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Abstract

For a graph G of size m, let ¢(G) (resp. p(G)) denote the largest eigenvalue of
its signless Laplacian matrix (resp. Laplacian matrix). In this paper, we investigate
a complementary version of spectral Turdn type problems on (signless) Laplacian
matrix, concentrating on maximizing the largest (signless) Laplacian spectral radius
of a graph with a fixed subgraph. For an arbitrary fixed graph H, we conjecture
that if a graph G of size m contains H as an induced subgraph, then

q(G) < q(Hy D),

where v is some vertex of H and H,' ) g the graph obtained by attaching
m — m(H) pendant vertices to the vertex u. We confirm the conjecture for graphs
of size at least 3(m(H) — A(H)) + 3. We also propose a similar conjecture on the
Laplacian spectral radius that

(@) < p(H=mUD)

for a graph G containing H as an induced subgraph. Moreover, we validate these
two conjectures when H is a cycle, a path or a clique, which generalize some known
results.

Mathematics Subject Classifications: 05C50

1 Introduction and Inspiration

All graphs considered are simple and undirected. Let G be a graph with vertex set V(G)
and edge set E(G). Then its order is |V (G)|, denoted by n(G), and its size is |E(G)|,
denoted by m(G). Given a vertex v € V(G), a vertex u is called a neighbor of v if
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wv € E(G). Let N(v) be the set of neighbors of v. Denote by d; = |N(v;)| the degree of
v; in G and by A(G) the mazimal degree of G. The vertex v; is called an isolated vertex if
d; = 0, and is called a pendant vertex if d; = 1. The girth g of a graph G is the minimum
length of cycles in GG. Let G + e be the graph by inserting an edge in GG. For a subset S
of V(G), we use G[S] to denote the induced subgraph of G induced by S. We say that
S is a clique if G[S] is a complete graph. The cligue number of G is the cardinality of a
maximal clique in G. The eccentricity of a vertex u € V' is the maximum distance from
u to other vertices of G. As usual, we denote the cycle, path, star and complete graph of
order n by C,,, P,, S, and K,, respectively.

Let A(G) denote the adjacency matriz of a graph G, and D(G) = diag{d,ds, ..., d,}
denote the degree diagonal matriz of G. The Laplacian matriz and signless Laplacian
matriz are defined as L(G) = D(G) — A(G) and Q(G) = D(G) + A(G), respectively.
Let ¢(G) (resp. pu(G)) denote the largest eigenvalue of Q(G) (resp. L(QG)), called signless
Laplacian (resp. Laplacian) spectral radius.

A graph G is said to be H-free if G does not contain a copy of H as a subgraph. A
spectral counterpart to Turan type problem has been studied by scholars. Very recently,
many excellent works for various forbidden subgraphs have been obtained, such as tri-
angles [15], cliques [2], friendship graphs [6] and K ;-minor [23], and references therein.
The signless Laplacian spectral Turan type problem investigates the signless Laplacian
spectral radius of a graph replacing the spectral radius for spectral Turdn type problem.
In a sense, the signless Laplacian matrix can significantly reveal the structure properties
of graphs G since Q(G) consists of the adjacency matrix and the diagonal matrix of de-
gree sequence. So much literature studied the maximal signless Laplacian spectral radius
among H-free graphs, including cycles [18] and linear forests [4]. In view of the size m of a
graph G, Nosal and Nikiforov (see [17, 19]) showed G contains a triangle if G has spectral
radius at least v/m unless G is a complete bipartite graph. Since then, many researchers
pay attention to other subgraphs with restrictions on spectral conditions. Recently, a nice
result obtained by Zhai, Xue and Lou [24] inferred if G' does not contain the star S,
as a subgraph then ¢(G) < m + 1 for a graph G of size m. Wang and Guo [22] extended
the result from S,,,1 to a general star S,,,_x,1 with & < O(y/m), and Hu, Lou and Huang
[13] further gave a generalization. Motivated by these, we consider the maximal (signless)
Laplacian spectral radius under edge-condition restriction with given induced subgraph,
which can be viewed as a complementary version of spectral Turan type problems on
(signless) Laplacian matrix.

