(b)(axo — B) and B2 = fi(b)gr(b)(axy — B) + fr(b)a. First, we choose
by, ...,bx to be different primes. Next, since ged(«, 5) = 1, according to Lemma 9, we

could choose xy € Z5 such that axg — 5 = p is a prime satisfying p’ 1 f(b) and p' > «.
Note that ged(fx(b), fx(b)gr(b)) = 1. For any prime factor p of oy, we get either p = p’
or p=20b; for some 1 < i < k. If p=p, then p t fs since p’ t fr(b) and p' 1 a. If
p = b;, then we also have p 1 55 because ged(b;, fr(b)gr(b)) = ged(b;, p') = 1. This yields
ged(aw, B2) = 1. O

Based on Corollary 18, we define the sets
Qo :={pisaprime |p=agy — P2,y € L2},

and
Q:={pe Q| y=gr(b) +1and pt fir(b)a}.

It is clear that the complement of Q in Q is finite. Similar to Lemma 14, we get the
following result.

Corollary 19. If p = asyg — B2 € Q, then the matrix
MG(Bl’k)(ah Az, ..., 0n-1, 20, Yo, b17 b27 cee bk)
1s positive definite.

Proof. Let M&Bl o) be the r-th leading principal submatrix of Mg(g, ,), that is, det M&Bl o)
is the r-th leading principal minor of Mg, ,)- It suffices to show det M&Bl o 0 for
r>1. If 1 <r <n-—1, then det Mg(Blk) > 0 because M&Bl 2) is also the r-th leading

principal submatrix of Mg(ay,...,a,_1,2o) which is positive. If » = n, then
det Mg g, ) = det Mg(ay,...,an—1,20) = axg — [ > 0.
Ifn+1<r<n+1+k, then the matrix M&Bl ,) can be viewed as the matrix

MG(Blyr,n,l)(ala <o Qp—1, %0, Yo, b17 LRI b?“fn71>-
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Thus, from Eq.(4), we have

det MG(Blyr_n_l)(ala <+ vy n—1, X0, Yo, b17 ce 7b7’—n—1)

= fron-1(b) ((ao = B) (Yo = gr-n-1(b)) — @) .
Since fr_p_1(b) >0, axg — B > av and yo = gx(b) + 1 = gr—n_1(b) + 1, we have
det Mg, , 1) > 0.
The proof is completed. O

Analogous to Corollary 15, combining Corollaries 18 and 19, we get the following
result.

Corollary 20. If G is an initial graph with gluable vertex vy, then G(Byy) is also an
initial graph with gluable vertex v, 1, where v,y is the handle (also the center) of By y.

A rooted tree T(vg) is a tree T' with a designated vertex vy called the root. In the
rooted tree T'(vy), for a vertex v € V(T (vy)), denote Pr(vg,v) as the unique path from
vo to v. The length of Pr(vg,v) is just the distance dp(vg,v) from vy to v, which is also
called the depth of v. Clearly, dr(vg,vg) = 0. The height h(T(vg)) of T(vg) is defined as
the largest depth in T'(vy), that is

h(T(v9)) = max {dyp(vo,v)}.

veV (T (vo))

Lemma 21. If T is a tree on n vertex with n > 3, then there exists a vertex vy € V(T
such that the rooted tree T'(vy) contains two vertices vy, vy satisfying

dr (v, v1), dr(ve, v2) = h(T(vg)) — 1 and V (Pr(vg,v1)) NV (Pr(vg,vs)) = {vo}.

