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Abstract

An r-uniform hypergraph (or r-graph) is called linear if any two edges intersect
in at most one vertex. For a graph F = (V(F),E(F)) and a hypergraph B =
(V(B),E(B)), B is called a Berge F if there exists a bijection ¢ : E(F) — E(B)
such that e C ¢(e) for every e € E(F'). A hypergraph H is Berge F-free if it contains
no Berge F' as a subhypergraph. Hou et al. [Electron. J. Combin. 28 (2021)] derived
a upper bound for the spectral radius of Berge Cy-free linear r-graphs. In this paper,
we establish upper bounds for the spectral radius of Berge Cs-free linear r-graphs
for r = 3 and r > 4. Moreover, for r > 4, we propose a candidate extremal structure
for the hypergraph with maximum spectral radius among all Berge Cs-free linear
r-graphs.

Mathematics Subject Classifications: 05C35, 05C65

1 Introduction

A hypergraph H = (V(H), E(H)) consists of a vertex set V(H) and an edge set E(H),
where E(H) is a family of nonempty subsets of V(H). The hypergraph F' is a subhy-
pergraph of H, if E(F) C E(H) and V(F) C V(H). If every edge of H consists of r
vertices, then H is called an r-uniform hypergraph, or simply an r-graph. In particular,
a 2-graph is exactly an ordinary graph. A hypergraph is called linear if any two distinct
edges intersect in at most one vertex.

Let F be a family of hypergraphs. A hypergraph H is called F-free if it contains no
member of F as a subhypergraph. If F = {F}, we simply say that H is F-free. The
Turan-type extremal problem is one of the central topics in extremal graph theory. It
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asks for the maximum number of edges in an n-vertex hypergraph avoiding a prescribed
forbidden subhypergraph. More precisely, for a family F of r-graphs, the Turan number
ex,(n, F) is the maximum number of edges in an F-free r-graph on n vertices. Similarly,
the linear Turdn number ez (n, F) is the maximum number of edges in an F-free linear
r-graph on n vertices. For a positive integer m, let [m] = {1,2,...,m}.

A Berge cycle of length k is an alternating sequence of distinct vertices and distinct
hyperedges of the form wviejvges - - - vpervgy1, where vy, v, € e; for each i € [k] and
vktr1 = v1. A linear Berge cycle viejvges - - - vpepvpiq is called a C’,j if |e; Nejr1| = 1 for
every i € [k—1], |egNeg| = 1, and e;Ne; = O for all other pairs {7, j} with i # j. As defined
by Gerbner and Palmer [17], let F' = (V(F), E(F)) be a graph and let B = (V(B), E(B))
be a hypergraph. Then B is called a Berge F' if there exists a bijection ¢ : E(F) — E(B)
such that e C ¢(e) for every e € E(F). For a given graph F, the corresponding Berge
F' is generally not unique. We write Berge-F' for the family of all Berge F' hypergraphs.
More generally, for a family of graphs F, a hypergraph H is called Berge F-free if, for
every F' € F, it contains no member of Berge-F' as a subhypergraph.

The Turén problem dates back at least to Mantel’s theorem [22], and was later ex-
tended by Turdn’s theorem [32]. Since then, it has become one of the most influential
topics in extremal combinatorics. For surveys on classical Turan-type problems, we re-
fer to [11, 14, 19, 23|. For graphs, the problem has seen much progress in recent years,
especially for nonbipartite forbidden subgraphs. For hypergraphs, however, much less is
known. The linear Turan problem for hypergraphs is particularly challenging and has at-
tracted considerable attention in recent years. For example, Gao et al. obtained in 2023
an asymptotic formula for the linear Turdn number of C5” in 3-uniform linear hypergraphs:

. 1
exim(n,CF) = —=n®? + O(n).

3V3

Further recent results on linear Turdn numbers can be found in [4, 9, 12, 16, 31].

Let A(G) be the adjacency matrix of a graph G. Its largest eigenvalue is called the
spectral radius of G and is denoted by p(G). The spectral version of the Turdan problem,
also known as the Brualdi-Solheid-Turan problem, was posed by Nikiforov [28]: for a
family of graphs F, determine the maximum possible spectral radius of an F-free graph
on n vertices. We denote this maximum by spexs(n, F). For classical results in this topic,
see, for example, the cases FF = K, [34], FF = K,; [2], and F = {C, : £ is odd} [25]. For
further developments, we refer to the surveys [8, 20, 27].

The spectral analogue of the Turan problem has recently been extended to hypergraphs
by Hou et al. [18] and Gao et al. [15]. For an r-graph H, let A(H) denote its adjacency
tensor, introduced by Cooper and Dutle [3]. The notions of eigenvalues and eigenvectors
of tensors were introduced independently by Qi [29] and Lim [21]. The spectral radius of
H, denoted by p(H), is defined to be the spectral radius of A(H). We write spez,(n, F)
for the maximum spectral radius of an F-free r-graph on n vertices, and spex'™™(n, F) for
the corresponding maximum spectral radius among F-free linear r-graphs on n vertices.

For ordinary graphs, Nikiforov initiated the systematic study of spectral radius bounds
for cycle-free graphs. In the case of even cycles, Nikiforov [26, 28] established asymptotic
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upper bounds for Cy-free and Coio-free graphs (k > 2), namely

1 3 1 k
spexa(n, Cy) = 3 +4/n — 1 + O(—> and  spexa(n, Copia) < 3 + Vkn + o(n).

n

In contrast, the odd-cycle case behaves quite differently. Nikiforov [25] proved that for
any odd integer ¢, if n is sufficiently large, then the maximum spectral radius of a Cy-free
graph is attained by a complete bipartite graph, and hence

spexq(n, Cp) = +/|n?/4].

These results have recently been extended to the setting of Berge cycles in linear r-
graphs. For Berge C4, Hou et al. [18] proved that the spectral radius of a Berge Cy-free
linear r-graph satisfies

A 3 1 1
spexy™ (n, Berge-Cy) < 5t 20 —1) (n—1)"+0 (%) :

which may be viewed as a spectral extension of the even-cycle problem to hypergraphs.
Under stronger topological restrictions, Hou et al. [18] also considered linear r-graphs of
girth at least 5, equivalently Berge {Cj3, C,}-free linear r-graphs, and obtained

. —1 1
spext™(n, Berge-{Cs, C4}) < z ] + O(—) :
r— n

Beyond Berge cycles, there has also been substantial progress on other forbidden
subhypergraphs in hypergraphs. Recent work includes spectral results for Berge C'3 and
Berge K, [30], Berge paths Py [10, 33], the expanded clique K| [15], and cancellative
hypergraphs [24].