Our topic also relates to a problem of considerable interest about characterizing the
extremal graphs with the maximal or minimal (signless) Laplacian spectral radius for a
class of graphs. Patra et al. [21] determined that among all the unicyclic graphs, the
lollipop graph obtained by appending a pendent vertex of a path on n—g (n > g) vertices
to a vertex of a cycle on g > 3 vertices uniquely minimizes the Laplacian spectral radius
for n > 2g — 1 when ¢ is even and for n > 3g — 1 when ¢ is odd. Zhai, Yu and Shu [25]
determined the extremal graph with the maximal Laplacian spectral radius among all
bicyclic graphs with a given girth. Zhai et al. [24] characterized the graph with maximal
signless Laplacian spectral radius among all graphs with given size and clique number.
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Lou et al. [16] determined the maximal (signless) Laplacian spectral radius with fixed size
and diameter. Chen et al. [5] obtained the unique extremal graph with maximal u(G)
among all graphs with girth ¢g (or circumference ¢) and size m.

One may note a graph of girth g (resp. diamter d or clique number w) contains C,
(resp. Pyy1 or K,) as an induced subgraph. Considering the structures of extremal graphs
in the above results, we naturally propose the following two conjectures.

For any graph H, let H! be the graph obtained by attaching ¢ pendant vertices to the
vertex v in H.

Conjecture 1. Let G be a graph of size m and have H as an induced subgraph. Then
¢(G) < q(HI ™) for some v € V(H).

Conjecture 2. Let G be a graph of size m and have H as an induced subgraph. Then
1(G) < p(HP™ M) for some v € V(H).

In this paper, we confirm Conjectures 1 and 2 when H is a cycle, a path or a clique.
We also show that Conjecture 1 is true when m > 3(m(H) — A(H)) + 3.

2 Preliminaries

We need some necessary upper bounds of (signless) Laplacian spectral radius. Let G be
the complement of a graph G.

Lemma 3 ([11], Corollary 13.1.4). Let G be a graph with n vertices. Then u(G) < n,
with equality if and only if G is disconnected.

Lemma 4 ([1], Theorem 2). Let G = (V, E) be a graph with V = {v,vq,...,v,} and
vertex degrees d; (1 < i< n). Then

M(G) é max{d,- + dj A% S E}
If G is connected, then equality holds if and only if G is a semireqular bipartite graph.
For each 1 < i < n, we denote by m; the average 2-degrees of v;, that is, m; =

Zvivj €E(G) d]
d; .

Lemma 5 ([20], Theorem 2.4). Let G be a graph with V(G) = {vi,vq,...,v,}, vertex
degrees d; and average 2-degrees m; (1 < i < n). Then

w(G) < max{d; + m; : v; € V(G)}.
If G is connected, then equality holds if and only if G is a semireqular bipartite graph.

The following bound is always no more than n.

Lemma 6 ([9], Theorem 2.1). Let G = (V, E) be a graph with V = {vy,va,...,v,} and
vertex degrees d; (1 < i< n). Then

u(G) < max{d; +d; — |[N(v;) N N(v))| : viv; € E'}.
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For the signless Laplacian spectral radius, the similar results hold.

Lemma 7 ([8], Theorem 4.7). Let G be a graph with V(G) = {v1,vs,...,v,} and vertex
degrees d;(1 <1< n). Then

¢(G) < max{d; + d; : vv; € E(G)},
with equality if and only if G is reqular or semireqular bipartite.

Lemma 8 ([10], Lemma 2.3). Let G be a graph with V(G) = {v,vq,...,v,}, vertex
degrees d; and average 2-degrees m;(1 < i < n). Then

q(G) < max{d; + m; : v; € V(G)},
with equality if and only if G is either semireqular bipartite or reqular.

The following lemmas give the lower bound of (signless) Laplacian spectral radius in
terms of the maximal degree.

Lemma 9 ([3], Proposition 3.9.3). Let G' be a connected graph with n > 2 vertices and
mazximal degree A. Then p(G) = A + 1, with equality if and only if A =n — 1.

Lemma 10 ([7], p.23). Let G be a connected graph with n > 2 wvertices and mazximal
degree A. Then q(G) > A + 1, with equality if and only if G is a star.

The following lemma illustrates the relation between Laplace spectrum and signless
Laplace spectrum.

Lemma 11 ([26], Lemma 2.1). Let G be a graph. Then u(G) < q(G). Moreover, if G is
connected, then equality holds if and only if G is a bipartite graph.

3 The effect on (signless) Laplacian spectral radius by deleting
an edge

Let A\ (M) be the largest eigenvalue of a Hermitian matrix M.

Lemma 12 ([12], Theorem 4.3.1). Let A, B be Hermitian matrices of order n. Then
M(A+ B) < M(A) + \(B),

with equality if and only if there is a nonzero vector x such that Ax = A\ (A)x, Bx =

M(B)z, and (A+ B)xr = M\ (A + B)x.