Proof. We proceed by induction on n. If n = 3, then T is the star Sy, and the statement
holds by taking vy to be the center and vy, vy to be the two pendant vertices. Assume
that the statement holds for n — 1. If | V(T') |= n, then let 7" be the tree obtained from
T by deleting a pendant vertex v. By inductive assumption, there exists a vertex v, such
that the rooted tree 7"(v() containing two vertices v}, v4 satisfying

dr(vg, v1), dr (g, v3) 2 h(T"(vg)) — 1 and V/(Pre(vg,v1)) NV (Pre(vg, v3)) = {vp}-

Now, consider the tree T. Assume that the vertex v’ is the neighbor of v in T. If
dr (vg,v") < h(T'(v})) — 1, then h(T(v))) = h(T"(vg)), and the result follows by taking
vo = vy and vy = v}, vy = vh. If dp(v),v") = h(T'(v})), we claim that V(Pp (v),v))) N
V(Pr(v),v")) = {vy} for some i € {1,2}. Otherwise, assume that u; € V(Pr(vj,v})) N
V(P (v),v")) \ {vg} for 1 < i < 2. Clearly, uy # us because V(Pr (v), v])) NV (Pp(vg, v5))
= {v}}. Since v{, is an internal vertex of the unique path between u; and us, the vertex v}
has degree 2 in the path Pp/ (v, v"), which is impossible. Thus, without loss of generality,
assume that V(P (vg, v})) NV (Pr (v, v")) = {vy}. Taking vy to be the neighbor of vf in
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the path Pp/ (v, v’), we consider the rooted tree T'(vy). Since vy is a neighbor of v, for
any x € V(T"), we get dr(vo, x) < dp/ (v}, x) + 1, that is dp (v}, x) = dr(ve,z) — 1. This
yields h(T"(v})) = h(T(vo)) — 1. Note that

dr(vg,v) = dp/(vy,v") +1—1=h(T'(v})) = h(T(vy)) — 1,
dT(Uo,Ui) = dT/(’Ué,Ui) +12> h(T’(Ué)) —-1+12 h(T(Uo)) — 1.

Also, we have

V(PT(U(), U)) N V(PT(UO, Ui)) = {Uo}.
The result follows by taking v; = v} and ve = v. O

Let T be a tree on n vertices. Since 1 € Vg, (2) (see [9, Page 239]), Theorem 1 implies
that Vr(2) D Z-o whenever Eg is an induced subgraph of 7. Therefore, it suffices to
consider the case where T does not contain Eg. If T is a tree on n vertices that does not
contain Fyg, then by Lemma 21, there exists a vertex vy such that the rooted tree T'(vg)
contains two vertices v, and vy satisfying

dT(’U(), Ul), dT(Uo, ’UQ) > h(T(’Uo)) —1 and V(PT<U(), ’Ul)) N V(PT(’U(), UQ)) = {’Uo}.

Lemma 22. Let T be a tree on n vertices containing no Eg, and let vy, vi, and vy be the
vertices described above. Then the followings hold.

(i) If h(T'(vo)) = 3, then T is either of the form Ty or of the form Ty shown in Fig.4.
(ii) If h(T(voy)) = 4, then T is of the form shown in Fig.5.

Proof. First, we consider the case for h(7(vy)) = 3. For any vertex u € V(T (v)), we
have dr(vg,u) < 3, and there exists at least one vertex ug such that dp(vg,us3) = 3. Let
Pr(vo,u3) = voujugus. If d(uy) > 3, we claim that each vertex v with depth 3 must
satisfy u; € V(Pr(vo,v)). Otherwise, V(Pr(vy,u3)) N V(Pr(vo,v)) = {v}, and thus
V(Pr(vo,uz)) UV (Pr(vg,v)) U{x} forms an Eg for z € N(uy) \ {vo, uz} (see Fig. 4), a
contradiction. Hence, T" is of the form 77 show in Fig. 4. If d(u;) = 2, we claim that,
for each v with depth 3 must satisfy that d(z) = 2 for any = € N(vy) NV (Pr(vo,v)).
Otherwise, let v be a vertex of depth 3, say Pr(vg,v) = vozzyv, and y € N(z) \ {vo, z1}.
Since d(uy) = 2, we get V(Pr(vo,u3)) NV (Pr(vg,v)) = {ve}. Therefore, V(Pr(vg,us)) U
V(Pr(vo,v)) U{y} forms an Fg (see Fig. 4), a contradiction. Hence, T has the form T
shown in Fig. 4.