Despite these developments, spectral radius bounds for longer Berge cycles remain
largely open. In particular, Hou et al. [18] explicitly asked for bounds for Berge cycles of
length k > 4. Motivated by this question, we study the spectral radius of Berge Cs-free
linear r-graphs. Our main result is to establish upper bounds for the spectral radius in
this setting for » = 3 and r > 4. In addition, for » > 4, we propose a candidate extremal
structure that may maximize the spectral radius among all Berge Cs-free linear r-graphs.

The remainder of the paper is organized as follows. In Section 2, we collect several
necessary lemmas together with the notation needed later. In Section 3, we prove our
main results on spectral radius bounds for Berge C5-free linear r-graphs.

2 Preliminaries

In this section, we recall several basic definitions and auxiliary results that will be used
throughout the paper.

Let P, denote the path with k vertices. A path (resp. Berge path) with endpoints v,
and vy is denoted by P(vy,vy) (resp. P(v1,v2)). In particular, the trivial path consisting
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of a single vertex vy is denoted by P(vg,vg) = P(vp). Let Sky1 denote the star with &
pendent edges, and let Sj ., denote the r-uniform hyperstar obtained by intersecting k
pendent hyperedges in a single vertex. The unique vertex of degree at least 2 in Sy, is
called the center of the hyperstar. For two hypergraphs H; and H,, we write H; = H,
if they are isomorphic. For a hypergraph H, we write F' C H if F' is a subhypergraph of
H, and let ¢(H) denote the number of connected components of H.

An r-order n-dimensional real tensor 7 is a multidimensional array with entries
Tiris-in € R, where i; € [n] for each j € [r]. For a vector z = (z1,73,...,2,)" € C", let
Tz"! denote the n-dimensional vector whose i-th component is defined by [29]

(Tz" ") = Z Tiigin iy * * * T

i2,..ir€[N]

A number A € C is called an eigenvalue of 7T if there exists a nonzero vector x € C" such
that

Tamt = \alr=1, where z" U = (277 227t 2t

In this case, x is called an eigenvector corresponding to A\. The maximum modulus of the
eigenvalues of 7 is called the spectral radius of 7, and is denoted by p(7T).

Let H be an r-graph with n vertices. The adjacency tensor A = A(H), introduced by
Cooper and Dutle [3], is the r-order n-dimensional tensor defined by

A _{ﬁ if {ir,....i,} € B(H),
11t 0’

otherwise.

The eigenvalues of A(H) are called the eigenvalues of H, and the spectral radius p(A(H))
is called the spectral radius of H, denoted by p(H ).

The following generalized Perron—Frobenius theorem for tensors was established by
Chang, Pearson and Zhang, see [5, 7].

Theorem 1. ([7]) For an r-order n-dimensional nonnegative irreducible tensor T =
(Tiyigi,), let Ao € C and zo € C™\ {0} satisfy Taf ' = )\Oa:([)r_l]. Then the pair (Ao, To)
has the following properties:

(1) Ao >0 is an eigenvalue of T ;
(2) xo > 0, that is, all components of xo are positive;

(3) if X is an eigenvalue with a nonnegative eigenvector, then X = \o; in particular, the
nonnegative eigenvector is unique up to a positive scalar multiple;

(4) if X is any eigenvalue of T, then [N < Ao = p(T).

By the Perron—Frobenius theorem, the eigenvector corresponding to the spectral radius
p(T) is unique up to a multiplicative constant. Such an eigenvector is called the principal
eigenvector of 7. Following [15, 18], we normalize the principal eigenvector so that its
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maximum component is equal to 1. For the adjacency tensor of an r-graph H, it is known
that A(H) is weakly irreducible if and only if H is connected, see [13, 35].

Let H be a connected r-graph with n vertices. Then p = p(H) > 0 is an eigenvalue of
H, and the principal eigenvector x = (1,23, ...,7,)" corresponding to p(H) is strictly
positive. A vertex u € V(H) is called an extremal vertex of H if , = max,cv {2}

Throughout the paper, we always normalize the principal eigenvector x so that x, =
maXyey (m){2v} = 1.

For any v € V(H), let dy(v) denote the degree of v in H, namely the number of
edges containing v. Unless otherwise stated, we simply write d(v) for dy(v). Similarly,
let Ny(v) denote the neighborhood of v in H, that is,

Ny(v) ={v' € V(H) : {v,v"} is contained in some edge of H}.

Unless otherwise stated, we write N(v) for Ny (v).

A walk of length k (or simply a k-walk) in H is an alternating sequence of vertices and
edges of the form vyejvqes - - - VgervE 11, Where v; # v;11 and v, v;41 € e; for each i € [k].
The vertices v; and v, are called the starting vertex and terminal vertex of the walk,
respectively. For a vertex v € V/(H), let wy(v) denote the number of k-walks in H starting
at v.

Lemma 2. (/15]) Let H be a connected r-graph with an extremal vertez u, and let x € R"
be the normalized principal eigenvector whose maximum component is 1. Then

wi ()
Pk(H) < m

Corollary 3. (/18]) Let H be a connected r-graph with an extremal vertexr w. Then

et 40)

H) <
p(H) —

(1)

Corollary 3 follows from the identity wa(u) = (r —1) 3, c v d(v).

Inequality (1) will be our basic tool for deriving upper bounds on the spectral radius
of Berge Cs-free linear r-graphs. To estimate the quantity ) . N(u) d(v), we decompose
it into three parts and bound each part separately. We first introduce some notation.

Let H be a connected linear r-graph with n vertices. For any two distinct vertices
v1, vy € V(H), if they lie in a common edge, then that edge is unique by linearity. Define

e, if {vy, v} Cee E(H),
Cvivg = .
{v1,v9}, otherwise.