Lemma 13. Let G be a graph of size m. If m > 2, then there exists an edge e € E(G)
such that p(G) < (G —e) + 1.
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Proof. First suppose G has 2K as a subgraph. Let F(2K,) = {vjve,v3v4}. Then
2L(G) = L(G — v1v9) + L(G — v3vg) + L(2K5y U (n — 4)K7).
By Lemma 12, we have
21(G) < p(G — v1v2) + (G — v3vy) + 2.
If u(G) > (G — vvi41) + 1 for i = 1,3, then
20(G) > p(G — vivg) + (G — v3v4) + 2,

a contradiction. Therefore, there exists an edge e € E(2K>) such that u(G) < u(G—e)+1.

Next suppose G has no 2K, as a subgraph. Then G is either S,,,; or K3 with some
isolated vertices. If G is S,,11 with some isolated vertices, then for any edge e € GG, by
Lemma 9, we have u(G) = pu(Spm+1) = m+1 = u(G—e)+1. If G is K3 with some isolated
vertices, then for any edge e € G, we have u(G) =3 <4 = u(G — e) + 1. This completes
the proof. n

Note that for any edge e € K3, we have q(K3) = 4 = ¢(K3 —e) + 1. Similar as the
proof of Lemma 13, by Lemma 11, we have the following result.

Lemma 14. Let G be a graph size m. If m > 2, then there exists an edge e € E(G) such
that ¢(G) < q(G —e) + 1.

Theorem 15. Let H be a subgraph of G of size t(t > 2). If H # Siy1, then there exists
an edge e € E(H) such that u(G) < u(G —e) + 1.

Proof. If H has 2K, as a subgraph, then by the proof of Lemma 13, there exists an edge
e € E(H) such that u(G) < u(G —e) + 1. If H has no 2K, as a subgraph, then H = K.
Let E(K3) = {e1,e2,e3}. Then

By Lemma 12, we have
3
3u(G) < D p(G —e;) +3.
i=1

If W(G) > (G —e;)+1fori=1,23, then

3

3u(G) > Z (G —ei) + 3,

i=1
a contradiction. Therefore, there exists an edge e € F(H) such that u(G) < u(G—e)+ 1.
This completes the proof. n

Note that p(Kq;) = q(Ki1) =t+ 1> e(K;,) and ¢(K3) =4 > e(K3). By Lemma 14
and similar reason of Theorem 15, we have the following result.

Theorem 16. Let H be a subgraph of G of size t(t > 2). If H is neither S;11 nor Ks,
then there exists an edge e € E(H) such that q(G) < q(G —e) + 1.

ot
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4 Contribution to Conjectures 1 and 2

4.1 Proof of Conjecture 1 when m > 3(m(H) — A(H)) + 3

Lemma 17 ([13]). Let k > 0 be an integer and G be a graph of size m > 3k + 3. If
¢(G) >m—k+1, then A(G) 2 m — k.

Theorem 18. Let G be a graph of size m and have H as an induced subgraph. If m >
3(m(H) — AH)) + 3, then ¢(G) < q(Hy™ ™) for some v € V(H).

Proof. Let G* be the graph of size m having H as an induced subgraph with maximum
signless Laplacian spectral radius. We only need to prove G* € {Hy"™ ™) .y € V(H)}.
If H is a star, let u be the center of H, then H' ™) =~ K1 . The result holds for
¢(G) < q(Ki,m). Next suppose H is not a star. Let U be the set of maximal degree
vertices of H and u € U. Then by Lemma 10, we have

¢(G*) = q(H™ ™)) > m —m(H) + A(H) + 1.

First we claim that A(G*) > m — m(H) + A(H). Otherwise, by Lemma 17, we have
¢(G*) < m—m(H)+ A(H) + 1, a contradiction. Let w be a maximal degree vertex of
G*. Then we claim that w € U and dyg\vm(w) = m —m(H). On the contrary, if
w e V(G*)\ V(H), then A(G*) < m —m(H), a contradiction. If w € V(H) \ U, then
A(G*) < m—m(H)+A(H)—1, a contradiction. Thus, w € U. Note that dy (g« )\v ) (w) <
m —m(H). If dygopnvn(w) <m—m(H) -1, then A(G*) <m —m(H)+ A(H) — 1,
a contradiction. Thus, dyg\vm)(w) = m —m(H). Hence, G* is the graph of size m
obtained by attaching m —m(H) pendant vertices to a maximal degree vertex of H. This
completes the proof. O

4.2 Proof of Conjectures 1 and 2 when H is a cycle C,

If g o gmem) g1 any two vertices vy, vy € V(H), then we write H™ ™1 for
H ™ where v € V(H).