Next, we consider the case for h(T(vg) = 4. Since h(T'(vg)) > 4, there exists at least
one vertex u such that dp(vg,u) = h(T(vg)) = 4. By Lemma 21, there exists a vertex
w € {vy,v9} such that dr(vy,w) = h(T(vg)) —1 > 3, and

V(PT(U(), u)) N V(PT(U(), U))) = {’Uo}.

Let v/ and w’ denote the neighbors of u and w in the path Pr(u,w), respectively. If
dlw) = 2, let x € N(w) \ V(Pr(vo,w)). We claim that d(v) = 2 for every vertex
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Figure 4: The form of T" when h(7(vy)) =3

v e V(Pr(uw,w))\ {u'}. Otherwise, assume that v' € V(Pr(u/,w")) \ {u'} with d(v') > 3.
Let v € N(')\V(Pr(u,z)). If v' € Pr(vg,u) \ {v'}, then this would lead to an Ej since
d(v';u) 2 2 and d(v,x) > d(vg,x) > 4; similarly, if v" € Pr(vg,w’), an Eg would also
arise since d(v', x) > d(w’,x) > 2 and d(v',u) = d(vg,u) = 4 (see Fig. 5). Both cases are
impossible. Similarly, if d(w) = 1, then d(v) = 2 for any vertex v € V(Pr(v/, w"))\{u/, w'}.
Hence, T has the form shown in Fig. 5. [

V0 Vo

7N

. " .
V.
w/
w
x

Figure 5: The form of T" when A(T'(vp)) > 4

v

|
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e

u

cfo—eo

Now we are ready to prove Theorem 3.

Proof of the Theorem 3. Let T be a tree on n vertices. Since 1 € Vg, (2) (see [9, Page
239]), by Theorem 1, we conclude that Vr(2) D Z~q whenever Fyg is an induced subgraph

THE ELECTRONIC JOURNAL OF COMBINATORICS 33(3) (2026), #P3.80 14



of T'. Therefore, it only needs to consider the case that T' does not contain Eg as an
induced subgraph. If n = 1, the result is trivial. If n € {2,3}, then T = P, and thus
Vr(2) = Vi, (2) (see |9, Page 241]). Therefore, Theorem 2(i) implies Vr(2) is dense in Zo.
If n > 4, let vy, vy, v9 be the vertices determined by Lemma 21. We consider the hight of
the rooted tree T'(vp).

Case 1. h(T(vg)) = 1.

In this case, the tree T'(v) is a star. Let Ty = uy be an isolate vertex, and 7T} the
graph obtained by attaching the center uy of By ,_3 to ;. Then, T' is obtained from 7T}
by attaching a new vertex u, to ug, that is T = T, (By,_3) (see Fig. 6). Since T is an
initial graph, Lemma 17 indicates Vp(2) is dense in Z,.

ule t uire t

To T T

Figure 6: The form of T'(vg) for h(T'(vy)) =1

Case 2. h(T(vg)) = 2.

In this case, there exist integers ng,nq,...,n,, = 0 with Z?io n; = n — 1 such that T
is formed by the following way. Let T be the star S, with center uy, and let T;;; be the
tree obtained from 7; by attaching the center u;y1 of Sy, to ug for 0 <i < m — 1. The
graph T is the tree obtained from T, by attaching a new vertex u,, to u,, (see Fig. 7).

Uo @1
To
Figure 7: The form of T'(vg) for h(T(vy)) = 2
Taking aq,...,a,, to be different primes, we get dr,(a1,...,an,t) = at — B with

ged(a, B) = 1, where a = [[}2, a;, 8 = >, [[,; a;, and the variable ¢ corresponds to
ug. Furthermore, by directed calculations, one could easily verify that the r-th leading
principal minor of Mr,(ay,...,an,,t) is positive for 1 < r < ng. Hence, Tj is an initial
graph with gluable vertex ug. Corollary 15 implies that, if 7T; is an initial graph with
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gluable vertex wug, then so is T;;; for 0 < ¢« < m — 1. Hence, T,,_; is an initial graph
with gluable vertex wug. Therefore, Lemma 17 indicates Vp(2) is dense in Z-, because
T =T, 1(Bin)-

Case 3. h(T(v)) = 3.