For a vertex v € V(H), let E(v) denote the set of edges of H containing v. Clearly,
|E(v)| = d(v). For aset X C V(H) and an integer i € [r], let

E(X)={ee BE(H): |lenX| =i}

ot
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In addition, for v € V/(H), let
E}(X)={e€ Ei(X):v € e}

The notions of partial hypergraphs and induced sub-hypergraphs were introduced by
Berge in [1]. To distinguish Berge’s induced notion from the standard notion of subhy-
pergraph, we deliberately use the hyphenated term sub-hypergraph for the former.

Definition 4. Let H be a connected linear r-graph with n vertices, and let uw € V/(H) be
an extremal vertex. Define By to be the partial hypergraph of H corresponding to u such

that
1) = [UEZ(N(U))} \ E(u) and V(B;) = U e.

ecE(B1)

Definition 5. Let H' be the sub-hypergraph of B; induced by N(u), where H, u, and
By are as in Definition 4. That is,

E(H'Y={enNN(u):e€ E(B)} and V(H')= U e.

ecE(H’)

Note that H' is linear but not necessarily uniform, and V(H’) € N(u). Moreover,
V(H') = N(u) if and only if for every v € N(u) there exists an edge e € E(B;) such that
v Ce.

Remark 6. For each ¢ € E(H'), there exists an edge e € E(B;) C E(H) such that
¢/ =eNN(u). Since H is linear and |¢/| > 2, the edge e is uniquely determined by ¢’, and
conversely. Hence there exists a bijection ¢ : E(H') — E(B;) such that ¢(e’) N N (u ) e
for every ¢’ € E(H').

For each v € V(H), define
di(v) = |EY(N(u))] and  dy(v) =d(v) — dy(v).
In particular, if v € N(u), then dy(v) = >, |EY(N(u))].

Lemma 7. Let H be a connected linear r-graph with extremal verter u, and let By and
H' be defined in Definitions 4 and 5. Then

Y odw)= Y di)+ D d(v) +dy(u)(r—1). (2)

vEN (u) vEN (u) veV(H")

Proof. For any vertex v € N(u), if v ¢ V(H'), then dg, (v) = dg(v) = 0. If v € V(H'),
then by Definitions 4 and 5 we have dg, (v) = dy/(v). Since H is linear, for each v € N(u)
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the edge containing both u and v is unique. Therefore,

> d(v) =

> o

£ Y )

vEN (u) veEN (u) veEN (u)

=Y aw s Y {Z BV W)
vEN (u) vEN (u) ~i=

- Z dy (v Z {Z|EU \{euv}|+1}
vEN (u) vEN (u)

= > di(v)+ Y dp,(v) +d(u)(r—1)
vEN (u) vEN (u)

= > di(w)+ > d(v) +d(u)(r—1).
vEN (u) veV(H')

This completes the proof. O

3 Main results

Let H be the family of Berge Cs-free linear r-graphs on n vertices. In this section,
we establish several structural properties of H' and determine the maximum value of
> wev(ary A (v), where u is an extremal vertex of a hypergraph H € H and H' is the
corresponding induced sub-hypergraph defined in Definition 5. Based on these results
together with Inequality (1), we then derive upper bounds on the spectral radii of Berge
Cs-free linear r-graphs for » = 3 and r > 4.

3.1 Structural properties of H’
We begin with several basic properties of a hypergraph H € H.

Lemma 8. Let u be an extremal vertex of H € H, and let H' be the sub-hypergraph
corresponding to u defined in Definition 5. Then H' contains no Berge Pj.

Proof. Suppose to the contrary that there exists a Berge Py, say viejvgeav3e304, in H'.
If €y,0, & E(u), then ue,,, vi¢(er)vap(e2)vsp(es)vieu,u is a Berge Cs in H, a contra-
diction.
Now assume that e,,,, € F(u). Since H is linear, we have

{UQ} CeaMeyy, C 90(62) N ey, € {02}' (3)
Hence p(e2) N eyy, = {vo}. Similarly, ¢(es) N ey, = {v3}. Since vy # v3 and both lie in

©(ez), it follows that ey, # €y and both belong to E(u). Therefore, ue, ., v3¢(€3)v4€y,0,01
o(e1)vgeu,u is a Berge Cy in H, a contradiction. This completes the proof. O
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We next generalize the notion of k-partite r-graphs introduced by Gao et al. [15] to
nonuniform hypergraphs. Recall that the rank of a hypergraph is the maximum cardinality
of its edges. A hypergraph (not necessarily uniform) is called k-partite if its rank is at
most k£ and its vertex set can be partitioned into k parts such that each edge intersects
each part in at most one vertex.

Lemma 9. Let u be an extremal vertex of H € H, and let H' = Ufgl) A; be the sub-
hypergraph defined in Definition 5, where A; is the i-th component of H'. Then the
following hold:

(1) Let k = {enNV(H') # 0 : e € E(w)}|. Then H' is k-partite with k-partition
{enV(H')#0:e€ E(u)}, where k < d(u).

(2) For each i € [c(H')|, the component A; is either a hyperstar, an isolated hyperedge,
or a cycle Cj.

(3) For any e € E(H') and any v € e, if |e| > 3, then e, NV (H') = {v}.
(4) If A; =2 C5 for some i € [¢(H')], then e, NV (H') = {v} for every vertex v € V(A;).

Proof. (1). Let e € E(H') and v € e. For any part V(H') N e,y # 0 with v € N(u), we
have
{U}v it Cuv’ = Cuv,

eN(V(H)Ney) =eNeyy =
( () ) {@, otherwise.

Hence each edge of H' intersects each part in at most one vertex.

(2). This follows immediately from Lemma 8.

(3). Let e € E(H') contain at least three distinct vertices vy, vy, v3 € V/(H'). Suppose,
for a contradiction, that there exists a vertex vy € ey, N V(H') with vy # v;. Let
¢/ € E(H') be an edge containing v, and another vertex vs € V(H'). By part (1), we
have ¢(€’) # ey, and hence vy # v;.

If vs € e\{v1}, then without loss of generality assume vs = v5. Then vap (€' )vg€ym, v1p(
€) U345 Uy, U2 is a Berge Cy in H, a contradiction.

Now suppose vs ¢ e. Since vy and vs are distinct, at least one of them is different
from vs. Without loss of generality assume vs # vs. Then ey, # €4, and both belong to
E(u). Hence ey, v30(€)v1€4,0,v4p(€ )vseu;u is a Berge Cy in H, a contradiction.