Lemma 19. Let H = Cg”_ZUZKl withm >+ 2. Let G = {H+e: H+e has Cy
as an induced subgraph}. For G € G, if G # C "V U 2K, then q(G) < m(G) — £ + 3
and (1(G) < m(G) — € + 3.

Proof. Let G € G and G # C;" "™ U2K,. We need to prove that ¢(G) < m — £ + 4.
In H, let Cp = vyvy---vpvy, V(C )\ V(Cy) = {us, ..., Un_¢} and v; is the neighbour
of {uy,...,um—s}, 2K; = {w,we}. If G = Og”—f U K5, then by Lemma 7, we have

(G) < ngg@){di +d;} = m — £+ 4. Next assume that G = (C7"* + e) U 2K],
VU5 €

where C;”‘E +e# C;”_E“. Since G has Cy as an induced subgraph, we have e = w,;u;,
I<i<j<m—Clore=vuj 1 <i<li#1t),1<j<m—{ ByLemma 8, we check
that

m—/{+6 m—+{0+6 m—4{¢+5

G) < Sy S W
a(G) <maxim = £424 D3 T 2 T

}

<m—{0+4.
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Finally, suppose that G = I' U K3, where I is the graph obtained by joining an isolated
vertex to some vertex of C’;”_g . Without loss of generality, assume w; is adjacent to some
vertex of Cg"—ﬂ. Then e = wu;, 1 <i<m—Lore=ww;, 1 <1</l 1%#t Inboth
cases, by Lemma 8, we check that
m—4L{+5 m—L+5 m—4{+4
q(G) < max{m £+2+m—€—|—2’3+ 3 2+ 5 }
<m —{+4.

Similarly, by Lemmas 4 and 5, the result holds for u(G). This completes the proof. [

Let F; be the set of graphs obtained by joining two edges between C, and K.
Lemma 20. For each graph F € Fi, q(F) < q(C?) and p(F) < u(C3).

Proof. Let ¢ = q(C?). By Lemma 10, we have ¢ > 5. We may assume that ¢(F') > 5. Then
F'is the graph obtained by joining K7 to two adjacent vertices in C. Otherwise, by Lemma
7, we have q(F') < ma}%@){di +d;} = 5, a contradiction. In CF, let Cy = v1vy - - - vpv1 and

vivjeE

V(CE)\ V(Cy) = {ves1,ve12}, where vy and vy o are adjacent to v;. We construct the
new graph F’ by removing the edge v1vp42 in C,; and adding the new edge v;;1v5. Then
F'=FUK; and ¢(F') = q(F) > 5.

Suppose Let X (resp. Y) be the Perron vector of Q(F”) (resp. Q(C?)) with coordinate
x; (resp. y;) corresponding to the vertex v;. By the symmetry of the graph, we have
Tr1 = To.

First we claim that y3 < 3. Note that y; > y; for i« = 2,3,...,0. Let Z =
(Y1, U3 Y2, Y4, Yss - - - Yes Yer1, Yer2) |- Then

0=q—q>2"Q(C})Z -Y'Q(C}Y
= (i +us)® + (w2 +ya)> — (W1 +12)° — (Ys + ya)°
= 2(ys — y2) (Y1 — Ya)-

Since y; > y4, we have y3 < 9s.
We have the following equation

XTY(qg—q(F") = X (Q(C}) — QF")Y
= D @t e) Wt ) = D (@t 20) (W +40) (1)

M’ECZQ uveF’

= (o2 +21) Wer2 + Y1) — (Teg1 + 22) (Yeg1 + y2).

By the characteristic equation of Q(F"), we have (q(F')—2)xps1 = x1+x2. Since ¢(F') > 5,

we have
2 2
T < =I71. (2>

< —
LS L) 2 3
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By the characteristic equation of Q(C?), we have (¢ — 2)y2 = y; + y3. Since ¢ > 5 and
Y3 < Y2, we have

Y1 (3)

Note that xp0 =0, 21 = 29 and ypy1 = Yoo = qy_—ll. Then by (1), (2) and (3), we have

XTY (= aF") > i - 3+ e
_Ba-D-5)
3a—Dia—)""

> 0.