In this case, according to Lemma 22, T'(vy) either has the form H or has the form
F as shown in Fig. 8, where the rooted vertex is vy and the gluable vertex is colored
red.

If T = H, then it could be constructed by the following way. Let Hy be the graph
shown in Fig. 8, with rooted vertex vy, and H; is obtained from H, by attaching the
center ug of Sk to vy for some k. For 1 < i < m — 1, the graph H;,, is obtained from H;
by attaching the center of By ,, to uy for some n;. The graph T' is obtained from H,, by
attaching a new vertex to the center of By, ,. In Case 2, we have already proved that
Hj is an initial graph with gluable vertex vy. Hence, Corollary 20 implies that H; is an
initial graph with gluable vertex uy because Hy = Hy(B; ). This indicates by Corollary
15 that H,, ; is an initial graph with gluable vertex ug. Since T'= H = H (B, _,),
Lemma 17 indicates Vr(2) is dense in Zxo.

If T = F;", then it could be constructed by the following way. Let Fy be the graph
shown in Fig. 8. For 0 < ¢ < s — 1, the graph Fj,; is obtained from F; by attaching the
handle of B, ,, to vy for some n;. The graph 7' is obtained from F; by attaching a new
vertex to the center of By, ,. Similarly, the graph [{ is an initial graph with gluable
vertex vg. Corollary 15 implies that Fs_; is also an initial graph with gluable vertex vy.
Since T = F;” = F' |(Ban, ,), Lemma 17 indicates Vz(2) is dense in Zx.

Hy Hy Hs Hpm T = Hf

vo

T =FF

Figure 8: The forms of h(7(vy)) for h(T(vg)) = 3

Case 4. h(T(vg)) > 4.

In this case, according to Lemma 22, the tree 7' is of the form given in Fig. 9, which
could be formed by the following way. Let T be a star Sy for some k with center ug, and
T; the graph obtained from 7 by attaching the handle of B;,, to the vertex ug. The tree
T is obtained from 77 by attaching a new vertex to the center of B;,,. Since T} is an
initial graph with gluable vertex ug and T = T (B;,,), Lemma 17 indicates that the set
Vr(2) is dense in Zs,. O
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T i) T

Figure 9: The form of T'(vg) for A(T'(vg)) > 4

4 Proof of Theorem 4

We consider all graphs in Theorem 4 one by one. First, we consider the cycle C), and the
extended cycle C_|.

Lemma 23. If G = C, or C |, then V(2) is dense in Z=y.

Proof. If G = C,, = vv9- - - v, let G, denote the subgraph obtained from G by deleting
the vertex v,; if G = C' |, let G, denote the graph obtained from G by deleting one
of the non-pendent neighbors, say v, of the unique vertex v,,_, of degree 3 (see Fig.10).

Clearly, G, = P,_1 = v1vy---v,_1. By directed calculations, we get
dp, ,(2,2,...,t) = (n—1)t — (n —2),
and ged(n — 1,n —2) = 1. Let
Py :={pisaprime|p=(n—1)t—(n—2),t >2and pt —n(—n+1)}.

The complement of Py in {p is a prime | p = (n — 1)t — (n — 2), t > 2} is finite. Deleting
the last row and the (n — 1)-th column of the matrix Mg (2,...,2,t,u) where u € Z-o,
the determinant of the resulting matrix is either —n or —n + 1. Thus, for any t5 > 2
with (n — 1)tg — (n — 2) = py € P1, the (n — 1)-th determinant divisor of the matrix
Mg(2,...,2,ty,u) is equal to 1. Besides, by directed calculations, for 1 < r < n — 2, the
r-th leading principal minor of the matrix Mp _,(2,...,2,tg) is equal to r + 1 > 0; for
r = n — 1, the (n — 1)-th leading principal minor is equal to py > 0. Thus, the matrix
Mp, ,(2,...,2,ty) is positive definite. By Lemma 11, the set Vz(2) is dense in Zo. O

Next, we consider the complete bipartite graph K.
Lemma 24. If G is a complete bipartite graph Ky, then V4, (2) is dense in Zy.