(4). Let A; be the cycle viejvaeqvsesvy, where e; = {vy,v9}, ea = {v9,v3}, and
es = {v1,v3}. Suppose, for a contradiction, that there exists a vertex vy € ey, NV (H')
with vy # vy. Let eq € E(H’) be an edge containing v, and another vertex vs # vy. Then
vs & {v1,v9,v3}. Otherwise the component would not be isomorphic to Cs.

Among ve and v3, at least one differs from v5. Without loss of generality assume vg #
vs. Then ey, # ey, and both belong to E(u). Therefore, ue,,,v3p(es)vi ey v, vap(€es)vs
euwst is @ Berge C5 in H, a contradiction. This completes the proof. m
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3.2 The maximum value of 3, d1(v)

Let H be a connected linear r-graph with n vertices, and let u € V(H) be an extremal
vertex of H. For any vertex v € N(u), define S(v) = {v' € V(H) : ey € EY(N(u))},
S =Uenw ), and 8" ={v € §: di(v) > 2}

For any edge e € F1(N(u)), the unique vertex in e N N(u), denoted by ~(e), is called
the root of e. Define f(e) = [{v € e:v#~(e), di(v) =2} = |en S’|. We partition the
edge set F1(N(u)) into three parts:

Eq={e € Ei(N(u)): f(e) =0},
E;={ee€ E;(N(u)): f(e) =1},
Ey={e € Ei(N(u)): f(e) > 2}.

Thus, El(N(U>> = E() U E1 U EQ.

Definition 10. Let H be a connected linear r-graph with n vertices and extremal vertex
u € V(H). Let Ey and S’ be defined as above. Define B; to be the sub-hypergraph of H
induced by S’ such that

E(By)={enS :ec B} and V(By)=S5"

Remark 11. For every edge e € Ey, we have e S’ = (). For every edge e € E}, the set
eN S’ is a loop, that is, a singleton. Moreover, By may contain isolated vertices, and this
happens precisely when such a vertex lies only in edges from E.

Remark 12. There exists a bijection ¢ : E(By) — Ej U Ey such that ¢(e') NS’ = ¢ for
every € € E(Bs). In particular, |E(By)| = |Ey U Es|. An example is shown in Figure 1.

v
® o

e, 5 e,
Y(ez) e
P(ep) MRIC) 7 % ol €8
Yles) _ @y(es) e,

Y @ : el %

Ples) V) y(es) es ® e
5 S o o ¢ )\ D

y((e)  y((e) y(W(e)) v(¥(es))
The partial hypergraph with edge set E; UE, The sub-hypergraph B,

Figure 1: An example of the bijection .

> cenBy) €N (u)
€

Let € = |E(By)| and 7 = l, so that 2 < 7 < r. Since {u} U N(u)

UV (By)US CV(H), we have

L+d(u)(r—1)+ (r—0)e+|S| < n. (4)
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Since Y ey di1(v) = [E1(N(w))|, we may write 35,y di(v) = WLSW In view
of the upper bound on |S| given by Inequality (4), maximizing v, d1(v) essentially

reduces to minimizing the ratio % We estimate this quantity below.

For a hypergraph G, define g(G) = >~ (g (le] — 2).

Lemma 13. Let H be a connected linear r-graph with extremal verter uw € V(H), and
suppose that E1(N(u)) # 0. Let E; (i € [3]), S, and S" be defined as above. Then

S 181
BN " B @) (5)

Equality holds if and only if Ey = Ey = 0 and Ey = E1(N(u)).
Proof. By the definitions of E; (i € [3]), S, and B,, we have

S A R
[Ex(N ()] |Eo| + [Ex| + | Ex
_ (P = D[Eo| + (r = 2)|Er| + (r — 3) | Ea| — g(B2) + ||

| Eo| + [Ex| + | B2
15" = 9(Bs)
Zr =3+ .
| E1 (N ()|
Equality holds if and only if Ey = E; = () and E, = Ey(N(u)). This completes the
proof. O

Remark 14. If Ey = E; = 0 and Ey = E1(N(u)) # 0, then dp,(v) > 2 for every vertex
v € V(By). Hence B, contains no loops, no isolated edges, no isolated vertices, and no
pendent edges.

Remark 15. To minimize the ratio %, we assume that H € H has an extremal
vertex u € V(H) such that Ey = F; = () and Ey = E1(N(u)) # 0.

Definition 16. Let col : E(By) — [k] be a coloring function, such that col(e;) = col(es)
if and only if Cury(ler)) = Cuy(¥(e2))s where Kk = !{em(w(e)) e c E(Bg)}‘

Lemma 17. Let By be the induced sub-hypergraph of H fized in Remark 15. Let P(v,w)
be a nontrivial Berge path in By with endpoints v and w. For any edge e (resp. €') incident
tov (resp. w) and not contained in P(v,w), whenever such edges ezist, the following hold:

e if the length IL(P(v,w)) is odd, then col(e) = col(€');
o if L(P(v,w)) is even, then col(e) # col(e’).

Proof. Let u; = v(¢(e)) and uy = y((e')). We consider two cases.
Case 1. L(P(v,w)) is odd.

We argue by induction on L(P(v,w)). If L(P(v,w)) = 1, say P(v,w) = ve;w, suppose
for a contradiction that col(e) # col(€’), see Figure 2. Then u; # uy and ey, # €yu, by
Definition 16. Hence ue,,,, u19(e)vip(e; )wip(e')ugeyu,u is a Berge Cs in H, a contradiction.
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Y(e) Y(e")

o
Uuq e Uy

(]
u
Figure 2: L(P(v,w)) = 1.

Assume now that the statement holds for all odd lengths at most 2m — 1. Let
L(P(v,w)) = 2m + 1, so that P(v,w) = vejvieavy - - - Vopmeamiiw. By the induction
hypothesis, col(e) = col(es,) and col(e') = col(es,). Therefore col(e) = col(e').

Case 2. L(P(v,w)) is even.

.Wl '
v v
Uq QI/)(e) o “ Y(e) ° e1
oV = Uu,® s
Y2 0y ene e ' T ) et
°
v w
u ° [ ) WZ
® U
(@) u; #up (b) w =u,

Figure 3: L(P(v,w)) = 2.

First consider L(P(v,w)) = 2, say P(v,w) = vejviesw. Suppose for a contradiction
that col(e) = col(e’). Then either u; = uy or ey, € E(u).