Therefore, we have ¢(F) = q(F') < q(C?). As for u(F) for F € Fy, by Lemmas 6 and 9,
we have p(F) < 5 < u(C?). This completes the proof. O

For a subgraph H of G, if G — E(H) has isolated vertices, we ignore them.

Theorem 21. Let G be a connected graph of size m having Cy as an induced subgraph.
Then q(G) < q(C7"™"), with equality if and only if G = C;**

Proof. By Lemma 10, we have q(Cy"~*) > m — ¢ + 3. Consider the graph G — E(C}). Let
t=|V(G - E(C,)) NV (Cy)|. We distinguish the following three cases:
Case 1: G — E(Cy) = Sim—v11-

Let w be the center of Sy, _¢y1. If w € V(Cy), then G = C’;’L_Z. Next assume w ¢
V(C¢). Then 1 <t < m—+{¢. When m — ¢ = 2, if t = 1, then G is a graph obtained
by identifying an end vertex of P; and a vertex of C,. Then by Lemma 7, we have
q(G) < max {d +d;} =b=m—{(+3. Ift =2, then G € F;. By Lemma 20, we have

[AVAS

q(GQ) < q(C’e). When m — ¢ > 3, by Lemma 8, we have

m— {0+ 2t m—4{+6
3+

¢(G@) < max{m — ( + T 3

¥
<m—{+3.

Case 2: G — E(C)) =
Then ¢t = 1. By Lemma 7, we have ¢(G) < max {d;+d;} =6=m—{(+3.

viv; €EE(G)
Case 3: G — E(Cg) ¢ {Sm g_:,_l,Kg}

Note that the situations m = £ and m = £+ 1 are trivial. Next assume that m > £+ 2.
Let Go = G and m(G;) = m;. By Theorem 16, we give the following procedure. Let the
procedure stop at step k, we get some Gx(0 < k < m — £ —2). Then my, = m — k.
Subcase 3.1: k=m —( — 2.

Then m; = ¢ + 2. First assume that (G;, has at least two nontrival connected compo-
nents. Then G, = C} U Ky, C, U2K, or Cy U Ss. By Lemma 7, we check that

¢(Gx) < max {d;+d;} <5=my —(+3.

viv; €E(G)
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Algorithm 1 Algorithm of cycle

140

if 1 =m — ¢ — 2 then
print G;

else if G; — E(Cy) € {Sy,—e41, K3} then
print G;

else
find e; ¢ E(Cy) such that ¢(G;) < q(G; —¢e;) + 1
14 1+1
Gi <+ Gio1 — e

end if

,_.
<

If £ = 0, the result holds. Next assume k£ > 1. Using the procedure, for any ¢ =
0,1,....,k =1, G; — E(Cy) ¢ {Sm,—e+1, K3}. Then by Theorem 16, we have

q(G) < q(G1) +1
< q(Ga) +2

<Q(Gk)+k‘
<m — {0+ 3.

Next assume that GG, has exactly one connected component. Then G, = C’g”’“_g, Gy € Fi,
Gy is a graph obtained by adding two pendant edges to two distinct vertices of Cy or
G, is a graph obtained by identifying a pendant vertex of P; and a vertex of Cy. First
assume that G = C;nk_z. We can assume that £ > 1. Using the procedure, we have

Grp_1 # C’;n’“‘l_E7 then by Lemma 19, we have
q(Gk_l) < M1 — {+ 3.

Using the procedure, for any i = 0,1,...,k — 2, G; — E(Cy) ¢ {Sm,—e+1, K3}. Then by
Theorem 16, we have

9(G) <q(Gr1)+k—1<m—{0+3.

Next assume that Gy # C’;”’“fg. Let Fy be the graph obtained by merging an edge from
Cy(¢ > 3) and K3. If Gy # F}, then by Lemma 8, we check that

q( ’“)<vf£va€é){ +m;} my — €+

Similar as the above proof, by Theorem 16, we have

q(G) < q(Gg)+k<m—L+3.
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If Gy = Fi, by Lemma 20, we may assume that £ > 1. Then we consider G_;. Using
the procedure, we have Gy — E(Cy) ¢ {S4, K3}. Then we have Gy = F1 U K5 or Gy
is a graph obtained by adding a pendant edge to the vertex of degree 2 on Cy in F;. By
Lemma 7, we check that

Q(kal) = vwryré%)EG){dl * d]} =0= k=t ‘ 3

Similar as the above proof, by Theorem 16, we have
9(G) < q(Gr)+k—1<m—{(+3.