Proof. When k = 1, the graph K, is a star, then by Theorem 3, we get the result.
For k > 2, it suffices to show that Kj_;; satisfies condition C1, and then the result
follows by Lemma 7 (ii) since G, = Kj_1, is just the graph obtained from G = Ky,
by deleting a vertex of degree [. Without loss of generality, we show that K} ; satisfies
condition C1 for any £ > 1 and proceed by induction on k. If £ = 1, then K;; = S; is
a star. By the proof of Case 2 of Theorem 3, we get K;; = 5, satisfies condition C1.
Assume that the statement holds for £ — 1, i.e., Kj_1,; satisfies condition C1. We now
consider the graph G = K} ;, whose vertex set can be partitioned into two disjoint parts
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u 2 u 2
vn Un—2 .Un Un—2
2‘1}1 ’2 2'1}1 ‘2

v2 v2
2. .............. ..2 2. .............. ..2
+

Figure 10: The forms of C,, and C;" ;

U= {uy,...,u} and V = {vy,..., v} where Ky, = UV V (see Fig. 11). By induction
hypothesis, for the graph Kj,_,,; there exist integers a1, ...,a;,q1,...,qr—2 € Zs9 such that
di 1 (Qr—2,- - qu, t a1, .. a) = at — 3 where a € Z,, B € Z and ged(a, ) = 1. Then,
for the graph Kj_;;, we choose gy—1 € Z>9 and g,—1 > /a + 1 which is coprime with g,
then

dic, (@1, -5, b an, -y a) = (qeaaa— Bt — g1 3.

As qx_1 € Zso and g1 = B/a+ 1, we have (g1 — ) € Z>1 and q,_15 € Z. Moreover,
since ged(gr_1,0) = 1 and ged(a, B) = 1, we get ged(qr_1a0 — 5, qx—18) = 1. Therefore,
the graph Kj; satisfies the condition C1. O]

t ai

U Uy

Figure 11: The form of the graph Kj

Lemma 25. If G = Ky is a complete bipartite graph, then Vi (2) is dense in Zsy.

Proof. If k =1, the K is the star K, and the result follows from Theorem 3. If k > 2,
by the proof of Lemma 24 there exist qx_s,...,q1,a1,...,a; such that

dr, (-2, Gi-3, -, q1,t,a1,. .., a1) = ot — Pi_o
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where ged(ay_o,8;—2) = 1 for 2 < i < k. Let G, denote the subgraph by deleting the
vertex v with degree [ of G. For t > max{2, 22:1 a%,, Bi—o/ti—a, i =2,...,k}, define

k-2 1 l
. . 1
Py = {p is a prime | p = ag_aot — Sr_2, andp)(Hquai <Z a_) } |

i=1 =1 i=1

Clearly, the complement of the set Py in {p is a prime | p = ag_ot — fx_2 and t > 2} is
finite. Moreover, for aj_oty — Br—2 = po € Po, taking u € Z-, and deleting the first row
and the k-th column of the matrix Mg (u, qr_2, - - -, q1,to, a1, - - -, @), then the determinant
of the resulting matrix is equal to (—1)* [ -2 ¢ [T, ai(Co, L). Thus, for py € P,
the (n — 1)-th determinant divisor of Mq(u, gx—2, ..., q1,t0, a1, .. ,Zal) is equal to 1. Since
the r-th leading principal minor of the transpose of matrix Mg, (qx—2, - - -, q1, to, @1, - - ., a;)
is greater than 0 for 1 < r < n — 1, the matrix Mg, (gx—2,-- -, q1,to, a1, ..., aq) is positive

definite. The Lemma 11 indicates the result. O]
Lemma 26. If G = K,, is a complete graph, then Vg(2) is dense in Zo.