If uy # ug and ey, € E(u), then uytp(e)vip(er)vih(es)wip(e)ugey,u,ur is a Berge Cs
in H, a contradiction, see Figure 3(a).

If u; = ug, then both subpaths vejv; and viesw have length 1. Thus, €, eq,es, € all
receive the same color. Since e; Nes = {v1} ¢ N(u) and H is linear, the edges e; and
es have different roots, say wy,ws € N(u), respectively. Because col(e;) = col(ey), we
have ey, € E(u). Then ujh(e)vip(er)w ey w,wath(e2)wip(e')uy is a Berge Cs in H, a
contradiction, see Figure 3(b). Thus col(e) # col(e') when L(P(v,w)) = 2.

Now let L(P(v,w)) = 2m > 2, say P(v,w) = vejvieavs - + - Ugpy_1€0,,w. By repeated
application of Case 1 to suitable odd subpaths and the case of length 2 just proved, we
conclude that the parity of the path forces col(e) # col(e’). This completes the proof. [

We now characterize B, using Lemma 17. Let B; denote the ¢-th component of B,
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where By = Uf(jQ) B;.

Given a Berge cycle C, a chord of C is an edge e ¢ E(C) containing at least two vertices
of degree greater than 2, each lying in some edge of C. Given a C}" together with some
chords, a type-1 chord is a chord containing exactly one intersection vertex of C;, while
all its other vertices are not intersection vertices of C}.

Lemma 18. Let By = Uf(ff) B; be the induced sub-hypergraph of H fized in Remark 15.
Then, for each i € [c(By)], the component B; is isomorphic either to a C5° with possible
chords or to a Berge-odd-cycle-free hypergraph. Moreover, the following hold:

(1) If B; is Berge-odd-cycle-free, then B; is properly colored, that is, adjacent edges
receive distinct colors. In addition, B; is 2-reqular.

(2) If B; is isomorphic to a C5~ with possible chords, then every chord is of type 1 and
contains exactly two distinguished vertices, one of degree 2 and the other of degree
greater than 2.

(3) If B; is Berge-odd-cycle-free, then the edges of B; receive exactly two colors under
the k-edge-coloring of Definition 16.

Proof. By Remark 14, the hypergraph B, contains no pendent edges. Hence each compo-
nent contains a Berge cycle. Fix i € [¢(Bs)], and let viejvges - - - vpepvy be any Berge cycle
contained in B;.

A T
€1 €z €3

€ ey
v Vi-1 V-2 V-3

) ® o - v
€1—1 ° €3 ° €3 x+1

Figure 4: A Berge cycle of odd length ¢ > 3.

Suppose first that ¢ > 3 is odd. Choose any vertex v, on the cycle with 2 <z </ —1,
see Figure 4. Then one of the two subpaths from v; to v, and from v,,.; to v, has odd
length, and the other has even length. By Lemma 17, the colors forced on e, and e, are
incompatible, regardless of how these edges are colored. This contradiction shows that
B; contains no Berge odd cycle of length greater than 3.

Since By is linear, any Berge Cj is in fact a Cf. Suppose that B; contains a C5, say
v1€1V9€2U3€3v1, but is not isomorphic to a C’; with possible chords. Then there exists
an edge eq ¢ {e1,eq,e3} intersecting some e, in a vertex vy. Without loss of generality,
assume x = 3. By Lemma 17, we have col(e;) = col(es) = col(ez). Choose a vertex
Us € eq\ U?Zl e;. By Remark 14, dg,(vs) > 2, so there exists an edge e5 ¢ {e1, €2, €3, €4}
containing vs.

If vy € {v1,v3}, assume without loss of generality that vy = v3, see Figure 5(a). Since
L(vseqvsz) = 1, we obtain col(ey) = col(es). On the other hand, the path vsejvzesvy has
length 2, so col(ey) # col(es). This contradicts col(e1) = col(es).
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V1

V1 .
® 33 e3
e EERA: V3@ P
1 2 5,05 " 3 V40 o, 95 ®
62 ez
1’ ®
2 vz
(@) vz =1, (b) v3 #v,

Figure 5: B; is isomorphic to Cy with a non-chord edge e;.

If instead vy € €3\ {v1,v3}, see Figure 5(b). Since L(vseqvs) = 1, we have col(es) =
col(es). But the path vsejviesvs has length 2, so col(es) # col(es), contradicting col(ey) =
col(e3). Therefore, whenever B; contains a C5, it must be isomorphic to a Cy with
possible chords.

vl 7.70 vz v]_ el vo 63
® e & e C ] ([ L 2 L
1 2
€3 €y 2 ey
Vse ol ) °
(a) el and 82 (b) d(vo) - 3

Figure 6: B; is Berge-odd-cycle-free.

(1). Assume that B; is Berge-odd-cycle-free. Let e; and e; be adjacent edges with
erNes ={vp}, and let vy € ey \ {vo} and vy € €5\ {vo}, see Figure 6(a). By Remark 14,
we have dg,(v;) > 2 and dg,(v2) > 2. Choose edges ez # e; and e4 # ey incident to vy
and vy, respectively. Then ez # ey, for otherwise B; would contain a C5". By Lemma 17,
the edges e3 and ey receive different colors, while e; and e4 share a color and e; and eg
share a color. Thus adjacent edges in B; receive distinct colors.

Next suppose that some vertex vy € V(B;) satisfies dg,(vg) > 2, see Figure 6(b). Let
ey, ez, e3 be three distinct edges incident to vy, and let vy € e; \ {wo}. Since dp,(v1) > 2,
choose another edge e, # e, incident to v;. The path vyge;v; has length 1. Thus by Lemma
17, the edges es, e3, e4 all receive the same color. This contradicts the fact that adjacent
edges must receive distinct colors. Hence every vertex of B; has degree 2.

(2). Assume that B; is isomorphic to a C’;, say vye1v9e2vU3€3v1, together with a chord
e, see Figure 7. Let vy(¢(e;)) = u; for j € [3]. By Lemma 17 and linearity, uy,us, us
are pairwise distinct and e,y = €y, = €uwus € F(u). Since By is linear, any chord
of this C5 contains at most one vertex of {vy,vs,v3}. Thus it suffices to show that e
contains at most one vertex in U?Zl e; \ {v1,v2,v3}. Suppose, for a contradiction, that
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°
l/)(€3) e
°

weo® © Ple) ©

vy Uy
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o U

Figure 7: Cy with a chord e.

there are distinct vertices v,,v, € e with v, € e; \ {v1,v2} and v, € ey \ {vg,v3}. Then
wp(er1)vg(e)vyh(e2)vsi)(es)ugeqy, uyur forms a Berge Cs in H, a contradiction.