Subcase 3.2: G, — E(C) € {Sm,—e+1, K3}

By the proof of Subcase 3.1, we can assume G}, # C’Z““_é and 0 <k <m—¢—-3. Then
by the proof of Cases 1 and 2, we have ¢(Gy) < my — £+ 3. Using the procedure, for any
i=0,1,...,k—1, G; — E(Cy) ¢ {Sm,—¢+1, K3}. Then by Theorem 16, we have

q(G) < q(Gy)+k<m—{(+3.
This completes the proof. n

Note that for any graph G with girth g, G has C; as an induced subgraph. By Theorem
21, we have the following corollary, which has been proved by Chen et al. [5].

Corollary 22. Let G be a graph of size m and girth g. Then q¢(G) < q(Cy*™9), with
equality if and only if G = C"™9.

Similar as the proof of Theorem 21, by Theorem 15 and Lemmas 4, 5, 9, 19, 20, we
have the following result for u(G).

Theorem 23. Let G be a connected graph of size m having C; as an induced subgraph.
Then u(G) < p(C7~Y), with equality if and only if G = C7"*.

Similarly, by Theorem 23, we have the following result.

Corollary 24. Let G be a graph of size m and girth g. Then p(G) < p(Cy*=9), with
equality if and only if G = CJ"™9.

4.3 Proof of Conjectures 1 and 2 when H is a path Py,

Lemma 25. Let H = (P 1)™ 1 U2K, with m > d + 2 for some v € V(Pyy1). Let G =
{H +e: H+e has Py as an induced subgraph}. For G € G, if G # (Py )™ 4 U2K],
then q(G) < m(G) —d+ 3 and p(G) < m(G) —d + 3.

Proof. Let G € G and G # (Pyy1)™ 41 U2K,. We need to prove that ¢(G) < m —d + 4.
In H, let Py = vivg- - vgen, V((Pp)™ T\ V(Pyyy) = {u, ..., um_q} and v; is the
neighbour of {uy, ..., um_q}, 2K; = {wy,we}. If G = (Py1)™ % U Ky, by Lemma 7, we
have ¢(G) < U_Ur%aE>§G){di+dj} < m—d+4. Next suppose that G = ((Pyy1)™ 4 +e) U2K],
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where (Pyy 1) ¢+ e # (Pye1)™ %! Since G has Py as an induced subgraph, we have

e=uwuj, l<i<j<m—-dore=vu;, 1 <i<d+1(i #1t),1<j<m—d. Since
m —d > 2, by Lemma 8, we check that
m—d+6 m—d+6 m—d+5

G —d+24+ —,3 2
¢(G) < max{m —d + +m—d—i—2’ + 3 2+ 5

}

<m—d+4.

Finally, suppose that G = I"' U K3, where I is the graph obtained by joining an isolated
vertex to some vertex of (Pyy )™ 4. Without loss of generality, assume w; is adjacent to
some vertex of (Py1)™ % in G. Then e = wyu;, 1 <i<m—dore=ww;, 1 <i<d+1,
1 # t. In both cases, by Lemma 8, we check that

m—d-+5 m—d+5 m—d+4

— 24+ —mMM 2
o(G) < max{m—d+2+ 0 5 oSS 5 MRS

<m-—d-+4.

Similarly, by Lemmas 4 and 5, the result holds for u(G). This completes the proof. [

Let v* be the vertex with minimum eccentricity of the path P; ;. For simplicity, we
denote (Py1)™ % by Py 4 Let diam(G) denote the diameter of graph G.

Lemma 26 ([14], Theorem 4). Let T' be a tree with diameter D of size m. Then q(T) <
q(Py, p), with equality if and only if T = P}, p.

Let F; be the set of graphs obtained by joining two edges between Py, and Kj.
Lemma 27. For each graph F' € Fy, q(F) < q(Pj,54) and p(F) < p(Pjy54)-

Proof. First we prove that ¢(F) < q(Pj,4,4). By Lemma 10, q(Pj,, ;) > 5. Let I be the
graph obtained by merging an edge from Py, (d > 2) and K3. For any graph F € F,

if ' # Fy, then by Lemma 7, we have ¢(F) < meg%G){di +d;} < 5. If F = F,, then
ViV €

diam(F') = diam (P}, ;). By Theorem 1.1 in [16], we have q(F') < q(Pj,, ). For u(F), by
Lemma 11, we have j(F) < q(F) < q(Pf,54) = (P}, 94)- This completes the proof. [J