Proof. Let GG, denote a subgraph obtained from G by deleting a vertex v,,. It is clear that
G, is an complete graph K, ;. Set a; > 2 and choose b; = a; + 1 to be different primes
such that > L < 2. Consider the polynomial
n—2 n—2 1 n—2 n—2 1
dg,(a, ..., an2,t) = H¢=1 bi(1 — Zi:l b_i)t - H@'=1 bi(zz‘:l F)
= at—p.

Since {b1,...,b,_o} are different primes, we get ged(a, 5) = 1. Let

n—2
Py = {pisaprime|p:at—ﬁ,t>2andpJ(Hbz}.
i=1

Clearly, the complement of Ps in {p is a prime | p = at—f and ¢t > 2} is finite. Deleting
the last row and the (n — 1)-th column of the matrix Mg(aq,...,a, 2,t,u) where u €
Z2, the determinant of the resulting matrix is — H;;Q b;. Thus, for any t, with aty —
B = po € Ps, the (n — 1)-th determinant divisor of the matrix Mg(ay,...,an_o,to,u)
is equal to 1. Besides, for 1 < r < n — 1, the r-th leading principal minor of the
matrix Mg, (a1, ..., a, 2, t0) is equal to [['—] bi(a, — (a, +1) 30—} &) > 0. This means
Mg, (a1, ..., an_2,to) is positive definite. Thus, Lemma 11 indicates that the set Ve (2) is
dense in Z-y. ]

Lemma 27. If G = C(Ps) is the cone of Ps, then V5(2) is dense in Zxy.

Proof. Let v be one of the vertices with degree 3 in C'(P;), and let G, denote the subgraph
obtained from G by deleting v. Clearly, G, = P3 = vjvyv3 where v3 has degree 1. By
directed calculations, we get

de,(2,2,1) = 3t — 2.
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Define
Py:={pisaprime|p=3t—2,t>2and p16}.

The complement of the set Py in {p is a prime | p = 3t—2 and ¢ > 2} is finite. Moreover,
for 3ty — 2 € Py, the 3-th determinant divisor of the matrix Mg(2,2,ty, u) where u € Z-
is equal to 1. Moreover, it is easy to check that Mg, (2,2,%o) is positive definite. Thus,
Lemma 11 indicates that the set Vz(2) is dense in Zy. O

Proof of Theorem 4. The result follows by combining Lemmas 23, 25, 26, and 27. [

5 Concluding Remarks

In his earlier work, Lorenzini showed that Vz(2) contains all positive integers whenever a
connected graph G contains an induced subgraph H satisfying 1 € V(2). However, this
criterion does not apply to several special classes of connected simple graphs. Lorenzini
subsequently studied some of these remaining cases and proved that, for graphs in those
classes, the set Vy,(2) is dense in Z,.

In this paper, we resolve all of the remaining cases. Our main result (Theorem 5)
establishes that Vi;(2) is dense in Zs( for every connected simple graph G; in other
words, V(2) contains almost all non-negative integers. Since V(2) C V4, (2), it follows
that Vy,(2) is also dense in Z. Thus, our results strengthen and generalize Lorenzini’s
earlier work to all connected simple graphs.

Our approach highlights a close interaction between graph-theoretic constructions and
analytic number theory. The main ingredient is Dirichlet’s theorem on primes in arith-
metic progressions. Using suitable families of primes, we construct subsets of V(2) whose
union is dense in Z>(. For trees, the proof begins with carefully chosen initial trees and
extends them inductively in a controlled manner. For the remaining graph classes, we ap-
ply these density arguments together with suitable graph reductions to deduce the desired
conclusion.

Although our results show that V,,(2) is dense in Z for every connected simple graph
G, it remains an open problem whether the complement of V,,(2) in Zs is finite. Our
results indicate that this complement is extremely sparse, and provide further evidence
that it may indeed be finite.
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