(3). Assume that B; is Berge-odd-cycle-free. Fix an edge e € E(B;) and suppose
col(e) = x € [k]. By part (1), all adjacent edges of e receive a common color y € [k]
distinct from x. Now let €’ # e be any other edge of B;. Since B; is Berge-odd-cycle-free,
there exists an even Berge path connecting either ¢’ to e or €’ to an edge adjacent to e. By
Lemma 17, it follows that col(e’) € {z,y}. Hence exactly two colors are used on E(B;).

This completes the proof. O

Note that if g(Bs) = 0, then By is a 2-graph with no isolated vertices, isolated edges,
or pendent edges.

Corollary 19. Let By, = UE(ZBIQ) B; be the induced sub-hypergraph of H fixed in Remark

15. If g(By) = 0, then B; = Cy for each i € [c(By)], where { = 2m for some m > 1 or

Sl
= 3. Moreover, % = 1.

We next show that for a Berge-odd-cycle-free component B;, the edges of the same
color are either root-uniform or root-distinct:

e root-uniform: all such edges have the same root;
e root-distinct: all such edges have distinct roots.

Lemma 20. Let By = Uf(:l?) B; be the induced sub-hypergraph of H fixed in Remark 15,
and let B; be any Berge-odd-cycle-free component of By. Then the following hold:

(1) If there ezist two edges ey, ey € E(B;) of the same color such that ~v(¢(ep)) =
v((ep)) € N(u), then all edges of color col(ey) in B; are root-uniform.

(2) If there ezist two edges eg, ey € E(B;) of the same color such that ~v(¢(ep)) #
Y(W(ep)) and euyp(en)) = Curwiey) € E(u), then all edges of the same color in B;
are root-distinct.

THE ELECTRONIC JOURNAL OF COMBINATORICS 33(3) (2026), #P3.82 14



(8) If all same-colored edges of B; are root-uniform, then B; = Cyy for some £ > 1.

Proof. First consider any two same-colored edges ey, ey € E(B;), and let e4 (resp. e3) be
an edge adjacent to e; (resp. es).

Claim 1. If y(¢(e1)) = v(¢(e2)) = vop € N(u), then ez and ey have the same root in
N(u). On the other hand, if y(1(e1)) # v(¥(e2)) and euy(w(e)) = Cuy(w(es)) € E(u), then

Y(¥(e3)) # v(1b(ea)) and €uy(y(es)) = Cuy(uies)) € E(u).

Uy @ V3 =7 @

Yle,) Wle) Ples) Wles)

o, e 1 °v, ® U

Y(es) Y(ez)

vs @ )e
T e v Wien
v, ® y(@(e1)) @
[ 7} L)
(@) vz # vy (b) vs = vy

Figure 8: Proof of Claim 1.

Proof of Claim 1. Let v(¢(e3)) = vs € N(u), v(¢(eq)) = vy € N(u), and suppose that
eaNeg = {vy} and e; Ney = {v1}. By parts (1) and (3) of Lemma 18, we have €,,, = €y,
and €y, F €y, -

Suppose first that (¢ (e1)) = v(¥(e2)) = v but vy # vy. Then

Vot (e1)v19(€4)Vaeu,05v3%0(€3) V210 (€2)00

is a Berge C5 in H, a contradiction, see Figure 8(a).
Similarly, if v(¢(e1)) # v(¢(e2)) but vs = vy, then

v3th(ez)vah(ea)y(1(€2))eqwiea)vwien) V(W (e1)) Y (e1)vith(eq)vy

is a Berge C5 in H, a contradiction, see Figure 8(b). This proves Claim 1. O]

(1). Assume that there exist two same-colored edges ey, e € E(B;) with y(¢(eg)) =
Y(1(ep)) € N(u). Let e,, e, € E(B;) be any other two same-colored edges. We show that
7(¢(6m)) = 7(1/)( ) Smce B, is connected, there exist Berge paths connecting ey to e,
and ¢; to e}, Whose edge sequences we denote by e;---e, 1 and € ---e,_;, respectively.
By Lemma 17, the integers x and y have the same parity. Repeatedly applying Claim
1 along these paths and using transitivity, we conclude that whenever ¢ and j have the
same parity, the edges e; and ¢} have the same root. In particular, e, and e have the
same root.
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Figure 9: Same-colored edges having the same root.

(2). The proof is analogous. Using Claim 1 repeatedly, one sees that if two same-
colored edges begin with distinct roots lying in the same edge of E(u), then the same
holds for any other pair of same-colored edges.

(3). Assume that every two same-colored edges of B; have the same root. By parts
(1) and (3) of Lemma 18, all edges of B; correspond to exactly two roots uy, us € N(u)
with e,., # euww,. Since B; contains a Berge even cycle, say a Berge Cy, with ¢ > 1, and
B is 2-regular by Lemma 18(1), it remains only to show that every edge of B; has size 2.

Suppose, for a contradiction, that there exists an edge e € E(B;) with y(¢(e)) = uy
such that e contains at least three distinct vertices vy, vo,v3, see Figure 9. By Lemma
18(1) and (3), each vertex of B; lies in exactly two incident edges whose corresponding
roots are u; and wug, respectively. Let e; be the edge other than e incident to v;, and
let w; € e; \ {v;} for j = 1,2,3. Let e4 be the other edge incident to w,, and choose
wy € ey4 \ {wy}. Since ey # e, at least one of wy,ws differs from wy. Without loss of
generality assume ws # wy. Let € be the other edge incident to wy. Then (¢ (ey)) = uy
and y(¥(€')) = us, €ypw, = V(') € E(H). As wy # ws, we have e,,,, # ¥(e3). Hence
ugth(e3) vt (e)vath(e)wath(eq)waeyyw, ua is a Berge Cs in H, a contradiction. Therefore
every edge of B; has size 2, and so B; = (. This completes the proof. m

An internal path is a 2-uniform path whose internal vertices all have degree 2. Let G
be a hypergraph. An ear contained in G is an internal nontrivial path in G. A trivial ear
is a trivial path P(vg,v9) = P(vg) = vp that lies in two distinct edges e, ¢’ € E(G) with
le] > 2 and |€¢/| > 2.