Theorem 28. Let G be a connected graph of size m having Pyy1 as an induced subgraph.
Then q(G) < q(P, 4), with equality if and only if G = Py, ,

Proof. Let Py 1 = vivg---vqv441. By Lemma 10, we have q(P;%d) >m—d+ 3. We
claim that q((Pgy1)7~%) < q(P}, 4) for any vertex v € V(Pyyq), with equality if and only
if (Py1)y~" = P}, 4 By Lemma 7, we have ¢((Pys1)y %) = q((Paa)i %) < max {d;+

Vd+1 viv; €E(G)
d;} =m —d+3. For v € V(Pg1) \ {v1,vas1}, since diam((Py1))~") = diam(P}, 4), by
Lemma 26, the claim holds. Consider the graph G — E(P;11). Let t = |V(G — E(Py41)) N
V(Pat1)|- We distinguish the following three cases:
Case 1: G — E(Pyy1) = Sm—ds1-
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Let w be the center of S,,,_411. If w € V(Py11), then G = (Py )™ ¢ for some vertex
v € V(Pg41). By the above proof, the result holds. Next assume w ¢ V(Pyy1). Then
1<t<m—d Whenm—d=2,ift =1, then G is a graph obtained by identifying
an end vertex of Py and a vertex of Pyyq. Then by Lemma 7, we check that ¢(G) < 5.
If t = 2, then G € F,. By Lemma 27, we have q(G) < ¢(P,5,4). When m —d > 3, by

Lemma 8, we check that

m—d+ 2t m—d+6
—d

¢(G@) < max{m — d + p— 3+ 3 }

<m-—d+ 3.

Case 2: G — E(Pd+1> = Kg.
Then ¢t = 1. By Lemma 7, we check that ¢(G) < max {d +d;} <6=m—d+3.

v;v; EE(G)
Case 3: G — E(Pd—i-l) g {Sm—d+17 Kg}

Note that the situations m = d is trivial and by the above proof the situations m = d+1
is done. Next assume that m > d + 2. Let Gy = G and m(G;) = m;. By Theorem
16, we give the following procedure. Let the procedure stop at step k, we get some
Gr(0<k<m—d—2). Then my =m — k.

Algorithm 2 Algorithm of path

1: ¢+ 0

2: if i=m —d— 2 then

3: print G;

4: else if G; — E(Py1) € {Sm,—d+1, K3} then

5: print G;

6: else

7. find ¢; € E(G;) \ E(Pyy1) such that ¢(G;) < q(G; —e;) +1
8: 14— 1+1

9: Gl < Gi—l — €i—1

10: end if

Subcase 3.1: k=m —d — 2.
Then my = d + 2. First assume that G has at least two nontrival connected compo-
nents. Then Gy, = (Pyy1)} U Ky, Pyyy U2K5 or Py USs. By Lemma 7,

q(Gk) < max {d+d} 5=my —d+ 3.

vv; €EE(G

If £ = 0, the result holds. Next assume £ > 1. Using the procedure, for any ¢+ =
L,2,...;k—1,G; — E(Pg+1) & {Sm;—a+1, K3}. Then by Theorem 16, we have

q(G) < q(G)+k<m—d+3.

Next assume that G has exactly one connected component. Then Gy, = (Py11)?2, Gy € Fo,
(G is a graph obtained by adding two pendant edges to two distinct vertices of Py q, or
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(G is a graph obtained by identify a pendant vertex of P; and a vertex of P,y;. First
assume that Gy, = (Py11)2. We can assume that k& > 1. Using the procedure, we have

Gr_1 # (Pd+1)17,nk’17d, then by Lemma 25, we have
q(Gk,1> < mp_1—d-+ 3.

Using the procedure, for any ¢ = 0,1,...,k — 2, G; — E(Pyy1) & {Sm,—a+1, K3}. Then by
Theorem 16, we have

q9(G) < q(Gr—1) +k—1<m—d+3.

Next assume Gy # (Pgy1)?. Let Fy be the graph obtained by merging an edge from

v

Pii1(d > 2) and Kj. If Gy # F», then by Lemma 8, we have
q(Gy) < Uiréléx()é){ +m;} My +

Similar as the above proof, by Theorem 16, we have
¢(G) <q(Gg)+k<m—d+3.

If Gy = F5, then consider Gy_;. Using the procedure, we have Gy_1 — E(Py11) ¢ {S4, K3}.
Then Gy_1 = Fo UK, or G_1 is a graph obtained by adding a pendant edge to the vertex
on Py, whose degree is not 3 in F5. By Lemma 8, we check that

Gio) < e O G =0 =iy = d4D

Similar as the above proof, by Theorem 16, we have
9(G) < q(Gr—1) +k—=1<m—d+3.

Subcase 3.2: Gy, — E(Pyi1) € {Sm;—da+1, K3}

We can assume Gy # (Pyyq)™? for some v € V(Pyy;1) and 0 < k < m —d — 3. Then
by the proof of Cases 1 and 2, we have ¢(Gy) < my — d + 3. Using the procedure, for
any i = 0,1,...,k — 1, G; — E(Py11) ¢ {Sm;—a+1, K3}. Similar as the above proof, by
Theorem 16, we have

¢(G) < q(Gg)+k<m—d+3.

This completes the proof. n

Similar as the proof of Theorem 28, by Theorem 15 and Lemmas 4, 5, 9, 25, 26, 27,
we have the following result for u(G).

Theorem 29. Let G be a connected graph of size m having Pyy1 as an induced subgraph.
Then (G) < p(Py, 4), with equality if and only if G = Py, ,

Note that for any graph G with diameter D, G has Pp.; as an induced graph. Then
by Theorems 28 and 29, we have the following Corollary which has proved by Lou et al.
[16].

Corollary 30. Let G be a graph of size m and diameter D. Then q(G) < q(Py, p) and
Q) < (P, p), with equality if and only if G = P}, p.
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4.4 Proof of Conjectures 1 and 2 when H is a clique

Zhai et al. [24] proved that Conjecture 1 is true when H is a maximal clique of G.

Lemma 31 ([24], Theorem 1.2). Let G be a graph of clique number w > 2 and size

w

m > (“;) If G is a graph without isolated vertices, then q(G) < q(KZ%(Q)), with equality
if and only if G = KZZ_(».
Lemma 32 ([24], Lemma 2.6). If s >3, k >0 and k + s > 4, then q¢(KF) < q(KF71).

Theorem 33. Let G be a graph having K, (w > 2) as an induced subgraph of size m > (“5)
Then

2(@) < q(xL ),

with equality if and only if G = K;n_(Z), with the only exception that m(G) = 3 and
w = 2, in which case ¢(G) < q(S4) = q(K3).

Proof. Let w* be the clique number of G. Then w < w*. If w = w*, by Lemma 31, the
result holds. Next suppose w < w*. Then w* > 3. Let f(z) =z +m — (3). Then f() is
decreasing when x € [%, +00). It follows that for 2 < w < w*, w+m— (‘;) > wm— (“2)
First assume that w* +m — (“’2*) > 4. By Lemmas 31 and 32, we have

m_(w*fl w1 w

a(@) <kl < k) << kD) < ),

w*

Next assume that w* +m — (“’2*) < 3. Note that m > (w;), then w* < 3, which implies
that w* = 3. Then we have (w*,m) = (3,3), that is G = K3. Then ¢(K3) = 4 = q(Sy).

This completes the proof. n
We now prove that Conjecture 2 is true when H is a clique of G.

Theorem 34. Let G be a connected graph having K, as an induced subgraph of size

w

m > (‘;) Then p(G) < M(KZI_(U;)), with equality if and only if G = K;n_(z )

Proof. Let s =m — (“;) By Lemma 3, we have

m—

p(Ke

m— m—

(g)):A(Kw (;>>+1:n([{w (;)):w—i—s.

w

Suppose G # KZ,ni(Q). Let G; and K, be the edge disjoint subgraphs of G and E(K,)U
E(G1) = E(G). Suppose G; has t connected components Fi, Fy, ..., F;. Clearly, n(F;) <
m(F;) + 1. If there exists a connected component, say Fy, such that n(F;) < m(F), then

t
n(G) <Y m(F)+t—1=s+t—1.
=1
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Therefore,

n(G) =V

= [V (K| + V(G| = [V(Kw) N V(GY)|
<w+n

(G1)—t<w+s—1
By Lemma 3, we have
w(G) <n(G)<w+s—1< u(Kf_@)-
Next assume that n(F;) = m(F;) +1fori=1,2,...,t. If |V(K,)NV(Gy)| > t+1, then
(@) = [V(Kuw)| + V(G| = [V (Kw) N V(G
<w+zt:m(ﬂ)+t—t—1
cwta1

By Lemma 3, we have

Since G # Ko 7(3), we have G is connected. Then by Lemma 3, we have

p(@) < (@) =w+ s = p(kl @)
This completes the proof. n
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