Lemma 21. Let G be a linear, not necessarily uniform, 2-reqular hypergraph such that
le] = 2 for every e € E(G). Given any edge e € E(G) with |e| > 2, there exists at least
one ear P(vg,vs) = vpey - - - esvs (s = 0) such that:

(1) vo € e, vs € es11 € E(G), and |esy1| > 2;

(2) le\ {vo,vs}| > 1 and |esyq \ {vo,vs}| > 1.
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Proof. Choose any vertex vy € e. We perform the following procedure &?; to obtain an
ear P(vg,vs) such that |esyq| > 2.

Algorithm 1: &7,

Input: e € E(G) with |e| > 2 and vy € e

Output: an ear P(vg,vs) with endpoints vy, vs € V(G) such that vs € eg 1 and
|est1] > 2

set s =0, eg = e, and P(vg,vs) = vp;

while |es 1| =2 do

N =

3 P(vg, vs11) = P(vo, Vs)es410s41, Where es # €511, €5 Negy1 = {vg}, and
Vs+1 € €415
4 s=s—+1;
5 end
We claim that eg,eq,...,es are pairwise distinct when s > 0. This is proved by
induction. Clearly, e; # eg. Assume that e, ..., e, are pairwise distinct for some k < s—1.
Then vy ¢ {vo,v1,...,v5_1}. Otherwise vy = vy for some ¢ < k, which would imply

dg(ve) > 2, a contradiction. Since vy € egyq1 and v has not appeared earlier, we obtain
ex+1 ¢ {eo,...,ex}. Because |E(G)| is finite, the procedure &7, terminates after finitely
many steps.

Suppose now, for a contradiction, that for every choice of vy € e, if v5 # vy is the other
endpoint of the ear obtained from £, then |e\ {vg, vs}| < 1 or |esyq \ {vo,vs}| < 1. Since
e, |es+1| > 2, this can happen only if {vg,vs} C e or {vg,vs} C egyq, forcing e = egy1.
Because each internal vertex has degree 2 and each internal edge has size 2, the endpoint
vs is uniquely determined by vy and vice versa. Thus the endpoints in the common edge

e = eg41 occur in pairs, and so |e| = |es;1| must be even. But then the only way to have
le \ {vo,vs}| < 1 would be |e|] = 2, contradicting |e| > 2. Therefore there exists an ear
P(vg,vs) satisfying both (1) and (2). This completes the proof. O

Let B; be any Berge-odd-cycle-free component of By. We construct an ear set Wy, =
{P!, ..., P*} and a 2-graph G}, by the following procedure ;.

Remark 22. Since |e \ {v;, w;}| > 1, there is no loop in E(G;) for any 0 < j < k. Thus
each G; is simple and 2-uniform. Moreover, each G is 2-regular, and therefore Gj, is
a disjoint union of even cycles. Also, |V(G,)| = |[V(Gj41)| + |V(PY)| and |E(G;)| =
[B(Gs0)| + | E(P#1)]. Thus

V(B)l = V(GO + ) _IV(P)]  and  |E(B)| =|E(Gy)|+ ) [E(P).  (6)

j=1 j=1

Remark 23. Let p(B;) denote the number of ears of B; obtained from Z2,. Since each
ear contributes 2 to g(B;), we have 2p(B;) < g(B;). If g(B;) > 2p(B;), then some edge
of G} would still have size greater than 2, contradicting the termination of &,. Hence

k=p(B;) = %Q(Bz‘)-
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Algorithm 2: &,
Input: a Berge-odd-cycle-free component B; of H
Output: a set of ears W and a 2-graph Gy,
1 set k=0, Gy = B;, and W, = (J;
2 while there exists an edge of Gy containing at least 3 vertices do
3 select an edge e = {v1,..., v} € E(Gy) such that |e| > 2;
4 set [ =1, and let w; be the other endpoint of the ear P(v;,w;) obtained by

Py;
5 while |e \ {v, w;}| <1 do
6 l=1+1;
7 obtain the ear P(v;, w;) in Gy by Zy;
8 end
9 Pk+1 = P(vl,wl) and Wk+1 = Wk U {Pk+1};

10 | V(Gr) = V(Gy) \ V(PH);

11 | E(Ggr1) ={enNV(Giy1) e € E(Gy)};
12 k=k+1,;

13 end

Lemma 24. Let By = Uf(:l?) B; be the induced sub-hypergraph of H fized in Remark
15, and let B; be any Berge-odd-cycle-free component of By. Then |V (B;)| — g(B;) =
|E(Bi)| = p(Bi).

Proof. Let Wy, = {P*,..., P¥} be the ear set of B; obtained from &,. Then
V(Bi)| = 9(Bi) = 2|E(B)| — [V (Bi)]
k
= 2(E(B)| = V(G| = Y V(P

Jj=1

=2|E(B)| — |E(Gy)| = Y |E(P')| —k

j=1

= |E(Bi)| = p(B), (7)
where we use the fact that B; is 2-regular and the identities in Equation (6). This
completes the proof. O

Definition 25. Define B to be the connected Berge-odd-cycle-free linear (r — 1)-graph
with edge set E(B) = {e; : j € [2(r — 1)]}, where e; = {v] : # € [r — 1]} and v5, | = vy,
for each z,y € [r —1].

% in Inequality (5).

Theorem 26. Let By = Uf(ff) B; be the induced sub-hypergraph of H fixed in Remark 15.
Then ﬁl(u))\ > ”;21 FEquality holds if B; = B for every i € [¢(Bs)], where B is defined
m De]%nitz’on 25.

We now determine the minimum value of
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Proof. By Inequality (5), it suffices to minimize ‘S/E# under the condition Ey = E; = ().
Since

c(B
S - 9By _ S (VB —0(B) {|v<Bj>| - g(Bn}
| B S E(B))| seles) L BByl ST
it is enough to consider a component B; for which % is minimum.

By Lemma 18, each component B; is either isomorphic to a Cj" with possible chords
or Berge-odd-cycle-free.
Case 1. B; is isomorphic to a Cj with possible chords.

By Lemma 17 and Lemma 18(2), all edges of B; receive the same color, and every two
edges of B; have distinct roots in N(u). Since an edge of E(u) can provide at most r — 1
different roots, we have |E(B;)| < r — 1. Hence

Case 2. B; is Berge-odd-cycle-free.

By Lemma 20, either all same-colored edges of B; are root-uniform or all same-colored
edges of B; are root-distinct.
Subcase 2.1. All same-colored edges of B; are root-uniform.

By Lemma 20(3), we have B; = Cy, for some ¢ > 1. Therefore,

VBl — 9(Bi)

BB

Subcase 2.2. Any two same-colored edges of B; are root-distinct.
Let G, and W), = {P!,..., P¥} be the 2-graph and ear set of B; obtained from £2,.
Since Gy, is a disjoint union of even cycles, write |E(Gy)| = 2m. By Lemma 24,

\V(Bi)| —g(Bi) _ |E(Bi)|—p(Bi) _ 2m + Z?=1(’E(Pj)| - 1) J 2m — p(B;)
|E(B))] |E(B;)] 2m + Ejf:l \EPH| 2m

Equality holds only if |E(P7)| = 0 for all j € [k], that is, each P7 is trivial.

If each P7 is trivial, then |F(B;)| = |E(Gy)| = 2m, and k = p(B;) is the number of
trivial ears obtained from #. Each edge e € E(B;) contains exactly two distinct vertices
belonging to V(Gy), and |e] < r—1. Thus each edge contributes at most r — 3 trivial ears.
Since every trivial ear lies in exactly two distinct edges of B;, we obtain p(B;) < (r—3)m.

Therefore,
\V(B;)| — g(B;) < 2m — (r—3)m 5—r

E(B)] 2m T2 ®)

Combining the above cases, we obtain % >r—3+ 5%" = =1

2
The extremal component B; that attains equality in Inequality (8) is not unique.
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We now verify that equality in Inequality (8) holds when B; = B, where B is defined
in Definition 25 and satisfies parts (1) and (3) of Lemma 18. Construct a 2-graph G with
vertex set V(G) = E(B), where for two vertices e;, e; € V(G), we put e;e; € E(G) if and
only if e; Ne; # 0 in B. Clearly, Ng(eay—1) = {e2, : @ € [r — 1]} for each y € [r — 1], and
Nc(ea) = {eay—1 1y € [r — 1]} for each x € [r — 1]. Hence G = K,_1,_1, the balanced
complete bipartite graph on 2(r — 1) vertices. The edge sequence of any Berge cycle in B
yields a cycle in GG. Since G contains no odd cycle, B is Berge-odd-cycle-free.

Moreover, for every vertex vg, , € V(B) (equivalently v3, € V(B)), we have that
dg(vs, ) = dp(vy,) = 2, because Ep(vs, ;) = Ep(vi,) = {ey-_1,¢e2}. If every two
adjacent edges of B are assigned different colors, then B is 2-edge-colorable. Therefore,
B satisfies parts (1) and (3) of Lemma 18. This completes the proof. O

3.3 Spectral radius of a Berge Cs-free linear r-graph
Theorem 27. Let H be a Berge Cs-free linear r-graph on n vertices. Then

(1) if r =3, then p(H) < /n;

(2) if r >4, then p(H) < /oo

2eensy) €N (u)]
€

Proof. Let € = |E(By)| and v =
Theorem 26, we have

. By Inequality (1), Equation (2), and

r—1

2|S|/ r—2)+1/e+d(u)(r—1)‘

<
= r—1

\/ZUGN Vi (V) + ey dar () + dig(u)(r — 1)
\/ (

(9)

Here Inequality (9) follows from 3 v, di(v) = |E1(N S| < 2|S| and Y, cy g A (v) =
VE.
By Inequality (4), we have 1 + d(u)(r — 1) + (r — v)e + |S| < n, which implies

du)(r—1)+ (r —v)e+ |S| < n. (10)

To bound p(H), let F' = % +ve+d(u)(r —1) denote the numerator on the right-hand
side of Inequality (9).
Case 1. r = 3.

In this case, F' = 2|S|+ve+2d(u), and Inequality (10) becomes 2d(u)+(3—7)e+1|S| <
n. Thus |S| <n —2d(u) — (3 — V)e. Substituting this into F', we obtain

F <2[n—2d(u) — (3—10)e] + ve + 2d(u) = 2n — 2d(u) + (30 — 6)e.

By Lemma 9, if 7 > 2, then € < L%J Since v < 3, we have 0 < —6)e <3 {MJ <
<

3
d(u). Hence F < 2n — d(u) < 2n. Therefore, p(H)?* < 3 = n, which implies
p(H) < v/n.
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Case 2. r > 4.

For r > 4, the coefficient of |S| in F' is at most 1, so it is advantageous to take |S| = 0.
Then Inequality (10) becomes (r —v)e+d(u)(r —1) < n, and F' = ve+d(u)(r —1). Since
d(u)(r —1) < n — (r — v)e, substituting into F gives F' < n + (20 — r).

By Lemma 9, if 7 > 2, then € < {@J, and hence d(u) > ve. Substituting this into
d(u)(r — 1)+ (r — v)e < n, we obtain [(r — 1)v +1r — v]e < n, that is, [r + (r — 2)v]e < n.
Therefore,

Fente@r—r)<n+t 20 —r r r? .
n+e2v—r)<n+ ——————n= — — | n <
r+(r—2)v r—2 (r—=1r+ -2/ r—1

Consequently, p(H)? < £ < 12" and hence p(H) <, [ w=myzn- This completes the
proof. O

Note that when r > 4, attaining the above upper bound requires v = r and |S| = 0.

We now define the r-fan hypergraph Fan". For r > 2, the r-fan Fan" is the linear
r-graph consisting of r edges fi,..., f., all containing a common vertex u (called the
center), together with an additional edge g that intersects each f; in a vertex distinct
from w.

Motivated by the extremal structure suggested by Theorem 27, we conclude with the
following problem.

Problem 28. For fixed r > 4 and sufficiently large n satisfying n—1 = 0 (mod r—1), does
obtained by

n—1 : r T
the coalescence of L(T-UJ copies of Fan" and the hyperstar .S EENER T

identifying their centers, maximize the spectral radius among all Cs-free linear n-vertex
r-graphs?

r—1
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